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In this article the well-known hypercircle inequality is extended to the Riesz bases setting. A natural appli-
cation for this new inequality is given by the estimation of the truncation error in nonorthogonal sampling
formulas. Examples including the estimation of the truncation error for wavelet sampling expansions or
for nonorthogonal sampling formulas in Paley–Wiener spaces are exhibited.
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1. INTRODUCTION

The classical hypercircle inequality estimates the error when we are evaluating a
bounded linear functional on a hypercircle Cr of a Hilbert space H, i.e., the intersection
of a hyperplane of finite codimension P and the closed ball of ratio r, Br. The approx-
imate value is just the evaluation of the functional in the nearest point to the origin in
the hyperplane P. To be precise,

Let P be a hyperplane of co-dimension N in a Hilbert space H, and let w be the element of
P nearest to the origin. Then, for any x in the hypercircle Cr ¼ P \ Br and any bounded
linear functional L in H we have

LðxÞ � LðwÞ
�� ��2� �

r2 � kwk2
� X1

k¼Nþ1

LðxkÞ
�� ��2,

where fxkg
1
k¼1 denotes an orthonormal basis in H such that P is given by the equations:

hx, xii ¼ ai, i ¼ 1, . . . ,N and w ¼
PN

k¼1 ai xi.
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One can find the proof of this result in [3,7], or [9], and an account of applications of
the hypercircle inequality to numerical analysis in [7]. Also, the hypercircle inequality
has been used to estimate the truncation error in the Whittaker–Shannon–
Kotel’nikov sampling formula [8, 9]. This well-known sampling result reads as follows:

Any function f band-limited to the interval ½���,��� in the classical sense, i.e.,

f ðtÞ ¼
1ffiffiffiffiffiffi
2�

p

Z ��

���

FðwÞ eiwt dw,

where F 2 L2½���,���, can be expanded as the cardinal series

f ðtÞ ¼
X1

n¼�1

f
n

�

� � sin�ð�t� nÞ

�ð�t� nÞ
¼

X1
n¼�1

f ðn=�Þ sincð�t� nÞ:

Assuming that k f k � r, the hypercircle inequality shows that the truncation error in
the WSK sampling formula satisfies the inequality

f ðtÞ � fNðtÞ
�� ��2� �r2 �

XN
n¼�N

f ðn=�Þ
�� ��2,

where fNðtÞ :¼
PN

n¼�N f ðn=�Þ sincð�t� nÞ.
By extending the hypercircle inequality in the Riesz bases (frames) setting we can

estimate the truncation error for nonorthogonal sampling expansions. The obtained
estimation uses only the samples and the norm of the function together with other
quantities, intrinsically related both with the sampling formula and with the underlying
functional space. Besides, as pointed out in [7], the use of a nonoptimal approximation
including known data, as the samples here, can be sometimes preferred to the best
approximation, which may have rather cumbersome coefficients.

The article is organized as follows: In Section 2 we prove the version of the hypercir-
cle inequality in the Riesz bases setting. In Section 3 we put to work this new hypercircle
inequality to obtain estimations of the truncation error for nonorthogonal sampling
formulas in reproducing kernel Hilbert spaces. We particularize the method in two
important cases: The first one concerns the wavelet sampling expansion; the second
one the derivative sampling expansion in Paley–Wiener spaces. Finally, the last section
is devoted to prove a version of the hypercircle inequality in the frame setting.

2. THE HYPERCIRCLE INEQUALITY IN THE RIESZ BASES SETTING

Let H be a separable Hilbert space. Given N independent elements x1, x2, . . . , xN in H,
and N constants �1,�2, . . . ,�N 2 C, the elements y 2 H satisfying

hy, xiiH ¼ �i, 1 � i � N,

constitute a hyperplane P of codimension N. The hypercircle Cr is defined as the
intersection P \ Br of this hyperplane P and the ball Br ¼ fx 2 H: kxkH � rg.
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Let fxng
1
n¼1 and fx�ng

1
n¼1 be a pair of dual Riesz bases in H. Recall that a Riesz basis

fxng
1
n¼1 for a separable Hilbert space H is the image of an orthonormal basis through a

bounded invertible operator. Any Riesz basis fxng
1
n¼1 has a unique biorthonormal

(dual) Riesz basis fx�ng
1
n¼1, i.e., hxn, x

�
miH ¼ �n,m, such that the expansions

x ¼
X1
n¼1

hx, x�niH xn ¼
X1
n¼1

hx, xniH x�n

hold for every x 2 H (see [11] for more details and proofs). Hence, there exists an
orthonormal basis feng

1
n¼1 in a suitable Hilbert space bHH (maybe H itself) and an

invertible bounded operator T : bHH�!H such that T ðenÞ ¼ xn, for each n 2 N. Under
these circumstances we prove the following version of the hypercircle inequality:

THEOREM 1 Given the vector wN ¼
PN

k¼1 �kxk and the subspace K ¼ fy 2 H:
h y, x�kiH ¼ 0, 1 � k � Ng, consider the hyperplane P :¼ wN þ K and the hypercircle
Cr ¼ P \ Br. Then, for any x 2 Cr and any bounded linear functional L in H we have

LðxÞ � LðwNÞ
�� ��2� T

�1
�� ��2r2 �XN

k¼1

�kj j2

 ! X1
k¼Nþ1

LðxkÞ
�� ��2: ð1Þ

Proof: For x 2 P, we have

x ¼ wN þ ðx� wNÞ ¼ wN þ
X1
k¼1

x� wN , x
�
k

� 	
H
xk ¼ wN þ

X1
k¼Nþ1

x, x�k
� 	

H
xk,

since x� wN 2 K and wN ¼
PN

k¼1 �kxk. Hence,

LðxÞ � LðwNÞ
�� ��2¼ Lðx� wNÞ

�� ��2 ¼ X1
k¼Nþ1

hx, x�kiHLðxkÞ

�����
�����
2

�
X1

k¼Nþ1

hx, x�kiH
�� ��2 X1

k¼Nþ1

LðxkÞ
�� ��2

¼ T
�1
ðx� wNÞ

�� ��2 X1
k¼Nþ1

LðxkÞ
�� ��2,

where we have used the Cauchy–Schwarz inequality and the Parseval equality with
respect to the orthonormal basis feng

1
n¼1. Notice that wN is not orthogonal to

x� wN 2 K , but their inverse images by T are orthogonal, hence

LðxÞ � LðwNÞ
�� ��2 � T

�1
ðxÞ

�� ��2� T
�1
ðwNÞ

�� ��2� � X1
k¼Nþ1

LðxkÞ
�� ��2
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¼ T
�1
ðxÞ

�� ��2�XN
k¼1

�kj j2

 ! X1
k¼Nþ1

LðxkÞ
�� ��2

� T
�1

�� ��2 xk k2�
XN
k¼1

�kj j2

 ! X1
k¼Nþ1

LðxkÞ
�� ��2:

Since x 2 Cr we finally obtain

LðxÞ � LðwNÞ
�� ��2� T

�1
�� ��2r2 �XN

k¼1

�kj j2

 ! X1
k¼Nþ1

LðxkÞ
�� ��2:

g

3. AN APPLICATION: ESTIMATION OF THE TRUNCATION ERROR FOR
NONORTHOGONAL SAMPLING FORMULAS

LetH be a reproducing kernel Hilbert space (RKHS hereafter) of complex-valued func-
tions defined on a fixed subset � of R (or C). There exists a function k : ��� ! C, its
reproducing kernel, such that for each s 2 � the function ks defined as ksðtÞ :¼ kðt, sÞ
belongs to H, and the reproducing property

f ðsÞ ¼ h f , ksiH ¼ h f , kð�, sÞiH, s 2 �, f 2 H ð2Þ

holds.
Assume that we have a nonorthogonal sampling formula in a reproducing kernel

Hilbert space H, i.e., for any f 2 H we have

f ðtÞ ¼
X1
n¼1

f ðtnÞSnðtÞ, ð3Þ

where the sequence of sampling functions fSng
1
n¼1 forms a Riesz basis in H.

By using the Cauchy–Schwarz inequality in (2), the point-evaluation functional
Etð f Þ :¼ f ðtÞ is bounded in the RKHS H. If we set wN :¼ fN ¼

PN
n¼1 f ðtnÞSn 2 H, the

truncation error in (3) is given by

Etð f Þ � Etð fNÞ
�� �� ¼ f ðtÞ � fNðtÞ

�� ��:
Therefore, in this case the hypercircle inequality (1) reads:

f ðtÞ � fNðtÞ
�� ��2� T

�1
�� ��2r2 �XN

n¼1

f ðtnÞ
�� ��2 ! X1

n¼Nþ1

SnðtÞ
�� ��2,
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where T denotes the invertible bounded operator which maps an orthonormal basis
onto the Riesz basis fSng

1
n¼1.

As a consequence, the key point is to compute (estimate) kT �1
k, and to compute

(estimate) the sum
P1

n¼1 jSnðtÞj
2. The sampling formula (3) might also contain samples

from a function related with f, e.g., its derivative [6]. In this case, the same technique
for estimating the truncation error applies. Next, we illustrate the method in two
important examples.

3.1 Truncation Error for Wavelet Sampling Expansions

Let � be a real-valued scaling function defined on R such that � 2 C
r
ðRÞ and

�ðkÞðtÞ
�� �� � Cp, kð1þ jtjÞ�p,

for 0 � k � r, p 2 N and t 2 R, which is associated with a multiresolution analysis
fVmgm2Z of L2ðRÞ, i.e., a nested sequence of closed subspaces such that

(1) � � � � V�1 � V0 � V1 � � � � � L2ðRÞ.
(2) f 2 Vm , f ð2�Þ 2 Vmþ1.
(3) \m2ZVm ¼ f0g and [m2ZVm ¼ L2ðRÞ.
(4) f�ðt� nÞgn2Z is an orthonormal basis of V0.

We define

kðt, sÞ ¼
X
n2Z

�ðt� nÞ�ðs� nÞ:

For each m 2 Z, it is known that Vm is a reproducing Kernel Hilbert space whose
reproducing kernel is given by

kmðt, sÞ ¼ 2mkð2mt, 2msÞ:

Assume that the function G, defined as

GðwÞ :¼
X
n2Z

�ðnÞe�iwn, w 2 R,

has no zeros in R. Then, fkðt, nÞgn2Z is a Riesz basis of V0 whose biorthogonal basis is
given by fSnðtÞ ¼ Sðt� nÞgn2Z, where the Fourier transform of S satisfies

FSðwÞ :¼ bSSðwÞ ¼ b��ðwÞ
GðwÞ

:

Furthermore, for any f 2 V0, the following sampling formula holds

f ðtÞ ¼
X
n2Z

f ðnÞSðt� nÞ, ð4Þ
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where the convergence of the series is absolute and uniform in R. See [10] for more
details and proofs.

Next, we use the hypercircle inequality (1) to estimate the truncation error in the
wavelet sampling expansion (4). Indeed, consider the bounded invertible operator
T : V0�!V0, which maps the orthonormal basis f�ðt� nÞgn2Z of V0 into the Riesz
basis fkðt, nÞgn2Z of the same space. The operator bTT :¼ FTF�1 maps fFð�ð� � nÞÞgn2Z
into fFðkð�, nÞÞgn2Z. Taking into account that

kðt,mÞ ¼
X
n2Z

�ðt� nÞ�ðm� nÞ ¼
X
n2Z

�ðt�m� nÞ�ð�nÞ ¼ kðt�m, 0Þ,

we obtain that

bTTðb��e�inxÞðwÞ ¼ Fkðx, nÞðwÞ ¼ Fkðx� n, 0ÞðwÞ ¼ F
X
k2Z

�ðx� n� kÞ�ð�kÞ

 !
ðwÞ

¼ e�inwb��ðwÞX
k2Z

�ð�kÞe�ikw ¼ e�inwb��ðwÞGðwÞ:
The bounded invertible operator which maps �ðt�nÞ into Sðt�nÞ is ðT�1Þ

�
¼ ðT�Þ

�1,
where T* stands for the adjoint operator of T. Then, for f 2V0 with kf k� r the hyper-
circle inequality (1) implies

f ðtÞ � fNðtÞ
�� ��2� T �k k

2r2 �
X
jnj�N

f ðnÞ
�� ��2 ! X

jnj>N

Sðt� nÞ
�� ��2, ð5Þ

where fNðtÞ :¼
P

jnj�N f ðnÞSðt� nÞ.
Using the reproducing property in V0,

X
jnj>N

Sðt� nÞ
�� ��2 �X

n2Z

Sðt� nÞ
�� ��2¼X

n2Z

hSð� � nÞ, kð�, tÞi
�� ��2

¼
X
n2Z

hðT �1Þ
��ð� � nÞ, kð�, tÞi

�� ��2
¼
X
n2Z

h�ð� � nÞ,T �1kð�, tÞi
�� ��2:

Since f�ðt� nÞgn2Z constitutes an orthonormal basis for V0, the Parseval equality gives

X
jnj>N

Sðt� nÞ
�� ��2�X

n2Z

Sðt� nÞ
�� ��2¼ T �1kð�, tÞ

�� ��2� T �1
�� ��2 kðt, tÞ:
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Substituting in (5) we obtain

f ðtÞ � fNðtÞ
�� ��2� Tk k2r2 �

X
jnj�N

f ðnÞ
�� ��2 !

T�1
�� ��2 kðt, tÞ: ð6Þ

Our last goal is giving an estimation for both kTk2 and kT �1k2. Consider F 2 FV0.
Then,

kbTTFk ¼ bTT X
n2Z

hF ,b��e�in�ib��e�in�

 !�����
�����

¼
X
n2Z

hF ,b��e�in�ib��e�in�G

�����
�����

� kGk1kFk:

Since the Fourier transform F is a unitary operator in L2ðRÞ, we have kTk ¼

kbTTk � kGk1. On the other hand, taking again F 2 FV0, we have

ðbTT�1Þ
�F

��� ��� ¼ ðbTT�1Þ
�
X
n2Z

hF ,b��e�in�ib��e�in�

 !�����
����� ¼

X
n2Z

hF ,b��e�in�iðbTT�1Þ
�
�b��e�in�

������
�����

¼
X
n2Z

hF ,b��e�in�ibSSe�in�

�����
����� ¼

X
n2Z

hF ,b��e�in�ib��e�in� 1

G

�����
�����

� 1=G
�� ��

1
Fk k:

As a consequence, kT�1k ¼ kðT�1Þ
�
k ¼ kðbTT�1Þ

�
k � k1=Gk1.

Finally, inequality (6) can be written as

f ðtÞ � fNðtÞ
�� ��2� Gk k21r2 �

X
jnj�N

f ðnÞ
�� ��2 !

1=G
�� ��2

1
kðt, tÞ:

Closing the section, it is worth mentioning that the truncation error on wavelet
sampling expansions has been estimated in [1] by imposing some extra conditions on
the function f.

3.2 Truncation Error for the Derivative Sampling Formula in Paley^Wiener Spaces

Consider the Hilbert Space bHH :¼ L2½0,�� � L2½0,�� endowed with its usual norm
kð�, ’Þk2bHH ¼ k�k2L2½0,�� þ k’k2L2½0,��. It is easy to check that the sequence fwngn2Z,
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given by

w2n ¼ ðe�ix2n=
ffiffiffi
�

p
, 0Þ

w2nþ1 ¼ ð0, e�ix2n=
ffiffiffi
�

p
Þ

(
, n 2 Z,

constitutes an orthonormal basis for the space bHH.
For each function � in L2½0,��, we denote by � p its �-periodic extension. Any func-

tion in L2½��,�� can be expressed as f ¼ f 1 þ f2, where f1 ¼ f�½��, 0� and
f2 ¼ f�½0,��.

Define the operator

S : bHH �! L2½��,��

ð�1,�2Þ 7�! 1�
jxj

�


 �
�p
1ðxÞ þ

isgn x

�
�p
2ðxÞ,

ð7Þ

which transforms the orthonormal basis fwngn2Z in bHH into the sequence fxngn2Z given by

x2n ¼
1ffiffiffi
�

p 1�
jxj

�


 �
e�ix2n

x2nþ1 ¼
isgn x

�
ffiffiffi
�

p e�ix2n

, n 2 Z:

8>>><>>>:
In order to simplify the argument, we consider the matrix

MðxÞ :¼
1

�

x �i

�� x i

 !
, x 2 ½0,��: ð8Þ

Observe that

MðxÞ
�1ðxÞ

�2ðxÞ

 !
¼

1

�

x�1ðxÞ � i�2ðxÞ

ð�� xÞ�1ðxÞ þ i�2ðxÞ

 !
:

On the other hand, if x 2 ½0,��, then, using [7], we have

Sð�1,�2Þðx� �Þ ¼
x

�
�1ðxÞ �

i

�
�2ðxÞ

and

Sð�1,�2ÞðxÞ ¼ 1�
x

�

� �
�1ðxÞ þ

i

�
�2ðxÞ,

so we can evaluate the bounded operator S by means of the matrixMðxÞ. SinceMðxÞ is
nonsingular in ½0,��, we can deduce the invertibility of the operator S by giving an
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explicit expression of S�1 in terms of M�1
ðxÞ :¼ ½MðxÞ��1. In fact, since

M
�1
ðxÞ ¼

1 1

�iðx� �Þ �ix

 !
,

we obtain that

S
�1
ð f Þ ¼ M

�1
ðxÞ

f1ð��þ xÞ

f2ðxÞ

 !
¼

f1ðx� �Þ þ f2ðxÞ

�iðx� �Þ f1ðx� �Þ � ix f2ðxÞ

 !
:

Therefore, the sequence fxngn2Z is a Riesz basis in L2½��,�� whose dual Riesz basis,
fx�ngn2Z, is given by

x�2n ¼ e�ix2n=
ffiffiffi
�

p

x�2nþ1 ¼ ixe�ix2n=
ffiffiffi
�

p , n 2 Z:

8<:
Next, we estimate kS

�1
k. Indeed,

kS
�1f k2 ¼ k f1ðx� �Þ þ f2ðxÞk2 þ k � iðx� �Þf1ðx� �Þ � ixf2ðxÞk2

¼

Z �

0

j f1ðx� �Þj2dxþ

Z �

0

j f2ðxÞj2dx

þ

Z �

0

ðx� �Þ2j f1ðx� �Þj2dxþ

Z �

0

x2j f2ðxÞj2dx

þ 2

Z �

0

ðx2 � �xþ 1Þ<
�
f1ðx� �Þ f2ðxÞ

�
dx

¼ 2

Z �

0

ðx2 � �xþ 1Þ<
�
f1ðx� �Þ f2ðxÞ

�
dx

þ

Z �

0

ðx2 � �xþ 1Þ
�
j f1ðx� �Þj2 þ j f2ðxÞj2

�
dx

þ �2

Z �

0

j f1ðx� �Þj2dx� �

Z �

0

xj f1ðx� �Þj2dxþ �

Z �

0

xj f2ðxÞj2dx

¼

Z �

0

ðx2 � �xþ 1Þj f1ðx� �Þ þ f2ðxÞj2dx

þ �2

Z �

0

j f1ðx� �Þj2dxþ �

Z �

0

xj f2ðxÞj2dx� �

Z �

0

xj f1ðx� �Þj2dx:
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Using the fact that x2 � �xþ 1 � 1 for x 2 ½0,�� and the parallelogram law, one gets

S
�1f

�� ��2 � 2

Z �

0

f1ðx� �Þ
�� ��a2 þ f2ðxÞ

�� ��2dx
þ �2

Z �

0

f1ðx� �Þ
�� ��2dxþ �

Z �

0

x f2ðxÞ
�� ��2dx� �

Z �

0

x f1ðx� �Þ
�� ��2dx,

from which

S
�1f

�� ��2� 2 f
�� ��2þ�2 f

�� ��2¼ ð2þ �2Þ f
�� ��2:

Let us consider PW�, the space of functions which are band-limited to ½��,��, i.e.,

PW� :¼
�
f 2 L2ðRÞ \ CðRÞ, supp bff 	 L2½��,��



:

It is known that the Fourier transform F is a unitary operator in L2ðRÞ, which maps
PW� onto L2½��,��. Any F 2 L2½��,�� can be expanded, using the dual Riesz bases
fxngn2Z and fx�ngn2Z, as follows:

F ¼
X
n2Z

hF , x�nixn ¼
X
n2Z

hF , e�ix2n=
ffiffiffi
�

p
i x2n þ

X
n2Z

hF , ixe�ix2n=
ffiffiffi
�

p
ix2nþ1:

If we denote f ¼ F�1ðFÞ, taking into account that

F , e�ix2n=
ffiffiffi
�

p� 	
¼

ffiffiffi
2

p
f ð2nÞ

and

F , ixe�ix2n=
ffiffiffi
�

p� 	
¼ �

ffiffiffi
2

p
f 0ð2nÞ,

we have

F ¼
ffiffiffi
2

p X
n2Z

�
f ð2nÞx2n � f 0ð2nÞx2nþ1

�
:

Taking the inverse Fourier transform F�1 and using special Fourier transforms we
obtain the derivative sampling expansion in PW�

f ðtÞ ¼
X
n2Z

½ f ð2nÞ þ ðt� 2nÞ f 0ð2nÞ� sinc2
1

2
ðt� 2nÞ: ð9Þ

Our next goal is to estimate the truncation error in the above formula using the
hypercircle inequality. In this case, the operator which transforms an orthonormal
basis onto the Riesz basis fxngn2Z is T ¼ F�1S. Since F is a unitary operator,

kT
�1
k ¼ kS

�1
Fk ¼ kS

�1
k �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ �2

p
:
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On the other hand, the evaluation functional Etð f Þ :¼ f ðtÞ, f 2 PW�, is continuous for
all t 2 R since

f ðtÞ
�� �� ¼ F , e�ixt=

ffiffiffiffiffiffi
2�

pD E��� ��� � Fk k e�ixt=
ffiffiffiffiffiffi
2�

p��� ��� ¼ f
�� ��:

Hence, for any k f k � r, the hypercircle inequality (1) gives

f ðtÞ � fNðtÞ
�� ��2 � ð2þ �2Þr2 � 2

X
jnj�N

f ð2nÞ
�� ��2þ f 0ð2nÞ

�� ��2 !

�
X
jnj>N

EtðF
�1x2nÞ

�� ��2þ EtðF
�1x2nþ1Þ

�� ��2h i
: ð10Þ

Moreover,

EtðF
�1xnÞ ¼ xn, e

�itx=
ffiffiffiffiffiffi
2�

pD E
¼ Swn, e

�itx=
ffiffiffiffiffiffi
2�

pD E
¼ wn,S

�
ðe�itx=

ffiffiffiffiffiffi
2�

p
Þ

D E
,

where S� denotes the adjoint operator of S. From the Parseval equality with respect to
the orthonormal basis fwngn2Z we obtain

X
jnj>N

EtðF
�1x2nÞ

�� ��2þ EtðF
�1x2nþ1Þ

�� ��2h i
�
X
n2Z

EtðF
�1xnÞ

�� ��2¼ S
�
ðe�itx=

ffiffiffiffiffiffi
2�

p
Þ

��� ���2:
To compute kS

�
ðe�itx=

ffiffiffiffiffiffi
2�

p
Þk we express the adjoint operator S

� in terms of the
matrix MðxÞ given by (8), which represents the operator S. Indeed, for ð�1,�2Þ 2 bHH
we have that

MðxÞ
�1ðxÞ

�2ðxÞ


 �
¼

Sð�1,�2Þ
1
ðx� �Þ

Sð�1,�2Þ
2
ðxÞ

 !
,

a.e. in ½0,��. Consequently, for ð�1,�2Þ 2 bHH and g 2 L2½��,�� we have

hSð�1,�2Þ, gi ¼ Sð�1,�2Þ
1, g1

D E
þ Sð�1,�2Þ

2, g2
D E

¼

Z �

0

ðSð�1,�2Þ
1
ðx� �Þ,Sð�1,�2Þ

2
ðxÞÞ

g1ðx� �Þ

g2ðxÞ

0@ 1A dx

¼

Z �

0

ð�1ðxÞ,�2ðxÞÞM
T
ðxÞ

g1ðx� �Þ

g2ðxÞ

0@ 1A dx,
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where M
T
ðxÞ stands for the transpose matrix of MðxÞ. Therefore, S�g ¼ ð’1, ’2Þ is

given by

’1ðxÞ

’2ðxÞ

 !
¼ M

T
ðxÞ

g1ðx� �Þ

g2ðxÞ

 !
,

a.e. in ½0,��. Finally, in the Paley–Wiener space PW� we have

S
� e�itx=

ffiffiffiffiffiffi
2�

p� ���� ��� ¼
1ffiffiffiffiffiffi
2�

p M
T
ðxÞ

e�itðx��Þ

e�itx


 ����� ����bHH:
In this case,

M
T
ðxÞ ¼

1

�

x �� x
i �i


 �
:

Hence,

S
�
�
e�itx=

ffiffiffiffiffiffi
2�

p �
¼

1

�
ffiffiffiffiffiffi
2�

p
x �� x

i �i

 !
e�itðx��Þ

e�itx

 !

¼
1

�
ffiffiffiffiffiffi
2�

p
xe�itðx��Þ þ ð�� xÞe�itx

ie�itðx��Þ � ie�itx

 !
,

a.e. in ½0,��. Its norm in bHH is

S
� e�itx=

ffiffiffiffiffiffi
2�

p� ���� ���2¼ ð�2 � 6Þ cos�tþ 2ð�2 þ 3Þ

6�2
,

whose global maximum value is 1=2. Substituting in (10) we obtain the following
estimation for the truncation error in the derivative sampling formula:

For any f 2 PW� with k f k � r, the truncation error in the derivative sampling formula
(9) satisfies the inequality

f ðtÞ � fNðtÞ
�� ��2� 1þ

�2

2


 �
r2 �

XN
n¼�N

f ð2nÞ
�� ��2þ f 0ð2nÞ

�� ��2h i
:

One can find in [5] estimations of the truncation error for sampling formulas in the
Paley–Wiener space PW� obtained through the use of Fourier multipliers in L2½��,��.
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4. THE HYPERCIRCLE INEQUALITY IN THE FRAME SETTING

A sequence fxng
1
n¼1 in a Hilbert space H is said to be a frame if there exist constants

0 < A � B, called the frame bounds, such that for any x 2 H the frame inequality

Akxk2 �
X1
n¼1

hx, xnij j2� Bkxk2

holds. The following results concerning frames will be needed.
The frame operator defined as SðxÞ :¼

P1

n¼1hx, xnixn is a bounded positive operator
in H with AI � S � BI , where I denotes the identity operator in H. Recall that T is a
positive operator in H, and we denote T
 0, if hTðxÞ, xi 
 0 for all x 2 H. We will write
T � S whenever S � T 
 0.

The inverse S�1 exists and is positive in H, and B�1I � S�1 � A�1I . Also
fS�1ðxnÞg

1
n¼1 is a frame, called the dual frame, with frame bounds B�1 and A�1.

Any x 2 H can be written in terms of the dual frame as

x ¼
X1
n¼1

x,S�1ðxnÞ
� 	

xn ¼
X1
n¼1

hx, xniS
�1ðxnÞ: ð11Þ

See, for instance, [2] for more details and proofs of the statements above.
From now on fxng

1
n¼1 will denote a frame in H with frame bounds A and B. Its dual

frame will be denoted by fx�ng
1
n¼1.

THEOREM 2 For wN ¼
PN

k¼1 �k xk consider the hyperplane P ¼ fy 2 H: hy, x�kiH ¼ �k,
k ¼ 1, . . . ,Ng, and the hypercircle Cr ¼ P \ Br. Then, for any x 2 Cr and any bounded
linear functional L in H we have

LðxÞ � LðwNÞ
�� ��2� r2

A
�
XN
k¼1

j�kj
2

 ! X1
k¼Nþ1

LðxkÞ
�� ��2: ð12Þ

Proof For x 2 Cr we have

x ¼ wN þ
X1

k¼Nþ1

hx, x�kixk:

Then,

jLðxÞ � LðwNÞj
2 ¼

���� X1
k¼Nþ1

hx, x�kiLðxkÞ

����2:
Using the Cauchy–Schwarz inequality, and taking into account that x 2 P we obtain

LðxÞ � LðwNÞ
�� ��2 � X1

k¼Nþ1

x, x�k
� 	�� ��2 X1

k¼Nþ1

jLðxkÞj
2
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¼
X1
k¼1

x, x�k
� 	�� ��2�XN

k¼1

j�kj
2

 ! X1
k¼Nþ1

LðxkÞ
�� ��2

�
r2

A
�
XN
k¼1

j�kj
2

 ! X1
k¼Nþ1

LðxkÞ
�� ��2,

which concludes the proof. g

Finally, we put to work inequality (12) estimating the truncation error for a frame
expansion in a RKHS H with reproducing kernel k. Indeed, assume that fkð�, tkÞg

1
k¼1

is the dual frame of the frame fSkg
1
k¼1 with frame bounds A and B. For any f 2 H,

the framerepresentation(11)gives f ¼
P1

k¼1 f ðtkÞSk.ConsiderwN :¼ fN ¼
PN

k¼1 f ðtkÞSk,
and the point-evaluation functional Etð f Þ :¼ f ðtÞ in H. Taking into account that

X1
k¼1

EtðSkÞ
�� ��2¼X1

k¼1

SkðtÞ
�� ��2¼X1

k¼1

hSk, kð�, tÞi
�� ��2� B kð�, tÞi

�� ��2¼ Bkðt, tÞ

and using (12) we obtain

f ðtÞ � fNðtÞ
�� ��2� r2

A
�
XN
k¼1

f ðtkÞ
�� ��2 !

Bkðt, tÞ: ð13Þ

Notice that f belongs to the hyperplane P given by the equations: f , kð�, tkÞ
� 	

¼ f ðtkÞ
for k ¼ 1, . . . ,N although fN =2P in general.

In the particular case of a tight frame, i.e., A ¼ B, we have that S ¼ AI and the frame
representation reads

x ¼
1

A

X1
n¼1

hx, xnixn,

for every x 2 H.
It is known that f� sinc �ðt� nÞgn2Z is a tight frame with bound A ¼ 1 for every

�<1 in the corresponding Paley–Wiener space PW�� [4]. Then, for any f 2 PW��

the oversampled sampling formula

f ðtÞ ¼ �
X1

n¼�1

f ðnÞ sinc �ðt� nÞ ð14Þ

holds. As a consequence of (13), and taking into account that the reproducing kernel is
kðt, sÞ ¼ � sinc �ðt� sÞ, we obtain the following result: For any f 2 PW�� with k f k � r
the truncation error in (14) satisfies the inequality

f ðtÞ � fNðtÞ
�� ��2� �



r2 �

XN
n¼�N

f ðnÞ
�� ��2�:
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