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Abstract

Shannon’s sampling formula has been extended to subsfigdes, in multiresolution analysis. When we apply
the corresponding sampling formula fgg to a function which does not belong to this space, the so-called aliasing
error arises. This paper deals with the aliasing eEfnvhenevef is in V1. We obtain an expression for its Fourier
transform,E £, which allows us to give estimations of the aliasing error both3fR)-norm and inL°(R)-norm.
Finally, we carry out a study of the aliasing error in the case vitimiongs tovs.
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1. Introduction

The Shannon sampling theorem states that any funttothe classical Paley—Wiener space P\
(f € L3® N C(R) : suppf C [—mn, n]}, wheref stands for the Fourier transform §f may be
reconstructed from its samplég(n)},c7 as

f@O=>" fmsindt —n), teR,

nez
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where sinc denotes the cardinal sine function @ine sinrnz/nt. The space PWcan be seen as the
subspacé/p of the Shannon multiresolution analysis, whose scaling function is preciselginc.

In [11], Walter extended, under appropriate hypotheses, the Shannon sampling theorem to the subspace
Vo of a general multiresolution analygig,}, ., in L2(R): For any f € Vo the sampling formula

f@=) fm)St—n), teR (1)

nez

holds, Whereﬁ(w) = fﬁ(w)/(znEZ $(n)e""»), and¢ denotes the scaling function.
If the sampling formula (1) is applied to a functibwhich does not belong td, the so-called aliasing
error:

Ef@):=f@) =) f)sSt—n). 1eR

nez

arises. Concerning this error in Shannon'’s setting, a classic result by Btpatates that iff € L%(R)N
C(R) and f e L1(R), then

\/_ w‘>n|f(w)|dw, teR. )

In addition, the functiory (r) = sina2t — 1) is an extremal solution for (2), i.e., there exists a value of
for which (2) holds with equality. Notice that if € V13 = PW,,, then (2) can be written as

f@ =) foysinar —n)| <

nez

2
[Ef(1)|<—= N I Pwo Sl L1(R)

where Py, denotes the orthogonal projection orit, the orthogonal complement & in V1. Besides,
Walter [11] has proved a similar result for functions in the subspdc®f a general multiresolution
analysis. Specifically, for any € V1, there exists a consta@tsuch that

|Ef(t)|<C”PWOf||L2(|R), t e R. (3)

Notice that|| Py, f 1l 2r) Can be expressed in terms of the wavelet coefficients.
On the other hand, Jansgéh generalized Walter's sampling formula by using shifted sampfés +
a)},ez, Wherea € [0, 1). As to the corresponding aliasing er®, ( f), he proved the inequalities

KO”PWOJC”LZ(R)g ||Eaf||L2(R)<Koo||PWof||L2(R), fen.

In addition, he found the smallest possible value for the constgnand the largest possible value
for K.

In this paper, we deal with the aliasing error functibg f) for f € V1. We will calculate its Fourier
transform in terms of the Fourier transform Bfy, /. Besides recovering Janssen’s inequalities, this
will allow us to derive a precise bound like (3). Also, we provide extremal solutions in some cases.
Wheng¢ is a cardinal scaling function, i.e., when it satisijga) = d,.o, the L2(R)-norm of the aliasing
error becomes especially SImpleE f [l 2(g) = ﬁ||PWOf||Lz(R). Furthermore, we include some results
concerning the aliasing error for functioffse V». Finally, we illustrate the obtained results in some
classical multiresolution analyses.
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The aliasing error in Shannon'’s setting has been largely studief{{se® references therein). Besides
the aforesaid Janssen’s reference,[$8¢l4]for the general wavelet setting.

The paper is organized as follows: In Section 2 we include the needed preliminaries on multiresolution
analysis and sampling. Section 3 is devoted to obtain the Fourier transform of the aliasing error function
for f € V1. In Section 4 we obtain, using the main result in Section 3, estimations of the aliasing error
function either inL2(R)-norm orinL (R)-norm. In Section 5 we deal with the aliasing error for functions
in V. Finally, in Section 6 we particularize our results in Shannon, Meyer and Spline multiresolution
analyses.

2. Preliminaries on multiresolution analysis and sampling

Let{V;};cz be amultiresolution analysis it?(R) with an orthonormal scaling functiah i.e.,{Vi}iez
is a sequence of closed subspacesdfR) satisfying:

(i) V= D' Vy, j € 7, whereD is the dilation operator, defined byf (1) := v2f(21).
(i) Vo C Vi.
(i) UjezVi=L*®) and ),V ={0}.
(iv) {¢(t — n)},cz is an orthonormal basis /.

Let W; be the orthogonal complement Bf in V1, i.e.,V;11=V; ® W;, and letPy, f and Py, f be
the orthogonal projections gf € L2(R) onto W; andV;, respectively.

It is well known (see for exampl@] or [13]), that a functiorf belongs taV; if and only if there exists
a unique 2-periodic function inL?(0, 2x), denoted byn ¢, such that

Fw)=mr(w/2)$w/2), (4)

where the Fourier transform ib?(R) is defined ag (w) := (1/+/2n) [, f(r) e ""dr. Equality (4) must
be understood almost everywhere (a.e.), i.e., it holds except on a set of Lebesgue measure zero (this will
be the case for other equalities throughout the paper). Besides, foyfeadh

1
Il 2w = ﬁ”mf”Lz(O,Zn)' (5)

Sinceg € Vo C V1, we havefﬁ(w) = m¢(w/2)$(w/2), which is called the scaling equation. Lebe
the mother wavelet whose Fourier transform is

z/p\(w) = eiw/2m¢(w/2 + n)p(w/2)

and consequentlyy, (w) = éwm¢(w + n). The sequenc@)(t — n)},c7 is an orthonormal basis of the
subspacéVy. The functionsn 4 andm,, satisfy the relationships:

Imy()[?> + mg(w + )2 =1,  |myw)|®+ |my(w +n)|> =1,

my(w/2)my(w/2) + my(w/2 4+ m)ymy(w/2+ n) =0. (6)
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For everyf € V4, the functions given by

up(w) :=myg(w/2mey(w/2) +mys(w/2+ m)ymy(w/2+ n),
ve(w) i=mp(w/2my(w/2) +mp(w/2+ mymy(w/2 + n) )

are the unique 2periodic functions inL2(0, 2x) verifying

Pyof (w) =us(w)pw) and Pyyf(w) = v w)fw). 8)

Moreover, forf € V1 we have

1
1Pwo 1172 = o lvy 120,20 ©)

Seg[7] for a reference on multiresolution analysis and applications.
The Zak transform off € L?(R), formally defined as

Z)tw) =Y fn+ne™, tweR,

nez

will be an important tool in the sequel (sgg for the properties on the Zak transform).

For sampling purposes, we assume that the scaling fungti@s continuous inR, and satisfies
o) = 0(]t|™)), when || — oo, for somes > 1/2. In addition, we assume that the inequalities
0<l(Zg)(a, o< (Zp)(a, )l < o0 hold, where

1(Z$)(a, oo := €ss sup(Z¢)(a, w)| and [[(Zd)(a, o := eLSUSGHinI(Z@(a, w)].

weR

(Essential supremum and essential infimum definitions can be foud})inrhus, for anyf € Vg the
following sampling formula holds

fO)=)" fr+a) Sult —n), 1R, (10)

nez

where S, (w) = $(w)/(Z¢)(a, w) (see[2] or [15]). The convergence of the series in (10) is in the
L2(R)-norm sense, absolute and uniform®n

In order to use the Poisson summation formula, we will assume throughout the paper that the series
Y nez l@(w + 27n)| is uniformly bounded a.e. iRR. This condition is satisfied if, for instance(w) =
O((1+|w)™), w € R, for somes > 1.

3. The Fourier transform of the aliasing error function for f € V;

Foranyf e V;, j >0, the aliasing error functiofi,, f is defined by

Eof @) :=f() =) fnt+@)Salt —n), 1€

nez

Consider the subspace ©f defined by
M, ={feVi:f(n+a)=0, neZ.
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In this section, for any’ € V1, we will construct two functionsQy, f € Vo andQu, f € M,, such that
f=0v,f+ Qum, f holds. The functiorQ y, f will be precisely the aliasing error functiaty, f because
Eaf:EaQVof+EaQMaf:EaQMaf:QMaf- (ll)

The two following lemmas are devoted to the Zak transform of functiong in

Lemma 1. Let f be inVy. For a fixedr € R, we have

(Zf)(t, w) =v2re"" Y " f(w +2m)e?™ | ae weR. (12)

nez

Proof. If f € V1, using (4) and splitting the sum into odd and even terms we have

SN+ 2mm) =Y mp(w/2+ nm)p(w/2 + wn))|

neZ nez

=Impw/2)| Y [pw/2+ 27n)]

neZ

+lmpw/2+m| Y [pw/2+ n+ 2mn).

neZ

Since we have supposed that, _, |$(w + 2zn)| is uniformly bounded, we obtain that the series
Y nez | f(w + 27nn)| converges a.e. to a function ih2(0, 27). It can be easily checked that
Verevty " ., f(w + 2mn) e2m! helongs toL.2(0, 2r), and its Fourier coefficients with respect to the

orthonormal basige """ /v/2r},.; are{v/2n f(t + n)},cz. Hence, the equality in (12) holds in the
L?(0, 21)-norm sense. Sincg_,., |f(w + 2nn)| converges a.e., the series in (12) converges a.e. in
w € (0, 27). As the pointwise limit and the limit in th&2(0, 27)-norm coincide (sef8, Theorem 3.12)]

the equality (12) follows. O

Lemma 2. For each fixed € R, the Zak transform of a functiofi € V; can be expressed as
(Zf)(t, w) = (Zp)(2t, w/2m s (w/2) + (Z)(2t, w/2 + m)m s (w/2+7), ae w e R.
Proof. Using Lemma 1 and splitting the sum into odd and even terms we obtain

(Zf)(t, w) = v/ 2re"" Z Fw + 27n)e™? = /2nd™! Z my(w/2+ mn)p(w/2 + nn)e ™

neZ neZ
= 21" Y " [my(w/2)p(w/2 + 2nn)e 2
nez

+myp(w/2+ np(w/2 + 1 + 2rn)e @D,
Using (12) again, the lemma follows.[]
Eq. (12) gives(Z¢) (1, w)| <v/21Y", 5 |¢(w + 27n)| a.e. Since we have supposed that., lp(w+

2nn)| is uniformly bounded, we have thd{Z¢)(z, -)|lco <00, for all 1 € R. Thus, the hypothesis
1(Z)(a, )|l < oo is superfluous under the above hypothesis.
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Theorem 1. Let f € Vi and letv; be the uniquezr-periodic function inL2(0, 2n) which satisfies
Pwo f =vr(w)y(w). Then

(Zp)(2a, w/2+ )

Zd) @ ) vy (w)p(w/2). (13)

Eof (w)=¢€"/?

Proof. A functiong in V1 belongs toM, if and only if (Zg)(a, w) =), ., 8(n + a)e " = 0. Then,
by using Lemma 2 we obtain that a functigin V7 belongs taM,,, if and only if

mg(w/2)(Zp)(2a, w/2) +mg(w/2+ n)(Z$)(2a, w/2+ ) =0, ae. (14)
This leads us to consider the functipp € M,, whose Fourier transform is
Pa(w) :=e€""2(Z¢)(2a, w/2+ W) P(w/2). (15)

Letm s be the unique 2-periodic function inZ2(0, 2x) such thatf (w) = m s (w/2)$(w/2). Next, we
define

Ovof (W) = oy (w)d(w), O, f(w) := B, (w)Py(w), (16)
where
2 () = myg(w/2)(Z$)(2a, w/2) + my(w/2+ n)(Z¢)(2a, w/2 + m)
SR (Z¢)(a, w) !
ﬁf(w) . eiwmf(w/Z)mw(w/Z) + mf(w/2+ n)ml/,(w/2+ n). (17)
(Zd)(a, w)

The functiona s is 2r-periodic, and also it belongs th2(0, 27) since O< [[(Z¢)(a, -)|lo and ||(Z¢)
(2a, )|leo < 00. Therefore, taking into account the characterizatioﬁm@see[lS]), we getthaDy, f €
Vo. Similarly, we prove thaQ, f € V1. Sinceg = Qu, f Satisfies (14), it follows that it belongs M, .
Using Lemma 2, we can check that

—

F=0vwf+0mf (18)

and, as a consequence, (11) impli€sf = Qy, /. Comparing (7) with (17) we see tha (w) =
ei“’vf(w)/(qu)(a, w). Substitutings ¢ andg, in (16), we obtain the desired result]

It is worth noticing that the spac®; can be expressed as the direct sum of the spégesd M,,,
and Qy, and Qy,, are the corresponding projections. Indeed, this is a consequence of (18) and of the
sampling formula (10).

When the scaling function satisfies the interpolation condifion =6, 0, n € Z, ¢ is called a cardinal
scaling function (sefl2] for properties and examples on cardinal scaling functions).

Corollary 1. Let¢ be acardinal scaling function.ThemEof”Lz(R):ﬁ | Pwo f | L2w) fOranyf € Va.

Proof. Since(Z¢)(0, w)=1, formula (13) becomeE’(')?(w) =eiw/2vf(w)$(w/2) from which the result
follows. O
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4. Estimations of the aliasing error function for f € V
Throughout this section we denoi,(w) = ), |$(w + 2zn)|, which we have supposed to be
uniformly bounded. The main goal is to prove an estimation of the aliasing error function in the supremum

norm.

Theorem 2. For any f € Vi we have thaﬁ,\f belongs taL.1(R), and the following inequality holds

(Z$)(2a, w + m)Hy(w)
(Z¢)(a,2w)

|Ea f(1)|<2 1PwofllLe@w), *€R (19)

L2(0,27)

Proof. For f € V3, consider the function s such thatP/WO\f = vf(w)f[(w). We have that

J

Zd)(2a, w/2 —~
ot

_ 2/‘ (Zo)(2a, w + )
R

(Z¢)(a, 2w)
— 22 /O

2% 1 (Z ) (2a, w + m)
2n
) /
0

(Zo)(a, 2w)
(Z¢p)(2a, w + n)
Using the Cauchy—Schwarz inequality we obtain
(Z¢)(2a, w/24+7)
/R o w T 2)‘ w

(Z9) (@, 20)
(Zp)(2a, w + TE)H¢(w)
gNZ—”H (Z$)(a, 2w)

vy (2w)$(w) ‘ dw

dw

v w)p(w + 2mn)

vf(Zw)' Hg(w) dw. (20)

| Pwo S Il L2y -
L2(0,27)

Hence,E/a\f belongs taL1(R), and the inverse Fourier transform gives (19)J
Moreover, there exists an integral representatiortfpf (¢) for eachr € R.

Corollary 2. Let f € Vi and letv; be the uniqueéz-periodic function ofL?(0, 2x) which satisfies
Pw, f = vr(w)p(w). Then E, f € Co(R) and

1 /2“ v (Z¢)(2a, w + )

E,f(t)= - A Zé)@. 2m) (Zp)(2t, w)vr(2w)dw, teR. (21)
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Proof. From Theorem 2 we obtain thﬂ/a\f belongs toL(R) and henceE, f € Co(R). Using the
inverse Fourier transform, a calculation similar to the one in (20), gives
E f(t):i/ E, f (2w)e?™ dw
V2n JR

__2 /271 g (Z9)2a, w +m)
V2 Jo (Zo)(a, 2w)

vy (2w) Z ?q;(w + 27n)@2W+2mt gy,

nez

and (21) follows from (12). O

We denote by arg the value of argument af e C which belongs t¢—=, =). In the following corollary,
we get extremal solutions of the inequality (19) inthe case wheraug is a 2r-periodic function. Notice
that this is the case whenewgtw) >0 (e.g. in the Shannon and Meyer cases) or whengves linear
phase with phasg € 7 (se€e[3]).

Corollary 3. If arg ¢(w) is 2r-periodic thenfor any f € V4, we have the inequality

2
V2n

Whena = 0 or a = 1/2 the functionsf € V1 such that

(Z¢)(2a, w + m)(Z¢)(0, w)

|Ea f(DI< Zé) (@ 2w)

I PwofllLo@m), €R. (22)

L2(0,2n)

vr(w) = 2V IEV2(7¢)(2a, w/2 4+ 1)(Zd)(2a, w/2) /(ZP)(a, w), I € C,
are extremal solutions fdi22).

Proof. First, we have

(Z$)(0. w)| =21 |y [$p(w + 2mn)|e @99 | = /2 Hy (w).

nez

Therefore, the inequality (19) can be written in the form (22).

Let f e Vi, which satisfies) r(w) := 26 Y2EY2 (7 ¢)(2a, w/2 + 1)(Zd)(2a, w/2)/(Z$)(a, w)
for somei € C. There exists suchfan V1 becauséZ¢)(2a, w/2 4+ n)(Z¢)(2a, w/2)/(ZP)(a, w) iS a
2n-periodic function inL2(0, 27). Using (21) and the periodicity of the Zak transform, i(@¢)(+1 +
2a, w) = €M (Z¢)(2a, w), we obtain

2n .
|Eq f(£1/2+a)| = % ‘/o v (2w)e =D (Z¢)(2a£;u¢4)r(;r)(zi<i;)(2a, w) dw
_ 2 | (Zh)Qa,w+ m)(Z)(a, w) 1 Pwo £l 2
NeT (Z§)(a. 2w) 202

Finally, the result is obtained by noting tHaZ ¢)(1, w)| = |(Z¢$)(0, w)|. O
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For eachf € Vi, Theorem 1 gives th&2(R)-norm of the aliasing error
1 (Z¢p)(2a, w + n)
E =

Jr

which allows us to deduce the following result:

(23)

vr(2w)

L2(0,2n)

Theorem 3. There exist two constanf§y and K 5, such that
Koll Pwo [ 112 2y < Ea f 13 2y < Kool Pwo f 172y f € V2. (24)

Furthermore the largest value for the constaiify and the smallest value for the constakit, are,
respectively

Ko = ’ (Z$)(2a, w)|? + [(Z¢)(2a, w + 7)|?
| (Z¢)(a, 2P ;
2 2
Ko im ” (Z¢)(2a, w)|? + |(Z¢) (2a, w + m)| -
(Z)(a, 2w)|? .

Proof. From (23) we obtain

1 /7 7 24,
||Eaf||§2®=;/0 (Z$)(2a,w + )

(Z¢)(2a, w + ) 2d
w
(Z$)(a, 2w)

vy (2w) (Z¢)(a. 2w)

vy (2w)

2 2n
1
dw+—/
T T

1" (Z¢)(2a, w)|? + |(Z)(2a, w + m)|?
== 2w)|? dw. 26
n/o oy 2w (Z¢)(a, 2w) |2 v (26)
Since|| PWOf”iZ([R{) = (1/) [y lvs(2w)|? dw, it follows (24) for the values of the constakity and K«

given in (25).

For the optimality of the constaii,,, setl < K. There exists asé? C (0, ) with positive Lebesgue
measure such that(Z$) (2a, w)|?2 + [(Z$)(2a, w + n)|?) /|(Z$)(a, 2w)|? > /, for allw € D. Consider
f € Visuchthat s (w) =0 whenw/2 e (0, n) — D. Then, from (26), we obtain

i s
2 2 2
||Eaf||L2(R)>;/0 [0y @) dw = 7 | Pwo f 1220

This proves that (25) gives the smallest valuekaf in (24). Similarly it can be proved that (25) gives
the largest value oKg. [

The optimal constants for (24) calculated by JangStare

(Z¢)(a, w) g (Z¢)(a, w)
which necessarily must coincide with those given in (25). A direct proof of this result is as follows:
Using Lemma 2 forf = ¢ and f =y and the relationships (6), we obtain thaf(w)(Z$)(a, 2w) +
my(w)(Zy)(a, 2w) = (Z¢)(2a, w). Hence, a straightforward calculation gives

(Zd)(2a, w)|? + |(Zd)(2a, w + m)[* = [(Z$)(a, 2w)[* + [(Zy)(a, 2w) [,
from which the result comes out.

Ko=1+

o0
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Closing the section, recall that the spdéeis a reproducing kernel Hilbert space (4&&, p. 54),
with reproducmg kernety(t,s) =2) ., ¢(2t —n)¢(2s — n). Thus, for each € R, we havelh ()2 <
ki(t, D)||h||? h € V1. Therefore, from (24) we obtain a new bound for the aliasing error function of

fen

|Eaf (D1?<2Keo ) 1$2 = m) P Pwo 12, 1 € R. (27)

neZ

L2(R)’

5. Aliasing error when f € V>

The aimin this section is to find the Fourier transform of the aliasing error for a furfétidime subspace
V> of the multiresolution analysis. For the sake of simplicity we assumestkafd. For notational ease,
we denoteG ¢ (w) := (Zf)(0, w) andEf := Eof.

Any functionhin V3 can be expressed As= Py, h + Py,h and hencekEh = E Py, h + E Py, h. Since
Theorem 1 prowdeEf for f € V1, itis enoughto geEf whenf € Wj.

Theorem 4. Let f be a function |rWl, and letv,-1, be the uniquér-periodic function inL2(0, 2n)
which satisfieD 1 f = vj,- 1f(w)xp(w) Then

— 1 —~
EF(w) = —Slanw/Avp-ap(w/2) = azlw/Aup-a w/2-+ DI(w/4), (28)

where
Gy(w+ n)eiw n GyRw + n)Gy(2w)

ar1(w) := mgy 2w + mymy(w),

G4 (2w) G (4w) Gy (2w)
Gy(2
ar(w) = %mqgﬂw)md,(w). (29)

Proof. For a givenf € Wy we haveD™1f € V3. ThusD1f = Qy,D~1f + Qum,D~1f, and hence
f=DQy,D1f+DQy,D1f.SinceDQy,D1f € V1 we can splif as

f=0vwDOy,D™ f + QuoDQy, D f + DOy, D f .

Since Qv,DQy,D~1f € Vo and QpyDQy, D1 f(n) = DQy,D~1f(n) = 0 forn € 7, the aliasing
error forf is given by

Ef = QuyDQy,D" ' f + DOy, D 'f. (30)
Taking the Fourier transform, and having in mind tigay, D1 f = ED™1f, we have

. . 1 _ Go(w/4+7) ;, —~

F(DQy, D ) (w) = 757 (@D Lhw/2) = W‘é vp-1p(w/2p(w/d),

F(QmoDQyy D™ f)(w) = Go®) "P0pgy, 01 (W)Pw/2). (31)
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Next we deriva)DQVODflf in terms ofv,,-1 4. For,

F(DQy, DL H)(w) = AV F(QvyD 7 ) (w/2) = 1/~ 2)up-1,(w/2)p(w/2)
(see (16)). As a consequeneey o, p-1y = (1/ﬁ)aD_1f. Therefore, from (7)

Vpgy,p-tr (W) = (L/V2)ap-1p (w/2my(w/2) + op1p(w/2+ mymy (w/2+ w)].
Now we find the relationship betweep -1, andv-1,. From (16) and (15) we have
mp-1,(w/2) = ap-1p(Wme(Ww/2) + fp-1p(w)e /2G4 (w/2 + ).

As D1 f e Wo, we haven -1 (w/2) = vp-1p(w)my(w/2). Therefore,

vp-1p(w)my (w/2) = ap-1p(Wmg(w/2) + fp-1,(w)Gy(w/2+ me /2,

Multiplying this equality byG 4(w/2) and adding the obtained equality to its owtrshifted version, we
obtain

Gy (w)
Gy(w)

where we have used Lemma 2. Substituting in (31) and taking into account (30), we finally obtain (28).
O

ap-1p(w) = Up-1r(w),

By using (28), for anyf € W1 we get
||Ef||L2(R) = ||DE7||L2(R) = ||[a1(w/2)UD—lf(w) - a2(w/2)UD—lf(w + n)]$(w/2)||Lz(R)

1
= —=llar)vp-17(2w) — az(w)vp-15 2w + M)l 120,20 (32)

7

Finally, taking into account thanPWoD*1f||Lz(R) = | Pwy f |l L2(w), the second term in (24) allows us to
derive the inequality

IEfI 2w éﬁooIIPwoflle(R) +vV2(Jlazllos + lazlloo) | Pwy S 1l L2(w)

forany f € V».
Proceeding as in Theorem 2, from (28) we obtain that

|Ef ()| <2v2(||ay(w) Hy(w) || 20 27 + llaz(w) Hy(w) |l 20 20) | fll L2y, ¢ € R
for f € W1. Now, for f € V» by using (19), we obtain that,

|Ef(OI<LallPwo fllL2w) + L2l Pw, fll 2wy, 1 €R,
where

Gy(w +m)Hy(w)
Gy (2w)

L1 := 2”

L2(0,27)

Lz := 2v/2(|a1(w) Hy(w)l| 12(0,2z) + la2(w) Hy(w)|12(0 21))-
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6. Examples

Ending the paper, we illustrate the obtained results with some classical examples.
6.1. Shannon wavelet subspaces

Taking the cardinal sine function as the scaling functjos sinc, the corresponding multiresolution
analysis contains the Paley-Wiener clagd@$

Vj=PWy,={f € L*R) NCR):suppf < [-2/r, 2/]}.
Hence, forf € L2(R),

Puof (W) = Zfrcfuw <20y (W) F (W), Pwy f(w) = (2|t (w) F (),
whereZ 4 denotes the characteristic function4afFor f € PW,,, Corollary 1 gives,
IEF (01255 =2 /|w|> | Fw) 2w, (33)

Hence, after a change of variable, the reconstruction of a bandlimited signal to the ifte2val 2r0]
by means of its sampldg (n/0)},.7 leads to the following expression for the energy of the aliasing error

2

Hf(t) — > f(n/o)sincst —n)

neZ

=2/ | f (w)[? dw.
lw|>om

L2(R)

Sinced(w) = 1/3/272 | <m (w) >0 andG 4 (w) := (Z¢)(0, w) = 1, inequality (22) leads to

|Ef(z)|2<4/ Fw)Pdw, reR (34)

lw|>n

for f € PW»,. Notice that the above inequality follows also from (27) sidce_, [sina(t —n) |2=1and

K~ = 1. Extremal solutions for (34), having in mind Corollary 3, are, for instance, functisush that

vr(w)=Z10rvg(w)=/e""", forsomel e C. In particular, the mother wavel¢t and also the extremal

solution f(r) = sin2r — 1) given by Brown[1] for inequality (2), becausesing2;—1)(w) =1/2 e '*.
Now, we derive a sharp bound pE f |, 2, for f € V2. Using that

Y(w) = (1/vV2m)€" 22 (1 < <om(w)  and Gy(w) =—e "2 |w|<n

we obtainy (w) =€ [ {ju| <r/a) (W) +Z (z/2<|w]} (W)], a2(w) =SGNW)IE"™ Z{1p| < /2} (w), When|w| < 7.
Thus, from (32), we obtain that, whéine W1,

1 .
IER|> = = /| | /4|vD—1h<2w> — isgN(w)vp-1, (2w + m)| dw
w|I<T

I

T

2
S /I | /4(|UD*1h(2w)|2 + lvp-1;, (2w + 1% dw + |12 <3|A|2.
w|<T

1
+ —/ [vp-1;, (2w)|? dw
n/2<|w|<m

T
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Now, for f € PWa,, sinceEf = EPy, f + EPw, f, we have
IES N2 <V 2 Pwo fll 2@y + V3 11 Pwo fll 2w

The constants/2 and+/3 are optimal becausgEf || ;2w = v/2 | Pwo f | L2y When f € Vi, and
IEf N L2y = ~/3 Pwyf | L2(m) When f € W1 with Up-1p(w + 1) =isgn(w)vp-14(w), |w|<m/2.

6.2. Spline wavelet subspaces of odd degree

The cardinalB-spline of degreei2— 1, N2, is a Riesz scaling function of the spline multiresolution
analysis of degreer2— 1 (see[3]). Let ¢, be the corresponding orthogonal scaling function, whose
Fourier transform ig,, (w) := N, (w)/(21Y", .7 |Na-(w + 271)[2)Y/? (see[3, p. 216).

Using the equalities (s€8, pp. 88—89),

o Z |Nk(2w + 27m)|2 — el2kw Z N2k(n)e—|l’l2w = (Zk — 11;)' dek—l cotw, keN (35)

nez nez

and the Poisson summation formula, one obtains

r— 2 4r—1
,  —(@r—1! (d¥t d
|Gy, Cw)|* = (@ — DI \duwz 1 cot w P 7 Cot w. (36)

The functionyp,, has linear phase with phasand, as a consequence, inequality (22) holds with extremal
solutions. Numerical approximations to the involved cons(@ﬂk/Z_n)HGd)ZV(w + mM)Gy, (W)/ Gy,
(2w) |l £2(0,27) €an be obtained using (36). For instance, fee 1, 2, 3, 4 we obtain the values.@78,

2.253, 2169 and 2128, respectively.

Next, we estimate the constants in inequality (24). Using (25) and (36), after some calculations we can

check that, for = 1, 2, 3, 4, the optimal constants are

Ko=1 Ke=1+ Gﬁb@z).

The values oK, are 4, 5217 ~ 3.0588, 2077691~ 3.0057, and 2789, 284/929, 569~ 3.0006 for
r=1,2,3, 4, respectively.

Finally, we apply the bound of the aliasing error (22) to the choice of the sampling poimts}, .,
in the case = 2 (cubic splines). Using (12) we obtain that foe [0, 1),

(ZNa)(a, w)
(2nY", ez |Na(w + 27n)|2)%/?
_a®+ (1+3a+3a? - 3a%)e ™ + (4 — 6a% + 3a®)e 2 + (1 — )33
- 621, ez |Na(w + 27n)[2)*/2

(Zdg)(a, w) =

from which we can easily check that the conditior Q(Z¢,)(a, ) o< (Zd4)(a, -) |0 < o0 IS satisfied
whena € [0,1) anda # 1/2. Thus, for this case, the sampling formula (10) holds. Sipgdas
linear phase the inequality (22) holds with extremal solutions (see Corollary 3). A possible choice for
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the sampling pointgn + a}, .7 consists in takinga in such a way that sypE,f(1)| : t € R, f €
V1, 1 f | L2@r) = 1}, or equivalently, the constant in (22)

2
N 2n
is minimized. A numerical calculation using (35) gives- 0.21.

See[9] and references therein for Splines’ uses in signal processing and, in particular, in image pro-
cessing.

(Z¢g)(2a, w + 1) (Zd4) (0, w)
(Z¢g)(a, 2w)

L2(R)

6.3. Meyer wavelet subspaces

Following Wojtaszczy13, p. 49] let ¢ be a function ofL?(R) such that its Fourier transfor@
satisfies

¢ e C2(R), dw)=d(—w), 0<P(w)< \/12_7! w e R,
a(w)= \/:;_T[’ |U)|<§TC, :5(11)):0, |w|>§n,

R R 1
(W) + 3 (w — 21) = . O<w<2n
7T

Notice that KG(p(wKﬁ. Indeed,G4(w) = 1, whenw € [0, 27/3] U [4n/3, 2n], and G y(w) =
V2R (w) + d(w — 27)], whenw € [21/3, 4/3). Using thap*(w) + ¢-(w — 21) = 1/(2x), we obtain
the conclusion. Denotin@(w) [Gz(w)+G2(w+n)]/G2(2w) it can be proved thatd h(w) <3, for
w € R.Namely, smces |scont|nuous¢(2n/3) 1//2x, and¢>(4n/3) 0, there existag € (2n/3, 4n/3)

such thatp(wo) = 1/+/4x, and finally,z (wo/2) = 1 andh (wo) = 3. HenceKo = 1 andK , = 3. Therefore,
(24) reads as

1Pwof 1122y SIESF 122 <3 Pwo [0, [ € V1.

Moreover, the constants 1 and 3 are optimal in these inequalities.
Sinceg is positive, the inequality (22) holds, and there exist extremal solutions. Concerning the constant
in (22), notice that

2r Gz(w + n)G (w)
/0 G5 (2w)

/3 2n/3 1 n
:2/ Gg(w+n)dw+2/ 5 dw+2/ G (w) dw
0 w3 Gy2w) 21/3

4rn/3
= + dw.
/zn/3 [ (v G2 (w J N
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Using that X G ¢(w) <+/2 and 3<2x? + 1/x?<9/2, whenx € [1, +/2], we finally obtain that

2
Gyp(w +1)Gp(w) g«/é.
Nz G¢(2w) L2(0,27)

2<
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