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This work focuses on the study of sampling formulas for the range space H of a linear transform defined on a
Hilbert space by means of a suitable kernel. The sampling property consists of the reconstruction of any func-
tion inH through its values on an appropriate sequence of points by means of a sampling expansion involving
these values. In our case, the sampling property is derived by assuming some requirements on the kernel of the
linear transform. A converse result shows the generality of the required conditions in the Riesz bases setting.
Finally, we deal with sampling formulas in the case where samples of a related function, the derivative for
instance, are allowed in order to recover the initial function.
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1. STATEMENT OF THE PROBLEM

Let H be a separable Hilbert space, and � a fixed subset of R. Given a H-valued func-
tion K : � ! H for x 2 H the function f ðtÞ :¼ x,KðtÞ

� �
H
is well-defined as a function

f : � ! C. We denote by H the set of functions obtained in this way and by T the
linear transform

T : H 3 x� f 2 H ð1Þ

Hereafter we refer the function K as the kernel of the transform T. Note that the con-
tinuity of K implies that the functions in H are continuous in �. If we define in H the
norm k f kH ¼ inffkxkH: f ¼ TðxÞg we obtain a reproducing kernel Hilbert space
(RKHS hereafter) whose reproducing kernel is given by, cf. [11, p. 21],

kðt, sÞ :¼ KðsÞ,KðtÞ
� �

H
ð2Þ
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i.e., for each s 2 � the function ks defined as ks(t):¼ k(t, s) belongs to H, and the
reproducing property

f ðsÞ ¼ f , ks
� �

H
¼ f , kð�, sÞ

� �
H
, s 2 �, f 2 H ð3Þ

holds. Recall that the Moore–Aronszajn procedure [1] leads to the same RKHS via the
positive definite (or positive matrix) function k. Under these circumstances it is known
that the linear operator T is one-to-one if and only if T is an isometry between H

and H, or, equivalently, if and only if the set of functions fKðtÞgt2� is complete in H

[11]. The RKHS H has been largely studied in the mathematical literature (see the
superb monograph [11] and references therein).

In this article we are interested in the sampling property for the RKHS H, i.e., the
existence of a sequence of points ftng

1
n¼1 in � and a sequence of functions fSng

1
n¼1 in

H with the interpolatory property Sn(tm)¼ �n,m, where �n,m stands for the Kronecker
delta, such that the sampling series

f ðtÞ ¼
X1
n¼1

f ðtnÞSnðtÞ ð4Þ

is valid for every f 2 H, where the convergence of the series is at least absolute and
uniform on compact subsets of �. The sampling series (4) might also contain samples
from a function related with f, e.g., its derivative.

Perhaps the most important examples of RKHS H with the sampling property are
the classical Paley-Wiener spaces of bandlimited functions, i.e., square integrable func-
tions in R such that their Fourier transforms are zero outside a bounded set in R. For
instance, any function of the form

f ðtÞ ¼
1ffiffiffiffiffiffi
2�

p

Z �

��

FðxÞeitx dx, F 2 L2½��,��,

can be expanded as the cardinal series

f ðtÞ ¼
X1

n¼�1

f ðnÞ
sin�ðt� nÞ

�ðt� nÞ
¼

X1
n¼�1

f ðnÞsincðt� nÞ,

where sinc stands for cardinal sine function (or sinc function) defined as
sinc t¼ sin�t/�t for t 6¼ 0 and sinc 0¼ 1. The eminent British mathematician Hardy
was the first who noticed that the above cardinal series was an orthogonal expansion
in an appropriate Hilbert space. Thus, to obtain a sampling expansion (4) for H it is
enough to search for a sequence ftng

1
n¼1 in � such that the sequence fkð�, tnÞg

1
n¼1

forms an orthogonal basis in H. Expanding any function f 2 H in the orthonormal
basis fkð�, tnÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðtn, tnÞ

p
g1n¼1, one easily obtains (see [9,11]) the sampling expansion

f ðtÞ ¼
X1
n¼1

f ðtnÞ
kðt, tnÞ

kðtn, tnÞ
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Pointwise convergence properties in the above series emerge from the RKHS setting as
we will see below. Orthogonal sampling formulas for a RKHS H as stated here have
been studied in [3] where H is a L2-space, or in [4] where H is a ‘2-space.

In the present work we deal with sampling expansions (4) in the range space H of a
linear transform (1) which are nonorthogonal expansions following Riesz bases in H.
To this end, we assume that, for any fixed t 2 �, the kernel of (1) evaluated at t, K(t)
has a particular expansion in a suitable Riesz basis of H. Recall that a Riesz basis
fxng

1
n¼1 for a separable Hilbert space H is the image of an orthonormal basis by

means of a bounded invertible operator. Any Riesz basis fxng
1
n¼1 has a unique biortho-

normal (dual) Riesz basis fx�ng
1
n¼1, i.e., hxn, x

�
miH ¼ �n,m, such that the expansions

x ¼
X1
n¼1

hx, x�niHxn ¼
X1
n¼1

hx, xniHx
�
n

hold for every x 2 H (see [13] for more details and proofs). In [7] one can find a sam-
pling principle associated with the linear transforms T by using more general bases or
frames. We confine ourselves to the case of Riesz bases because these bases are the only
bases which ensure stable sampling (see [6, p. 103]). Roughly speaking, stable sampling
means that errors in the output sampling are bounded by errors in the input, i.e., the
samples.

The approach proposed here has, from our viewpoint, two major advantages. The
first one (also pointed out in [7]) is to exhibit the intimate relationship between the
Hilbert spaces H and H; T will be a unitary operator between both spaces. The
second one is to show the generality of setting proposed here by proving a converse
result in Section 3. The sampling series obtained here may also contain samples from
a transformed version of f, as the derivative, for instance. This topic will be the goal
of Section 4. Classical sampling results, taken as particular examples, illustrate the
method followed in the article.

2. NONORTHOGONAL SAMPLING FORMULAS

Let fxng
1
n¼1 and fx�ng

1
n¼1 be a pair of biorthonormal Riesz bases for a Hilbert space H.

Assume that, for each fixed t 2 �, K(t) can be written as

KðtÞ ¼
X1
n¼1

SnðtÞx
�
n ð5Þ

where the functions Sn : � ! C satisfy, for some fixed sequence ftng
1
n¼1 in �, the

interpolatory condition:

SnðtmÞ ¼ an�n,m, fang
1
n¼1 � C n f0g: ð6Þ

Note that, for each t 2 �, the sequence fSnðtÞg
1
n¼1 belongs to ‘2ðNÞ. The sequence

fKðtnÞg
1
n¼1 ¼ fanx

�
ng

1
n¼1 is a complete sequence in H. Therefore, the linear transform

(1) is a bijective isometry (unitary operator) between the Hilbert spaces H and H.
As a consequence, we obtain the following sampling theorem for functions in H:
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THEOREM 1 Assume that, for each fixed t 2 �, the kernel K of the linear transform (1)
has an expansion like (5), where the coefficients satisfy the interpolatory condition (6).
Then, the sequence fSng

1
n¼1 forms a Riesz basis for the RKHS H. Expanding any f 2 H

in this Riesz basis we obtain the nonorthogonal sampling expansion

f ðtÞ ¼
X1
n¼1

f ðtnÞ
SnðtÞ

an
ð7Þ

The series converges in the H-norm sense and also, absolutely and uniformly on subsets of
� where kðt, tÞ ¼ kKðtÞk2

H
is bounded.

Proof Since TðxmÞ ¼ Sm and T is a bijective isometry we obtain that fSmg
1
m¼1 is a Riesz

basis for H whose unique biorthonormal basis fS�
mg

1
m¼1 is given by S�

m ¼ Tðx�mÞ.
Expanding any f 2 H in this Riesz basis, we have f ¼

P1

n¼1 h f ,S
�
niHSn, in the

H-norm sense and, consequently, pointwise in � since H is a RKHS [11]. Moreover,
having in mind that T is an isometry, and that KðtnÞ ¼ anx

�
n we obtain

f ,S�
n

� �
H
¼ TðxÞ,Tðx�nÞ

� �
H
¼ x, x�n

� �
H
¼ f ðtnÞ=an

and hence the sampling expansion (7). Since a Riesz basis is an unconditional basis (any
orthonormal basis is an unconditional basis by the Parseval equality), the sampling
series (7) is pointwise unconditionally convergent for each t 2 � and hence pointwise
absolutely convergent. The uniform convergence, on subsets of � where k(t, t) is
bounded, follows from the inequality j f ðtÞj � k f kH

ffiffiffiffiffiffiffiffiffiffiffiffi
kðt, tÞ

p
, obtained by using

Cauchy–Schwarz inequality in the reproducing formula (3). g

In the particular case when fx�ng
1
n¼1 is an orthonormal basis for H, it is self-dual and

we have the following result:

COROLLARY 1 Whenever the sequence fx�ng
1
n¼1in (5) is an orthonormal basis for H, the

sequence fSng
1
n¼1 is an orthonormal basis for H and the sampling expansion (7) is an

orthonormal expansion in H having the same pointwise covergence properties.

2.1 Classical WSK and PWL Theorems

Now we illustrate the sampling theory explained above with two important sampling
examples for the classical Paley–Wiener space PW�� of bandlimited functions to the
interval [���,��], i.e.,

PW�� :¼ f f 2 L2ðRÞ \ CðRÞ, supp f̂f � ½���,���g

where f̂f stands for the Fourier transform. This space can also be expressed, by using the
classical Paley–Wiener theorem [13, p. 100], as

PW�� ¼ f f 2 HðCÞ: j f ðzÞj � Ae��jzj, f jR 2 L2ðRÞg

i.e., entire functions of exponential type at most �� such that their restriction to the real
axis are square integrable. Note that any function f in PW�� can be written as

f ðtÞ ¼
1ffiffiffiffiffiffi
2�

p

Z ��

���

FðxÞeitx dx ¼ F ,
e�itxffiffiffiffiffiffi
2�

p

� �
L2½���,���

1148 A.G. GARCÍA AND A. PORTAL



with F 2 L2½���,���. Thus, in this case, the kernel K (the Fourier kernel) is given by

K : R ! L2½���,���

t ! KðtÞ ¼
e�itxffiffiffiffiffiffi
2�

p :

Consider the orthonormal basis fe�inx=�=
ffiffiffiffiffiffiffiffi
2��

p
gn2Z in L2[���,��]. Expanding

KðtÞ 2 L2½���,��� in this basis, we obtain

KðtÞ ¼
1

2�
ffiffiffi
�

p
X1

n¼�1

e�itx, e�inx=�
� �

L2½���,���

e�inx=�ffiffiffiffiffiffiffiffi
2��

p ¼
ffiffiffi
�

p X1
n¼�1

sin�ð�t� nÞ

�ð�t� nÞ

e�inx=�ffiffiffiffiffiffiffiffi
2��

p :

Therefore, taking SnðtÞ ¼
ffiffiffi
�

p
ðsin�ð�t� nÞ=�ð�t� nÞÞ, tn ¼ n=�, n 2 Z and an ¼

ffiffiffi
�

p
we

obtain the Whittaker–Shannon–Kotel’nikov sampling theorem which reads:

COROLLARY 2 (WSK Theorem) Any function f in the Paley-Wiener space PW�� can be
expanded as the cardinal series

f ðtÞ ¼
X1

n¼�1

f
n

�

� � sin�ð�t� nÞ

�ð�t� nÞ
ð8Þ

where the convergence in the series is absolute and uniform on R since the reproducing
kernel k��(t, s)¼ � sinc �(t� s) satisfies k��(t, t)¼ � for all t 2 R.

On the other hand, consider a sequence ftngn2Z of real numbers satisfying Kadec’s
condition, i.e., D :¼ supn2Z jtn � nj < 1=4: As a consequence of Kadec’s 1/4-theorem
[13, p. 42], fe�itnw=

ffiffiffiffiffiffi
2�

p
gn2Z is a Riesz basis for L2[��,�]. It can be proved [2,10] that,

for any fixed t 2 R, we can expand K(t), the Fourier kernel evaluated at t 2 R, in
L2[��,�] as

KðtÞ ¼
X1

n¼�1

GðtÞ

ðt� tnÞG0ðtnÞ

e�itnxffiffiffiffiffiffi
2�

p

where G stands for the infinite product of the sequence ftngn2Z

GðtÞ ¼ ðt� t0Þ
Y1
n¼1

1�
t

tn

� 	
1�

t

t�n

� 	

Taking SnðtÞ ¼ GðtÞ=ððt� tnÞG
0ðtnÞÞ and the sampling points ftngn2Z, the expansion (7) is

nothing more than the Paley–Wiener–Levinson irregular sampling theorem in PW�

(for notational ease we take �¼ 1) which reads:

COROLLARY 3 (PWL Theorem) Any f 2 PW� can be recovered from its sample values
f f ðtnÞgn2Z by means of the Lagrange type interpolation series

f ðtÞ ¼
X1

n¼�1

f ðtnÞ
GðtÞ

G0ðtnÞðt� tnÞ

The series converges absolutely and uniformly on R.

SAMPLING IN A FUNCTIONAL HILBERT SPACE 1149



3. A CONVERSE RESULT

The method proposed in Section 2 is limited to those linear transforms T whose kernel
K, evaluated at each t 2 �, can be written as (5) and where the interpolatory condition
(6) is fulfilled. However, we prove that, under plausible hypotheses, the kernel K adopts
the required form. Namely, consider a linear transform T as in (1), and let H be its
range space, a RKHS whose reproducing kernal is given by (2). Assume also that T
is one-to one, although as we will point out at the end of the section this assumption
can be dropped so as to get a similar result. Under these circumstances we prove the
following converse result which was originally proved in [5] as a converse result of
the Kramer sampling theorem (see [6,14]).

THEOREM 2 Let H be the range of a linear transform T as in (1) considered as a RKHS
with reproducing kernel (2). Let fSng

1
n¼1 be a sequence in H such that fSnðtÞg

1
n¼1 belongs to

‘2ðNÞ for each t 2 �. Suppose that the following conditions are fulfilled:

(i)
P1

n¼1 �nSnðtÞ ¼ 0 for all t 2 � and f�ng
1
n¼1 ‘2ðNÞ implies �n¼ 0 for all n.

(ii) There exist sequences ftng
1
n¼1 in � and fang

1
n¼1 in Cnf0g such that

f ðtnÞ

an


 �1

n¼1

2 ‘2ðNÞ and f ðtÞ ¼
X1
n¼1

f ðtnÞ
SnðtÞ

an
, for any f 2 H;

where the sampling series is pointwise convergent in �.

Then, fSng
1
n¼1 is a Riesz basis forH and the kernel K of the linear transform T evaluated at

t 2 � can be expressed as KðtÞ ¼
P1

n¼1 SnðtÞx
�
n, where fx�ng

1
n¼1 is the dual basis of the

Riesz basis fxn ¼ T �1ðSnÞg
1
n¼1 in H.

Proof By defining ~kkðt, sÞ :¼
P1

n¼1 SnðtÞSnðsÞ, we obtain a positive definite function
which defines a RKHS ~HH, such that ~HH � H: Condition (i) implies that the sequence
fSng

1
n¼1 is an orthonormal basis for ~HH (see [12]).

Now we prove that ~HH ¼ H and that the identity mapping ~HH ,!H is continuous.
Take f 2 H, by Condition (ii), the sequence f f ðtnÞa

�1
n g1n¼1 is in ‘2ðNÞ. As a conse-

quence, the series
P1

n¼1 f ðtnÞa
�1
n Sn converges in the norm of ~HH: By the reproducing

kernel property, we have that the series
P1

n¼1 f ðtnÞa
�1
n Sn is pointwise convergent.

Comparing this with what we get from the sampling for f we deduce that
f ¼

P1

n¼1 f ðtnÞa
�1
n Sn, where the convergence is in ~HH and, consequently, f 2 ~HH.

Next we show the continuity of the identity mapping by application of the closed
graph theorem. Indeed, let f f ng

1
n¼1 be a sequence such that fn ! f in ~HH and fn ! g

in H as n ! 1: Using the reproducing property in both H and ~HH, for t 2 � we have

j fnðtÞ � f ðtÞj � k fn � f k ~HH

ffiffiffiffiffiffiffiffiffiffiffiffi
~kkðt, tÞ

q

j fnðtÞ � gðtÞj � k fn � gkH
ffiffiffiffiffiffiffiffiffiffiffiffi
kðt, tÞ

p
,

and therefore, limn!1 fnðtÞ ¼ f ðtÞ ¼ gðtÞ for each t 2 �, and hence f¼ g.
Since it is also surjective, we infer that the norms k � kH and k � k ~HH are equivalent from

the open mapping theorem. As a consequence, the orthonormal basis fSng
1
n¼1 in

~HH is a
Riesz basis for H.
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Finally, consider fxn ¼ T �1ðSnÞg
1
n¼1, a Riesz basis in H, and denote by fx�ng

1
n¼1 its

biorthonormal basis. Expanding K(t) with respect to fx�ng
1
n¼1, for each fixed t 2 � we

obtain

KðtÞ ¼
X1
n¼1

hKðtÞ, xniHx
�
n ¼

X1
n¼1

hT�1ðSnÞ,KðtÞix�n ¼
X1
n¼1

SnðtÞx
�
n,

i.e., the required expansion for K(t).
Notice that the interpolatory condition (6) comes out of a direct application of

Condition (ii) to Sn, followed by Condition (i). g

As to the case when, a priori, T is not known to be one-to-one, let fxng
1
n¼1 be a

sequence in H with PðxnÞ 6¼ 0 for all n, where P denotes the orthogonal projection
onto the closed subspace ðKerT Þ

?: Consider Sn ¼ TðxnÞ 2 H, and suppose that
these functions satisfy the hypotheses in Theorem 2. In this case, fSng

1
n¼1 is a Riesz

basis in H: Consequently, since Sn ¼ T ½PðxnÞ� and T jPðKerTÞ ¼ 0, we obtain that
fPðxnÞg

1
n¼1 is a Riesz basis in PðHÞ ¼ ðKerTÞ

?: The result comes out taking into account
the orthogonal sum H ¼ ðKerTÞ

?
� ðKerTÞ:

4. SAMPLING USING SAMPLES OF A RELATED FUNCTION

Throughout this section the sequences fxng
1
n¼1 [ fyng

1
n¼1 and fx�ng

1
n¼1 [ f y�ng

1
n¼1 will

denote a pair of biorthonormal Riesz bases for the separable Hilbert space H.
Consider H, the range space of a linear transform T as in (1) with kernel K.

Assume that, for each fixed t 2 �, we have the following expansion for K(t)

KðtÞ ¼
X1
n¼1

SnðtÞx
�
n þ

X1
n¼1

TnðtÞy
�
n,

where the function Sn,Tn : ��C satisfy the interpolatory condition: there exists a
sequence ftng

1
n¼1 in � such that

SnðtmÞ ¼ an�n,m; TnðtmÞ ¼ bn�n,m, fang
1
n¼1, fbng

1
n¼1 � C ð9Þ

Assume also that there exists another H-valued kernel ~KK defining the linear transform
~TT in H such that for each x 2 H, ~TTðxÞ ¼ ~ff where ~ff ðtÞ :¼ hx, ~KKðtÞiH for t 2 �. Now, for
each fixed t 2 �, assume the following expansion for ~KKðtÞ

~KKðtÞ ¼
X1
n¼1

UnðtÞx
�
n þ

X1
n�1

VnðtÞy
�
n,

where the functions Un,Vn : � ! C satisfy, for the sequence ftng
1
n¼1 in �, the interpo-

latory condition:

UnðtmÞ ¼ cn�n,m; VnðtmÞ ¼ dn�n,m, fcng
1
n¼1, fdng

1
n¼1 � C: ð10Þ

SAMPLING IN A FUNCTIONAL HILBERT SPACE 1151



The interpolatory conditions (9) and (10) satisfy the condition

�n :¼ andn � bncn 6¼ 0 for all n 2 N: ð11Þ

Finally, suppose that the linear transforms T and ~TT are related in the sense that
KerT � Ker ~TT , i.e., there is a unique ~ff associated with each f 2 H.

Under the above hypotheses we prove a sampling result for H allowing to recover
any function f in H from the sequence of samples f f ðtnÞg

1
n¼1 [ f ~ff ðtnÞg

1
n¼1.

THEOREM 3 Suppose that the linear transforms T and ~TT defined on H satisfy
KerT � Ker ~TT, and their respective kernels the interpolatory conditions (9) and (10)
together with condition (11). Then, T is a bijective isometry between H and the RKHS
H, and consequently, the sequence fSng

1
n¼1 [ fTng

1
n¼1 is a Riesz basis for H. Moreover,

any function f¼T(x) in H, x 2 H, can be recovered from the its samples f f ðtnÞg
1

n¼1

and the samples f ~ff ðtnÞg
1
n¼1 of its related function ~ff ¼ ~TTðxÞ, by means of the sampling

formula

f ðtÞ ¼
X1
n¼1

f ðtnÞ
dnSnðtÞ � cnTnðtÞ

�n
þ ~ff ðtnÞ

anTnðtÞ � bnSnðtÞ

�n

� 

: ð12Þ

The convergence of the series is absolute and uniform on subsets of � where k(t, t) is
bounded.

Proof Regarding that T is a bijective isometry, we prove that T in one-to-one. Indeed,
suppose that fx¼ fy where we are using the notation fx :¼ TðxÞ. Then fx � fy ¼ fx�y ¼ 0
and also ~ffx�y ¼ 0. In particular,

fx�yðtnÞ ¼ hx� y,KðtnÞiH ¼ anhx� y, x�niH þ bnhx� y, y�niH ¼ 0

~ffx�yðtnÞ ¼ hx� y, ~KKðtnÞiH ¼ cnhx� y, x�niH þ dnhx� y, y�niH ¼ 0

for all n 2 N. Condition (11) and the completeness of the Riesz basis fx�ng
1
n¼1 [ fy�ng

1
n¼1

implies x¼ y. Consequently, T : H ! H is a bijective isometry and fSn ¼ TðxnÞg
1
n¼1[

fTn ¼ Tð ynÞg
1
n¼1 is a Riesz basis for H, whose biorthonormal Riesz basis is given by

the sequence fS�
n ¼ Tðx�nÞg

1
n¼1 [ fT �

n ¼ Tðy�nÞg
1
n¼1. Expanding f¼T(x) in H with respect

to the above Riesz basis we obtain

f ¼
X1
n¼1

½h f ,S �
niHSn þ h f ,T �

niHTn�: ð13Þ

From the equalities

f ðtnÞ ¼ hx,KðtnÞiH ¼ anhx, x
�
niH þ bnhx, y

�
niH

~ff ðtnÞ ¼ hx, ~KKðtnÞiH ¼ cnhx, x
�
niH þ dnhx, y

�
niH,

we get

hx, x�niH ¼
dn f ðtnÞ � bn ~ff ðtnÞ

�n
and hx, y�niH ¼

an ~ff ðtnÞ � cn f ðtnÞ

�n
:
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Since T is an isometry, hx, x�niH ¼ h f ,S�
niH and hx, y�niH ¼ h f ,T�

n iH. Substituting in (13)
and after calculations we finally deduce formula (12). Convergence properties come out
of the RKHS setting. g

Sampling formulas for H using samples of several related functions can be obtained
in a similar manner. Given f 2 H, one candidate to play the role of ~ff is its derivative f 0.
We go into more detail in the next section.

4.1 Sampling with Derivatives

Assume that the kernel K : � ! H has a derivative K0 in �. In this case, any function f
inH is differentiable in � and its derivative is given by f 0ðtÞ ¼ hx,K 0ðtÞiH. If K(t) admits
the expansion

KðtÞ ¼
X1
n¼1

SnðtÞx
�
n þ

X1
n¼1

TnðtÞy
�
n,

then

K 0ðtÞ ¼
X1
n¼1

S0
nðtÞx

�
n þ

X1
n¼1

T 0
nðtÞy

�
n:

Indeed, the coefficients in the expansion of K 0ðtÞ with respect to the Riesz basis fx�ng
1
n¼1[

fy�ng
1
n¼1 are hK 0ðtÞ, xniH ¼ S0

nðtÞ and hK 0ðtÞ, yniH ¼ T 0
nðtÞ since Sn ¼ TðxnÞ and

Tn ¼ TðynÞ respectively.
Assume also that there exists a sequence ftng

1
n¼1 in � such that the interpolatory

conditions

SnðtmÞ ¼ an�n,m; TnðtmÞ ¼ bn�n,m, fang
1
n¼1, fbng

1
n¼1 � C

S0
nðtmÞ ¼ cn�n,m; T 0

nðtmÞ ¼ dn�n,m, fcng
1
n¼1, fdng

1
n¼1 � C

hold with �n 6¼ 0 for n 2 N. Then, as a consequence of Theorem 3, we obtain the
following sampling formula with derivatives for H.

COROLLARY 4 Under the above hypotheses on the kernels K and K0, any function f in the
RKHS H can be recovered from its samples f f ðtnÞg

1
n¼1 and those of its derivative

f f 0ðtnÞg
1
n¼1 by means of the sampling formula

f ðtÞ ¼
X1
n¼1

f ðtnÞ
dnSnðtÞ � cnTnðtÞ

�n
þ f 0ðtnÞ

anTnðtÞ � bnSnðtÞ

�n

� 

: ð14Þ

The convergence of the series is absolute and uniform on subsets of � where k(t, t) is
bounded.

Now we put to use this result in order to obtain, as a straightforward consequence,
the sampling formula with derivatives in the Paley–Wiener space PW�. To this end,
note that the Fourier kernel

K : R ! L2½��,��

t ! K 0ðtÞ ¼
e�itxffiffiffiffiffiffi
2�

p
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is differentiable in R and its derivative is given by

K 0 : R ! L2½��,��

t ! K 0ðtÞ ¼ �ix
e�itxffiffiffiffiffiffi
2�

p :

Now we consider the following Riesz basis in L2½��,�� (see [6] for a proof)

xn ¼
1ffiffiffi
�

p e�2inx


 �
n2Z

[ yn ¼
1ffiffiffi
�

p ixe�2inx


 �
n2Z

ð15Þ

whose biorthonormal basis is given by

x�n ¼
1ffiffiffi
�

p 1�
jxj

�

� 	
e�2inx


 �
n2Z

[ y�n ¼
i sgn x

�
ffiffiffi
�

p e�2inx


 �
n2Z

Expanding the function KðtÞ ¼ ðe�itxÞ=
ffiffiffiffiffiffi
2�

p
in L2½��,�� with respect to the first basis

and using special Fourier transforms, we obtain

KðtÞ ¼
X1

n¼�1

hKðtÞ, x�nixn þ
X1

n¼�1

hKðtÞ, y�niyn

¼
X1

n¼�1

e�itxffiffiffiffiffiffi
2�

p , 1�
jxj

�

� 	
e�2inxffiffiffi

�
p

� �
xn þ

X1
n¼�1

e�itxffiffiffiffiffiffi
2�

p ,
i sgn x

�
ffiffiffi
�

p e�2inx

� �
yn

¼
X1

n¼�1

ffiffiffi
2

p

2

sinð�=2Þðt� 2nÞ

ð�=2Þðt� 2nÞ

� 	2

xn �
X1

n¼�1

ffiffiffi
2

p

�

sin2ð�=2Þðt� 2nÞ

ð�=2Þðt� 2nÞ
yn:

Taking the functions

SnðtÞ ¼

ffiffiffi
2

p

2

sinð�=2Þðt� 2nÞ

ð�=2Þðt� 2nÞ

� 	2

and TnðtÞ ¼ �

ffiffiffi
2

p

�

sin2ð�=2Þðt� 2nÞ

ð�=2Þðt� 2nÞ
,

and the sequence ftn ¼ 2ngn2Z, it is easy to check that the following interpolatory
conditions hold

Snð2mÞ ¼

ffiffiffi
2

p

2
�n,m; Tnð2mÞ ¼ 0,

S0
nð2mÞ ¼ 0; T 0

nð2mÞ ¼ �

ffiffiffi
2

p

2
�n,m:
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Hence, following (14) we obtain:

COROLLARY 5 Any function f in PW� can be expanded as the derivative sampling series

f ðtÞ ¼
X1

n¼�1

f ð2nÞ
sinð�=2Þðt� 2nÞ

ð�=2Þðt� 2nÞ

� 	2

þ
X1

n¼�1

f 0ð2nÞ
2

�

sin2ð�=2Þðt� 2nÞ

ð�=2Þðt� 2nÞ

� 	

¼
X1

n¼�1

½ f ð2nÞ þ ðt� 2nÞ f 0ð2nÞ�
sinð�=2Þðt� 2nÞ

ð�=2Þðt� 2nÞ

� 	2

:

The convergence of the series is absolute and uniform in R.

For an account of derivative sampling in PW�, including historical notes and different
mathematical techniques, see [8, pp. 56–77].

4.2 Hermite-type Interpolation Series

Let ftng
1
n¼1 be a sequence of distinct real numbers such that

P
n 1=jtnj

2 < 1. There exists
an entire function P(t) with simple zeros at the sequence ftng

1
n¼1. Specifically, the

function P(t) is given by the canonical product

PðtÞ ¼

Q1
n¼1

1�
t

tn

� 	
expðt=tnÞ if

X1
n¼1

jtnj
�1 ¼ 1

Q1
n¼1

1�
t

tn

� 	
if

X1
n¼1

jtnj
�1 < 1

8>>>><
>>>>:

whenever tn 6¼ 0 for all n 2 N, or by

PðtÞ ¼

t
Q1
n¼2

1�
t

tn

� 	
expðt=tnÞ if

X1
n¼2

jtnj
�1 ¼ 1

t
Q1
n¼2

1�
t

tn

� 	
if

X1
n¼1

jtnj
�1 < 1

8>>>>><
>>>>>:

in the case when, for instance, t1 ¼ 0 (see [13, p. 55] for the details).
Consider fxng

1
n¼1 and fx�ng

1
n¼1, a pair of biorthonormal Riesz bases for a separable

Hilbert space H. Define K(t) as in (5), where SnðtÞ ¼ PðtÞ=t� tn. Since SnðtmÞ ¼
P 0ðtnÞ�n,m, any function f defined for t 2 R by f ðtÞ ¼ hx,KðtÞiH, where x 2 H, can be
expanded as the Lagrange-type interpolation series.

f ðtÞ ¼
X1
n¼1

f ðtnÞ
PðtÞ

ðt� tnÞP0ðtnÞ
:

For an account of Lagrange interpolation and sampling results, see [15].
Next we show that we can obtain RKHS H such that any function inH can be recov-

ered from the samples f f ðtnÞg
1
n¼1 and f f 0ðtnÞg

1
n¼1, taken at the above sequence ftng

1
n¼1,
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by means of Hermite-type interpolation series. Indeed, consider QðtÞ ¼ P2ðtÞ (which has
double zeros at ftng

1
n¼1), and take the functions

SnðtÞ ¼
QðtÞ

ðt� tnÞ
2

and TnðtÞ ¼
QðtÞ

t� tn
:

Define the kernel K(t), t 2 R by

KðtÞ ¼
X1
n¼1

QðtÞ

ðt� tnÞ
2
x�n þ

QðtÞ

t� tn
y�n

� 

,

where fx�ng
1
n¼1 [ fy�ng

1
n¼1 denotes the biorthonormal Riesz basis of a Riesz basis

fxng
1
n¼1 [ fyng

1
n¼1 for a separable Hilbert space H (this basis might be obtained by

partitioning a given Riesz basis into two arbitrary sequences). It is easy to check the
interpolatory conditions:

SnðtmÞ ¼
Q00ðtnÞ

2
�n,m; TnðtmÞ ¼ 0,

S0
nðtmÞ ¼

Q000ðtnÞ

6
�n,m; T 0

nðtmÞ ¼
Q00ðtnÞ

2
�n,m:

Taking into account that Q00ðtnÞ 6¼ 0 for all n 2 N, any function f defined by t 2 R by
f ðtÞ ¼ hx,KðtÞiH, where x 2 H, can be expanded, following (12), as the Hermite-type
interpolation series

f ðtÞ ¼
X1
n¼1

f ðtnÞ 1�
Q000ðtnÞ

3Q00ðtnÞ
ðt� tnÞ

� 


þf 0ðtnÞðt� tnÞ

�
2QðtÞ

Q00ðtnÞðt� tnÞ
2
:

Taking the sampling points ftn ¼ 2ngn2Z and the Riesz basis (15) in L2½��,��, the above
construction leads to the derivative sampling in PW� stated in Corollary 5.

4.3 Sampling with Hilbert Transforms

As another application of Theorem 3, we see in this section that any function f in the
Paley–Wiener space PW� can be recovered from its samples f f ð2nÞgn2Z and the samples
f ~ff ð2nÞgn2Z of its Hilbert transform ~ff which is given by the formula

~ff ðtÞ ¼
1ffiffiffiffiffiffi
2�

p

Z �

��

FðxÞð�i sgn xÞeitxdx ¼ F ,
i sgn xffiffiffiffiffiffi

2�
p e�itx

� �
L2½��,��

whenever f is expressed as

f ðtÞ ¼
1ffiffiffiffiffiffi
2�

p

Z �

��

FðxÞeitxdx ¼ F ,
e�itxffiffiffiffiffiffi
2�

p

� �
L2½��,��

F 2 L2½��,��:

1156 A.G. GARCÍA AND A. PORTAL



Hence, the kernel ~KK associated with the Hilbert transform in L2½��,�� is

~KK : R ! L2½��,��

t ! ~KKðtÞ ¼
i sgn xffiffiffiffiffiffi

2�
p e�itx:

Expanding, for a fixed t 2 R, the Fourier kernel KðtÞ ¼ ðe�itxÞ=ð
ffiffiffiffiffiffi
2�

p
Þ with respect to the

orthonormal basis of L2½��,�� given by

xn ¼
1ffiffiffiffiffiffi
2�

p e�2inx


 �
n2Z

[ yn ¼
1ffiffiffiffiffiffi
2�

p ð�i sgn xÞe�2inx


 �
n2Z

,

(see [6, p. 134] for a proof) we obtain

KðtÞ ¼
X1

n¼�1

hKðtÞ, xnixn þ
X1

n¼�1

hKðtÞ, yniyn

¼
X1

n¼�1

sin�ðt� 2nÞ

�ðt� 2nÞ
xn þ

X1
n¼�1

sin2ð�=2Þðt� 2nÞ

ð�=2Þðt� 2nÞ
yn:

For the sequence ftn ¼ 2ngn2Z the functions

SnðtÞ ¼
sin�ðt� 2nÞ

�ðt� 2nÞ
and TnðtÞ ¼

sin2ð�=2Þðt� 2nÞ

ð�=2Þðt� 2nÞ

satisfy the interpolatory condition: Snð2mÞ ¼ �n,m and Tnð2mÞ ¼ 0. On the other hand,
an easy calculation shows that

~KKðtÞ ¼
X1

n¼�1

TnðtÞxn �
X1

n¼�1

SnðtÞyn,

and hence, UnðtmÞ ¼ Tnð2mÞ ¼ 0 and VnðtmÞ ¼ �Snð2mÞ ¼ ��n,m. Therefore, as a
consequence of Theorem 3 we obtain

COROLLARY 6 Any function in PW� can be expanded as the sample series

f ðtÞ ¼
X1

n¼�1

f ð2nÞ
sin�ðt� 2nÞ

�ðt� 2nÞ
�

X1
n¼�1

~ff ð2nÞ
sin2ð�=2Þðt� 2nÞ

ð�=2Þðt� 2nÞ

¼
X1

n¼�1

½ f ð2nÞ cosð�=2Þðt� 2nÞ � ~ff ð2nÞ sinð2=�Þðt� 2nÞ�
sinð�=2Þðt� 2nÞ

ð�=2Þðt� 2nÞ
:

The convergence of the series is absolute and uniform in R.
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1158 A.G. GARCÍA AND A. PORTAL


