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Abstract

In this paper we investigate approximation from shift-invariant spaces by using generalized sampling formulas. These sampling
formulas involve samples of filtered versions of the function itself. The considered systems include averaging samplers, and clas-
sical sampling of the function and its derivatives. Under appropriate hypotheses on the generator ¢ of the shift-invariant space
and on the involved systems, we derive stable generalized sampling formulas in a shift-invariant subspace of L? (R"). From these
generalized sampling formulas we construct approximation schemes valid for smooth functions. The approximation order depends
both on the order for which the Strang—Fix conditions are satisfied by ¢, and on the largest order of the derivatives appearing in the
systems if any.
© 2007 Elsevier Inc. All rights reserved.
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1. Statement of the problem

As pointed out in [20] by Lei et al., there are many ways to construct approximation schemes with shift-invariant
spaces. Among them, they cite cardinal interpolation, quasi-interpolation, projection and convolution (see also Refs.
[1,8,11,14,16,17,24]). In this paper, an approximation scheme is proposed by using generalized sampling formulas.
Our aim is to provide a method to approximate a smooth function from samples of some filtered versions of the
function itself. For example, approximating a function f from a sequence consisting of samples of f, its derivatives,
and/or of the convolution f * h, where the function h reflects the characteristics of the sampling devices.

For 1 < p < 00, the shift-invariant space V(f is the closed subspace in L”(R") generated by the integer shifts of
a single function ¢ € L?(R"), i.e., Vf = Spanz»rn{@(- — o): a € Z"}. Shift-invariant spaces are important in a
number of areas of analysis. Many spaces, encountered in approximation theory and in finite element analysis, are
generated by the integer shifts of a function ¢ (see, for instance, Refs. [9,10,18,22]). Shift-invariant spaces also play
a key role in the construction of wavelets [19].
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An important particular case is the shift-invariant space V(f with stable generator ¢ € L2(R"), i.e., the sequence
{¢(- — @)}qezn is a Riesz sequence in L?(R"). In this case, V(p2 ={f) =) gepn ot —a): {ag} € (7).
Nowadays, sampling theory in shift-invariant spaces is a very active research topic since an appropriate choice for the
generator ¢ (for instance a B-spline) eliminates most of the problems associated with the classical Shannon’s sampling
theory, where the generator ¢ is the sinc function (see, among others, Refs. [2-4,27]).

Concerning generalized sampling, suppose that s linear time-invariant (convolution) systems 7', j =1,2,...,s,
are defined on the shift-invariant space V(f . In the mathematical terminology we are dealing with (continuous) op-
erators which commute with shifts. A generalized sampling formula in ng is a sampling expansion which allows to
recover any function f € V(pp from the generalized samples {7 f (ro)}oczn, j=1,2,....5» 1.€.,

S
FO =) (NSt —ra)., 1eR", (1
j=laeZ
where the sampling period r € N necessarily satisfies r" < s, and §; € V(f , j=1,2,...,s, are the reconstruction

functions. For generalized sampling see Refs. [6,13,15,23,25,26]. Under suitable hypotheses on the generator ¢ and
on the systems, we derive in this work a stable generalized regular sampling formula in V(},” . The involved samples
{7, f(ra)}aezr, j=1,2,..,s in formula (1) could be averaging samples and/or samples of f or its derivatives. Whenever
s = r”, there exists uniquely such a formula, whilst s > r” implies the existence of many such formulas. This flexibility
can be used to obtain reconstruction functions with prescribed properties; for instance, with compact support (see Refs.
[13,15]).

From a generalized sampling formula like (1) we can construct an approximation scheme as follows: For a suitable
smooth function f, consider the operator I, formally defined as

(TCH@) =Y > (Vi f)ra)S;t —ra), teR".

j=laeZ

The aim is to obtain a good approximation of f by means of the scaled operator I'* given by I'" := o3, "oy /h» Where
onf = f(-/h), h > 0. Thus, the goal is to obtain an estimation of the type \ref— flp= O(h*) as h — 0T, where
1 < p < o0, and k € N denotes the approximation order. This constant £ depends both on the order for which the
Strang-Fix conditions are satisfied by ¢, and on the greatest order of the derivatives appearing in the systems 77, if
any. All these steps will be carried out in the remaining sections.

2. The shift-invariant spaces Vé’ 1<p<x)

We start this section by introducing some notations and preliminaries used in the sequel. We denote by C(R"),
Co(R™) and Cp(R") the space of continuous functions on R”, the space of continuous functions on R” vanishing at
oo and the space of continuous bounded functions on R", respectively. For 1 < p < oo, LP (R") denotes the classical
Lebesgue space. We denote by £7(Z") (1 < p < 0o) the space of pth power summable sequences on Z", by £°°(Z")
the bounded sequences, and by co(Z") the space of sequences on Z" vanishing at co.

Given a Lebesgue measurable function ¢ : R" — C, set

P I/p
|¢|I’::< [ <Z|¢(t_05)|) dl) when 1 < p < 00,

[0,1) aeZ

|ploc:= sup Y [pt —a)].

te[0. 1y aeZt
For 1 < p < 00, let
LP(R") :={f:R" — C measurable: |f], <oo}.

Equipped with the norm | - | ,, £7(R") becomes a Banach space. These spaces are profusely used by Jia and Micchelli
in [19]. See also the classical paper by Benedek and Panzone [7].
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< o0. This shows that L7 (R") C LP(R") and

Clearly |¢]1 = ll¢ll1, lpllp < 18] and [¢],y < @]y for 1< p' < p
p’ < p < o0o. Observe that if there are constants C > 0

LX@RY) C LPRY) C LPR") ¢ LYR") = LY (R") for 1 < p/ <
and § > O such that

lp()] < teR",

c
L+ e e

then ¢ € L% (R").
Given a function ¢ € LP (R") and a sequence a € £°°(Z"), the semi-discrete convolution product is defined by

¢ a:= Z a(@)p(-—a).

aeZ"
In [19] we can find the following useful inequalities (see Theorems 2.1 and 3.1, respectively):
o Ifp e LP(R") (1 < p < o00)then
¢+ alp <lglplalli and [Ip* all, <|plplallp. 2
e If f e LP(R) (respectively f € LP(R"))andhe LI1R") (1< p<oo,1/p+1/g=1)then
Hhs f@)},cpml, <INlglfl, and  [[{hs f(@)},czml, <INGIAlp 3)

where, as usual, the convolution is given by h* f := fRn f)h(- —x)dx.

p

We denote the Fourier transform of f by f &) := fRn f(t)e 2t g,

Throughout this section p denotes a fixed number satisfying 1 < p < co. First, we state the £7-stable concept as
established in [19]:
Definition 1. We say that the integer translates of ¢ € L7 (IR") are £7-stable if there exists a constant A, > 0 such that

Apllall, <l all, foralla e €?(Z"). 4)

A necessary and sufficient condition for ¢ € L7 (R") to have £”-stable integer translates is that it satisfies

sup |<,5(w +a)‘ >0 forall weR".

aeZ

(See [19, Theorem 3.5]). Notice that this last condition does not depend on p.
Let pr be the LP-closure of the linear span of the integer translates of ¢, i.e.,

V) :=spanpr@n {p@t —): « € Z"}.

If the integer translates of ¢ € L7 (R") are £”-stable, then this space can be expressed as
V(/{’z{gp*’a: aeﬂp(Z")} if 1< p<oo,

or
Vol ={p* a:aeco(Z")} if p=oo.

(See the proof of Lemma 5.1 in [20].) As a consequence, for 1 < p’ < p < 0o we have the set inclusion V(,fj / C V(f .
For more details and properties on shift-invariant spaces in L? (R") see [5].
On the other hand, Zhou and Sun have characterized in [27, Lemma 1] when the shift-invariant space Vg is a space

of continuous functions. In the following theorem we obtain its counterpart for the spaces Vf .
Theorem 1. Let 1 < p,q < oo with 1/p+ 1/q = 1. The following assertions are equivalent:

(a) For each sequence a € P (Z") (a € co(Z") if p = 00), the series Y, cyn a(o)(t —a) converges to a continuous
function on R".
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(b) The function g is continuous on R" and sup, (o 1yn I{@(t — @) }eezr llg < 00.

Assuming that the equivalent conditions hold and that the integer translates of ¢ € LP (R") are €P-stable, the conver-
gence in the L -sense of a sequence in th implies uniform convergence on R".

Proof. Assume first that (a) holds. For any fixed ¢ € [0, 1)"” we have that the series Zaezn la(a)p(t — )| converges
for all a € £P(Z") (a € co(Z™) if p = o0). For each N € N we consider the bounded linear functional

At,N :KP(ZH) —C
a— Z a(@)p(t — o)
le|<N
(As.n:co(Z) — Cif p=o00). Forall a € £P(Z"), we have that
sup‘A,,N(a)| < Z |a((x)<p(t —a)| < 00.
NeN e

Using the Banach—Steinhaus theorem we obtain that, for any fixed ¢ € [0, 1)", the norm || A; x| is uniformly bounded
on N € N. Since || A; N = (Z|a|<N lp(t — a)|9)1/2 for ¢ < 0o, and || A, n| = SUp|g<n |9t — @)| for g = oo, we
have that ||[{¢(t — a)}aeznllqy < 00.

Now, for each r € [0, 1), we consider the bounded linear operator

At :Ep(Zn) —C
a— Z a(a)p(t —a)
aeZ
(A;:co(Z) — Cif p=00). Since, for each a € £7(Z") (a € co(Z") if p=00), (¢ a)(t) =D ey ale)(t — a)
is a continuous function on R”, we have that

sup |Awal= sup |(¢* a)(t)| < oo.
1€[0, 1y 1€[0,1)"

Therefore, using again the Banach—Steinhaus theorem we have that

sup (1Al = sup [{e(t =)}, cz, < oo
t€[0,1)"

tel0,1)"

which proves (b).
Assume now that (b) holds and let a € £7(Z") (a € co(Z") if p = 00). For each N € N, we have

1/p
5 ( » ra<a>v’) supl o6~ ), oz

la|>N

> al@et —a)

|la|>N

(

Then ), 7 a(a)@(t — ) converges uniformly on R”. Therefore, since ¢(r — o), € Z", are continuous functions
on R”, the function (¢ " a)(t) =), czn a(@)@(t — ) is continuous on R”".
Moreover, for any f =¢ %' a € V), we have

|f®] <llallp|[{et — )},

q

> al@et —a)

| <00 ifp:oo).
lo|>N

< t— n
b AL

TG W W) PR

where we have used the stability condition (4). This inequality proves that convergence in the L”-sense of a sequence
in V(pp implies uniform convergence on R”. O

Notice that when p = 1 or p = oo the condition (b) in Proposition 1 can be written as ¢ € Cp(R") or ¢ € L2X(R*)N
C(R™), respectively.
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3. Generalized regular sampling in shift-invariant spaces

Suppose that s linear time-invariant systems 1, j = 1,2, ..., s, are defined on the shift-invariant space V(f . The
aim in this section is to derive stable generalized sampling formulas involving the samples {1 f (ra)}aezr, j=1,2,....s
1.e.,

fO=Y Y (T Ha)St—ra), teR",

j=laezn

where the sampling period r € N necessarily satisfies 7" < s,and S;, j =1,2, ..., s, are the reconstruction functions.
3.1. The reconstruction functions

Let p be a fixed number satisfying 1 < p < oo and assume that the generator ¢ belongs to £7(R"), its integer
translates are £7-stable, and it satisfies the equivalent conditions in Theorem 1.

First of all, we introduce some notation. For a point x = (x1,x2,...,x,) € R" and an n-tuple of nonneg-
ative integers o = (1, a2,...,0,) € Z"" we denote ax := Zzzlakxk. Let Ny := N U {0}. For a multi-index
B =(B1, B2, ..., Bn) € NI, DP stands for the differential operator D := Df' D’;2 ...DP" and 18] = > =118l
for its order. The space C;'(R") consists of all functions f which, together with all their partial derivatives DB f
of order |B| < m, are continuous and bounded on R". The space C}'(R") becomes a Banach space with the norm

I £l ey := maxigj<m sup,egn |DP £ (1)1
We consider s linear time-invariant system 77, j =1, 2, ..., s, of the following types:

(a) The impulse response h; of 7; belongs to £7(R"), where p and g are conjugate exponents, i.e.,

3 H)(0) :=[f*hj](t)=/f(x)h,-(t—x)dx, reRY,
R”

forh; € £L9(R") and g satisfying 1/p+1/g = 1.
(b) The impulse response h; is a shifted Dirac delta, i.e.,

Y N)@):= f(t+cj), teR"

If there is a system of this type, we also assume that ¢ € L (R").
(c¢) The impulse response h; is a linear combination of partial derivatives of shifted deltas, i.e.,

YN0 = Y cjpDPf(t+d;p). teR".
IBISN;

If there is a system of this type, we also assume that D¢ € £L>°(R") N C(R") for |B| < N;.

Any system of type (b) is a particular case of a system of type (c), but for the sake of clarity we treat both cases
separately. We denote by m the largest order among the partial derivatives that appear in the systems of type (c) (m =0
if there are only systems of types (a) and/or (b)).

Let A be the set of the functions of the form f(x) =), a(a)e?™ ¥ with a € £'(Z"). The space A, normed by
Il £1l4 := llall; and with pointwise multiplication is a commutative Banach algebra. If f € A and f(x) # O for every
x € R", the function 1/f is also in .4 by Wiener’s lemma (see e.g. [21]).

Foreach j =1,2,...,s, the sequence {7;¢(c)}yez» belongs to 25Z") (see (3) for systems of type (a); for systems
of type (b) or (c) it is obvious, since ¢ € L (R") or DP¢ € L (R")). The Fourier transform of this sequence, which
belongs to the Banach algebra .4, will play an important role in the sequel. We denote it by

gi(x) =Y (Tip)@)e ™™, xeR".

aeZl
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Let y1, v2, ..., yn be the points of the grid

{(@@m—> mpe{0,1,...,r— 1), k:l,2,...,n}
r

r r
ordered in any form such that y; = (0, 0, ..., 0). For example, they can be ordered according to the sum O < m1+my+
-+ +my, <n(r— 1), and whenever two sums coincide, we can use the lexicographic ordering in (m1, my, ..., my).
Let G(x) be the s x r" matrix
g1x) gilx+y2) - g1(x +yn)
&x) g&+y) - gx+ym)
G(x):= : : : (®))
gs(x) g(x+y) - gx+ym)

The vectors d in the next lemma give the reconstruction functions that we are looking for.

Lemma 1. There exists a vector d(x) = (d1(x), da(x), ..., ds(x)) with entries d; € A, j =1,2,...,s, and satisfying
d(x)G(x)=(1,0,...,0), xe[0, 1", (6)
if and only if rank G(x) = r" for all x e R".

Proof. Notice that rank G(x) = r" if and only if det(G*(x)G(x)) # 0 where G*(x) denotes the conjugate transpose
of G(x). If rank G(x) = r" then the first row of the pseudo-inverse of G(x),

G' () == (G*)GW) 'G*x)

satisfies (6). Moreover, according to Wiener’s lemma the entries of G' belong to A.
Conversely, assume that the vector d(x) = (d1(x), d2(x), ..., ds(x)) satisfies (6). We consider the periodic exten-
sionofdj,ie., dj(x +a) =d;(x),« € Z". For all x € [0, 1)", the matrix

dy(x) dr(x) E ds(x)
- di(x+y) dx+y) - di(x+y2)
D (x):= : : : (N
diy(x +ym) dax+ym) - dg(x + )

is a left inverse of G(x). Therefore, necessarily rank G(x) =r", forall x € [0, )". O

Provided that the condition of Lemma 1 is satisfied, it can be easily checked that all the vectors d(x) with entries
in A, and satisfying (6) are exactly the first row of the matrices of the form

D' (x)=G'(x) + UW)[I — G()G' (x)], (8)

where U(x) is any matrix with entries in 4. Notice that if s = r” there exists a unique vector d(x), which is the first
row of G™!(x); if s > r” there are many solutions according to (8).

Theorem 2. Let d(x) = (di(x), d2(x), ..., ds(x)) be a vector with entries dj € A, j =1,2,...,s, and satisfying (6).
Then, for any f € span{e(- — @)}yeczn the following sampling expansion holds:
S
fO=)_3 (M Ha)Sat —ra), teR",

j=laeZ

where the reconstruction function S;q is given by S;a(t) =r" Zaezn cij[a](p(t —a), t € R", with c?j[oz] =
f[o,l)n d; (x)e¥ i dx, o € 7", the Fourier coefficients of dj, for j =1,2,...,s. The convergence of the sampling
series is in the LP-norm sense and uniform on R".

Proof. For F(x) =), c7n a(a)e 2T ¢ A we define 71,: A— LP(R") as T, F := ¢ %’ a. Notice that (2) ensures
that 7, is a well-defined bounded operator.
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For f € span{g(- — a)}qezn let a = {a(e)} be the finite sequence such that f = ¢ *" a and the corresponding
trigonometric polynomial F(x) =), a(a)e™ 7 5o that T,F = f.Forany j =1,2,...,s and 0 € Z", we
have

(1 Nre) =Y a@) () ra — ) = (F, gje ") 11010 = / F(x)gj(x)e™ " dx.
13 [0,1)"

The sequence {e_2” ir “*lyezn is an orthogonal basis for L?([0, 1 /r)"); in order to recover F from the samples
(7 f)(ra), a € Z", we use the following expression involving an integral on the cube [0, 1/7)",

P P

(Y Hre)=) / F(x)g)(x)e”™ " dx = f D F(x+ g (x4 yi)e?™ ™ dx. )

k=L yet10.1/ry [0,1/ryn k=1
Thus, the samples {(T f)(ra)}qezn, are the_Fourier coefficients of the continuous function ZZ,.: 1 FOe+yo) g (x+w)
with respect to the orthogonal basis {e=277%"},czn for L2([0, 1/r)"). Since {Yj¢(a)}qezr € €' (Z") we have that

{7, fra)}eezr € 2Y(Z"™) (remind that 7 Hra) = Zﬁnitea(u)(’fﬂp)(ra — w)). Therefore, for j =1,2,...,s, we
have

D FGHygix ) =r" Y (Y Hra)e ™, xe[0,1/r)",
k=1 aeZn

By periodicity, the above equality also holds for all x € [0, 1)". Hence we can write

T
Gx)F(x) = r”( Z (11 f)(ra)e=2mirex Z (Tsf)(ra)e_2”imx)

aeZ” aeZ

where G(x) is the s x r" matrix, defined in (5) and
T
F(x):=(Fx+y), Fx+y2), ..., F(x +ym)) .

Multiplying on the left by the vector d(x), and having in mind that we have taken y; = (0,0, ..., 0), we obtain F'(x)
by means of the generalized samples:

Fx)y=r"Y "> (Y f)ra)d;(x)e " xe[0,1)". (10)

j=1aczn

Since {(Y f)(ra)}aez» belongs to 4(Z") and d; € A, the series in (10) also converges in the norm of A. Indeed, for
N eN,

D @iNHeadj)e | < ldilla| Y i Heae T =lidilla Y ()|,
lo|>N A la|>N A la|>N
Applying 7, to both sides of the equality (10), and using that
[Z,dj (e (1) =[Tpdjlt —ra), a€Z’,
we deduce that
N
=33 @i NHeeSjat-—re) in LP(R"),
j=laezZr
where S; g =r"T,d;, for j=1,2,...,5.
The reconstrpction functions S;q, j =1,2,...,s, are determined from the Fourier coefficients of d;, d ila] =
Joay di (x)e>™i¥ dx. More specifically,
Sja®)=r"Y_djlalp(t —a), teR". (11)

aeZl
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The sequence c?j € £1(Z") because the function dj(x) = yem dAj [a]e27i* belongs to A. As a consequence, Siae
V(; C V(f . Hence, the partial sums of the above sampling series are in V(f . Then, as a consequence of Theorem 1, these
partial sums also converge uniformly on R". O

Since d; € A and ¢ € LP(R"), by using (2) we obtain that the above reconstruction functions satisfy:
Sja€LP(R"), j=12,...,s. (12)
The Fourier transform of S; g4 can be determined from d;. Indeed, from (11),
S;a(w) =r"dj(w)g(w), weR".

In the case s = r”, there is a unique vector d(x) satisfying (6), which is the first row of the matrix G 'x)=D"(x)in
the notation of (7). Then, using (9), we obtain that the reconstruction functions S; g satisfy in this case an interpolatory
property, namely:

rh

(Y} Sj.a)(re) =" / > dix 4 gy (x + v d
(0,1/ryr k=1

=34 jr

eZniraxdx: 1, j=j’gndoz=0,
0, otherwise.

[0,1/r)"
3.2. The generalized sampling formula in V(;,’O

We assume the hypotheses in Section 3.1 for p = co. Recall that m stands for the largest order among the partial
derivatives appearing in systems of the type (c) (m = 0 if there are only systems of the types (a) and (b)). Associated
with a vector d(x) = (d(x), d2(x), ...,ds(x)) with entries d; € A, j =1,2,...,s, and satisfying (6), we introduce
the operator I'g, formally defined as

N

(Taf) @)=Y > (Xif)ra)S;alt —ra). (13)

j=laeZ

Lemma 2. For any vector d satisfying (6) with entries in A, there exists a constant K > 0 such that, for each f €
Cm (Rn)
b ’

|(Faf) ()] < Kl flicy forallt e R".

Proof. If the system 77 is of the type (a), then for all f € C}'(R"),

175 £ @] < Al Flloo < Wj I fllcp o € 2.
If the system 77; is of the type (c) (including in particular the type (b)) then for all f € C}'(R"),
Tif@[< X lejpllD flatdip| <M max il flicy. aecZ'
IBISN, =

for some constant M. Since S; g € L>(R") (see (12)), then, for any f € C}'(R"),

N

Faf0] <Y | D@ H@Sat —e)| <Y {7 f @)}, e

j=1laezr j=1

wolSjidloo <Kl flicp. 1€R",

where K is a constant independent of f. O
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Theorem 3. Let d(x) = (di(x), da(x), ..., ds(x)) be a vector with entries dj € A, j =1,2,...,s, and satisfying (6).
Then, for any f € V°, the following sampling formula holds pointwise:

fO=YY (i )re)S;alt —ra), teR", (14)

j=laezn

where the reconstruction function S q, given by (11), belongs to L>*(R") for each j =1,2,...,s. Assuming that ¢,
DBy e Co(R™), | B| < m, and that the impulse responses of the linear time-invariant systems T; have compact support,
then the convergence of the sampling series is also absolute and uniform on R”.

Proof. Let f € V(;X’ and a € co(Z") such that f (1) =) ,czm a(@)e(t —a). For M € N we define
@)=Y al@et—a).
le|<M
From the assumptions on ¢ we have that fi; € C}' (R"). Moreover, for || <m and M > N > 0, we have
IDP(fu— D<) Ja@|[DPot —a)| < sup a(@)|[DP|,, 1eR".
N<la|<M N<|a|<M

Since the sequence a € co(Z"), {fm}5;_, is a Cauchy sequence in the Banach space C'(R"), we deduce that fy
converges in the C'-norm to f as M — oo. In particular f € C;'(R"). Using Theorem 2 and Lemma 2 we obtain
that, for all r € R",

0<|fm@) = Faf )| =|[TaCfu = H]O| <Kl fur = fllep = 0 as M — oo,

and then Ig f(t) = f(¢) forall t € R". This proves that the sampling formula (14) holds pointwise. It remains to prove
the absolute and uniform convergence of the series in (14). Let | 8| < m. Assuming that DBy e Co(R™) we have that
DP fiyr € Co(R™). Since DP fy; converges uniformly to D? f on R”, and Co(R") is a closed subspace in L™ (R"), we
obtain that D? f € Co(R"). From this fact and using that the impulse responses of 7j has compact support (whenever
Y} is a system of type (a)), we obtain that {(Y; f)(ra)}qezn € co(R") foreach j =1,2,...,s. Hence, by using that
S;.a € L¥(R") and the inequality

DS at —ra)| < sup [(Vj£)re)|[Sjalo. tE€R", NeN,
la|>N la|>N
we obtain that the series in (14) converges absolutely and uniformly on R”. O

Observe that, under the assumed hypotheses, in the proof of the theorem we have obtained that:
Ve c Cp(R"). (15)
The reconstruction method in V(f (1 < p < o0) given by formula (14) is stable in the following way: If

(Y ra) — (Y;g)(ra)}ll, is small for f, g € Vé’ and j =1,2,...,s, then || f — gll, is also small. More pre-
cisely, consider A o := (Y f)(ra) — (Y;g)(ra). We have

If—ell,= ZZAMSM( —ra) ZZA,aS,d( —a)
j=laeZ" j=laeZ"
where
~ . 1 I
Ajo = Ajo, ifa _.roz,
0, otherwise.

Hence, denoting AJ- = {Aj,a}an" and Aj ={Aj y}qezn We obtain

s N N
S Siaw Al <Y 1AlpISalp < (121,"-‘22 Sialp) 2 1A,
': p .: SO .:

where we have used that §; g € L2(R") C LP(R"),1 < p < oo, foreach j =1,2,..., s, the corresponding inequality
in (2) and also that ||A ||,, =|Aj|l, foreach j=1,2,...,

If—gllpy=
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4. Approximation by means of generalized sampling formulas

We denote by W};(R”) ={f: ID” fll, < oo, |y| <k} the usual Sobolev space, and by | f|; , := Z|ﬂ|=j ||Dﬂf||p
the seminorm of a function f € WIIJ‘ R"M,0< j<k.
Our approximation results are based on known results about approximation from shift-invariant spaces. For m =0

(there are only systems of the types (a) and (b)) we use the following theorem whose proof can be found in [20,
Theorem 5.2]:

Theorem 4. Assume that esssup;cgn ) _geqn |9t +a)|(1 4+t + al)k < oo for some k € N. If the generator ¢ satisfies
the Strang—Fix conditions of order k, i.e.,

¢0)£0,  DPp(a)=0, |Bl<k, aeZ"\{0},

then, for each f € Wllj (R™), 1 < p < oo, and h > 0 there exists a function &, € o, V(f such that

I&n — fllpy < K|l ph*,

where K is a constant independent of f, p and h.

See [20, Theorem 5.3] for a converse result. For m > 0, we also assume that the generator ¢ has compact support,
and we use the following result by Jia [17]:

Theorem 5. Let ¢ € W,];(R"), where 1 < p<ooand 0< j <k, and ¢ € Ly,R") (1/p+1/q = 1) be compactly
supported functions and let Q be the quasi-projection operator given by

(@N® =D (£, ¢ =) 2 dt — ). (16)
aeZ

If QO = 7 for all polynomials 7w of degree at most k — 1, then
|f = Onfljp KR | fliyp,  feWH(RY),

where Qp, := 0, Q01/p, on f (1) := f(-/h), and K is a constant independent of h > 0, f and p.
4.1. L°°-approximation properties

In this section we assume the hypotheses in Section 3.1 for p = co. In Theorem 3 we have proved that any vector
d with entries d; € A, and satisfying (6), provides a generalized sampling formula for the shift-invariant space V;".
In this section we prove that a scaled version of the sampling formula (14) gives a good approximation scheme
for functions f sufficiently smooth. More precisely, we prove that, under appropriate conditions, if the generator ¢
satisfies the Strang—Fix conditions of order k the operator I'q provides approximation order k — m in the uniform
norm, i.e.,

Irgf = fll,=0(r""™) ash— 0",

where Fdh :=op1go1/5. Recall that m = 0 whenever the involved systems are all of types (a) and/or (b), and m denotes
the largest order among the partial derivatives appearing in systems of type (c).

Corollary 1. Assume that the systems Y, j = 1,2, ..., s, are of the types (a) and (b), and that ess Sup,cgn Y o czn 19t +
o)|(1 4 |t + a|)¥ < oo for some k € N. If the generator ¢ satisfies the Strang—Fix conditions of order k then, for each
feC®)NWE®RY) and 0 < h < 1, we have

| f = T8 fllo < KIflkooh®,

where the constant K is independent of f and h.
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Proof. From Theorem 3 we have that Fdhé =&, for any £ € oy, V(/?o and i > 0. From (15), £ € C}'(R"), and from
Lemma 2, there exists a constant M > 0 such that || Igg|lco < M||g||c,§” for all g € C}' (R"). Thus, Lebesgue’s lemma
[12, p. 30] gives

| r—rafle <k it 16 =l (17)

where K > 0 is a constant 1ndependent of f and h. For m = 0, the above inequality for all f € C,(R*) and0 <k < 1
reads || f — 1"({' flloo € K infgeg, Ve I€ — flloo, and the result follows from Theorem 4. O

Corollary 2. Assume that ¢ is a compactly supported generator in Wé‘o (R™) and k > m. If the generator ¢ satisfies
the Strang—Fix conditions of order k then, for each f € Co(R") N W!;O (R™) and 0 < h < 1, the following inequality
holds:

| = T fll oo < KIf ook,
where the constant K is independent of f and h.

Proof. If ¢ satisfies the Strang—Fix conditions of order k, there exists a compactly supported function ¢ € L' (R")
such that Qm = 7 for all = polynomial of degree at most k — 1, where (Qf)(t) := Y, cpn (f, @(- — o)) 2yt — ).
An example of such a function ¢ can be found in [20, Theorem 6.1]. Notice that for f € Co(R") we have that
{f, (¢ — ) p2gnylaezr € co(Z") and hence Qf € V;)’O. Moreover, from Theorem 5, for j =0, 1, ..., m, we have
that

If = Onfljoo S Kjh | flise. € Wi (RY),
where the constants K, j =1,2,...,s, are independent of f and /. By using Lebesgue’s lemma (17) and Theorem 5,
forany f € Co(R*) N Wé‘o (R™) we obtain

| f-rifl.<cC ccinf N8 = Fllcy < CIQS = fly

_Clglmx ||Dﬁth Dﬁf” CZ|th_f|j,oo
j=1

C|f|kooZK e f<c<Z >|f|kooh" "

j=1 j=1
where the constant C is independent of f and 2. O

4.2. LP-approximation properties (1 < p < 00)

We assume here that all the systems 1, j =1,2,...,s, are of type (a), i.e., T;f =h; x f with h; € LI(R")
(1/p+1/g=1),j=1,2,...,s. Besides, we assume the hypotheses in Section 3.1, and that ¢ satisfies the Strang—Fix
conditions of order k. In this section we prove that || I ({’ f=flp= Oh*yash — 0T for any function f in the Sobolev
space W;f (R™). First, we note that I'q defines a projector onto pr . Indeed, let d(x) = (d1(x),dr(x), ...,ds(x)) be a
vector withentries d; € A, j =1,2,...,s, and satisfying (6). By using inequalities (3) and (2) it is straightforward to
prove that the operator

Fa: (LA p) = (VP W), (Tah)@) =Y > (X f)ra)S;alt —re)

j=laezr

is a well-defined bounded operator onto V(/f’ . Besides, Iqf = f forall f € Vf . Indeed, from Theorem 2, Iqf = f
for each f in span{p(- — a)}qezn. Given f € V(f, let {fam}men be a sequence in span{p(- — o)}qez» such that
| fm— fllp — 0as M — oo. Since

0<|Ifm—Tafllp=1afu—Tafllp <Ilalllfmu— fllp—0 asM— oo,
we obtain that g f = f. Finally, an application of Theorem 4 gives the following corollary:
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Corollary 3. Assume that esssup,cgn Y _gepn |9t +0)[(1 4+t +a )k < oo for some k € N. If the generator ¢ satisfies
the Strang—Fix conditions of order k, then, for each f € Wllﬁ ®R*Y and h >0

| =13 7], < KIflkpht,

where the constant K is independent of f, p and h.

Proof. Using that Fé’é =& foreach & € oy, V(f then, for each f € LP?(R") and & € oy, V(f , Lebesgue’s lemma gives

I =1 ], < (1 iTal) min, 17 &1l

€oy, Vqé’

where we have used that || Fdh Il = ITall- Now, Theorem 4 gives the desired result. O
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