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Abstract

Let H be a separable Hilbert space and €) a fixed subset of R. Consider an H-
valued function K : Q@ — H and = € H. Then, the function f, : @ — C given by
fa(t) == (@, K(t))y is well-defined. Denote by Hx the set of functions obtained in this
way. Although a variety of sampling results for Hx is known in the literature, there
exist some simple examples where they do not apply because the implicit interpolation
condition that appears does not adjust the former pattern we need. The main aim of
this paper is to obtain a more general sampling result including most of these special
cases. In this way, the concept of interpolation condition is redefined and we study how
to combine two of them in order to obtain a new sampling result. Some examples are
obtained in this new framework.
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1 Statement of the problem

For the past few years a significant mathematical literature on the topic of sampling theorems
associated with differential or difference problems has flourished [1, 4, 5, 6, 7, 8]. See also [15]
and the references therein. In turn, we might consider the Weiss-Kramer sampling theorem
as the leitmotiv of all these results [11, 13]. Roughly speaking, the common situation for
these sampling problems is the following;:

Let f be a function defined on C by f(t) = [, F(z) K(z,t)dz, F € L*(I), (or f(t) =
>, F(n)K(n,t), F € £* ). The kernel K, which belongs to L*(I) (or ¢*) for each fized t € C,
satisfies the differential (difference) equation appearing in a differential (difference) problem
(P) which has the sequence of eigenvalues {t,}. Moreover, whenever we substitute in K the
spectral parameter t by {t,} we obtain the sequence of orthogonal eigenfunctions associated
with (P) which constitutes an orthogonal basis for L*(I) (¢2). Under these circumstances,
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f is an entire function which can be recovered from its samples {f(t,)} by means of a
sampling formula f(t) = >, f(tn) Sn(t), where the sampling functions {S,} are given by
Sn(t) = || K (- tn)|| 72 (K(-,t), K(-,tn)) (the inner product in L*(I) or ¢?).

All the results above can be formulated in an abstract way following the approach in
Saitoh’s book [12]. Namely, let H be a separable Hilbert space, and Q a fixed subset of
R. Given an H-valued function K : Q — H, for x € H, the function f(t) := (x, K(t))m is
well-defined as a function f : Q — C. We denote by Hy the set of functions obtained in
this way and by T the linear transform

T: H — Hg
r — f

(1)

Hereafter we refer the function K as the kernel of the transform 7. Note that the continuity
of the kernel K implies that the functions in Hg are continuous in {2, a natural setting for
sampling purposes. If we define in Hg the norm || f||#, = inf{|z|m : f = T(x)} we obtain
a reproducing kernel Hilbert space (RKHS hereafter) whose reproducing kernel is given by
k(t,s) := (K(s), K(t))m i.e., for each s € Q the function ks defined as ks(t) := k(t, s) belongs
to Hg, and the reproducing property

f(s) = <fa kS>HK = <f>k("$)>7'l1<v s€, feHk (2)

holds. Recall that the Moore-Aronszajn procedure [2] leads to the same RKHS via the
positive definite (or positive matriz) function k. Under these circumstances it is known that
the linear operator T is one-to-one if and only if T is an isometry between H and Hy,
or, equivalently, if and only if the set of functions {K(t)}:cq is complete in H [12]. An
important property of Hy is that convergence in its norm implies pointwise convergence.
In fact, by the reproducing property, we have that

[F(8) = fa®)] = [(f = fu kCO) < = Fullres 1B (@) [ -

Notice that the last inequality also implies uniform convergence in subsets of {2 where the
function k(t,t) = ||K(¢)||?> is bounded. The RKHS Hj has been largely studied in the
mathematical literature (see the superb monograph [12] and references therein).

A sampling result for Hg can be easily established (see [9] or [10]). Namely, let {x,}7,
and {z} }°° | be a pair of biorthonormal Riesz bases for a Hilbert space H. Assume that, for
each fixed t € Q, K (t) can be written as K (t) = Y > | Sy (t) ), where the functions S,, € Hx
satisfy, for some fixed sequence {t,}"2; in €2, the interpolation property: Sp(tm) = anonm
for some constants {a,}52; C C\ {0}. Then, any function f € Hg can be expanded as

s =3 ™Y e, ®)

where the convergence of the series is absolute and uniform on subsets of 2 where the
function || K (¢)|| is bounded.

Recall that a Riesz basis {wy, }2° ; for H is the image of an orthonormal basis by means of
a bounded invertible operator on H. Any Riesz basis {w, }5° ; has a unique biorthonormal
(dual) Riesz basis {w};}22,, i.e., such that (wp,w},)m = 0pm , and the expansions

o0 o0
T = Z<wi;>Hwn = Z<x;wn>Hw:
n=1 n=1
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hold for every = € H (see [3] or [14] for more details and proofs).

Perhaps the most important examples of RKHS H g that verify the mentioned result are
the classical Paley-Wiener spaces of bandlimited functions, i.e., square integrable functions
in R such that their Fourier transforms are zero outside a bounded set in R. For instance,
any function of the form

1 & :
— F(x)e™dx, teR,
5 (z)

where F' € L?[—7, 7], can be expanded as the cardinal series

ft) =

f(t) = Zf ) sinc(t —n), teR,

n=—oo

where sinc stands for cardinal sine function (or sinc function) defined as sinct = sin7t/mt
for t # 0 and sinc0 = 1.

The sampling series (3) might also contain samples from functions which are related to
f in some sense. Thus, this sampling result can be generalized in the following way: Let
{zn}02 U{yn}r2, and {x} 100, U {y}}>°, be a pair of biorthonormal Riesz bases for the
Hilbert space H. For each fixed t € 2, K(t) can be written as

K(t) =Y [Sal®)a;, + Tu()y;]
n=1

where S, (t) and T, (t) denote the evaluation at ¢ € Q of the functions S,, = T'(x,) € Hk
and T,, = T'(y,) € Hx obtained by means of the linear transform (1) .

Assume that there exist two kernels K, Ko : 2 — H each defining a function in the
way K does, i.e., fj(t) == (z, K;(t))m, 7 = 1,2. Let Ty and T5 be the corresponding linear
transforms. These kernels can be written as

Z 37 +Tj(t)yn]7 Jj=12,

n=1

where S5 (t) = T} j(xy)[t] and TI(t) = Tj(yn)[t] for t € Q, j = 1,2. Suppose there exist two
sequences {s,}°2 | and {,}5°; in Q such that the functions {S] © and {T9}%° ,, j=1,2,
satisfy the interpolation conditions

S%(Sm) = andnm; T&(Sm) = bndn,m, {an}%ozlv {bn}%ozl cC
Sr%(tm) = Cndn,m; Tr?(tm) dndn,m, {Cn}ifzp {dn}fle cC,

where A,, := a,d, — b,c, # 0 for all n € N. Suppose that f and the functions f; and fy are
related in the sense that ker T' C ker 77 Nker T5. This implies that ker 7" = {0} so that Hx
becomes a RKHS under the inner product (f, ¢)x, = (z,y)m where Tz = f and Ty = g.
Under these conditions, the technique used in [9] gives the following result:

Theorem 1 The sequence {S,}5°, U{T,,}*° is a Riesz basis for Hx and, expansions with
respect to this basis allow to recover any function f in Hy from the samples {fi1(sn)}oe;
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and {f2(tn)}02 1 of f1 and fa, by means of the sampling formula

f(t) _ Z [dnfl(sn)A_nban(tn) Sn(t) + anf2<tn)A_ncnfl(3n)Tn(t)}

n=1 4
=3 [l 2SO eTall) g ) Tall) “BaSalt)] g N

n ATL

The convergence of the series is absolute and uniform on subsets of Q0 where the function
|K(t)| is bounded.

Using a matrix notation, formula (4) can be written as

=30 aeo (3 &) (50)

from which it is not difficult to derive a more general result involving the samples of N
functions related to f.

Multi-channel sampling in Paley-Wiener spaces can be easily derived from this approach
[9]. As a different example of Theorem 1 we can obtain a Hermite-type interpolation series
for Hg, i.e., a sampling series which involves samples of any function f € Hx and its first
derivative, and in addition, the sampling functions generalize the classical Hermite inter-
polation polynomials. Indeed, let {£,}°2; be a sequence of distinct nonzero real numbers
such that >°°°, [t,|72 < co. There exists an entire function P(t) with simple zeros at the
sequence {t,}>° ;. Specifically, the function P(t) is given by the canonical product

10 %) exp(t/tn) i 3 [ta "t =
P(t) — nO:O1 : n0:01
1-— if > ||t <
Me=z) e

Consider {x, 152, U{yn}o2; and {z}5°, U{y;:} >, a pair of biorthonormal Riesz bases
for H and Q(t) := P(t)?, Wthh has double zeros at {t,}5° ;. Take the functions

Q1) Q(t)
(t—tn)? t—t,

and define the kernels K(t), Ki(t) and Ks(t), t € R, by
- L L .
z::[ t— t Tt tn ]

K, (t) = K(t) and Ks(t) = K'(t). It is easy to check the interpolation conditions:

S(t) = and T, (t) =

S(tm) = Q//(t W g Ta(tn) =0
S/ (t ) Qmé )(Sn,m; T;l(tm) — w(sn’m .
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Taking into account that Q”(t,) # 0 for all n € N, any function f € Hg can be expanded
as the series

0= 3 [0 (1= S5 = 1)) + £t 1)

2Q(t)

Qg EF

n=1

1.1 An easy anomalous example

Although Theorem 1 is a quite general sampling result, the following example exhibits a
situation where it does not work. Indeed, consider the usual orthonormal basis for L?[—, 7]

given by
Rt I
— — cosnx —sinnx
27 ﬁ n=1 \/E n=1

K(t) = K;(t) = costx + sintx and Ka(t) = costx,

and the kernels

from which we define, for each ¢ € L?*[—7, 7], the transforms

Notice that, if ¢ € L*[—m, ], we obtain that (¢,cos(tz)) is an even function of ¢ and that
<¢,Sin(tx)> is an odd one. Consequently, ¢ € kerT implies that Top(t) = <¢>,cos(tx)> =
—(¢,sin(tz)) is both an odd and an even function of t. Therefore, ¢ = 0 so that T is
one-to-one.

The corresponding sampling functions are given by

So(t) = <\/127K(t)> — Varsinct

/1 _2t(—1)"sin7t
Sp(t) = <ﬁ cosn:c,K(t)> = i —n?) (neN)
1 ~ 2n(—1)"sinmt

To(t) = <7 sinnm,K(t)> - (neN).

Vr R ),

In this case, Sé = Sg =Sy, S} = S,% =8,, T} =T, and T,% =0forn € N. Forn,m € N,
the following interpolation condition holds:

(S} 7o) = (7 7).

However, what is happening with S} and S2? Even if we decide to define Ty = T¢ := 0, the
interpolation matrix that we used in (5) will be singular and we will not be able to apply
Theorem 1.

This example gives us a suitable generalization that, in practice, can be very useful. As
we only need one coefficient for Sy (Tp is not defined), we can consider the matrix

Si(m)\ _ V2
(sg<m> =m0\ yom (6)
where m € Ny := NU{0}. The coefficient of Sy(t) can be chosen in two ways for the sampling

formula, f1(0)/v27 or f2(0)/v2m, the choice being at our disposal; we might choose the
simplest, or perhaps the only one available, etc.
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2 A general sampling result in Hy

The aim in this section is to prove a new sampling result which also applies for anomalous
examples. To this end, we need to introduce new interpolation conditions which will be
combined in an appropriate way to obtain the desired sampling result. These topics are the
subject of the next three subsections:

2.1 Interpolation condition of type (L, M)
Consider L, M € N such that L > M and define M := {1,2,..., M} and L :={1,2,...,L}.
Consider a linear independent system for H written as

{Z1ntnetU{zontner U - U{xpntner

where I C N can be a finite set. Suppose that we have L linear transforms Ty,7T5,...,Tr,
with associate kernels K (t), Ko(t), ..., K7 (t) and defined as follows

fot) = Ty(2)[t] = (z, Ke(t)), Ce€L.

Denote
Sf;z,n(t) = Tf(xM,ﬂ)[t] , e,

where € L, m € M and n € .

Definition 1 We say that an interpolation condition of type (L, M) is satisfied by these
elements if there exist L sets of points {t!}ner in Q, £ € L, such that, for any fired £ € L
and m € M,

Sﬁz,n(ti) = a?,mén,k ) n,kel,

holds, and the coefficients ay,, € C verify that the rank of the matrices

n n n

ary Q12 0 Qg
n n n

o Qg1 Qg9 -+ Q9
n n n

ary Apo - Aap

is just M for all n € 1.

Definition 2 Denote by i any increasing function from M into L, which we shall call a
choice function. For any matriz B with L rows b(1),b(2),...,b(L), we define the choice of
M rows of B by means of ¢ as

By = (bp(1)] b(2)] --- b))

As we can see, By is a matrix obtained from B by choosing the rows of B given by

(1), ¥(2), ..., p(M).
In these terms, the rank of A™ is M if and only if there exists a choice function ¥, such
that Ay is not singular.
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Definition 3 We shall call such a ¥,, an A™-regular choice function.

Any A"-regular choice function ) is related to A™ in such a way that ATJ) is regular.
However, this choice function can be applied to any matrix with L rows and any number of
columns.

If we have a vector v = (v1 Vg - ’UL)T, then we can choose the same rows from
both A™ and v. The product of the matrix and the vector obtained in such a way is given
by

Ty Gz T By Uy(1)
n n n
no | e Mwee T %)M Vy(2)
pUp = . . . . }
Gyoana Soane T G \Ue()

2.2 Compatibility

We began this article by showing an example in which two interpolation conditions were
used. For the first one, I; = {0}, the linear independent system was just one vector and we
had only one transform, i.e., it was an interpolation condition of type (1,1). In the second
one, Iy = N| the partition of the linear independent system had two elements and there were
two transforms, so it was an interpolation condition of type (2,2). The goal of this section
is to establish which properties must be verified by two interpolation conditions in order for
a sampling theorem to be possible. It is the topic compatible interpolation conditions.

The fact of working with two interpolation conditions at least makes the notation used
hard. For the sake of clarity, hereafter, an index k; denotes that the indexed element
corresponds to the j-th interpolation condition of those we are using.

Consider two interpolation conditions of types (L1, M) and (L2, M), respectively. This
means that we have two linear independent systems in H:

1 1 1
(G71 ::{xl,nl }meﬂl U {x2,n1 }me]h U---u {li,m }nle]h

2 2 2
So ::{xl,ng }n2€H2 U {xQ,TLQ}nZGHQ Uu---u {xMz,ng}nzéﬂz

where I;,Io C N (possibly finite) and M;, My € N. Moreover, we suppose the j-th interpo-
lation condition, j € {1,2}, has L; € N transforms Ty, 4j € Lj and M; < Lj, defined from
each kernel Ky, (t), £; € L, by

fo;(t) = Ty, (x)[t] = (2, Ky (), 4 €Ly,

Denote )
Srl;izj,nj = T&‘ (mfnj,nj)
for ¢; € Ly, mj € My, nj € I and i,j € {1,2}, i.e., the image of &; U &y by each of the
transforms of both the interpolation conditions is calculated.
As they are interpolation conditions, there exist sequences {ti]] bkje1,, where £; € Lj and
Jj € {1,2}, such that

£ iy ny
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holds for m; € My, ¢; € Lj, nj, k; € I and j € {1,2} in such a way the coefficients aé my € C
satisfy that the rank of the matrix

n
ayy a1 2 a1 M;
ayy  ayh a2 M;
A" ’
n n n
a (1/ ... a
Lyl ;2 Ly, M,

is just M; for all nj € I;, j € {1,2}.

Definition 4 Two interpolation conditions are compatible if the following compatibility
condition holds:
0 12 ¢ 2
S (tkz):() s Sm (tk11>:07

mi,n1 m2,n2

fort; € Lj, mj € My, nj, kj €1, j € {1,2}.

Observe that this condition implies that 61 UG, is a linear independent system. Indeed,
suppose there exists 2 in G4 such that

m2,7l2 = Z Qmy T m1 ot Zﬁkxk

mi1=1

ma2,n2

where 3, € 61 U Gy is not in {ar:m2 nz,w% nys TB m,...,:f;}whnl} and there exists an index

k1€ My ={1,2,..., My} such that oy, # 0. For all ¢; € L;, we obtain that

_ 2 l
0= [T21$m2,n2 1(¢),] 1 Z ozmlobg1 my

mi=1
i.e., A™ has a zero column or it has at least two linear dependent columns so that its rank
cannot be Mj.
2.3 The sampling result

Consider the pair of dual Riesz bases for H given by

R M, R M,
U U {‘/Emmnr }nv‘eﬂr a’nd U U {x:;%,nr }nreﬂr (7)
r=1m,=1 r=1m,=1

and suppose that R € N interpolation conditions are satisfied, and each is compatible with
every other (see Definition 1 and Definition 4).
Suppose that the following condition is satisfied, as well:

R L,

ker T C () () kerTo, . (8)

r=14¢,=1
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We show the transform 7' is one-to-one. First, observe that the kernel K can be written

as
R M,

Z Z Z Smmnr m,,n,

r=1m,=1n,€l,

where Sy, n, (t) = (@m,n,, K(t)). Analogously, for ¢, € L, and 1 < ¢ < R, the kernel K,

can be expanded as
R M,

7N
K ) =2 2. D St (O,

r=1mr=1n,€l,
Suppose that « € H verifies Tx = 0. Then, for all ¢ € {1,2,..., R} and ¢, € L4, we have
that
Jeo, =T,z =0
and therefore, for p, € I,

R M,

0= fo,(t53) = (2. K0, (82)) = (.30 3 3 St (85, ) -

r=1m,=1n,€Il,

Thus, compatibility implies

< Z Z qu,nq tpq>xmq,nq>a

mg=1 ng€lly

and by using the q—th interpolation condition, we have

My
_ Pq *
< Z CLeqqu mqqu> B Z afqqu <x’$mqqu> ’ 1< Bq = Lq'
mg=1 mq=1

Thus, we have a homogeneous linear system with L, equations and M, unknowns whose
unique solution is the trivial one. Consequently, we obtain that <x,xfnq7pq> = 0 for all
q €1{1,2,... R}, mg € My and p, € I,. Since {z, , 1 <r <R m, €M, n.€l}isa
Riesz basis, z = 0. Observe that the following sequences

R M, R M,
U U {Smen, tner, and U U {S:;@T,nr}nrellr (9)
r=1m,=1 r=1m,=1

are dual Riesz bases of H.
If we do the same for any « € H such that f = Tz, we obtain the consistent linear

system
Mq
14
feq (tp(‘ll) = Z ai;lamq <x’x:<nmpq> ) 1 S Eq S LQ’
mg=

which has a unique solution. For each p, € I; we can find a choice function v, such that

Ap ¢ is regular. Thus, we can write the coefﬁc1ents <J} xm Pa > with respect to the samples
q

e, (tpq) by means of

:
((e.aty,) (wws,) - (@aig,,)) = (A% )
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where FSZ is obtained from the vector
q

= (A RE) o ) "

by using the choice function v, .
Now, expanding f by using the Riesz basis given by {S,,
into account that 7' is an isometry, we have that

FO=3"3" 5 (S Ve S (1)

tnyp €1 } ’_; and taking

Ty

where F"r is given by (10) and

T

Snr (t) = (Slynr (t) S2>n'r (t> e SM’I‘,”T (t)) ) (11)
which is just the sampling formula we are looking for. Convergence is, as we know, in the
H-norm sense and, also, absolute in Q and uniform in those subsets of ) where || K (t)| is
bounded. Consequently, we have proved the next result:

Theorem 2 Consider the dual Riesz bases given by (7). Suppose we have R € N interpo-
lation conditions of types (Ly, M), where 1 < r < R, each two of them being compatible (in
the sense of Definition 4). Assume condition (8) is satisfied. Then, the sets in (9) are dual
Riesz bases for Hi and for each set of A" -reqular choice functions {wm, M, — L, | n, €
I,,1<r< R}, we have that any function f € Hi can be recovered from its samples

{fo.@ter)in, €L, £ € Lr}fz1

by the following sampling formula

-y Y ) ) ] s, o,

r=1n,€l,

where F™ and Sy, are given by (10) and (11), respectively. Convergence is absolute and,
also, uniform in those subsets of Q where ||K(t)|| is bounded.

Notice that the number of transforms we have for each interpolation condition of type
(L, M) is M at least. However, it is not important how many of them we have at most. In
fact, only the possibility of finding a regular choice of rows of A™ is needed. Thus, if L is
a finite or infinite set of indices, we have an interpolation condition of type (cardL, M) if
there exist some points {t : n € I}e such that, for any fixed £ € L and m € M,

an,n(ti) = G’Zm5n,k , nkel,
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holds, and for each n € I there exists an A"-regular choice function 1), where
A" = (GZI a?g Ce aZM)ZEL

represents a function from L into CM for each n € I. If these more general interpolation
conditions are used, Theorem 2 still remains valid.

3 Sampling by using linear operators in H

Let H be a separable Hilbert space. Consider two dual Riesz bases of H written as

{zintniy U{zenlni U U{zmntnly

{xin}zozl U {x;n}zozl U---u {xy\/l,n}%ozl )
where M € N. Given a kernel K :  C R — H, we define the linear transform 7" as in
(1). Suppose we have a family of bounded linear operators {Ly : H — H},ca. Related to
f =Tz € Hi we define the functions f(t) := (Lyz, K(t))y, where A € A. For any fixed
n € Nand 1< m < M, we denote S}, (t) := (Lamn, K(t))y and, for any n € N, we write
S (t) = (T, K(t) )y

In the sequel, we assume that x € kerT implies Lyz € kerT for all A € A (which
occurs when 7' commutes with Ly for all A € A), and that there exists a family of sequences
{{tﬁ}keN t A€ A} C Q such that Sfm(tz) =al ,,0nk forn,k € N, 1 <m < M and X € A.
For each n € N, define the function
A: A — CM
A (aﬁ’l,af\lz, = -7‘1§,M)

and suppose that there exists a sequence {1, : M — A}, cn of A"-regular choice functions.
Then, the following result holds:

Theorem 3 Under the hypotheses as above, any f € Hy can be recovered from its samples
{{fA(tf‘L)}neN tAE A} by means of the sampling formula

r =S (Fp)" [(Agn)*lfgn(t), teq,

neN

where F™*(X) := fi(t)) and Sy(t) = (S1a(t) Son(t) - SM’n(t))T. Convergence is ab-
solute and uniform in subsets of Q where | K(t)| is bounded.

Proof: Defining K (t) := Ly[K(t)] for A € A, where L} denotes the adjoint operator of Ly,
we have

Sa@) == Th(2)[t] = (Laz, K(t))y = (2, KA(t))y, te€Q.
If x € kerT then, by assumption, Lyx € kerT for all A € A, ie., 0 = <L)\LU,K(t)>H =
<m, KA(t)>H for all A € A. As a consequence,

kerT C ﬂ ker T}, ,
AEA

and Theorem 2 implies the desired result. |
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4 Some illustrative examples

In this section we go back to our anomalous example in order to handle it into the new
setting. We also give another example which involves two interpolation conditions of type
(2,2).

4.1 The introductory example revisited

Consider the orthonormal basis of L?[—, 7] given by

T R e )

— —— cosnzx — sinnz

2w ﬁ n=1 ﬁ n=1

and the kernels K (t) = K(t) = costx + sintz, Ka(t) = costz — sintz and K3(t) = costx.
Notice that, if ¢ € L*[—m, ], we obtain that (¢,cos(tz)) is an even function of ¢ and that

<¢,Sin(ta:)> is an odd one. Consequently, ¢ € ker T implies that T3¢(t) = <¢,Cos(tac)> =

7<¢,sin(t;v)> is both an odd and an even function of t. Thus, T is injective and trivially
{0} = ker T C ker T Nker Ty N ker Ts.
Sampling functions are given by

So(t) = <\/127T,K(t)> — Vamsinct
Sp(t) = <\/1E cosnx,K(t)> = W (n € N)
T,(t) = <\/1% sinna:,K(t)> = W (n € N)

Easy calculations show that S} = S2 = §3 = G, that T2 = 0 and that —T2 =T} =T,
for n € N and S} = S2 = S3 = Sp. Thus, we have two interpolation conditions of types
(3,1) and (3,2), respectively. The first one verifies that:

sym\ (Ve
$2(m) | = | Var | dom meNU{0},
sim))  \var

and the second one, that:

Sy(m) T, (m) VTV
S2(m) T2(m) | = —/7 | Opm m e NU{0},
S3(m) T3(m) 0

n

3

BE

so we have a couple of compatible interpolation conditions.
We define f(t) := (F,K(t)) and f(t) := (F, Ky(t)) for k = 1,2,3 and F € L*[—x,7].
Finally, Theorem 2 yields the following sampling result:

Corollary 4 Any function f defined as
1 ™

f(t):ﬁ 3 F(z)[costx +sintx]de, teR,
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where F € L*[—m, 7], can be recovered from the samples f(0) and {fx(n)}>,, k = 1,2,3,

of its related functions f1, fa, f3 by means of the following sampling formula:
f(t) = f(0)sinct + \/17? g [G1(n)Sy(t) + Go(n) T (t)], tER,
where (G1(n) G2(n)) is any row of the matriz
fs(n)  f3(n) = fa(n)
fs(n)  filn) = fz(n) | . (12)

fo(m)+f1(n) fi(n)—fa(n)
2 2

Convergence is absolute and uniform in subsets of Q where || K (t)|| is bounded.

This result allows us to recover any classical band-limited function to [—m, 7| by means
of the samples of the related functions f1, fo, f3 since band-limited functions can be written
as

)[costx +sintzldr, teR,

0= [ F@

where F € L?[—7,7]. Notice that the above integral representation involves the Hartley
transform of F' (see [16]).

4.2 Another example

In this example, we use two compatible interpolation conditions of type (2,2). To this end,
consider {n, yn o2 U{Zpn, Un}5>,, a Riesz basis for H whose dual Riesz basis is given by
{232, U {F%,751°°,. Suppose we have five kernels K, K1, Ky, K1, Ky each of them
defining a transform as usual: f(t) = (Tx)[t] := (x, K(t)), f;(t) = (Tz)[t] == (z, K;(t)),
and f;(t) = (Tjz)[t] := (x,K;(t)) where t € Q, = € H and j € {1,2}, denoting a tilde
over an element that 1t is related to the second interpolation condition. Assume that the
following condition holds:

kerT' C ker T7 N ker T N ker fl N ker fg .

Denote

Sni=Txy, T,:=Ty,,

Sp i=Txy, j:’n = Tyn,

and suppose there exist sequences {s,}>2 1, {tn}02, {sn}22, and {fn}le such that

(Ta@n))om) (Talg))sm)) _ (abs als) s _ 4
(BN o) = (e, oh2) dmn = A"

for the first interpolation condition, and

Q@E))sw) QG _ (@1 @) i
((Tz(zn»(tm) (Tz(g?n))(tm)> - (au 532) S =t A0y,
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for the second one, being the matrices A™ and A" invertible. For these interpolation condi-
tions the compatibility condition reads:

(T2(2))Gm)  (T3(yn)) (Bim) _((Tl(fn))(sm) (Tl(ﬂn))(sm)>_<0 0>
(Ta(n))(Em)  (T2(yn)) (tm) (12(%n))(tm)  (T2(Yn)) (i) 0.0/

Finally, as a consequence of Theorem 2 we deduce the following sampling result for the
preceding compatible interpolation conditions:

Corollary 5 Any function f in the Hilbert space Hy can be recovered from the sequences of

samples { fu(s0) 13y, {fo(tn)}r, {1 ()} and {fa(B)}32, by means of the following
sampling formula

+ fZ(tn)

n n n n n n n
1,109 — A1 209 1 A1,1Q22 — A7 2091

£ = 30 [l B2 BT aTnll) 2 a50)

n=1

=, =, 2\ln = =, P P
n n n n n n
— a1 1“2 2 — Q1202 ay1099 — A7 2091

Z{ a2 25 (t) — 55,1Tn(t) + R )ahﬁz(t} —5?,2§n(t)} .

The convergence of the series above is absolute and uniform in subsets of Q where | K (t)]|
s bounded.

4.3 A comment on the choice of the samples

Theorem 2 allows us to combine several interpolation conditions whose types are not neces-
sarily equal. Corollary 4 gives a sampling formula for the example of subsection 1.1 which
shows some advantages of our approach. Indeed, for each n € N, we can choose any row of
the matrix in (12). Thus, if the samples of fo are lost for n € N C N, we can still recover f
by using the second row of that matrix for n € N.

On the other hand, fixed n € N, the rows of (12) are obtained as solutions of a consistent
linear system with three equations and two unknowns, so we can choose any two of them
in order to solve the system. This means that every row of (12) is equal to every other.
As a consequence, we can choose any element of the first column and any element (not
necessarily in the same row) of the second one. This remark allows us to avoid cancellation
errors by choosing the appropriate elements of (12). For instance, suppose we have that
fi(no) fa(np) > 0 and that fi1(no)fz(ng) < 0 for ng € N. Then, we can choose the third
element of the first column, %[ fi1(no) + f2(no)], and the second element of the second one,

fi(n) — f3(n).
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