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This article concerns the problem of stable recovering of any function in a shift-invariant
space from irregular samples of some filtered versions of the function itself. These samples
arise as a perturbation of regular samples. The starting point is the generalized regular
sampling theory which allows any function f in a shift-invariant space to be recovered
from the samples at {rn},cz of s filtered versions Lif, Lof,...,Lsf of f, where the
number of channels s is greater or equal than the sampling period r. These regular
samples can be expressed as the frame coefficients of a function related to f in L2(0,1)
with respect to certain frame for L2(0,1). The irregular samples are also obtained as a
perturbation of the aforesaid frame. As a natural consequence, the irregular sampling
results arise from the theory of perturbation of frames. The paper concludes by putting
the theory to work in some spline examples where Kadec-type results are obtained.
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1. Statement of the Problem

Suppose that s linear time-invariant systems (filters) £;, j = 1,2,..., s, are defined
on a shift-invariant space V,, of L%(R)

Vo= {100 = Lo plt =) s (e} € 2@}
nez

where the function ¢ € L?(R) is a stable generator for V,,. In Ref. 7, it has been
proved that any function f € V, is recoverable by means of a stable sampling
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370 A. G. Garcia & G. Pérez-Villalon

formula which involves the samples {(£;f)(rn)}nez j=1,2,...,s, Where the sampling
period r € N necessarily satisfies 7 < s. Concretely, the sampling formula for f € V,,
reads

ZZ[,f rn) Sj(t—rn), teR,

nez j=1
where the sequence {S;(t—1n)}nez,j=1,2,...s is a frame for V,. This frame is a Riesz
basis for V,, whenever r = s.
From a practical point of view, it is desirable to have a similar result, but for
a sequence of samples taken with a non-uniform distribution along the real line,
this may not be the case. A straightforward application of this result would be the
recovering of signals affected by time-jitter error, i.e., taken at points ¢,, = rn + &,
with g,, some measurement uncertainty. Very often in the mathematical literature,
this problem has been solved as a perturbation problem of orthonormal (Riesz)
bases or frames in a Hilbert space. A classical example where this methodology
applies is the irregular sampling in Paley—Wiener spaces. Indeed, any function in
the classical Paley—Wiener space

PW, = {f € L*(R)NnC(R) : supp fc [—7, 7]},

i.e., bandlimited to [—m, 7], may be reconstructed from its samples {f(n)},ecz on
the integers as

Z f(n)sinc(t —n), teR, (1.1)

n=—oo
where sinc denotes the cardinal sine function, sinc(t) = sin 7t /nt. For any f € PW,,
one has

1 ot B - efzwt
f(t) \/—2—71_ 77-rf( ) dw—<f7\/%>L2[Tr’7r]a tER7

so any value f(t,) of f is the inner product in L?[—m, ] of its Fourier transform f
and the complex exponential e~*~" /\/27r. Thus, expanding fwith respect to the
orthonormal basis {¢~™" /\/27} ez in L?[—n, 7], and applying the inverse Fourier
transform F !, one deduces the Shannon sampling formula (1.1). An irregular sam-
pling formula in PW, at a sequence {t, },ez of real points may be obtained by per-
turbating the orthonormal basis {e~ " /v/27} .z in such a way that the sequence
of complex exponentials {e~""" /\/21} ez forms a Riesz basis for L?[—x, xr]. This
is the case if, for instance, the sequence {t,},cz C R verifies the Kadec condi-
tion: sup,,cz|tn — n| < 1/4. Here, the classical Paley-Wiener criterion on stability
of bases has been used (see Ref. 17, p. 38). Moreover, the Paley-Wiener-Levinson
sampling theorem states that any function f € PW, can be recovered from its
samples {f(t,)}nez by means of the Lagrange-type interpolation series

G(t)
Zf 7)(15—75) teR,

n=-—oo
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where G stands for the infinite product G(t) := (t —to) [[o—, (1 — t/tn) (1 — t/t_p)
(see Ref. 17).

This perturbation technique has been successfully used for obtaining irregular
sampling formulas in a general shift-invariant space V,,. See, for instance, the papers
of Chen et al.,"? Garcia et al.,® Liu and Walter,' Sun and Zhou,'® and Sun.'* See
also Liu.'2

The main aim in this paper is to recover any function f € V,, from the perturbed
sequence of samples {(L; f)(rn+¢;,)}. It has been proved in Ref. 7 that the regular
samples {(L; f) (rn)} can be expressed as the frame coefficients of an appropriate
function in L2(0,1), related to f, with respect to a particular frame in L?(0,1).
Recall that a sequence { f} is a frame for a separable Hilbert space H if there exist
two constants A, B > 0 (frame bounds) such that

AFIP < DO KE f) P < BIIfFIIP forall f e ™.
k

Given a frame {f;} for H the representation property of any vector f € H as a
series f = 3", ci fi is retained, but, unlike the case of Riesz bases, the uniqueness of
this representation (for overcomplete frames) is sacrificed. For instance, any f € H
can be expanded as

f= Zf, e =D f)S T

k

where S™! denotes the inverse of the frame operator Sf := Y, (f, fi) fx, which
defines {S™! fx}, the canonical dual frame of {f;}. For more details on the frame
theory see the superb Christensen’s monograph® and references therein. As we prove
in Sec. 3, the irregular samples {(£; f)(rn 4 ¢;,,)} are obtained as a perturbation
of the aforesaid frame. Thus, the theory on perturbation of frames (see Chap. 15
in Ref. 3) yields generalized irregular sampling in the shift-invariant space V,, for
suitable error sequences {¢; , }. Moreover, for some important examples, the allowed
sequences {€;,,} will be given in terms of sup; , [ n|.

2. Preliminaries on Generalized Sampling in Shift-Invariant Spaces

In this section we introduce the preliminaries on shift-invariant spaces needed in the
sequel. Also, we present the generalized regular sampling theory for these spaces as
stated in Ref. 7.

2.1. Shift-invariant spaces

Let ¢ € L?(R) be a stable generator for the shift-invariant space

V, = { D anp(-—n) : {an} € 42(2)} Cc L*(R),

ne”Z
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i.e., the sequence {¢(- —n)},ez is a Riesz basis for V,,. A Riesz basis in a separable
Hilbert space is the image of an orthonormal basis by means of a bounded invertible
operator. Recall that the sequence {¢(- — n)},ez is a Riesz sequence, i.e., a Riesz
basis for V,, if and only if 0 < ||®||p < [|®||c < 00, where |®]||o denotes the essential
infimum of the function ®(w) := Y, ., [@(w + k)|? in (0 1), and ||<I>||Oo its essen-
tial supremum (¢ stands for the Fourier transform ¢(w) := f t)e 2Tt t).
Furthermore, ||®|o and ||®||« are the optimal Riesz bounds (see Ref 3 p. 143).

We assume throughout the paper that the functions in the shift-invariant space
V,, are continuous on R. This is equivalent to the generator ¢ being continuous on
R with the function Y, [¢(t —n)|* uniformly bounded on R (see Ref. 18). Thus,
any f €V, is defined on R as the pointwise sum f(t) = ., anp(t —n).

Besides, V,, is a reproducing kernel Hilbert space (RKHS) since the evaluation
functionals are bounded in V,,. Indeed, for each fixed ¢ € R we have

L£1
|£( —||<I>||OZ| p(t—n)*, feV,, (2.1)

where we have used Cauchy-Schwarz’s inequality in f(t) =, ., an ©(t —n), and
the Riesz basis condition

120D lanl® < I < 1@lloe Y lanl?,  f € V.

nez nez

The inequality (2.1) shows that convergence in the L?(R)-norm implies pointwise
convergence which is uniform on R.

On the other hand, the space V,, is the image of L?(0,1) by means of the
isomorphism 7 : L?(0,1) — V,, which maps the orthonormal basis {e 27"}, oz
for L2(0,1) onto the Riesz basis {¢(t — n)}nez for V,, (see Ref. 8), i.e

(TF)(t) =) (F()e ™) o nyelt —n),  F e L*0,1).
ne’

Notice that for each F € L?(0,1) the function f = 7 F is given by

f(t) =(F,K)r200,1), te€R.

The kernel transform ¢t € R — K; € L?(0,1) is defined as K;(z) := Zp(t, z) where
Z denotes the Zak transform of ¢. Recall that the Zak transform of f € L*(R) is
formally defined in R? as (Zf)(t,w) :== Y, ., f(t+n)e 2™ See Refs. 10 and 11
for properties and uses of the Zak transform.

The following shifting property of 7 will be used later: For F € L?(0,1), r € N
and n € Z we have

T[F()e 2] (t) = T[F](t —rn), teR. (2.2)
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2.2. Generalized regular sampling

In this section we introduce the generalized regular sampling theory in a shift-
invariant space V,,. These sampling formulas involve samples of filtered versions of
the functions in V,,. As in Ref. 7, we distinguish two types of linear time-invariant
systems L;:

(a) The impulse response [; of £; belongs to L*(R) N L?(R). Thus, for any f € V,
we have

(L) =10 - [ T H@l(— 2)de = ()65 — O)pamys tER,

where ¢;(t) := [;(—t). Notice that £, f is a continuous and bounded function
in L2(R).

(b) The impulse response /; has the form [; = szvzo cx0®) (t + dy), where §(F)
denotes the kth derivative of the Dirac delta and ¢, dj are constants for k =
0,1,...,N. For each f € V,, we have

N
(Lif)(t) =D e f®(t+di), teR.
k=0

In this case we also assume that (V) exists on R, and 3, ., [¢®) (t — n)[? is
uniformly bounded on R for each K =0,1,..., V.

Whenever £; is a filter of the type (a) or (b) above, for any t € R the sequence
{(Lj¢)(t + n)}nez belongs to £%(Z) (see Lemma 1 in Ref. 7). Thus, for any fixed
t € R, the Zak transform (ZL;¢)(t,w) = Y, oy Lp(t+n)e ™" defines a function
in L?(0,1). For notational ease we choose ¢t = 0 without loss of generality. For
j=1,2,...,s, the functions g; in L?(0,1) defined by

gj(w) := Zﬁjgo(n)e_%m“’ =(ZLip)0,w), j=1,2,....s, (2.3)
nez

play an important role since they allow a representation of the samples {(£; f)(rn)}.
Namely: Let f be a function in V,, such that f = TF where F € L?*(0,1). For every
7=1,2,...,s, we have

(‘ij) (TTL) = <F()’§J() 67271’”,”. >L2(0,1) , neg 7. (24)

Equation (2.4) leads us to study when a sequence {a;(-) e 2™}, cz iz12, s

(or equivalently the sequence {a@;(-)e* ™ },cz j—12. ), where a; € L?*(0,1) for
each j = 1,2,...,s, is a Bessel sequence, a frame, or a Riesz basis for L?(0,1). To
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this end, associated with the functions a;, j =1,2,...,s, we introduce the s x r
matrix function defined for w € (0,1) as

_al(w)a1<w+%)..,al(w+r;1) 7
R ey J R | S

_as(w)as<w+%) a5<w+ T;1> ._

and its related constants

ap = essinf Apin[A"(w)A(w)],
we(0,1/7)

Ba = €sssup Amax]|A"(w)A(w)],
we(0,1/r)
where A*(w) denotes the transpose conjugate of the matrix A(w), and Amin
(respectively Apmax) the smallest (respectively the largest) eigenvalue of the posi-
tive semidefinite matrix A*(w)A (w). Observe that 0 < aa < fa < co. Notice that
in the definition of the matrix A(w) we are considering the l-periodic extensions
of the involved functions a;, j7=1,2,...,s. The next lemma gives the answer:

Lemma 2.1. Let a; be in L*(0,1) for j =1,2,...,s and let A(w) be its associated
matriz. Then,

(i) The sequence {@;(-)e*™ ™}, cz i—12.. s is a Bessel sequence in L*(0,1) if and
only if aj € L>°(0,1) for j =1,...,s. In this case, the optimal Bessel bound is
Ba/r.

(ii) The sequence {Ej(-)62”””'}nez7j:1727,,.7s is a frame for L?(0,1) if and only if
0 < aa < Ba < oo. In this case, the optimal frame bounds are aa/r and
Ba/r.

(ii) The sequence {@;(-)e*™"™ } ez, j=1,2....s is a Riesz basis for L*(0,1) if and only
if it is a frame for L?(0,1) and r = s.

For the proof of (i) and (ii) see Ref. 7. Concerning (iii), it can be proved by
using the fact that a frame is a Riesz basis if and only if it has a biorthogonal
sequence (see Ref. 3, p. 124). In this case, this biorthogonal sequence is precisely
{sb;(-)e?™ 5} 7 i—1,2,.. s Where [b1,ba, ..., bs] is the first row of the matrix A~

Assume that the function g; € L*°(0,1) for j = 1,2,...,s, and that there exists
a vector [ay(w),...,as(w)] with entries in L>°(0, 1) such that

[a1(w), ..., a5 ] G(w) =[1,0,...,0] ae. in (0,1),

where G(w) denotes the corresponding A(w) matrix for the functions g;, j =
1,2,...,s, in (2.3). It has been proved in Ref. 7 that any F € L2(0,1)
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can be expanded in terms of the dual frames {mj(')e*%""'}nezy j=1,2,...,s and
{7,()e > Yez, j=12,..,s for L?(0,1) as

Fw) =303 (FOL,0 677 ) g ag(wpe

nezZ j=1

=r Z Z(Ljf) (rn)a; (w)e 2™ in L*(0,1).

nezZ j=1

Thus, the isomorphism 7 gives the following sampling formula in V,,

FO) =73 (L;f)(rn)(Taz)(t —rn), teR,

nez j=1

where we have used (2.2). In fact, much more can be said about the above sampling
formula in V,, (see Theorem 1, Theorem 2 and Corollary 1 in Ref. 7):

Theorem 2.1. Assume that the functions g; € L*(0,1) for each j = 1,2,...,s.
Then the following statements are equivalent :

(a) ag > 0.
(b) There exists a frame for V,, having the form {S;(t —rn)}tnez, j=1,2,...s such that
forany f €V,

F=Y3(£;f)(rn) Sj(- —rn) in L*(R). (2.5)

nezZ j=1
(c) There exist functions aj € L>(0,1), j =1,2,...,s, such that
[a1(w), ..., as(w)] G(w) = [1,0,...,0] a.e. in (0,1). (2.6)

In the case where the equivalent conditions are satisfied, the reconstruction functions
in (2.5) are given by S; = rT aj, where the functions a;, j = 1,2,...,s, satisfy (2.6).
The convergence of the series in (2.5) is also absolute and uniform on R. If r = s
sampling formula (2.5) holds. Moreover, this frame is a Riesz basis for V,, and the
corresponding functions aj, j=1,2,...,s, form the first row of the matriz G~!.

3. Generalized Irregular Sampling

The key point for generalized regular sampling is Eq. (2.4), which allows
us to represent the regular samples {(L;f)(rn)} by means of the frame
{(ZL;)(0,-)e 2™} cqiz10,...s for L?(0,1). In this section, we prove that
the perturbed samples {(£;f)(rn + €;,)} are obtained from a perturbed version
of the above frame. Thus, stable generalized irregular sampling may be studied

from the perturbation theory of frames.
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3.1. An expression for the irregular samples

Whenever the linear system £; is of the type (a), the Minkowski inequality for
integrals shows that the sequence {(L;¢)(t + n)}tnez € (*(Z) for any fixed t € R
(see Lemma 1 in Ref. 7). Trivially, the same applies for £; of the type (b). Therefore,
for any fixed ¢ € R, the function (ZL;¢)(t, w) := >, o (L;0)(t+n)e”>™"" belongs
to L?(0,1) and the following expression for the perturbed samples (£; f)(rn+ ;)
holds:

Lemma 3.1. Let f be a function in V,, such that f = TF where F € L?(0,1). For
necz, j=12,...,s andc;, € R we have

(L3 5)(rn + €50) = (F ), ZL39) Egm )2 o -

Proof. Assume that £; is a system of the type (a). For each n € Z we have
(‘C]f)(rn + Ejm) = <f()a ¢J( —-rm-— gj’”)>L2(]R)

= < Z (F(), 6_2mk‘>L2(0,1)90(' — k), ¢i(- —rn — 6j,n)>
L2(R)

keZ

— 7mk
— E 2 Lz(o,l)ﬁjw(rn +ejmn—k).
kEZ

Parseval’s equality and a change in the summation index gives

(Lif)(rn+ejn) = <F(.), S Ll + e — ) e?mk~>
L2(0,1)

kEZ

= (F(), (ZLjp)(Ejn, ')e_mm'>L2(o,1) '

Assume now that £; is a system of the type (b). Under our hypotheses on £;,
for each k = 0,1,..., N we have that f*) (t) = >ien (F(), 6_2”“'>L2(0 1)g0(k) (t—1).
Hence, for each n € Z, one gets

(Lif)rn+ejn) = chf (rn+ejn +di)

N
>

M

_ZMl‘>L2(071)90(k) (rn+¢ejn +di — 1)

o
N

le

k
<F 7
k

= (F(),(ZL;9)

Mz

Ck (k)(rn +&jn+ dp — l) —2mil: >
le

Il
o

L2(0,1)

h

—27ri7’n->

JQP 6] n")e L2(0,1) "

It is worth to point out that the same proof in Lemma 3.1 shows that

Lif(t) = (FC), (ZL50)(t )20y, tER,
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for any linear system L£; of the type (a) or (b). Lemma 3.1 leads us to study
the case for which the sequence {(ZL;¢)(gjn, ')6727”27,”.}neZ’j:LQ’m’s is a frame
for L2(0,1). On the other hand, we know that, whenever 0 < ag < fg < oo,
the sequence {(ZL;p)(0,)e 2™}, c7 12, s is a frame for L?(0,1) with opti-
mal frame bounds ag/r and fg/r. In the case of r = s, the above sequence
is a Riesz basis for L2(0,1). One possibility is to use the theory of perturbation
of frames in order to find the suitable error sequences for which the sequence
{(ZL;jo)(ejm, ')67%””'}nez,j:1,2,...,s is a frame for L?(0,1). The following result
on perturbation of frames (the proof can be found in Ref. 3, p. 354) will be used
later:

Lemma 3.2. Let {fr}32, be a frame for the Hilbert space H with frame bounds A,
B, and let {gi}32, be a sequence in H. If there exists a constant R < A such that

> e =g HIP < RIS for each f € H,

k=1

then {gx}72, is a frame for H with bounds

(V) ()

If {fu}?2, is a Riesz basis, then {gi}72 | is a Riesz basis.

2

3.2. The resulting sampling theory

D, = [DEJ, . ,DE7S], where

D. jc:= { Z [Lip(rn —k +ejn) — Lig(rn — k)] ck}
kEZ neL
for each ¢ = {¢;}1ez € £?(Z). The operator norm is defined as usual
[Dcllez 2y
[ Del| := T
ceexnfoy llellea)

where || D.c ”?m =301 [IDe je ”%2(2) for each c € (*(Z).
Theorem 3.1. Assume that g; € L>(0,1) for j =1,2,...,s with ag > 0. If the

error sequence € = {€jn}tnez j=1...s satisfies the inequality | D.||* < ag/r, then
there exists a frame {S5,, }nez,j=12,...s for Vi, such that, for any f € V,,

S
FO =3 (Lif)n+n)S5,(t), tER, (3.1)
n€e”Z j=1
where the convergence of the series is in the L*(R)-sense, absolute and uniform
on R. Moreover, when r = s the sequence {S§7n}nez7j21727___,3 is a Riesz basis for
Vi, and the interpolation property (L£,55,,)(sm + €j.m) = 6,10n,m holds.
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Proof. The sequence {(ZL;¢)(0,)e ™"}, c7 212 is a frame (a Riesz basis

if r = s) for L?(0,1) with frame (Riesz) bounds ag/r and Bg/r. For any
_ —2milw 2

F(w) = ZleZ ce in L(0,1) we have

Z S N(ZLi0)(Ejn, e > = (ZLj) (0, )e >, FOD 12 ]

J=1n€ez

B < > [Liplk +ejn) = Lip(k)Je TR N cle_Wl‘>
£2(0,1)

Jj=1n€ezZ kEZ I€Z
2

2

=S NI IE etk + 25n) — Lok Eoni

J=1n€Z| kEZ

2

=SS UL — kot eg0) — Liolrn — Bex

Jj=1n€Z| kEZ

=3 IDc j{athezl @y < 1D:NPl{cthiezllz ) = IDElPIF 13 20.1) -
j=1
Hence, from Lemma 3.2, the sequence {(ZL;0)(gjn, )e 2™ } ez jm12,..5 IS &
frame for L?(0,1) (a Riesz basis if r = s). Let {hjn}nez,j:l,z,...,s be its canonical
dual frame. Hence, for any F € L*(0,1)

F =33 (FO) ZL50)Esn )™ ™™ ) oo him

nez j=1

S
=Y > (Lif)rn+ )b,
nez j=1
Applying the isomorphism 7', one gets (3.1) in L*(R) where S5, = Th5,,. Since T
is an isomorphism between L?(0,1) and V,, {S§7n}nez7j:1727,..,s is a frame for V,,
(a Riesz basis if r = s).

Pointwise convergence in the sampling series is absolute due to the unconditional
character of a frame. The uniform convergence on R is a consequence of (2.1).
The interpolatory property in the case r = s follows from the uniqueness of the
coefficients with respect to a Riesz basis. O

The next result yields a uniform bound of the norm || D, || regardless the sequence
e such that {&; ,}nez is in [ay, ;] C [—r, 7], for each j =1,2,...,s.

Theorem 3.2. For any sequence € := {€;n}tnez j=1,..s such that {€jn}necz C
[aj, B5] C [—r, 7] for each j =1,2,...,s the following inequality holds

1D <> ATy, (3.2)

Jj=1
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where, for each j =1,2,...,s, the constants A; and I'; are given by
Aji= sup > [Lijp(rk+1+dy) — Lip(rk +1)],
1=0,1,....,r—1 kEZ
{dr}Clo;,85]
Ljo= sup Y |Lip(k+d)— Lip(k)|.
de[oy,B; ]kEZ

Proof. Suppose that Z‘;:l A;I'; < oo; otherwise the result obviously holds.
Denoting

d(j)k =Lijp(rn —k+¢ejn) — Lijplrn — k),
for k,n € Z, the inequalities

ST <Ay and Y [dY) < Ty

leZ IE€Z

hold. For any sequence ¢ = {Ck}kez € (?(Z) we have

Declaey =SS0, e <33 S @z

J=1n€Z ' kekZ J=1n€Zl,keZ
- G 0) | < N Jea]* + Jex? (1) 40
=2 D lallel Y ldndiil <3 > ———— > ldd,
j=11,k€Z nez j=11,k€Z nez
S Sl Y i < ey Y 4]
j=11€Z k,n€EZ Jj=11€Z nez
<SSl = (ZA 5 Ieffo.
Jj=11€Z
which concludes the proof. O

Next we give a particular example for which Theorem 3.2 works. Namely, sup-
pose that, for each j = 1,2,...,s, the function Ljp € C'(R), and there exists
n; > 0 such that (L) (t) = (|t| (147:)) whenever |t| — oo. Then, it is easy to
check that, for §; > 0,

Mz, (0) =3, max - [(£L0) ()] < oo
k Jo J

Corollary 3.1. Suppose that, for each j = 1,2,...,s, the function Ljp € C*(R)
and Mz, ) (d;) < 0o, where §; := sup,,¢zlejn|. Consider

Nip.oy(05) := ,C ! t)|.
(2107 (%) l:o,f,l_l_?,r_lXk:te[rkﬂf%??ﬁmuaj]|( i) (0]
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Then, the condition

s oG
D 6% Nz, oy (6;)Mz,0)(65) < —
=1

implies the existence of a frame {55, tnez j=1,2,....s for Vi, such that, for any f € V,,
FO =3 (Lif)rn+en)S5,(t), tER,
nez j=1

uniformly on R. If r = s, the sequence {S§7n}nez7j21727___,3 is a Riesz basis for V.

Proof. For each j =1,2,...,s, the mean value theorem gives

sup > |Lip(k +d) — Lie(k)| < 6;Mz,p)(55)
d€[=6;,6;] je7,

and
sup Y |Lip(rk + 1+ di) — Lijp(rk + 1) < 6;N(z,4) (55) -
1=0,1,....,r—1 kEZ
{dr}C[=0;,0;]
Theorem 3.1 concludes the proof. O

Notice that Nz, y(6;) < Mz, ) (d;). For r = 1 the equality holds.

3.3. The frame algorithm

Formula (3.1) in Theorem 3.1 is useless from a practical point of view. The involved
frame {Sin}nEZ,j:l,Q,...,sv which depends on the error sequence {€; » }nez j=1,2,.. s
is impossible to determine. As a consequence, in order to recover any function
f €V, from the samples {L;f(rn + €jn)}nez,j=1,2,...,s we should use the frame
algorithm (see Ref. 6). We are going to implement this algorithm in the ¢2(Z)
setting. To this end, consider the canonical isometry

U:37) — L*0,1), U{a}iez = Zale%m‘lw .
leZ

For f(t) = > ey aip(t — 1) € V,,, denote by [F the sequence
Fi=U'F=U'T'f={a}iez.
The samples {(£; f)(rn + £;.,)} can be written as
(L35 + 5) = (FOZE R )™ o1y = B L) s
where, for j =1,2,...,s and n € Z,

Ljn :=U((ZLjp)(ejn, e ™) = {(Lip)(rn — 1+ €jin) },cp -
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The sequence {L;,}nezj=12,.s is a frame for ¢?(Z). Indeed, assume that
{€jm}nez C [aj,B;] C [-r,r] for each j = 1,2,...,s, and that ijl AT <
ag/r. According to the proof from Theorem 3.1 and Lemma 3.2, the sequence
{(ZL;p)(ejm, )e 2™ Y cp j=1,2,.. s is a frame for L?(0,1) with bounds

. 2
r
G ZAjrj> . (33)
the same bounds.

j=1

Hence, the recovery of the function f = TUF € V, from the samples
{(L£;f)(rn + €; )} is reduced to recovering the sequence F from the sequence
{<]F’Lj7">22(Z)}nEZ,j:LQ,...,S' In so doing, the classical frame algorithm reads as:

Consider

2 S
Fo= AF = —— %;@LJMMZ)Mn

- A—?—B DY (LN +esn)lyn

n€z j=1

and define recursively Fy11 = Fj + A(F —Fy), k € N. Then, the sequence { fi }ren
in V,, given by fi(t) = >,z al(k)go(t — 1) where Fj, = {al(k)}lez, satisfies

1f = fellzz@y < TN IF — Frllezgzy < 171" IFl] 2z

[l

<NTIT Al ey = el YU e

where v := (B — A)/(B + A), and we have used that |77'||72 = |®|p and
IT)|? = ||®]|oc (see Proposition 3.6.8 in Ref. 3). It is worth to mention that, in
some important examples, the value of 22:1 AT in (3.3) can be explicitely com-
puted in terms of § := sup; ,|€;n|-

In order to improve this algorithm, especially when the ratio B/A is large, we
can use the methods proposed by Grochenig in Ref. 9 to accelere of the frame
algorithm.

3.4. Examples in spline spaces

For each fixed m € N, the B-spline N,, is defined as N,, := Ny %« Ny % ... % Ny
(m times) where N; denotes the characteristic function of the interval (0,1). It is
known* that {N,,(- — k}xez is a Riesz sequence in L?(R). The corresponding shift-
invariant space Vy,, is the space of splines of degree m — 1 in L?(R) with nodes at
the integers. For these shift-invariant spaces, it is not difficult to obtain the sum
Z;Zl AL in terms of § := sup; , € n|. Thus, the largest J satisfying the condition
Z;Zl AT < ag/r can be explicitely computed. Notice that, having in mind (3.3),
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the rate of convergence v can also be computed in terms of § := sup; ,|€jn[- We
present here some illustrative examples:

3.4.1. Recovering linear, quadratic and cubic splines from irreqular samples

For r = s =1 and (£1f)(t) := f(t + a), Theorem 3.1 gives the irregular sampling
formula

fO) =) fn+a+e,) Si(t), teR, (3.4)

nez

where {S¢ },,cz denotes the Riesz basis associated with the perturbation {e, }nez.
A challenge problem is to measure how large should be § := sup,|e,| in order
to have a sampling formula like (3.4) in the shift-invariant space spanned by the
B-spline N,,.

e Linear Splines: Consider the linear B-spline Na(t) := tXg,1) + (2 — t)A[1,2). For
d € [0,1] we have

> INa(k + d) — Na(k)| = | Na(d)] + [N2(1 +d) = No(1)| = d+d = 2d.

kEZ
By symmetry we also have ), _, [No(k — d) — No(k)| = 2d. Thus, for a = 0 and
[a1, 1] = [—4, 8], where § < 1, we obtain I'; = 2. Besides,
A= sup |N2(d)| + sup |N2(]. + d) — N2(1)| + sup |N2(2 + d)| = 30.
de[—6,0] de[—6,0] de[—46,6]

Hence, for any sequence {e, }nez C [—6,], § < 1, we have that ||D.[|? < ATy =
662. Since

ag = inf |[(ZN)(O0,w)]>= inf |e~2[* =1,
we(0,1) we(0,1)

whenever

1
Z?Z'En' <C:= N 0.408,,

a sampling formula like (3.4) with a = 0 holds. This bound improves upon the
value of 1/3 obtained by Chen et al.? Assuming that &, > 0 (or &, < 0) for all
n € Z, the bound 1/\/6 can be improved up to 1/2 since A1 = 24 in this case. In
fact, it has been proved in Ref. 5 that 1/2 is the optimal bound in this example.

Since Bg = 1 we obtain the convergence rate v = 2v/6 §/(1 + 6 62) where
d :=sup,,czlenl-

e Cubic Splines: Consider the cubic B-spline

t3 2 , t?

22 t? 32 £
+ (— T+ 10— a8 + §>X[2,3)(t) + <§ — 8t +2t% — E)X[ZSA)@)'
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Fix a = 0. For d € [0,1) the symmetry of Ny gives

4 4 2d3
> INu(k —d) = Na(k)| =Y |Na(k +d) — Na(k)| = d + d* — 5
k=0 k=0
Hence, for [a1, £1] = [=6,d], where § < 1, one gets 'y = § + 0% — 26%/3. Bearing

in mind the symmetry and monotony of Ny, and that Ny(1 + §) — Ny(1) >
Ny (1) — Ny(1 —6), we obtain

753
Ay = 2N4(8) 4+ 2[Ny(1 4+ 8) — Ny(1)] + Na(2) — N4(2+5):5+252—?.
Thus, for any {e,, }nez C [0, ] we have
756 5(55 54
D.||?> < AT — 3462
| D> < ATy = o~ 5t T8+
Since
2
1 ) 2 . 1 ) 1
— . f N 0.- 2 — : f — —2miw £ —4dmiw — —6miw i
ag = Inf NZNOO)7 = nf 5 e t5e 9’

for any sequence {e,, }nez C [0, 8] such that sup,,cz|en| < C = 0.253, where C
is the root of the polynomial 76%/9 —58°/24§%/6 + 353 +6%—1/9 in (0,1/2), we
can recover any cubic spline in L?(R) from its samples at {n + €, },ez by means
of a sampling expansion expansion like (3.4).

Quadratic Splines: Here the generator is the quadratic B-spline

(3 —1t)°

2
No(t) i= £ X0 + (3t—t2 - §>X[1,2><t>+ X (1)

2

For a = 0 we get

ag = inf |(ZN3)(0,-)|* = inf |e

1 . .
- —2miw + 6747rlw|2 =0
we(0,1) 4 we(0,1)

and, consequently, we cannot consider a = 0. However, for a = 1/2

1 3 , 1 421
= inf Z N2)(1/2. - 2 _ f ‘_ Y —2miw o Amiw | Z.
ac wen(lo,l)K 3)(1/2,)] wEH(IO,l) 8 + 46 + 86 4
For d € [0,1/2) we get
2 2
> INs(k+1/2+d) — = [Ns(k+1/2—d) — N3(k)| = d + d.
k=0 k=0
Then, for [a, 31] = [~6,d], where § < 1/2, we obtain that 'y = 6 + 62. Bearing

in mind the symmetry and monotony of N3 and that N3(1/2 4 ¢) — N3(1/2) >
Ns3(1/2) — N3(1/2 —9), we get

Ay = 2[N3(1/2 4 8) — N3(1/2)] + N4(3/2) — Na(3/2 + ) = 6 + 262
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Thus, for any sequence {e, }nez C [—6, 0], where § < 1/2, we get
| De|l? < ATy = 6% + 35° + 26%.

As a consequence, for any sequence {e,},cz satisfying sup, czlen] < C =
0.334, where C' is the root of 62 4 3§ +26* — 1/4 in (0,1/2), a sampling formula
like (3.4) with @ = 1/2 holds. This bound improves upon the value of 1/4 obtained
by Chen et al.?

For irregular sampling in Spline spaces, see also the § upper bounds obtained
in Ref. 5 by using another technique.

3.4.2. Recovering cubic Splines from the derivative sampling

For r = s = 2, consider the systems (L1 f)(t) := f(t+a) and (L2f)(t) := f'(t + a).
For a = 0 we have

1
ZN4(0,w) ZN, (0,w + 5)

1 3 2 .3
Gw) = :6<Z+4Z+Z 24422 — 2 >7

, ) 1 3z — 323 -3z + 323
ZN'Y(0,w) ZN/, (O,w + 5)

where z = ¢~ 2™, Since det G = 2(z° — 23)/3 vanishes at w = 0, it follows that
ag = 0. Hence, Theorem 3.1 does not apply. However, taking a = 1/2 we obtain

1 23 ; 23 ; 1 .
= (ZN, 1/2 — — 727"“1) 29 —dmiw —6miw
g1(w) = (ZNa)(1/2,w) = 2+ 2 + 15 + 45¢ 7
1 5 ; ) ; 1 )
— U I Y 2miw Y —4miw _ —  —6miw
g2(w) = (ZNy)(1/2,w) = 8+86 86 86 .

The eigenvalues of the matrix G*(w)G(w) are

157 7
1+§85in2 2wwi§8\/5765m2 2w + 265 sin* 2mw.
The minimum on (0,1/2) of the smallest eigenvalue is attained at w =

5 arctan /332 and takes the value ag = 32. Besides, the maximum on (0,1/2)

of the largest eigenvalue is fg = 9/4 attained at w = 1/4.
For d € [0,1/2], we have

3 3
3 2
> INg(k+1/2—d) - = [Na(k+1/2+d) — Ny(k)| = 5d — Sd°.
a e 273
For d € (0,1/3) the inequality N4(5/2) > N;(5/2 + d) holds. Thus, for d € [0,1/3)
we get

3 3
D O INi(k+1/2—d) - = INi(k+1/2+d) — Nj(k)| = 2d.
k=0 k=0
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Therefore, whenever [a1, /1] = [ag, 32] = [—6,0], with 0 < § < 1/3, we obtain that
'y =(3/2)0 — (2/3)63 and I'y = 24.

Now, bearing in mind the symmetry of N4y and the inequalities N4(1/2 + ) —
N4(1/2) > Ny(1/2)—Ny(1/2—06) and Ny(5/2)—Ny(5/24+d) > Ny(5/2—d)—Na(5/2),
we get

sup |N4(3/2+5)—N4(3/2)|+dsup INa(7/2+ 0) — Na(7/2)]

de[—46,0] €[—4,6]
= sup [Na(1/2+6) — Na(1/2)[ + sup |Na(5/2+0) — Na(5/2)|
de[—6,0] de[—6,0]
B
4 2 3

Analogously, using the symmetry of Nj, the inequality Nj(1/2 4+ §) — N4(1/2) >
Nj(1/2) — Nj(1/2 — 6), and that supde[7575}|Ni(5/2 +d) — N4(5/2)| = Ny(5/2 —
0) — Ny(5/2), we get

sup |N4(3/2+5)—Ni(3/2)|+dsup IN4(7/2 4 0) — Ny(7/2)]

de[—6,0] €[—0,9]
= sup |Ny(1/2+40) — Ny(1/2)| + sup [Ny(5/2+ ) — Ny(5/2)]
de[—6,0] de[—6,0]
=6+ 262

Hence, A1 = (3/4) 5 + (1/2) 6% — (1/3) 6% and As = § + 262. Thus, for any sequence
e ={¢jn}tnez,j=1,2 C [9,0], where § < 1/3, we get

25 62 . 1943 54 5% 246

8 4 3 9
Thus, from Theorem 3.1, whenever sup; ,[€;,| < C = 0.3022, where C'is the root
of 2562/8 + 1963 /4 — §* — §°/3 + 26%/9 — 108/265 = 0 in (0,1/3), there exists a
Riesz basis {Sjn}neZ’j:Lg for Vi, such that the expansion

FO =Y [f@n+1/2+e1,) S5, + f/(2n+1/2+e2,) S5,,(1)], tER,
nez

|D:||? < ATy + ATy =

holds.

3.4.3. Recovering cubic splines from average sampling

For each f € Vy, consider the system defined as (L1 f)(t) := ttjll//; (z)dz. For
d € [0,1/2] we have

D LN (k= d) = (LiNa)(R)| = Y [(L1Na) (k + d) — (L1Na) (k)]
kEZ kEZ

~23d 54 4 d*

T8 61
where we have used the symmetry of £, N4 with respect the line ¢ = 2. Thus, for
[a1, 1] = [6, 8], where § < 1/2, we obtain 'y = 23§/24 + 50%/8 — 63/6 — §*/4.
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Besides,
Ay =2 sup [(L1Ng)(d) — (L1N4)(0)] +2 sup [(L1Na)(1+d) — (L1N4)(1)]
de[—46,0] de[—6,0]
562 83 6t 236
5 N)(2) = (L1N4)(2 2 2 % .
+deb[lilg,6]|(£1 D) — (LiN)2+d)| = = s 5t

Hence, for any sequence {e, }ncz C [—0,6], § < 1/2, we get

52962 1156%  1335%  336° 4356 &7 o8
DE 2 < A F = . B o7 &
1D < Ml =" = T 5~ 3 72 8 8
Moreover
= 1 f 2
ag welr(l()’l) lg1(w)]
' 2 i ) 2
—  inf 1+766_27”w+2306_47”w+766_6"””“’+€—8ﬂ'znw
- weow 384
_»
"~ 576

Hence, from Theorem 3.1, whenever sup,,|e,,| < C ~ 0.185, where C is the root of
52962 /576 + 1156 /64 + 13354/288 — 335°/32 — 4355/72 4+ 67 /8 + 6% /8 — 25/576 = 0
in (0,1/2), there exists a Riesz basis {S¢ } ez for Vi, such that the expansion

F) =) (Lif)(n+en) Si(t), teR,
ne”Z
holds for each f € Vi,.

Finally, it is worth to mention that the bounds C obtained by using our general
technique could be improved in some particular cases by means of a more specific
tool. For instance, a similar argument as in the proof of Theorem 2.3 in Ref. 16
could give a better result in this average sampling example. See also Ref. 5 for
irregular sampling in spline subspaces.
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