Applicable Analysis e Taylor & Francis
Vol. 82, No. 12, December 2003, pp. 1111-1125

Taylor & Francis Group

Hypercircle Inequalities and
SamplingTheory

ANTONIO G. GARCIA* and ALBERTO PORTAL

Departamento de Matematicas, Universidad Carlos lll de Madrid,
Avda. de la Universidad 30, 28911 Leganés-Madrid, Spain

Communicated by S. Saitoh
(Received 31 April 2003)

In this article the well-known hypercircle inequality is extended to the Riesz bases setting. A natural appli-
cation for this new inequality is given by the estimation of the truncation error in nonorthogonal sampling
formulas. Examples including the estimation of the truncation error for wavelet sampling expansions or
for nonorthogonal sampling formulas in Paley—Wiener spaces are exhibited.
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1. INTRODUCTION

The classical hypercircle inequality estimates the error when we are evaluating a
bounded linear functional on a hypercircle C, of a Hilbert space H, i.e., the intersection
of a hyperplane of finite codimension P and the closed ball of ratio r, B,. The approx-
imate value is just the evaluation of the functional in the nearest point to the origin in
the hyperplane P. To be precise,

Let P be a hyperplane of co-dimension N in a Hilbert space H, and let w be the element of
P nearest to the origin. Then, for any x in the hypercircle C, = PN B, and any bounded
linear functional L in H we have

L) — Lo’ < (P = i) > L],
k=N+1

where {x};=, denotes an orthonormal basis in H such that P is given by the equations:
(x,xy=a;,i=1,...,Nand w = Z;cv=1 ai X;.
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One can find the proof of this result in [3,7], or [9], and an account of applications of
the hypercircle inequality to numerical analysis in [7]. Also, the hypercircle inequality
has been used to estimate the truncation error in the Whittaker—Shannon—
Kotel’'nikov sampling formula [8, 9]. This well-known sampling result reads as follows:

Any function f band-limited to the interval [—mo, o] in the classical sense, i.e.,

1 TTO .
) =—— F(w)e™ dw,
S N (w)

where F € L*[—no, o], can be expanded as the cardinal series

S = i f(ﬁ) sin (ot — n) = i f(n/o)sinc(ot — n).

L \o (ot —n) e

Assuming that || /|| < r, the hypercircle inequality shows that the truncation error in
the WSK sampling formula satisfies the inequality

2
H

N
£~ v <o = > | fn/o)
n=—N

where fy(7) := Zf)’:_Nf(n/a) sinc(ot — n).

By extending the hypercircle inequality in the Riesz bases (frames) setting we can
estimate the truncation error for nonorthogonal sampling expansions. The obtained
estimation uses only the samples and the norm of the function together with other
quantities, intrinsically related both with the sampling formula and with the underlying
functional space. Besides, as pointed out in [7], the use of a nonoptimal approximation
including known data, as the samples here, can be sometimes preferred to the best
approximation, which may have rather cumbersome coefficients.

The article is organized as follows: In Section 2 we prove the version of the hypercir-
cle inequality in the Riesz bases setting. In Section 3 we put to work this new hypercircle
inequality to obtain estimations of the truncation error for nonorthogonal sampling
formulas in reproducing kernel Hilbert spaces. We particularize the method in two
important cases: The first one concerns the wavelet sampling expansion; the second
one the derivative sampling expansion in Paley—Wiener spaces. Finally, the last section
is devoted to prove a version of the hypercircle inequality in the frame setting.

2. THE HYPERCIRCLE INEQUALITY IN THE RIESZ BASES SETTING

Let H be a separable Hilbert space. Given N independent elements xi, x;, ..., xy in H,
and N constants «y, s, ...,ay € C, the elements y € H satisfying

<y’xi>[H]:01i: ]SIEN:

constitute a hyperplane P of codimension N. The hypercircle C, is defined as the
intersection P N B, of this hyperplane P and the ball B, = {x € H: || x|y < r}.
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Let {x,}>2, and {x}}°2, be a pair of dual Riesz bases in H. Recall that a Riesz basis
{xn}o2, for a separable Hilbert space H is the image of an orthonormal basis through a
bounded invertible operator Any Riesz basis {x,};2, has a unique biorthonormal

(dual) Riesz basis {x}}72, i.e., (x,, X5 )y = 8, m» such that the expansions

hold for every x € H (see [11] for more details and proofs). Hence, there exists an
orthonormal basis {e,};2, in a suitable Hilbert space H (maybe H itself) and an
invertible bounded operator 7 : H—>H such that 7 (ey) = x,, for each n € N. Under
these circumstances we prove the following version of the hypercircle inequality:

THEOREM 1 Given the vector wy = Ziv:] arx; and the subspace K ={y e H:
(1, xP)u =0, 1=k <N}, consider the hyperplane P :=wy + K and the hypercircle
C, = PN B,. Then, for any x € C, and any bounded linear functional L in H we have

N o0
|L(x) - L(WN)|2S (”T1 ||2r2 - Z |06k|2> Z {L(xk)|2- (1
k=1

Proof: For x € P, we have

o0
X=wy+x—wy)=wy+ Z(x — W X)Xk = Wy + Z (e, 2 )y
o k=N+1

. N
since x —wy € K and wy = ) ;_, axx,. Hence,

2

L) — Lovw)|*= [Lex —wy) P = | D (e xphul)

k=N+1
< Z [x, xml Z L)
k=N+1 k=N+1
= |7 @ —ww | Y L
k=N+1

where we have used the Cauchy-Schwarz inequality and the Parseval equality with
respect to the orthonormal basis {e,} ;. Notice that wy is not orthogonal to
x —wy € K, but their inverse images by 7 are orthogonal, hence

L) = Lol = (77 @ =177 0w ) 3 [2esf

k=N+1



1114 A.G. GARCIA AND A. PORTAL

N 00
(1o ) 5
k=1 k=N+1
N ) % 2
< LI P0eP= Y e ) D0 L[
k=1 k=N+1

Since x € C, we finally obtain

N 00
|L(x) = LOwy)|* < (||Tl||2r2 - Zmﬁ) PORIZEA]E
k

k=1 =N+1

3. AN APPLICATION: ESTIMATION OF THE TRUNCATION ERROR FOR
NONORTHOGONAL SAMPLING FORMULAS

Let H be a reproducing kernel Hilbert space (RKHS hereafter) of complex-valued func-
tions defined on a fixed subset Q2 of R (or C). There exists a function k : @ x Q — C, its
reproducing kernel, such that for each s €  the function k; defined as ky(7) := k(¢, s)
belongs to H, and the reproducing property

f(S) = (fa ks>’H = (fﬂ k('as»’)'(a s € L, f eH (2)
holds.

Assume that we have a nonorthogonal sampling formula in a reproducing kernel
Hilbert space H, i.e., for any /€ H we have

@) =" f(t) Su(0), 3)
n=I1

where the sequence of sampling functions {S,} -, forms a Riesz basis in H.

By using the Cauchy-Schwarz inequality in (2), the point-evaluation functional
E(f) :=f(¢v) is bounded in the RKHS H. If we set wy := fy = ZnNzlf(tn) S, € H, the
truncation error in (3) is given by

€)= Efw)| = [ 1(0) = [ (D).

Therefore, in this case the hypercircle inequality (1) reads:

N 00
1)~ S0 < (||cr-1||2r2 —Z}f(zn)|2> 3 1s0)

n=1 n=N+1
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where 7 denotes the invertible bounded operator which maps an orthonormal basis
onto the Riesz basis {S,} 7.

As a consequence, the key point is to compute (estimate) |7 '], and to compute
(estimate) the sum ) 2, |S,(1)|>. The sampling formula (3) might also contain samples
from a function related with f, e.g., its derivative [6]. In this case, the same technique
for estimating the truncation error applies. Next, we illustrate the method in two
important examples.

31 Truncation Error for Wavelet Sampling Expansions

Let ¢ be a real-valued scaling function defined on R such that ¢ € C"(R) and
60| < i1+ 1177,
for 0 <k <r, peN and r € R, which is associated with a multiresolution analysis

(Vidmez of L2 (R), i.e., a nested sequence of closed subspaces such that

) ---cVyaclVocVyc---cL*R).

(2) f € Vm <:>f(2) € Vm+l~

(3) NmezVm ={0} and  U,czVy = L2(R)~
(4) {¢(t — n)},cz 1s an orthonormal basis of V.

We define

k(t,s) =" ¢t — n)p(s — n).

neZ

For each m € Z, it is known that V,, is a reproducing Kernel Hilbert space whose
reproducing kernel is given by

ki(t,8) = 2"k(2"t,2"s).
Assume that the function G, defined as

G(w) := Z(b(n)e’i“’”, weR,

neZ

has no zeros in R. Then, {k(¢,n)},cz is a Riesz basis of V, whose biorthogonal basis is
given by {S,(t) = S(t — n)},cz, where the Fourier transform of S satisfies

$(v)
Gw)’

FS(w) := §(w) =

Furthermore, for any f € V), the following sampling formula holds

[y =" fmS(—n), 4)

neZ
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where the convergence of the series is absolute and uniform in R. See [10] for more
details and proofs.

Next, we use the hypercircle inequality (1) to estimate the truncation error in the
wavelet sampling expansion (4). Indeed, consider the bounded invertible operator
T : Vo—>Vy, which maps the orthonormal basis {¢(t — n)},cz of Vy into the Riesz
basis {k(t,n)},cz of the same space. The operator T:=FTF"! maps {F(P(- — n))},ez
into {F(k(-,n))},cz- Taking into account that

k(t,m) =Y (1 — md(m —n) =y ¢(t —m — n)(—n) = k(1 — m, 0),

neZ neZ

we obtain that

T(pe ™) (w) = Fk(x, n)(w) = Fk(x — n,0)(w) = ]—‘(Z Plx —n— k)¢(—k)> (w)
keZ

— E_[”‘tya(W) Z qb(_k)e—ikw — e_mw(,ﬁ\(W)a(M/).

keZ

The bounded invertible operator which maps ¢(¢ —n) into S(1—n) is (T~1)*=(T*)7",
where 7% stands for the adjoint operator of 7. Then, for f' € Vy with || f|| <r the hyper-
circle inequality (1) implies

2
s

| 1) — fu (0]’ < <||T*||2r2 -3 |f(n)}2> YIS —n) (5)

|n|<N |n|>N

where fy(1) i= 3,y f()S(t = n).
Using the reproducing property in VY,

SO —m < YIS —m’= Y [(S¢ = n) k(o)

|n|>N neZ neZ
=Y T — k(o) [
neZ
=3 ¢ — . Tk p
neZ

Since {¢(t — n)},cz constitutes an orthonormal basis for V), the Parseval equality gives

SIS - < YISt —n) = [T kG 0| < |77 ko).

|n|>N neZ
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Substituting in (5) we obtain

| £~ fu (0]’ < (||T||2r2 -> If(n)lz) |71 ke, ). (6)

[n|<N

Our last goal is giving an estimation for both || 7||? and |7 ~!||>. Consider F € FV.
Then,

ITF| =
neZ

]’:(Z(F, ae—iir)ae—in») H

Z(F’ ae—in->$e—in-6

neZ

= Gl E1-

Since the Fourier transform F is a unitary operator in L*(R), we have |T| =
IT] < |IGlls- On the other hand, taking again F € F V), we have

H(f_l)*FHZ (f—])*<Z(F’$€—in<)$€—in~)‘: Z(F’ae_,‘n.x]’:_])*(ae_m_)‘
nezZ =z
o o
= Z(Faﬁbeim‘)seim‘ = Z(F,¢€*m->¢eﬂn-ﬁ
neZ neZ
< [1/G] L IFI.
As a consequence, |7 = (7Yl = (Tl < I11/Gll..

Finally, inequality (6) can be written as

£ — fn()]’< (ncnif - !f(n)lz) 117G 2 ke, ).

[n|<N

Closing the section, it is worth mentioning that the truncation error on wavelet
sampling expansions has been estimated in [1] by imposing some extra conditions on
the function f.

3.2 Truncation Error for the Derivative Sampling Formula in Paley—Wiener Spaces

Consider the Hilbert Space H:= L?[0, 7] ® L*[0, ] endowed with its usual norm
(¢, (p)||%: Il 720,01 + @720, - 1t i easy to check that the sequence {w,},cz,
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given by

nez,

: Way = (efixZH/ﬁ’ 0)
wang1 = (0,e7%/ /)

constitutes an orthonormal basis for the space H.

For each function ¢ in L?[0, 7], we denote by ¢” its m-periodic extension. Any func-
tion in L’[—m, 7] can be expressed as f =D+ (@ where [P =fx_.0 and
f® :fX[O,r[]~

Define the operator

o~

S: H — L[, 7]

; (7
isgn x ¢§(x),

oo (1= +

T

which transforms the orthonormal basis {w,},cz in H into the sequence {x,},c7z given by

X, — L 1 — m e—ixZn
2n ﬁ T

, nelZ.
isgn x

Xop+1 = 7'[\/7?

—ix2n

In order to simplify the argument, we consider the matrix

X —i

M(x) = % ( ), x € [0, n]. (8)

T—Xx i
Observe that
(¢1(X)) 1 ( x1(x) — ia(x) )
M(x) =— .
$2(x) T\ (r = X)1 (%) + igpa(x)
On the other hand, if x € [0, 7], then, using [7], we have

861, 60— 1) = 1)~ L a0

and

561609 = (1= )0 + - 2(x),

so we can evaluate the bounded operator S by means of the matrix M(x). Since M(x) is
nonsingular in [0, 7], we can deduce the invertibility of the operator S by giving an
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explicit expression of S~! in terms of M~!(x) := [M(x)]"". In fact, since

1 1
M(x) = ( )
—i(x —m) —ix

fO(—m+ x))
F2)

we obtain that

S = M\ >( ( O =) 4126
= X

—i(x — 1) fV(x — ) — ixfP(x)

1119

).

Therefore, the sequence {x,},cz is a Riesz basis in L*[—m, 7] whose dual Riesz basis,

{x}},cz, 1s given by

X;n — e—ix2n/ﬁ
nez.

x§n+1 = ixe—ixZn/ﬁ’
Next, we estimate ||S™!||. Indeed,
ST = 1/ P(x = ) + PP + 1 — i — m)f V(x — ) — ixf P ()|

= [[1rve=mpacs [1r200Ras
0 0
+ /0 ﬂ(x — )1 fV(x — 7)dx + /0 ) X2 P (x)2dx
+2 / n(xz — x4+ DR(fV(x — 7) f2(x))dx
0
=2 / n(xz —ax + DR(fP(x — ) f2(x))dx
0

+ /ﬁ(x2 —ax + D(IfPx = o) + [ f2(x)1)dx
0

+ 7 /0” |f®(x - rr)|2dx — n/on x|f®(x — n)lzdx + ﬂfon x|f®(x)|2dx

- / n<x2 — x4+ DIfP(x — ) + 2 (x)Pdx
0

2 [T e a2 TG PRNT SO N DR
-HT/O |/ (x — m)| dx—i—rr/o x| (x)|“dx n/(; x| fY(x — m)|“dx.
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Using the fact that x> — 7x 4+ 1 < 1 for x € [0, 7] and the parallelogram law, one gets

s P <2 /0 O = m)|d + | 200 dx

+n2/ ]f®(x—n)|2dx+n/ xyf®(x)|2dx—n/ x| fO(x — m) [P,
0 0 0
from which

[s P2l P+) s P= @+ £ )
Let us consider PW,, the space of functions which are band-limited to [—, 7], i.e.,
PWy = {f € XR)NCR), supp [ € L[~ 7]}
It is known that the Fourier transform F is a unitary operator in L?(RR), which maps

PW, onto L’[—m, 7). Any F € L’[—m, 7] can be expanded, using the dual Riesz bases
{Xn}nez and {x}},cz. as follows:

F =Y (F.xp)x,= Y (F,e " /7)) x2,+ Y _(F,ixe” ™" /\/7) xos1.

neZ neZ neZ

If we denote / = F~!(F), taking into account that

(F.e™//m) = ~2f 2n)
and
(F,ixe ™) /) = —/2f"(2n),
we have

F=v2) [fCmxy —f'@n)xss1].

neZ

Taking the inverse Fourier transform F~! and using special Fourier transforms we
obtain the derivative sampling expansion in PW,

FO =Y "1/@n) + (= 2n)f'(2n)] sinc2%(t —2n). 9)

neZ
Our next goal is to estimate the truncation error in the above formula using the

hypercircle inequality. In this case, the operator which transforms an orthonormal
basis onto the Riesz basis {x,},.z is 7 = F~'S. Since F is a unitary operator,

1T = 1S Al = IS < V2 + 2.
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On the other hand, the evaluation functional &,(f") := f(¢), f € PW5, is continuous for
all 7 € R since

| 0] = |(F.e N2 < 1F1 e v2x| = | 1],

Hence, for any | f || < r, the hypercircle inequality (1) gives

| £ =t < ((z+n2>r2 -2y |f(2n)}2+|f’(2n)|2>

[n|=N

x 3 [leF o[ +HEF  xam[] (10)

|n|>N

Moreover,
E(F'x,) = <Xn» g_itx/\/2—7';> = <SW,,, e_itx/m> = <Wn,3*(€’_m/\/§7;)>»

where §* denotes the adjoint operator of S. From the Parseval equality with respect to
the orthonormal basis {w,},.z we obtain

S (e ‘/E)HZ'

S [l wnHeaF x| = YolaFx)’=|
neZ

[n[>N

To compute ||S*(e~"**/+/2m)|| we express the adjoint operator S* in terms of the
matrix M(x) given by (8), which represents the operator S. Indeed, for (¢, ¢,) € H
we have that

M(x)<¢l(x)> _ (S(¢1’¢2)®(x . n))

p(x))  \ S, 62)%(x)

a.e. in [0, r]. Consequently, for (¢, ¢,) € H and g € L*[—m, ] we have

(S(@1,92).2) = (S(@1,92) ", 87) +(S(@1.62)%.22)

. OG-
_ / (810 (x — 1), 81, )2 () dx
0 g22(x)

. G-
_ / (610, ()M () dx,
0 g9(x)
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where M7 (x) stands for the transpose matrix of M(x). Therefore, S*g = (¢1, @) is

given by
(‘PI(X)) _ MT(X)(g®(x - ﬂ)))
@2(x) 22(x)

a.e. in [0, r]. Finally, in the Paley—Wiener space P, we have

ot ()

S* (efitx/m)

In this case,

Hence,

‘ 1 X T—x e*ir(xfn)
vl )

T i —i e—itx

(xeir(xn) + (7T _ x)ei’x)

iefit(xfn) _ ie*irx

TR
S

S|
9
S|

a.c. in [0, ]. Its norm in H is

|

whose global maximum value is 1/2. Substituting in (10) we obtain the following
estimation for the truncation error in the derivative sampling formula:

s (e—nx / \/E) HZZ (7> - 6) cos67;tz+ 2m* +3) ’

For any f € PW, with || f || < r, the truncation error in the derivative sampling formula
(9) satisfies the inequality

2 N
10 sl (1475) 2= 3 [Lrenf+ s enf]

n=—N

One can find in [5] estimations of the truncation error for sampling formulas in the
Paley—Wiener space PW, obtained through the use of Fourier multipliers in L*[—, 7].
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4. THE HYPERCIRCLE INEQUALITY IN THE FRAME SETTING

A sequence {x,}2, in a Hilbert space H is said to be a frame if there exist constants

0 < A < B, called the frame bounds, such that for any x € H the frame inequality

oo
AllxI? < D1 x)P< Bllx?

n=1

holds. The following results concerning frames will be needed.

The frame operator defined as S(x) := >~ | (x, x,)x, is a bounded positive operator
in H with 41 < S < BI, where [ denotes the identity operator in H. Recall that 7 is a
positive operator in H, and we denote 7> 0, if (T'(x), x) > 0 for all x € H. We will write
T < S whenever S — T > 0.

The inverse S~! exists and is positive in H, and B~ 'I < S~ ! < A47'I. Also
{S*I(xn)},‘j‘;1 is a frame, called the dual frame, with frame bounds B~! and 4.

Any x € H can be written in terms of the dual frame as

o] [ee]

x =Y (ST ) =D (xS (). (1

n=1 n=1

See, for instance, [2] for more details and proofs of the statements above.

From now on {x,}:2, will denote a frame in H with frame bounds 4 and B. Its dual

frame will be denoted by {x*}°2 .

THEOREM 2 For wy = ij:l ay xi consider the hyperplane P = {y € H: (y, x[)y = ax,
k=1,...,N}, and the hypercircle C, = PN B,. Then, for any x € C, and any bounded
linear functional L in H we have

2 N 00
L) — Lovw) < (’Z -y |ak|2) > [Leol (12)
k=1 k=N+1

Proof For x € C, we have

o0
X=wy+ Z (2, X)Xk
k=N+1

Then,

00 2

> L) -

k=N+1

|L(x) = L(wy)|* =

Using the Cauchy—Schwarz inequality, and taking into account that x € P we obtain

L) — Lovw)| < Y el Y Lo

k=N+1 k=N+1



1124 A.G. GARCIA AND A. PORTAL
00 5 N 00 5
= (Z!(x, X = Z |Ol/c|2) Z |L(xp)|
k= k=1

1 k=N+1

k=1 =N+1

L

which concludes the proof. |

Finally, we put to work inequality (12) estimating the truncation error for a frame
expansion in a RKHS H with reproducing kernel k. Indeed, assume that {k(-, #x)}72,
is the dual frame of the frame {S;}7°, with frame bounds 4 and B. For any fe H
the framerepresentation (11) givesf = > 7, f(#) Sk. Considerwy = fy = Zk S (k) Sk
and the point-evaluation functional &,(f) := f(¢) in ‘H. Taking into account that

Z|5(Sk)| = Z|Sk(t)} = Z} (Sk, k(- ) [P < B|[k(-, 00 |’= BK(z, 1)

k=

and using (12) we obtain
2 N
FORVUE (rA =Y f(zk)|2)Bk(r, . (13)
=1

Notice that f belongs to the hyperplane P given by the equations: (f Jk(-, tk)) =f(ty)
for k =1,..., N although fy ¢ P in general.

In the particular case of a tight frame, i.e., 4 = B, we have that S = 47 and the frame
representation reads

1 ]
(%, X)X,

n:l

for every x € H.

It is known that {osinco(z — n)},cz is a tight frame with bound 4 =1 for every
0<1 in the corresponding Paley—Wiener space PW,, [4]. Then, for any f € PWy,
the oversampled sampling formula

f()=0 )" f(nsinco(r —n) (14)

n=—00
holds. As a consequence of (13), and taking into account that the reproducing kernel is

k(t,s) = osinco(t — s), we obtain the following result: For any f € PW,, with || f || <r
the truncation error in (14) satisfies the inequality

N
|10~ foP= o7 = 3 |fof’).
n=—N
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