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Abstract

It is well-known the close relationship between reproducing kernel Hilbert spaces
and sampling theory. The concept of reproducing kernel Hilbert space has been re-
cently generalized to the case of Banach spaces. In this paper, some sampling results
are proven in this new setting of reproducing kernel Banach spaces.

Keywords: Reproducing kernel Banach spaces; Semi-inner products; LP shift-invariant
spaces; Average sampling.
AMS: 42C15; 46C50; 94A20.

1 Introduction

A reproducing kernel Hilbert space (RKHS in short) is a Hilbert space H of functions
defined on a fixed set ) such that for each ¢t €  the evaluation functional at ¢, i.e.,
E(f) == f(t), f € H, is continuous on H. The Riesz representation theorem gives a
unique function k£ : 2 x Q@ — C such that

o {k(,t) : t€Q} C H, and

o f(t)=(fik(t))n, t€Q, feH.

The function k is called the reproducing kernel of H. For the theory of RKHS see, for
instance, [4, 24] and references therein; notice that the story of the reproducing kernel
property goes back to a paper of Zaremba [26].

Concerning sampling results in a separable RKHS H, let us assume that there exists
a sequence {t;}jer C € of sampling points, where I denotes an indexing set contained in
Z, such that the sequence {k(-,t;)}jer is a frame for H. In particular, the frame concept
includes Riesz and orthonormal bases. The well established frame theory (see, for instance,
Ref. [5]) says that the frame operator S : H — H, defined by

Sfi=Y (fik( ) k(- t;), feH,
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is bounded, self-adjoint, positive, and invertible. Applying the inverse operator S~ to
both sides of the above expression we obtain, for each f € H, the sampling expansion

t) =Y fE)ST kG )](E), teQ.
jel
The convergence of the series above is absolute, and uniform on any subset of {2 where the
function ¢ — k(t,t) is bounded. Unless for some Riesz and orthonormal bases examples
the reconstruction funtions S~1[k(-, ;)] are not avalaible, in general, in closed form. When
‘H = PW, is the classical Paley-Wiener space of square-integrable functions on R whose
Fourier transforms are supported on [—m, 7], and t; = j, j € Z, the reproducing kernel is
the sine cardinal function k(t, s) = sinc(t — s), and the sampling expansion above becomes
the celebrated Whittaker-Shannon-Kotel’'nikov sampling series

=310 simr{t—J) - eR. (1)

= m(t—j)

For sampling in RKHS see, among others, [9, 22] and references therein.

The generalization of the concept of reproducing kernel in Banach spaces has been
proposed by several authors (see, for instance, [16, 28, 29]). The aim in this work is to give
some sampling results in the light of these new reproducing kernel Banach space theories.
Sampling in Banach spaces is not a new topic in the mathematical literature: see, for
instance, [17] for sampling in Bernstein and Paley-Wiener spaces, and also [1, 2, 3, 13, 16]
for sampling in LP shift-invariant spaces. Next, we briefly introduce the reproducing kernel
Banach space concept as it appears in [28].

1.1 Reproducing kernel Banach spaces

A normed vector space B is called a Banach space of functions on € if it is a Banach
space whose elements are functions on €2, and for each f € B, its norm ||f||p vanishes if
and only if f, as a function, vanishes everywhere on €. Thus, the Lebesgue space LP[0, 1],
1 < p < o0, is not a Banach space of functions as it consists of equivalent classes of
functions with respect to the Lebesgue measure.

Having in mind the definition of RKHS, one could define a reproducing kernel Banach
space (RKBS in short) as a Banach space of functions on 2 such that the point evaluations
are continuous linear functionals. If such a definition was adopted, then the Banach space
(C10,1], [|]loc) of continuous functions on [0, 1] equipped with the maximum norm satisfies
the definition. However, since for each f € C[0,1], f(t) = &(f), t € [0, 1], the reproducing
kernel for C[0, 1] would have to be the delta distribution, which is not a function that
can be evaluated. This example suggests that there should exist a way of identifying the
elements in the dual of an RKBS with functions. Recall that two normed vector spaces
are isometric if there is a bijective linear norm-preserving mapping between them, and we
say that each one is an identication of each other. We would like the dual space B* of an
RKBS B on ) to be isometric to a Banach space of functions on 2. In addition to this
requirement, later on we will find it very convenient to go from a Banach space to its dual.
For this reason, we would like a RKBS B to be reflexive in the sense that (8*)* = B. Thus
we give the following definition [28]:

Definition 1 A reproducing kernel Banach space on ) is a reflexive Banach space B of
functions on ) for which B* is isometric to a Banach space B of functions on 2 and the
point evaluation is continuous on both B and B.



As pointed out in [28], the identification B of B* is not unique; we will refer to the dual
space B* of a RKBS B as its chosen identification. It has been proved in [28] that there
exists a reproducing kernel for an RKBS as defined above. To this end, we introduce the
bilinear form on B x B* by setting

(u,v*)B =v"(u), uebB, v*eb".

Notice that as B is a reflexive Banach space then for any bounded linear functional 7" on
BB* there exists a unique u € B such that T'(v*) = (u,v*) ; for each v* € B*. The following
result holds [28, Th. 2]:

Theorem 1 Suppose that B is an RKBS on Q. Then there exists a unique function
k:Q xQ — C such that the following statements hold:

(a) For every t € Q, k(-,t) € B* and f(t) = (f,k(:,t))z for all f € B.
(b) For every t € Q, k(t,) € B and f*(t) = (k(t,-), f*) 4 for all f* € B*.
(c) The linear span of {k(t, ) : t € Q} is dense in B.

(d) The linear span of {k(-,t) : t € Q} is dense in B*.

) = (k(t,) k(- 9) -

The function k& in Theorem 1 is the reproducing kernel for the RKBS B. This repro-
ducing kernel is unique. However, as showed in [28], different RKBS may have the same
reproducing kernel: For 1 < p < oo, the Paley-Wiener classes

B,:={fe€CR) | supp f C [~1/2,1/2] and f e LP[-1/2,1/2]}

(e) For allt,s € Q, k(t,s

with norm | f||5, := ||f||Lp[_1/271/2] are RKBS (not isomorphic), and they all have the
sinc function k(t, s) = sinc(t — s) as the reproducing kernel. In other words, although we
have at hand a reproducing kernel k, we can not determine the norm on B. Also, the
reproducing kernel for a general RKBS can be an arbitrary function on €2 x 2 which, in
particular, might be non-symmetric or non-positive definite [28, Prop. 5]. In order to have
the reproducing kernel of a RKBS the desired properties of those of RKHS, we impose
certain structures on RKBS, which in some sense are substitutes of the inner product for
RKHS. For this purpose, we shall adopt the semi-inner-product introduced by Lumer [21]
(see also [14]). A semi-inner-product possesses some but not all properties of an inner
product. Some Hilbert space arguments and results become available in the presence of
a semi-inner-product. Next, we briefly introduce the notion of semi-inner-product RKBS
as in [28]:

1.2 Semi-inner-product reproducing kernel Banach spaces
Let B be a Banach space. A semi-inner-product on B is a function

[,]: BxB — C,
such that (see, for instance, [14, 21]), for all z1,z2,23 € B and a € C:

1. [IL‘1 + I'Q,xg} = [:El,:L'g] + [1‘2,1‘3] ,



2. [axy, x2] = afz1, 2] and [z, axs] = @[z1, 2],
3. [z1,21] > 0 for all z1 #0,
4. |[z1, 22)|? < [z1, 71][72, 2] -

The difference between a semi-inner-product and an inner product is the conjugate
symmetry and, as a consequence, a semi-inner-product is not additive in the second vari-
able. Every normed vector space B has a semi-inner-product that induces its norm [14, 21],
i.e., ||lz||s = [z, x]'/? for each z € B. In general, a semi-inner-product for a normed vector
space may not be unique; however, if the space B is uniformly Fréchet differentiable we
obtain the uniqueness of the semi-inner-product (see [28] for the details). Recall that the
space B is uniformly Fréchet differentiable for all x,y € B with x # 0,

e+ tylls ~ el

teR t
t—0

exists and the limit is uniform on S(B) x S(B) where S(B) := {z € B: HCBHB =1}.
Assuming also that the Banach space is uniformly convex we obtain a Riesz represen-

tation theorem [14]: For each f € B* there exists a unique x € B such that f = z*. In
other words,

fly)=ly,xz]p forallyeB.

Moreover, || f|lg+ = ||z||s- Recall that B is uniformly convex if for all ¢ > 0 there exists
0 > 0 such that Hx + yHB < 2—9¢ for all z,y € S(B) with Hac — yHB >e.
Notice that if B is uniformly convex then it is reflexive (see [23, p.410]) and strictly
convex, i.e., for every x,y € B with x # y and HxH = HyH =1, we have that H:U + yH < 2.
For 1 < p < oo, the classical LP(I), where I denotes any interval on R, and ¢’(N)
spaces are uniformly convex and uniformly Fréchet differentiable Banach spaces. Their
semi-inner-product are given, respectively, by

foali= ™ [ 1O5@laOr2de and (o.5)s = o] P Gyl
n=1

Following Ref. [28], we define a semi-inner-product reproducing kernel Banach space
(hereafter s.i.p. RKBS) on 2 as a uniformly convex and uniformly Fréchet differentiable
RKBS on Q.

An RKHS is an s.i.p. RKBS. Also, the dual of an s.i.p. RKBS remains an s.i.p. RKBS.
An s.i.p. RKBS B is by definition uniformly Fréchet differentiable. Therefore, it has a
unique semi-inner-product which represents all the interaction between B and B* . This

leads to a more specific representation of the reproducing kernel. Precisely, we have the
following result [28, Th.9]:

Theorem 2 Let B be an s.i.p. RKBS on Q and k its reproducing kernel. Then there
exists a unique function G : Q x Q@ — C such that {G(t,-) : t € Q} C B and

f@)=1[f,G(t, )]s foral feB, tef.
Moreover, there holds the relationship
k(- t) = (G(t,-)", teQ

and
f*(t):[k(t7)7f]3 fOT'alleB, tGQ



We call the unique function G in the Theorem above the s.i.p. kernel of the s.i.p.
RKBS B. It coincides with the reproducing kernel k when B is an RKHS. In general,
when G = k in Theorem 2, we call G an s.i.p. reproducing kernel. An s.i.p. reproducing
kernel G satisfies that G(¢,s) = [G(t,-),G(s, )]s, t,s € €.

2 Sampling in a s.i.p. RKBS induced by a Banach space
valued kernel

Consider a separable complex uniform (i.e., both uniformly Fréchet differentiable and
uniformly convex) Banach space B and denote by [, ] the unique compatible semi-inner
product on B. Notice that its dual B* is also uniform [6].

Let X4 be a BK-space on N, i.e., a Banach space of sequences ¢ = {¢;, }nen € CN such
that the linear functionals ¢ +— ¢, are continuous on X, for n € N. It is known [20] that
its dual space X is also a BK-space such that the series )7, ¢,d, converges for every
c € Xgand d € X;. We suppose that if the series above converges for every ¢ € Xy, then
d € X} and if it converges for every d € X, then ¢ € X;. We also assume that X is
reflexive, and that the sequence of the canonical unit vectors {9, }72 ; is a Schauder basis
for both X and Xj. An example of such BK-spaces is Xq = P(N) for 1 < p < oo; in this
case, X = (4(N) with 1/p+1/q = 1.

Let {z}}22, C B* be an X-Riesz basis for B*. Remember that this means that
1. span{z} : n € N} =B
2. Y 0 cpx) converges in B* for all c € X .

3. There exist 0 < A < B < 0o such that

[e.e]

> e,
B

n=1

AHCHX; <

) §BHCHX; forallce X . (2)

By [29, Th. 2.15], there exists a unique (dual) Xg-Riesz basis {y,}5°; for B such that
[Ym, Zn]B = Omn for m,n € N, and satisfying the expansions:

o o
x = Z[m,xn}lg Yy, forallz € B and 2" = Z[yn,x]g x, forall z* e B*.  (3)
n=1 n=1

If the spaces X4 and X possess the additional property that for all ¢ € X4 and d € X
the series > 7 | ¢,dy, converges absolutely, then the expansions in (3) are unconditionally
convergent, i.e., independent of the summation order (see [29, p.7]). In particular, it is
true for ¢P-Riesz bases due to Holder inequality.

Following the steps in [28, Th.10], in the next Section we give a s.i.p. RKBS with
explicit s.i.p. reproducing kernel where a sampling theory holds. It is the Banach coun-
terpart of the sampling theory given in [11, 18] for the RKHS introduced by Saitoh in
[24].



2.1 A sampling theory in Bg

Consider a B-valued function K : 2 C C — B and define, for each x € B, the function

fz: @ — C
z — [2,K(2)]5

Then, we have a linear transform 7x on B with values in C such that Tz = f,. Indeed,
for z,y € B and A\, u € C, we have

Pratpy(2) = Az + py, K(2)]s = Mz, K(2)] + ply, K(2)]s = Afa(2) + pfy(2)

for all z € Q).
Having in mind (3), for each z € 2, we can write

o0

[K(2)]" = lyn. K(2)]25, .

n=1

We denote Sy, (2) := [yn, K(2)|8 = fy,(2). Suppose that there exists a sequence {z,}5>
in @ and {a,}>2, in C\ {0} such that the interpolatory condition

Sn(zm) = anén,m7 (4)

holds. Then, we have that [K (zm)]* = apx;, and that 7x is one-to-one. Indeed, if
fz(z) =0 for all z € Q,

0= folz) = [z,K(2)]5

o9 00 o
= [Z[:Evl:n]l?ynv :| Z x, xn ym Z x, l’n BS
n=1 n=1 n=1

where we have used that x — [z,y]p is a continuous functional for any fixed y € B.
Evaluating in z,, for m € N, we have that [z, z,,]g = 0 for m € B. This implies that x = 0
and then 7 is one-to-one.

Denote Bg := rg(7k), the range of the operator Tx. If we define foHBK = HxHB
we obtain that B is a Banach space of functions defined on 2 and valued on C. More-
over, [fz, fylBx = [z, y]|p defines a compatible semi-inner product on Bg. The space By

becomes a s.i.p. RKBS whose s.i.p. reproducing kernel is given by
B(zw) = [K(2), K ()]s, 2we Q.
Indeed, for each z € €2, the evaluation functional &, : Bx — C is continuous:

E:(fa) = fo()] = [z, K25l < [J2]| g K (=) [ 5 = 1K G| gl foll s,

Observe that, by definition, k. := k(z,-) = fx(.) € Bk for all z € Q. Hence we deduce
that

fu(2) = [, K(2)|8 = [fo, kzlBi = [fa k(2 )]y »

being k is the s.i.p. reproducing kernel for Bg. See [28, Th. 10] for more details.
Note also that convergence in the norm of By implies pointwise convergence and

uniform convergence in subsets of 2 where the function z — HK (z)HB is bounded.

6



Proposition 1 For every z € 2, the sequence {Sn(z)}zozl

is an element of X.

Proof. Consider ¢ € Xy and z € Q. We must prove that > >, ¢,S,(2) is convergent.
Indeed, by using that, for each z € B, the mapping = — [z, z]p is a continuous linear
functional on B, and {y,}7>; is an X -Riesz basis for B,

|3 )| = | S el K| = | [ o K1)
n=1 n=1 n=1

IN

|K @l X2 envn|,, < BIEE)]sllel,
n=1

O

Theorem 3 (A Kramer-type sampling theorem for Bx) Suppose that, for each z €
Q, we have the expansion [K(2)]" = 320°, Sp(2)ak, where {1}, C B* is an X}-Riesz
basis for B* and Sy(z) = [yn, K(2)|B, being {yn}>>, the dual X4-Riesz basis for B of
{x}0° . Assume also the existence of sequences {zpm}oo_y C C and {an}o0_; € C\ {0}
such that the interpolatory condition (4) holds. Then, the sequence { Sy} is an X4-Riesz
basis for Bx and, for each f € By, we have the sampling expansion

Ln(z) , z€Q.
a

n

f(z) = Z f(zn)
n=1

The convergence of the series above is in the norm of By, and uniform on subsets of 2
where the function z — HK(z)HB s bounded.

Proof. First, we prove that the sequence {S,,}7°; is an X-Riesz basis for By.

1. Consider z € Q and z € B. Then

M8

fol2) = [0, KG)]s = [ Yl anlsyn K(2)] | =

n=1 n

[$7 xn]B Sn('z) )
1

hence, span{S,}>2, = Bk.

2. Let ¢ be in X4. As Tk is an isometry and {y,}5° ; is an Xy4-Riesz basis for B,

n=1
%) )
sl |
s, =3 e
n=1 n=1

and thus it is convergent for all ¢ € X§.

B Y

3. As Tk is an isometry, for every c € Xy,

0
B
n=1

o0
Alelx, < || envn 5 < Blellx,
n=1



Now consider m € N. We have that

o0

fx(zm) = [$7 K(Zm)]B - Z[xawn][j’ Sn(zm) = am[xa fEm]B .
n=1
Thus,
fx(z)—Z[x Zn)B Sn( fo
n=1

in the norm of By . The pointwise and uniform convergence comes from the fact that By
is a s.i.p. RKBS. 0

The above result generalizes the classical Kramer sampling result (see, for instance,
Refs. [17, 27]).
2.2 Average sampling in the space By

Consider an Xj-Riesz basis for B* expressed as {27, nen U -+ U {2}, }nen; denote as
{y1.n}nenU- - - U{ynrn tnen its dual Xy-Riesz basis for B. For 0 < ¢ < L, consider functions
Ky : Q — B and define, for each = € B, the functions

foo(2) =[x, Ki(2)]g, 0<L<L.

Thus we have L + 1 linear transforms 7; : B — C% such that Tpx = fog for 0 <4 < L.
Assume that M < L and that, for each z € €2, we have the expansions

co M
=3 Y S ()., 0<E<L,

n=1m=1

where S, . (2) = [Ymn, Ke(2)]5 = frymn(2)-
Suppose that there exist L sequences {zn} °,in Q, with ¢ € {1,2,..., L}, such that

Stn(2k) = 70k, nk €N, (5)

where 1 <m < M, 1 </ < L and the coefficents azm are complex numbers such that the
matrices

n n n
a1 Q1o o Ay
a/n an .« .. a/n
21 Q22 2,M
A= o ) e CtxXM (n € N) (6)
n n n
ar1 Gro " Apng

have full rank for n € N, i.e., rank(A4,) = M for every n € N.

Suppose the compability condition: ker 7y C ﬂé’zl ker 7, which implies that the map-
ping 7y is one-to-one. Indeed, if 7ox = 0, then 7y = 0 for any ¢ € {1,2,...,L}. Hence,
for every z € Q we have

O:%'x(z):f&x() [l’ KZ B—[szl‘mnBymnaK()}B

n=1m=1

oo M
—ZZ«Txmn ymmKE ZZZ'xmnBS ()’

n=1m=1 n=1m=1



where we have used that x — [z, y]s is a continuous functional for each y € B. By using
(5), we have, for each n € N, the linear system

M
> ap e emals =0, (1<C<L).

m=1

As the matrices A, have full rank, we conclude that x = 0 (see (3)). If = € B, then we
have proved that

M

ZamxxmnB—fZ( ) (1§€§L)7

m=1
where {f7(25)}52; denotes the sequence of samples of the function fo(z) = [z, K¢(z)] P
z € . Notice that this system is consistent. As the matrices A,, has full rank for every
n € N, we always can choose a regular M x M submatrix ALM] of A,, for obtaining the
coefficients [z, zy, »]p in terms of the samples. Thus we have proved the following result:

Theorem 4 Suppose that ker Ty C ﬂ£L=1 ker 7y and that the matriz A, given in (6) has
full rank M for all n € N. Then, each function f € By, can be recovered from the L
sequences of samples { fo(25)}15%,, 1 < € < L, by means of the following sampling formula

- ign(z)T(ALM])_an, z€Q, (7)
n=1

where Fp, := [f1(2}), .. .,fL(zﬁ)]T and Sy, (z) = [S&l(z), . .,S&M(z)]T. The convergence

of the series in (7) is uniform in subsets of ) where the function z — HK(Z) is bounded.

I

The above abstract sampling result includes, as particular cases, sampling with samples
of the derivative of the function to recover or its Hilbert transform, and Hermite-type
interpolation series among others (see Refs. [11, 12]).

2.3 An illustrative example

Consider p € (1,2] and its conjugate index ¢ € R, i.e.,, 1/p+ 1/q = 1. We consider the
compatible semi-inner-product for B := LP[—1/2,1/2] given by

1/2 L
ooy ol [ @t o

Remember that B* = L9[—1/2,1/2]. We take Xg := (4(Z), then, X = (*(7Z).

Define e, (&) := €™ for n € Z. Easy computations show that |le,|[, = 1. On the
other hand, by [28], we have that e} (£) = e~2™"¢ and that |le} |, = [lenll, = 1. We know
that (see [25, p. 20]):

span{e ™" neZ} = LI-1/2,1/2].
We define the linear operator

U: LP[-1/2,1/2] — CZ

F — {[F7 en]P}neZ



The Hausdorff-Young theorem (see [30, p. 101]) ensures that U is a bounded operator with
values on ¢9(Z) (and thus a closed operator). We have that U(LP[—1/2,1/2]) is a closed
subspace of ¢4(Z) and thus, a Banach space with the metric induced by ¢9(Z). Remember
that {0 }nez where d,(m) = 0 if n # m and d,(n) = 1, is a Schauder basis for ¢4(Z).
Thus, as 6, = U(e,), we obtain that U is a surjective mapping. By using [29, Prop. 2.12],
the sequence {e;}nez is an (P(Z)-Riesz basis for B* = L9[—1/2,1/2].

Now, we define K (z) := e?™* ¢ LP[~1/2,1/2] for every z € C. Thus, we obtain the
following s.i.p. RKBS

By = {f(z) = [Fe™*]  :€C, where FeLP[-1/2, 1/2]},

endowed with the norm || f||s, = [ F'l|Lr[—1/2,1/2]-
Next, we compute Sy, (2) = [en, K(2)]p. First, observe that, if we write z = x + iy,

1/2 1/p 1/2 1/p
1K), = (/1/2 \eng\pdf) - </1/2 emgpdﬁ) = sinc!/? (iyp)

Thus, we have that

1/2 , ,
50(2) = len K(2)], = sine® P/(iyp) [ mince-miste-ameto-21ge
—1/2

1/2
= sinc(g—p)/p(iyp)/ e~ 2mil(z—n)=iy(p-2)¢ g¢
—1/2

= sinc®P)/? (iyp) sinc [(z=n)—iy(p—2)], z€C,

for n € Z. Moreover, Sy,(m) = 0y, p, for every m,n € Z.
Finally, Theorem 3 gives the following sampling formula for any f € Bg:

f(2) = sinc® /P (jyp) Z f(n)sinc [(z —n) —iy(p—2)], z=z+iyecC. (8)
nez

The convergence of the series in (8) is uniform on horizontal strips of C. Observe that, if
p=2or z € R, formula (8) coincides with the cardinal series (1). Compare the sampling
result for By given by (8) with the one obtained in [7, Thm. 1] for slightly different
functional spaces.

3 Sampling in a RKBS: the case of L? shift-invariant spaces

In this Section we obtain an average sampling result valid in the LP shift-invariant space
VE = spaan(R){ap(t — n)}n ez where 1 < p < co. Under appropriate hypotheses on the
generator ¢ we see that these spaces are RKBS sharing the same reproducing kernel k.
Next we introduce some technical background:

3.1 Preliminaries on the L? shift-invariant space V!

First, we introduce the following Banach spaces: A measurable function f : R — C belongs

to LP(R), where 1 < p < oo, whenever the function f(t) := > ., [f(t —n)| belongs to
the Lebesgue space LP[0,1]. In this case, we define |f|, := ||f|zr[0,1- Endowed with this
norm, the space (LP(R), |- |,) becomes a Banach space (see [19]).

10



Given a function ¢ in the Banach space L(R), for 1 < p < oo we consider the LP
shift-invariant space

V2 = span g {e(t —n)}, ., C LP(R).

If in addition we assume that the sequence {go(t — n)} is an ¢P-Riesz basis for V), i.e.,

there exist constants 0 < A < B such that

nez

Allaller < [| Y~ an @t =n)| 1pz) < Bllaller for all a := {a}nez € £, (9)
nez

then the space V¥ can be expressed as

Ve = { Y anp(t —n): {an} € ep(Z)} c IP(R).

ne’l

Since VY is a closed subspace of LP(R), it is a uniformly Fréchet differentiable and uni-
formly convex Banach space [29].

Following [19], a necessary and sufficient condition for the sequence {¢(t — n)}n ez 1O
be an (P-Riesz basis (regardless p) is that there exists a sequence b € £*(Z) such that the

function ¢*(t) := Y, 7 bn @(t —n) is dual to the function ¢ in the sense that

o0
/ ot —n)p*(t —m)dt =0pm, n,mEeLZL,
—0o0

where 0 is the Kronecker symbol.

We assume throughout this section that the functions in the shift-invariant space V%
are continuous on R. KEquivalently, that the generator ¢ is continuous on R and the
function ) ., |o(t —n)|?, where 1/p 4+ 1/q = 1, is uniformly bounded on R; this is a
consequence of Banach-Steinhaus theorem (see [10, Th. 1]).

Thus, the shift-invariant space V' becomes a RKBS, and the convergence in the L?
sense implies pointwise convergence which is uniform on R since Holder’s inequality shows
that

IFO] < llaller [{(t = n)}nezlles < AT K| fll oy, f € VY andt €R.

In the sense of Theorem 1, we have that the function

k: RxR — C
(t,s) +— k(t,s) ::Zcp(s—n)go*(t—n),

nez
is the reproducing kernel for V. Notice that all the spaces V), 1 < p < oo, have the same
reproducing kernel k although they are not isomorphic.
3.2 An average sampling formula in V7

For any function f € V%, throughout this section we consider the sequence of samples
{(Cf)(n)}nez, where the convolution system C satisfies:

(a) (Cf)(t) == [f =h|(t) = [z f(@)h(t —2)dz, t € R, with h € LI(R?) and ¢ satisfying
1/p+1/qg=1;o0r
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(b) (Cf)(t) :== f(t + a) for some fixed a € R.

Note that the sequence {(C[)(n)}nez € £P(Z) since the inequalities ||{h * f(n)}neZHp <
Ihlg | fllp (see [19, p.220]) in the first case, and ||a * b|[¢» < ||al/s]|b]|,r in the second one.

Let A be the Wiener algebra of the functions of the form f(z) = Y, o7 ane™ 2™
with a := {an}nez € (*(Z). The space A, normed by ||f||4 := ||a|1 and with pointwise
multiplication becomes a commutative Banach algebra. If f € A and f(x) # 0 for every
x € R, the function 1/f is also in A by Wiener’s lemma (see, for instance, [15]).

Theorem 5 Assume that the function G(z) ==, ., (C)(n)e >™"* does not vanish for
any z € [0,1]. Then there exists a function S € L>®(R) NV} such that, for any f € VY,
the following sampling formula holds:

FO =S CHm)S(t-n), teR. (10)
nez

The convergence of the series is in the LP-sense and uniform on R.

Proof. First of all, notice that the function G € A since the sequence {(Cy¢)(n)}nez
belongs to £'(Z); for systems of type (a) we have used that ||{h = cp(n)}neZHZl < |hlql¢loo
[19, p.220]. As a consequence of Wiener’s lemma, the function 1/G belongs to A, i.e.,

1
G(x)

= dne ™ with {d,} € £'(Z).
nez

Consider the operator 7, given by

7, A — %4

| Z ape 2T, Zan @"Et —n). (11)

ne”L nez

Note that 7, is bounded since HZ an o(t — n)H < |¢loollaller (see [19, p.212]). Next we
p

nez
prove that formula (10) holds for any function f € span{¢(- — n)},ez. Indeed, consider

a function f(t) = X gpite an(t — n) € span{p(- — n)}yez and its corresponding F'(z) =
> finite A€ 2T € A. Since

1
CHm) =3 an(Co)m—n) = / F(2)G(2)e?™ ™ di

finite

and having in mind that the sequence {(Cf)(m)}mez € ¢*(Z), we obtain that

F(z)G(z) = Y _(Cf)(m)e ™™ in A.
meZ

In other words, F(z) = >, .,(Cf)(m)(1/G(z))e ™™ in A. By applying the operator
71, we get

e—27r7,mx

£ = 2 CNMT ("G )0 = Do CHMSE—m), teR,

meZ meZ
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where S = %(1/G(m)> Notice that S(t) = ", .7 dn(t —n) where {d,} is the sequence
in ¢*(Z) such that 1/G(z) = ¥, o dne™2™"*. Moreover, the function S belongs to L (R)
since | 3,,c duplt = ). < [pleol{du bl (see [19, p.212]).

Finally, we prove that the sampling formula (10) holds for every f € V}. To this end,
take a sequence {fn} C span{p(- — n)}nez such that || fxv — fllp e 0. The sampling
— 00

operator
r. v — I
[ T =300 (CH)(n)S(- —n),
is a well-defined bounded operator. Indeed, for a system of type (a) we have

| X enmse —n)| <isll{ChHmnezly < ISlcllal - (12)

nez

where we have used the inequalities || >, .7 an (¢t — n)Hp < |¢|sollaller (see [19, p.212])

and ||{h * f(n)}neZH” < |h|g I fllp (see [19, p.220]). For a system of type (b) we use the
inequality ||a * b||ee < ||a]|ee||b]|;r for sequences, and the left inequality in (9). Moreover,
I'f = f for each f € span{p(- — n)}nez. Thus,

0<f =Tfllp < If = fv + T = Tfllpy < A+ TSN = fllo = 0.

As a consequence, I'f = f for each f € V2. O

Corollary 1 The sequence of reconstruction functions {S(- — n)}nez is a (P-Riesz basis
for the Banach space (V5. || - lp)-

Proof. Having in mind the arguments in (12), we conclude that there exist two positive
constants 0 < A, < B, such that

Apllfllp < I{HCH () inezller < Bpllfllp, [ e VY.

In other words, we have

g HENmbezle < | 3 €NmSE )|, < EIEHM ezl

nezd

As a consequence, it is sufficient to prove that the mapping f +— {(Cf)(n)}nez is surjective
from V§ — (P(Z). Given {by}nez € P(Z), the function g = Y, -, b, S(t — n) belongs to
V2. Besides, the interpolatory condition

1
(€8)(m) = /0 GG s = 5,

gives that (Cg)(m) = by, for each m € Z. O

As a consequence of the Corollary above, the convergence of the series in (10) is also
absolute due to the unconditional character of an /P-Riesz basis expansion.
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