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Abstract

The aim of this article is to derive stable generalized sampling in a shift-invariant space by using some special dual frames in
L%(0, 1). These sampling formulas involve samples of filtered versions of the functions in the shift-invariant space. The involved
samples are expressed as the frame coefficients of an appropriate function in L%(0,1) with respect to some particular frame in
L2(0, 1). Since any shift-invariant space with stable generator is the image of L%0,1) by means of a bounded invertible operator,
our generalized sampling is derived from some dual frame expansions in L%(0, ).
© 2005 Elsevier Inc. All rights reserved.
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1. Statement of the problem

Suppose that s linear-time invariant systems (filters) £;, j = 1,2, ..., s, are defined on a shift-invariant space V,,
of LZ(R)

Vo= f0)=> an ot —n): {a} € >(Z) .

nez

where the function ¢ € L?(R) is a stable generator for V. The main aim in this work is to recover any function
f €V, by means of a stable sampling formula. More precisely, by using a frame expansion which involves the
samples {(L; f)(rn)}nez, j=1,2,....s» Where the sampling period r € N necessarily satisfies r < s. Whenever s > r we
are in the oversampling case. The advantages of the oversampling technique in practical applications are well-known
(see, for instance, Refs. [10], [18] or [23]).

This problem goes back to a paper of Papoulis [19] where a sampling formula is given, which allows to recover a
bandlimited function f by using the sequence of samples {(L; f)(sn)}nez, j=1,2,...,s» Which involves s filtered versions
of f. Note that, according to the Whittaker—Shannon—Kotel’nikov sampling theorem, the space of functions bandlim-
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ited to an interval [—o, o], i.e., the classical Paley—Wiener space PW, := {f € L*(R) N C(R): supf C[—o,0]},
where f stands for the Fourier transform f (w) := f fooo F()e 2 4t s an example of a shift-invariant space where
the generator is a scaled version of the cardinal sine function sinct :=sin¢/m¢. Wavelet subspaces are also important
examples of shift-invariant spaces.

Papoulis’ result has been extended to a general shift-invariant space by using the filter banks technique. Concretely,
Djokovic and Vaidyanathan [11] extended Papoulis’ result for some important particular filters, and Unser and Zerubia
[25,26] extended it in the general case.

The case where the number of channels s is larger than the sampling period r, i.e., the oversampling case, has been
also considered in [11] by means of an example. Later, Venkataramani and Bresler [27] studied this general setting
for classical bandlimited functions.

In this paper we propose a new approach involving the theory of frames in a separable Hilbert space . Recall that
a sequence { f} is a frame for H if there exist two constants A, B > 0 (frame bounds) such that

ALFIP <SS fP < BISI? forall f € M.
k

Given a frame { fi} for H the representation property of any vector f € H as a series f = ), cx fx is retained, but,
unlike the case of Riesz bases, the uniqueness of this representation (for overcomplete frames) is sacrificed. Suitable
frame coefficients ¢, which depend continuously and linearly on f are obtained by using the dual frames {gx} of { fi},
i.e., {gx} is another frame for H such that f =", (f, gx) fi = Y_{f, fx)gk for each f € H. For more details on the
frame theory see the superb monograph [8] and references therein.

The shift-invariant space V,, is the image of L?*(0, 1) by means of the isomorphism 7 : L2(0, 1) — Vi, which maps
the orthonormal basis {e~27""}, .7 for L%(0, 1) onto the Riesz basis {¢(t — n)},ez for V-

Our starting point is to write the samples {(L; f)(rn)},ez, j=1,2,...s as the frame coefficients with respect to a
particular frame in L?(0,1) of the function F =7~ f € L2(0, 1). Searching for its dual frames we obtain those
expansions for F in L?(0,1) having the samples {(L; f)(rn)},ez, j=1,2,....s as frame coefficients. Thus, applying the
isomorphism 7" to the above frame expansions of F we will obtain sampling expansions for f =7 F in V,, involving
its samples {(L; f)(rm)}nez, j=1.2,....s-

The use of several different dual frames allow us to obtain a variety of reconstruction functions. Thus we can try to
find some reconstruction functions with “good properties.” For instance, following an idea in [11], those with compact
support. All these steps will be carried out throughout the remaining sections.

2. Preliminaries on shift-invariant spaces

Let ¢ € L?(R) be a stable generator for the shift-invariant space

V=1 D ang(- = n): {an) € e2(Z>} C L*®),
nez

i.e., the sequence {¢(- — n)},ez is a Riesz basis for V,,. A Riesz basis in a separable Hilbert space is the image of

an orthonormal basis by means of a bounded invertible operator. Recall that the sequence {¢(- — n)},ez is a Riesz

sequence, i.e., a Riesz basis for V,, if and only if

0<|@llo<[Plloo < 00,

where || @ || denotes the essential infimum of the function @ (w) := ZkeZ |@(w + k)|2 in (0, 1), and || @ || its essen-
tial supremum. Furthermore, || @ ||p and || @ ||« are the optimal Riesz bounds [8, p. 143].

We assume throughout the paper that the functions in the shift-invariant space V,, are continuous on R. Equivalently,
that the generator ¢ is continuous on R and the function ), ez lot—n) |2 is uniformly bounded on R (see [29]). Thus,
any f €V, is defined on R as the pointwise sum f(t) =), ., an@(t —n).

Besides, V,, is a reproducing kernel Hilbert space (RKHS) since the evaluation functionals are bounded in V.
Indeed, for each fixed t € R we have

2
rof < I > et —n)

110 =

2

. fEeVy, ey
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where we have used Cauchy—Schwartz’s inequality in f (1) =), ., a,@(t —n), and the Riesz basis condition

1@lo Y lanl* < IFI* < 1 Plloc Y lanl®, £ €V,
nez nez
Inequality (1) shows that convergence in the L?(R)-norm implies pointwise convergence which is uniform on R.
The reproducing kernel of V,, is given by k(t,s) = Y, .7 ¢(t — n)p*(s —n) where the sequence {*( —n)}nez
denotes the dual Riesz basis of {¢(- — n)},<z. Recall that the function ¢* has Fourier transform ¢* = ¢/® [4].
On the other hand, the space V,, is the image of L?(0, 1) by means of the isomorphism 7 : L?(0, 1) — V, which
maps the orthonormal basis {e~Zrinwy o for L2(0, 1) onto the Riesz basis {¢(t — n)},ez for Vo (see [12]), i.e.,

(TF)Y@0) =) (F(),e ™) 0 et —n),  FeL?©,1).
nez

Notice that for each F € L?(0, 1) the function f = T F is given by
f(t)=<F, Kt>L2(O,1)’ teR.

The kernel transform t e R — K; € L2(O, 1) is defined as K;(x) := Z_go(t, x), where Z¢ denotes the Zak transform
of ¢. Recall that the Zak transform of f € L?(R) is formally defined in R? as (Zf)(t,w) := Y,z f(t +n)e 2w,
See [14] for properties and uses of the Zak transform.

The following shifting property of 7 will be used later: For F € L?(0, 1), r € N and n € Z we have

T[FOe ™) = T[F1(t —rn), 1€R. @)

We close this section citing Refs. [5,6,20] for the general theory of shift-invariant spaces and their applications.
Whenever the generator ¢ is a B-spline, the corresponding shift-invariant space has been proved to be very fruitful
in signal processing applications [24]. Besides, sampling in shift-invariant spaces has been a topic largely studied in
recent years, see, for instance, the papers by Aldroubi and Grochenig [3], Aldroubi and Unser [4], Chen et al. [7],
Janssen [17], Sun and Zhou [21], or Walter [28]. Average sampling in shift-invariant spaces is also an important topic
related to generalized sampling (see, for instance, [2] or [22] and references therein).

3. An expression for the samples
Throughout the paper we distinguish two types of linear-time invariant system £L:

(a) The impulse response / of £ belongs to L'(R) N L2(R). Thus, for any f €V, we have
(LHO@) :=1f x1]() = / FOOULE —x)dx =(f (). p(: —t))Lz(R), teR,

where ¢ (t) :=[(—t). Notice that £ f is a continuous and bounded function in L2(R).
(b) The impulse response [ has the form / = Z,](VZO ck(S(k) (t + di), where %) denotes the kth derivative of the Dirac

delta and cy, dy are constants for k =0, 1, ..., N. For each f € V,, we have
N
LHO =D afPu+d), teR.
k=0

In this case we also assume that ¢V) exists on R, and Y nez lp® (t — n)|? is uniformly bounded on R for each
k=0,1,...,N.

Given a linear-time invariant system £ of the type (a) or (b), next lemma assures that, for each fixed ¢ € R, the Zak
transform (ZLp) (1, w) =), o7 Lo(t + n)e~27inW defines a function in L2(0, 1).

Lemma 1. Let L be a linear-time invariant system of the type (a) or (b) above. For any t € R the sequence {(Lo)(t +
n)}nez belongs to €2(Z).
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Proof. Whenever L is of the type (b), the result trivially holds. Assume that £ is a system of the type (a) with impulse
response /. Then, for any # € R we have

00 2 oS 1/2 2
Z|(£<p)(t+n)|2=Z /l(x)(p(t+n—x)dx g( /(Z\z(x)q;(wrn—x)yz) dx)
nez nez —00 —00 nez
00 1/2 2
<< /Il(x)l(leo(t+n—x)|2) dx) <M,
—00 nez

where M :=sup,cgp Y ez l0(x — n)|?, and we have used a version of the Minkowski inequality for integrals [15,
p-148]. O

Now, consider s linear-time invariant systems £ pJ=12..5, of the type (a), (b), or both. For notational ease
we choose ¢t = 0 without loss of generality. The apparently more general set of samples {L; f (rn+¢;)}nez, j=1.2,....s
where e; e Rfor j =1,2,...,s,is reduced to the case considered here by taking the appropriate shifted systems.

For j =1,2,...,s, the function g; in L%(0, 1) defined by

gj(w) =Y Lijpme " = (ZLjp)(0, w), 3)

nez

plays an important role throughout this paper. Indeed, next lemma gives an expression for the samples
{(L; £)(rn)}nez, j=1.2....s» Which involves the functions g, j = 1,2,...,s and the function F =7 ~! f in L2(0, 1):

Lemma 2. Let f be a function in V, such that f =T F where F € L%(0, 1). Forevery j=1,2,...,s, we have
(LjNHrm) =(F(),8;() e ™™ 501, nel. @)

Proof. Assume that £; is a filter of the type (a). For each n € Z we have

(LN =(fO), ¢j¢ —rm)) 2 g = < D AFO, e ) g e — k), 65 — rn)>
L2(R)

keZ
=D (FOLe™8) 00 Lol — k).
keZ

Parseval’s equality and a change in the summation index gives
(Ljf)(rn) = <F('), > Ligrn— k)e—zﬂ"k'> =(F(O,8jOe™) 01
keZ L2(0,1)

Assume now that L; is a filter of the type (b). Under our hypotheses on L; we have that f ©O ) =
D oenlF (), e‘zml')Lz(O,l)(p(k)(t — I). Hence, for each n € Z, one gets

N N
LiNem =Y afPen+dy =) ay (FO,e ) L0 oW en+di—1D)

k=0 k=0 IleZ
N ] .
= <F<->, Ya > g®en+di— l>e—2’“l'> =(F(, g0 ™) gy D
k=0 leZ L2(0,1)

Observe that, under appropriate hypotheses, the Poisson summation formula gives a different expression for the
functions g ;. For instance, assuming that ), ., |L;j@(w +n)| € L?(0, 1), one has

giw) =Y Lipw+n) =Y liw+ndw+n) inL*0,1), (5)

nez nez
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where we have used that /; € LY(R) N L2(R) when £ j 18 a system Qf the type (a).
Lemma 2 leads us to study when the sequence {a; (-)e’zm”"}nez j=1,2,...s (or equivalently the sequence

{a_j(')eznirn.}nez,j=l,2,m,s)a wherea; € L%(0, 1) for each j =1,2,...,s,is a Bessel sequence or a frame for L%, 1).
To this end, associated with the functions a;, j =1,2,...,s, we introduce the s x r matrix function defined for
we0,1) as
aw) aw+il) o aqw+=h)
;W) oW+l - aw+ =) k-1
A(w) = :|:aj(w+ )] ) ,
: : : r j=12,....s
: : k=12,...r
agw) a;w+1) - agw+ =

and its related constants

ap = essinf Amin[A*(w)A(W)], Ba = esssup Amax[A"(w)A(w)],
we(0,1/r) we(0,1/r)

where A*(w) denotes the transpose conjugate of the matrix A(w), and Ani, (respectively, Amax) the smallest (respec-
tively, the largest) eigenvalue of the positive semidefinite matrix A*(w)A (w). Observe that 0 < ap < Ba < 0. Notice
that in the definition of the matrix A(w) we are considering the 1-periodic extensions of the involved functions a;,
j=12,...,s.

Lemma 3. Let a; be in LZ(O, 1) for j=1,2,...,s and let A(w) be its associated matrix. Then:

.....

.....

the optimal frame bounds are op /v and BA /7.

Proof. Notice that the equivalence between the spectral and the Frobenius norms (see [16]) gives a; € L*°(0, 1) for
j=1,2,...,sif and only if By < o0.

For p=rors, L%,(O, 1/r) denotes the space of the functions H= [/, ..., hp]T such that
1/r »
2 — 2 12
||H||L§,(O,l/r) _/|H(w)| dw_Z”hJ”LZ(O,l/r) <00,
0 j=l

where |[H(w)| is the Euclidean norm of H(w) in C”.
For any F € L*(0, 1) we have

1/r - L L
. —1 —1 .
<F(), ﬁj(')ezmrn)[‘z(o,]) — / Zaj <w + _r )F(w 4 - >e2mrnw dw.
0 k=1

Denote F(w) :=[F(w), F(w + %), o Fw+ ’r;l)]T; whenever A(w)F(w) € L%(O, 1/r), we obtain

$ s | or 2
= wirn- 1 k—1 k—1
Do MFO.a O™ ) ) =20 Zaf(' + T)F( + T)
j=lnel j=lk=1 L2(0,1/r)
1 q 1/r
= - ”A()F() ”if(O,I/r) = . / F*(w)A*(w)A(w)F(w) dw. (6)
0

If BA < oo then, for each F € L2(O, 1), we have
1/r
f F*(w)A* () AW)Fw) dw < BallFIZ2 0 1,y = BalFlI72 0 -
0
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from which {&j(-)ez”i’”‘}nez,jzl s 1s a Bessel sequence of L%(0,1) and the optimal Bessel bound is less than or
equal to Ba/r.

Let K < Ba. Then, there exists a set 2x C (0, 1/r) of positive measure such that Apax[A*(w)A(w)] > K for
we 2. Let F e L(0, 1) such that its associated vector function F(w) is 0 if w € (0, 1/r) \ 2k and F(w) is an
eigenvector of norm 1 associated with the largest eigenvalue of A*(w)A(w) if w € 2. We have that A(w)F(w) €

L2(0, 1/r) and, using (6), we obtain

,,,,,

1/r
u 4 1 K
ZZ‘(F(')’aj(')ezmm'hz(o,l)‘z 2 r / K|F(w)|2dw = 7”F”%42(0,1)'

Therefore if B4 = oo then {d;(~)ezn”"'}nez’ j=1,..,s 18 not a Bessel sequence in L?(0,1), and if Bs < oo then the
optimal Bessel bound is 84 /r. This completes the proof of (i).

To prove part (ii) of the Lemma, assume first that 0 < ap < Ao < oo. By using part (i), the sequence
{c_lj(-)ez’”’"'}nez’j:m,ws is a Bessel sequence in L?(0, 1). Moreover, using (6) and the Rayleigh—Ritz theorem
(see [16, p. 176]), for each F € L?(0, 1) we obtain

N
_ 2wirn- 2 0A 2 A 2
ZZ!(F('),aj(')e e >L2(0,])| > T”F”Lg(o,l/r) = T||F||L2(o,1)'
j=1nezZ

; is a frame for L2(0, 1) with optimal lower frame bound bigger or

yeoeyd

Hence, the sequence {a@;(-)e?™ " },ez, j=12
equal that oz /7.

Conversely, if {&j(-)ez””"'}nez’j=1,2w,s is a frame for L?(0, 1) we know by part (i) that So < oo. In order to
prove that ap > 0, consider any constant K > aa. Then, there exists a set 2x C (0, 1/r) with positive measure
such that Amin[A*(w)A(w)] < K for w € 2k. Let F € L2(0, 1) such that its associated vector function F(w) is 0 if
w € (0,1/r)\ 2k and F(w) is an eigenvector of norm 1 associated with the smallest eigenvalue of A*(w)A(w) if
w € 2k . Since F is bounded, we have that A(w)F(w) € LE(O, 1/r). From (6) we get

1/r

J . » K 2 K
22 MFO.a0 ™) )< / [FQw)|"dw = Il -
j=1 nez 0

Denoting by A the optimal lower frame bound of {a j(-)62” i "}nez, j=1,2,...s» we have obtained that K /r > A for
each K > ap. Thus ap /7 > A and consequently, a > 0. Moreover, under the hypotheses of part (ii) we deduce that
aa/r and By /r are the optimal frame bounds. O

In order to complete the statement of Lemma 3, it is worth mentioning that one can also prove that the sequence
{@;(-)e*™ "™ )z j=1.2.. s is a Riesz basis for L?(0, 1) if and only if it is a frame for L2(0, 1) and r = s.

Consider the functions g;, j =1,2,...,s, given in (3), and its related matrix G. It is worth to point out that,
Lemmas 2, 3, and the isomorphism 7 gives the following result: There exist two constants 0 < A < B such that

AlFIP<I Y |Li fem P <BIFI? forall £ eV, )

neZ j=1

if and only if 0 < ag < Bg < 0.

Equation (7) coincides with the definition of stable uniform averaging sampler given by Aldroubi and co-workers
in [1] (when the sampling period is 1). In [1] a necessary and sufficient condition for (7) is given for a shift-invariant
space with several generators. That condition is equivalent to this given above as one can easily check.

4. The resulting sampling theory
The main aim in this section is to recover any function f in the shift-invariant space V,, from its samples

{(£; f)(rn)}nez, j=1,2,...s by means of a stable sampling formula, i.e., the sampling formula will be an expansion
with respect to an appropriate frame for V,,.
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Having in mind Lemma 2, for each j = 1,2, ..., s we have
r—1 k k )
(ﬁjf)(rn)=<ZF<-+—>gj<-+—),6_2”””'> , nez,
r r
k=0 L2(0,1/r)
where f =7 F. Assuming that g; € L°°(0, 1), foreach j =1,2,...,s, we obtain that
r—1 k k
. —2minrw __ o . o . 2
rY (Lif)rne —2F<w+r)g]<w+r> in L%(0,1/r).
nez k=0
The above expansions also hold in L2(0, 1) by considering the 1-periodic extensions of F and gi-j=12,....s.
Thus we have the matrix expression
-
Gw)F(w) =r [ > (Lif)mye i Z(ﬁ;f)(rn)e—z”f"”’} in L2(0, 1), ®)
nez nez

where G(w) := [g;(w + k,;l)]jzl,z,,_,s,kzl,z,_,,r and F(w) := [F(w), F(w + %), L Fw+ ’r;l)]T. In order to
recover F, assume that there exists a vector [aj(w), ..., ag(w)] with entries in L°°(0, 1) such that
[al(w), e, as(w)]G(w) =[1,0,...,0] a.e.in (0, 1).

As it will be proved later (see Theorem 2 below), a necessary and sufficient condition for the existence of such a vector
(not necessarily unique) is that «g > 0.
If we left multiply (8) by [a1(w), ..., as(w)] we get

-
F(w) = r[al (w), ..., as(w)]|:2(£1 f)(rn)e—hinrw’ L Z(ﬁsf)(rn)e_z”i"’w]

ne’ ne?
=r Zaj(w) Z(ﬁjf)(rn)e_zmmw =r Z Z(Ejf)(r”)aj (w)e~2minrw,
j=1 ne’ neZ j=1

in the L2(0, 1)-sense. Finally, the isomorphism 7 gives

FO =3 (L Hrn)(Taj) e —rn) in 'V,

neZ j=1

where we have used (2). In addition, much more can be said about the above sampling expansion. In fact, the following
result holds:

Theorem 1. Assume that gj € L*(0, 1) for j =1,2,...,s. If there exists a vector [a1(w), ..., as(w)] with entries in
L*°(0, 1) such that
[a1(w),...,a;(w)]|G(w) =[1,0,...,0] a.e in(0,1) )
then, for each [ € V,, we have
N
fO=) Y (LifHrn)Sjt—rn), teR, (10)
nezZ j=1
where S; =rTaj, j=1,...,s. Moreover, the sequence {Sj(t — rn)l,ez, j=1,2,...s is a frame for V, with frame

bounds raa ||®lo and rBallP ||so. The convergence of the series in (10) is in the L*(R)-sense, absolute and uniform
on R.

Proof. Given f € V,, consider F = T~ fin L?(0, 1). Above we have proved that

Fw)=r Z Z(F(~), 1710 6—277”"')“(0’1)@(w)e—zﬂf”’w in L2(0, 1). (11
nezZ j=1
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Thus, the sequences {raj(-)e_zm‘r"'}nez’jzl,zws and {gj(-)e—z’”‘r"'}nez,j:l,g,m,s are Bessel sequences for L2(0, 1)
satisfying the representation property (11). According to Lemma 5.6.2 in [8] we obtain that they are dual frames for
L2(0, 1).

Next, applying the isomorphism 7 to (11) one gets the sampling expansion (10) in V,,, where S; =r7a;,
Jj=1,2,...,5. Moreover, the sequence {S;(t — rn)}ucz, j=1.2,..s is a frame for V,,. From Lemma 3 the optimal
frame bounds for {raj(~)e’2”i’"'}nez,~,~:1,2,_._,S are raa and rBa. Hence, raa |7 1|72 = raal|®@|lo and rBa | T||> =
rBall®@ |loo are frame bounds for {S;(- — nr)lpez, j=12,..5s = {T[raj(~)e’2”””']}nez,j:Lz,_,_,S (see Corollary 5.3.2
and Proposition 3.6.8 in [8]).

Pointwise convergence in the sampling series is absolute due to the unconditional convergence of a frame expan-
sion. The uniform convergence on R is a consequence of (1). O

Notice that the frame bounds in Theorem 1 are optimal whenever {¢(- — n)},ez is an orthonormal basis for V,,
because, in this case, 7 is an unitary operator. In the general case, the optimal frame bounds could be computed
orthonormalizing the Riesz basis {¢(- — n)},ez as {¢(- — n)},ez, where the orthonormal generator ¢ has Fourier
transform (f) = (/3/\/5 (see [8, Proposition 7.3.9]), and using (5).

The functions S jfor j=1,2,..., s are determined from the Fourier coefficients of a; with respect to the ortho-
normal basis {¢271"'}, c7. Indeed,
Si) =rTap® =rY [aj(),e”") 50 0 —n). (12)
nez
The Fourier transform in (12) gives S'j (w) =raj(w)@(w), j =1,2,...,s, where we have used Lemma 7.2.1 in [8].

Observe that condition (9) is equivalent to AT(w)G(w) =1, ae.in (0, 1).In particular, this matrix equality implies
that rank[G(w)] =r a.e. in (0, 1) and, as a consequence, necessarily s > r.

In the next result we give a characterization of the existence of a sampling formula like (10). It is also proved that
Theorem 1 provides all these formulas.

Theorem 2. Assume that gj € L*°(0, 1) for j =1,2,...,s. Then the following statements are equivalent:

(i) There exists a frame for V,, having the form {S;(t —rn)}uez, j=1,2,....s such that for each f € V,

£=Y D (LiHen)Si- —rn) in LA(R), (13)

neZ j=1
(i) ag > 0.

If these equivalent conditions hold, the reconstruction functions are given by S; = rTa;, where the functions a;j €
L>®0,1), j=1,2,...,s, satisfy AT (w)G(w) =1, a.e. in (0, 1).

Proof. First, assume that {S;(t — rn)},ez, j=1.,....s is a frame for V|, for which formula (13) holds. Applying the
isomorphism 7! to (13) we get

Fw)y=rY_ Z(ﬁ,f)(rn)a,(w)e*h”"w in L>(0, 1),

neZ j=1

where ra; = T‘lSj, J=1,2,...,s. The sequence {ra; (w)e‘zm”’“’}nez,j:mw’S is a frame for L2(0, 1) and there-
fore, the functions a; € L*(0, 1). Since

Fw)=r Z Z<F()’ g]() e—Zﬂirn- >L2(0’1)aj (w)e—Zﬂinrw’

j=lnez

and {g/(~)¢_2”ir”‘}nez,jzlgz,_“,s is a B.essel sequence for L2(O, 1), we obtain that the sequences
{ra; (-)e‘zﬂ””'}nez,j;l,z’_“,s and {gj(-)e_z’”r"'}nez, j=1,2,....s are dual frames for L2(0, 1) (see [8, Lemma 5.6.2]).
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In particular, according to Lemma 3, we deduce that «g > 0. This proves (ii). Besides, for each Fy, F; € L%(0,1) we
have [8, Lemma 5.6.2]:

S
(F1. F2) 20 =7 ZZ(F‘ ), aj(.)e—2mrn->L2(O’l)(gj(.)E—Zmrm’ FZ('))L2<O,1)' (14)
Jj=1neZ

Having in mind that

. k '
<F1(.), aj(.)e—Zmrn L2(0 = <Z F1< ) ( + ;>’ e—2mnr~> ’

L2(0,1/r)

1
‘ . k k
_ ) . —2 .
(g (e, F2('))L2(0,1) = <e e, Z Fz(- + ;)gj ( + ;>> ;
k=0 L2(0,1/r)

Parseval’s equality allows us to write the right-hand side in (14) as

s r—1 r—1

kY _ k k k
Z<ZF1<'+;)a/’(--l-;),ZFz('-i-;)gj('-F;)>
j=1\k=0 k=0 L2(0,1/r)

1/r s 1/r
= / > F1 T (w)aj(w)gy* (w)Fa(w) dw = f FiT (w)A*(w)Gw)F2(w) dw.
0

Jj=1 0

Since the left-hand side in (14) equals [}/ Fy T (w)Fa(w) dw, we obtain that AT (w)G(w) =1, a.e. in (0, 1).

Conversely, assume that ag > 0. Hence, the inverse matrix [G*(w) G(w)]~! exists a.e. in (0, 1). Consider the first
row [ai(w), ..., as(w)] of the pseudo-inverse matrix G'(w) = [G*(w) G(w)]~'G*(w) of G(w). Its entries aj are
essentially bounded in (0, 1) since the functions g; and det_l[G*(w) G(w)] are essentially bounded in (0, 1). From
G’ (w)G(w) =1, we obtain that [a;(w), ..., as(w)] G(w) =[1,0,...,0] a.e. in (0, ). Thus, (i) comes out by using
Theorem 1. O

Whenever the functions g; are continuous on R, the condition ag > 0 is equivalent to det[G*(w) G(w)] # 0 on R.

It can be proved that the first row [a;(w), ..., ax(w)] of the pseudo-inverse matrix GT(w) gives precisely the
canonical dual frame {ra; (e 2""" },cz. j=12.. s of the frame {g; (-)e 2"} cz =12, s

Other suitable solutions for (9) are given by the first row of the matrix G (w) + Uw)[I; — G(w)GT(w)], where
U(w) is any r x s matrix function with entries in L°°(0, 1).

Whenever r = s we are in the Riesz bases setting, and the following result holds:

Corollary 1. Assume that r = s and ag > 0. Then, there exists a unique frame {S;(t — sn)}nez, j=1,2,...s for V, for
which the sampling formula (13) holds. In this case, this frame is a Riesz basis for V, with Riesz bounds s||® |lo/BG
and s || @ |0 /0G. Moreover, the functions aj, j =1,2,...,s, form the first row of the matrix G L The functions S,
J=1,2,...,s, satisfy the interpolation property (L;S;)(sn) =38; 6,0, where j, 1 =1,2,...,s and n € Z.

Proof. In this case, the unique solution of [a](w), ..., a;(w)]G(w) =[1,0,...,0] is given by the first row of G =
G L By using that G(w)G ™! (w) = I, we obtain
1

<Saj(_)e—2ﬂi5n‘, gl(_)e—ZHimS')LZ(O’l) S [ aj (w)gl (w)eZTri(m—n)sw dw
0
I/YA_1

k
fZa](w+ >g1<w+ ) im— ")Swdw_&](Snm
0

k=0
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Therefore, the dual frames {saj(-)e_z’”’"'}nez, j=1,2,...,s and {gj(-)e_z’”’”'}nez,j=1,2 ,,,,,
Theorem 6.1.1], they form a pair of biorthogonal Riesz bases. The Riesz bounds for {S;(t — rn)}uez, j=1,2
from Theorem 1 having in mind that, in this case, o g = agBa = 1.

Finally, sampling formula (13) for S; gives S;j(t) =Y,z > j_;(L1Sj)(sn)S;(t — sn). The uniqueness of the
coefficients of an expansion with respect to a Riesz basis implies (£;S;)(sn) =8;;8,0. O

,,,,,,

We finish this section pointing out two generalizations related to the theory exhibited in this article.
4.1. The case where {¢(- — n)},ez is an overcompleted frame for V,,

First, recall that {¢ (- — n)},ez is a frame sequence with bounds 0 < A < B < 00, i.e., a frame for its closed linear
span, if and only if A < @(w) < B a.e. in (0,1) \ N, where N :={w € (0, 1): &(w) =0} [8, Theorem 7.2.3]. In
this case, 7 is a bounded surjective operator from L?(0, 1) onto V. Forany f =TF €V, we have f = F¢. Since
@(w+n)=0ae.in N and n € Z, we deduce that 7 F; = T F>, where Fy, F> € L*(0, 1), if and only if F1 = F> in
L?((0,1) \ N). Under the new hypothesis

[al(w), ...,aS(w)]G(w) =[1,0,...,0] ae.in(0,1)\ N,
the sampling result (10) in Theorem 1 also holds. One can check that the proof in Theorem 1 applies, having in mind
that the operator 7 : L2((0, 1) \ N) — V,, defined for F € L?((0, 1) \ N) as
Fw) ifwe@,1)\N,
0 ifweN,
is an isomorphism satisfying the shifting property (2). In this case, the sequence {S;(t — rn)},ez, j=1.2,....s» Where
Si=rTaj, j=1,2,...,s,is also a frame for V,,.

TF:=TF, where F(w)= {

4.2. Generalized irregular sampling

Notice that the function g; defined in (3) is nothing but the Zak transform (ZL;¢)(0, -). As in Lemma 2, one can
prove for any f €V, that

(Lj ))rn+en) =(F ), (ZLj@)(en, )e ™) 120 1)

where F = 7! f, and {g,},ez C R. As a consequence, stable generalized irregular sampling in Ve depends on
whether the sequence {(ZL;p)(e,, w)e’z’”’"w}nez, j=1,2,....s is a frame for L2(0, 1). This sequence can be seen as
a perturbation of the frame {(Z.L;¢)(0, w)e 27 i”’w}nez, j=1,2,....s appearing in Theorem 1. Hence, by using similar
techniques as those in [12], the theory on perturbation of frames (see [8, Chapter 15]) yields generalized irregular
sampling in the shift-invariant space V,, for suitable error sequences {¢,},ez. This is work in progress and will
appear elsewhere [13].

5. An illustrative example: Cubic splines

In the oversampling setting, i.e., s > r, Theorem 1 allows us different choices for the vector a(w) := [a;(w), ...,
as(w)] and consequently, different reconstruction functions ;. One may use this flexibility in order to obtain appro-
priate sampling functions S;. For instance, if the generator ¢ and the impulse responses of the linear-time invariant
systems L£; have compact support, the functions g; are trigonometric polynomials and we can choose a(w) in order
to obtain sampling functions S; with compact support (which involves low computational complexities and avoids
truncation errors). We illustrate this assertion in the case of cubic splines:

The cubic B-spline is defined as N4 := Nj * N * N1 % N1, where N denotes the characteristic function of the
interval (0, 1). It is known that N4 is a stable generator for the cubic splines in L?(R) with nodes at the integers (see
[9]). Consider the s = 3 linear-time invariant systems defined as

x+1/3 x+2/3 x+1

L1f(x):= / f@)de, Lof(x):= / f@)de, L3f(x):= / f@)de,

x+1/3 x+2/3
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and the sampling period r = 2. Denoting by
9;(2) := Zﬁj(p(n)zn, G(z) := [gj (Z672ni(k71)/r)]

=1,2,
nez =12

J S

k R

if there exists a vector b(z) := [b1(z), b2(z), b3(z)] whose entries are polynomials, and such that b(z)G(z) = [Z!, 0] for

some non-negative integer /, then the vector a(w) := ¢>"*"¥b(e 271" whose entries are trigonometric polynomials,

satisfies a(w)G(w) = [1, 0]. Thus we have obtained reconstruction functions §; with compact support (see Eq. (12)).
In particular, solving a linear system of 12 equations with 12 unknowns we find a vector b(z) whose entries are

polynomials of degree 3, satisfying b(z)G(z) = [z, 0]. The corresponding sampling functions S;, j = 1,2, 3, are

Si(t) =418 [~5395N4(r + 1) + 22687 Nu(t) + 188Na(t — 1) — TO5Na(t — 2)],
Sa(t) = 4187 [7943Ny(t + 1) — 41438N4(t) — 892N4(r — 1) + 3345Nu(t — 2)],
S3(t) = 418 [—1750N4(t + 1) + 21715N4 () + 1160N4(t — 1) — 4350N4(t — 2)].

The associated sampling formula for f € Vy, reads:

f(t) = Z[Elf(Zn)Sl (t —2n) + Lof 2n)S2(t —2n) + L3 f(2n)S3(t —2n)], 1 €R,

nez

uniformly on R.
Acknowledgments

The authors thank the referees for their valuable and constructive comments. This work has been supported by the
grant BFM2003-01034 from the D.G.I. of the Spanish Ministerio de Ciencia y Tecnologia.

References

[1] A. Aldroubi, Q. Sun, W.-S. Tang, Convolution, average sampling, and a Calderon resolution of the identity for shift-invariant spaces, J. Fourier
Anal. Appl. 11 (2) (2005) 215-244.
[2] A. Aldroubi, Non-uniform weighted average sampling and reconstruction in shift-invariant and wavelet spaces, Appl. Comput. Harmon.
Anal. 13 (2002) 151-161.
[3] A. Aldroubi, K. Grochenig, Non-uniform sampling and reconstruction in shift-invariant spaces, SIAM Rev. 43 (2001) 585-620.
[4] A. Aldroubi, M. Unser, Sampling procedures in function spaces and asymptotic equivalence with Shannon sampling theorem, Numer. Funct.
Anal. Optim. 15 (1994) 1-21.
[5] C. Boor, R. DeVore, A. Ron, Approximation from shift-invariant subspaces in LZ(Rd), Trans. Amer. Math. Soc. 341 (1994) 787-806.
[6] C. Boor, R. DeVore, A. Ron, The structure of finitely generated shift-invariant spaces in Lz(Rd), J. Funct. Anal. 119 (1994) 37-78.
[7]1 W. Chen, S. Itoh, J. Shiki, On sampling in shift invariant spaces, IEEE Trans. Signal Process. 48 (10) (2002) 2802-2810.
[8] O. Christensen, An Introduction to Frames and Riesz Bases, Birkhéuser, Boston, MA, 2003.
[9] C.K. Chui, An Introduction to Wavelets, Academic Press, San Diego, CA, 1992.
[10] I. Daubechies, Ten Lectures on Wavelets, STAM, Philadelphia, PA, 1992.
[11] I. Djokovic, P.P. Vaidyanathan, Generalized sampling theorems in multiresolution subspaces, IEEE Trans. Signal Process. 45 (1997) 583-599.
[12] A.G. Garcia, G. Pérez-Villalon, A. Portal, Riesz bases in L2(O, 1) related to sampling in shift-invariant spaces, J. Math. Anal. Appl. 308 (2)
(2005) 703-713.
[13] A.G. Garcia, G. Pérez-Villalon, Generalized irregular sampling in shift-invariant spaces, Preprint, 2005.
[14] K. Grochenig, Foundations of Time—Frequency Analysis, Birkhduser, Boston, MA, 2001.
[15] G. Hardy, J.E. Littlewood, G. Pélya, Inequalities, Cambridge Univ. Press, London, 1952.
[16] R.A. Horn, C.R. Johnson, Matrix Analysis, Cambridge Univ. Press, Cambridge, 1999.
[17] A.J.E.M. Janssen, The Zak transform and sampling theorems for wavelets subspaces, IEEE Trans. Signal Process. 41 (12) (1993) 3360-3364.
[18] S. Mallat, A Wavelet Tour of Signal Processing, Academic Press, San Diego, CA, 1999.
[19] A. Papoulis, Generalized sampling expansion, IEEE Trans. Circuits Syst. 24 (1977) 652-654.
[20] A. Ron, Z. Shen, Frames and stable bases for shift-invariant subspaces of Lz(Rd), Canad. J. Math. 47 (5) (1995) 1051-1094.
[21] W. Sun, X. Zhou, Sampling theorem for wavelet subspaces: Error estimate and irregular sampling, IEEE Trans. Signal Process. 48 (1) (2000)
223-226.
[22] W. Sun, X. Zhou, Average sampling in shift-invariant subspaces with symmetric averaging functions, J. Math. Anal. Appl. 287 (2003) 279—
295.
[23] A. Teolis, J.J. Benedetto, Local frames and noise reduction, Signal Process. 45 (1995) 369-387.
[24] M. Unser, Splines: A perfect fit for signal and image processing, IEEE Signal Process. Mag. 16 (6) (1999) 22-38.



A.G. Garcia, G. Pérez-Villalon / Appl. Comput. Harmon. Anal. 20 (2006) 422—433 433

[25] M. Unser, J. Zerubia, Generalized sampling: Stability and performance analysis, IEEE Trans. Signal Process. 45 (12) (1997) 2941-2950.

[26] M. Unser, J. Zerubia, A generalized sampling theory without band-limiting constraints, IEEE Trans. Circuits Syst. IT 45 (8) (1998) 959-969.

[27] R. Venkataramani, Y. Bresler, Sampling theorems for uniform and periodic nonuniform MIMO sampling of multiband signals, IEEE Trans.
Signal Process. 51 (12) (2003) 3152-3163.

[28] G.G. Walter, A sampling theorem for wavelet subspaces, IEEE Trans. Inform. Theory 38 (1992) 881-884.

[29] X. Zhou, W. Sun, On the sampling theorem for wavelet subspaces, J. Fourier Anal. Appl. 5 (4) (1999) 347-354.



