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Abstract

This paper concerns the characterization as frames of some sequences in U-
invariant spaces of a separable Hilbert space H where U denotes an unitary oper-
ator defined on H; besides, the dual frames having the same form are also found.
This general setting includes, in particular, shift-invariant or modulation-invariant
subspaces in L?(R), where these frames are intimately related to the generalized
sampling problem. We also deal with some related perturbation problems. In
so doing, we need that the unitary operator U belongs to a continuous group of
unitary operators.
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1 Introduction

This paper is concerned with the study of some special frames in U-invariant spaces.
Given an unitary operator U on a separable Hilbert space H, we consider closed sub-
spaces having the form A, := Spﬁ{ Ula:n € Z}, where a denotes some fixed element
in H. In case that the sequence {U"a},ec7 is a Riesz basis for A, we have

Ag = {ZanU”a c{an} € 62(2)}.
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Recall that a Riesz basis in a separable Hilbert space is the image of an orthonormal
basis by means of a bounded invertible operator. Any Riesz basis {z,}nez has a
unique biorthogonal (dual) Riesz basis {yn}nez, i-€., (Tn, Ym)x = Onm, such that the

expansions
Tr = Z<x7yn>7-[ Ty = Z<$>$n>7-[ Yn ,
ne”L nez

hold for every x € H. We state the definition by considering the integers set Z as
the index set since throughout the paper most of sequences are indexed in Z. A Riesz
sequence in H is a Riesz basis for its closed span. A necessary and sufficient condition
in order for the sequence {U"a},cz to be a Riesz sequence in H is given in Theorem 3
infra.

Given s elements b;, j = 1,2,...,s, in A, a challenging problem is to characterize
the sequence {Urkb }keZ jo12..s 852 frame (Riesz basis) in A,, where r > 1 denotes
a positive integer. Besides, another interesting problem is to look for those dual frames
having the same form {U Cﬂ}kez i1 for some ¢; € Ay, j = 1,2,...,s, so that,
for any = € A, the expansion

x = Z Z(m, U™ b;)U™¢; inH (1)

j=1keZ

,2,...,8

holds.

At this point, we give an explanation about the expression sampling-related frames
appearing in the title. Namely, U-invariant subspaces in H are natural generaliza-
tions of shift-invariant or modulation-invariant subspaces of L?(R); there the unitary
involved operators are, respectively, the translation operator T' : f(t) — f(t — 1)
or the modulation operator M : f(t) + e?™f(t). In the shift-invariant subspace

= {>, anp(t —n) : {an} € *(Z)} C L*(R) generated by ¢ € L*(R), for any
[ € V2 the inner products {(z, Ukaj)}keZ;j:LQ,... , are

/ f(t) t—rk)dt (f*hj)(rk:), k€Z and j=1,2,...,s

where h;(t) := bj(—t) for each j = 1,2,...,s. Thus, the above inner products are noth-
ing but samples of some filtered versions f * h; of the function f itself: this is precisely
the generalized sampling problem in the shift-invariant space V2 Mathematically, it
consists of the stable recovery of any f € V2 from the above sequence of samples, i.e.,
to obtain sampling formulas in V2 having the form

ZZ Si(t—rk), teR, (2)

j=1keZ

such that the sequence of reconstruction functions {S;(- — 7k) }rez; j=12,.. s is a frame
for the shift-invariant space Vg. As a consequence, expansions (1) and (2) have the
same nature. Recall that a sequence {z,},cz is a frame for a separable Hilbert space
H if there exist constants A, B > 0 (frame bounds) such that

Allz)? <> [, zn)> < Bllz||* forall w € M.
neZ



A sequence {xy, }nez in H satisfying only the right hand inequality above is said to be
a Bessel sequence for H. Given a frame {z, } ez for H, the representation property of
any vector x € H as a series x = ), ¢, Ty, is retained, but, unlike the case of Riesz
bases (ezact frames), the uniqueness of this representation (for overcomplete frames)
is sacrificed. Suitable frame coefficients ¢, which depend continuously and linearly on
x are obtained by using the dual frames {y, }nez of {zn}nez, i-€., {yn}nez is another
frame for H such that x =/ (z,yn)xn = D, cz(®, Tn)yn for each x € H. For more
details on the frame theory see Ref. [7].

Sampling in shift-invariant spaces of L?(R) has been profusely treated in the math-
ematical literature (see, for instance, Refs. [4, 5, 8, 9, 11, 15, 20, 24, 25, 26, 27, 28]).

The existence of expansions like (1) in U-invariant subspaces was treated for the
first time in [21]; see also [10, 19]. Following similar techniques to those in [21] we
give, in Section 2, a complete characterization in A, of sequences having the form
{Urkbj}kGZ;j:LZ,...,s where b; € A, for each j = 1,2,...,s. In other words, we carry
out the study of the completeness, Bessel, frame, or Riesz basis properties of the se-
quence {Urkbj} KeZ: j=12...5" Whenever it is a frame for A4, we find a family of dual

frames having the same form {U’"k for some ¢; € Ay, j = 1,2,...,s.

Cj}keZ;j:I,Q,...,s
In Section 4 we also discuss the case where some b; ¢ Ag,; although the sequence
{Urkbj}kez;j:m,...,s is not contained in A,, something can be said in the light of the
theory of pseudo frames (see [17, 18]).

All the obtained results in Section 2 involve the discrete group of unitary operators
{U"} ez which is completely determined by U. If we want to deal with something
similar to the time-jitter error version of (2), i.e., the recovery of any f € Vg from a
perturbed sequence of samples {(f*hj) (Tk+€kj)}kez;j:1,2,...,s with errors €;; € R, then
the availability of a continuous group of unitary operators {U!};cg containing, in par-
ticular, the operator U (say for instance U = U') becomes essential. In Section 3, after
a brief on groups of unitary operators, we deal with two types of perturbation prob-
lems. The first one concerns the study of sequences as {Urk“‘ekj bj}kez;j=1,2,...,s in H:

for small enough error sequence € := {ey;} ¢?-norm, the sequence is a Riesz sequence in
‘H. The second one goes into the recovery of any x € A, from the perturbed sequence of
inner products {(x, Urkter; bj>7.[} keZ: j=12,..5 for small enough errors €,,;, there exists

a frame expansion for x € A, having the inner products {<ZC, Urkters b;

- >H}k;€Z;j:1,2,...,s
as coeflicients.

2 U-invariant subspaces

In a Hilbert space H, the U-invariant subspaces are intimately related to stationary
sequences:

2.1 Some preliminaries on stationary sequences

A sequence s = {sj}rez in a separable Hilbert space H is said to be stationary if

(Smtks Sntk)H = (Sm,Sn)n forall myn,k € Z.



The function Rg(k) := (sk, So), for every k € Z, is called the auto-covariance function
of the sequence s. Moreover, two stationary sequences s = {sy }rez and w = {wg }rez
are said to be stationary correlated if

(Smtk, Wntk)H = (Sm,wn)y for all m,n, k € Z,

and Rgsw (k) := (s, wo)y, for every k € Z defines the corresponding cross-covariance
function. The following result is a well-known characterization of stationary sequences
(see [16]):

Lemma 1. To every stationary sequence s = {8y, }nez in a Hilbert space H there exists
a unique unitary operator U : H — H and s € H such that s, = U™s for all n € Z.
Conversely every pair (U, s) of a unitary operator U and an s € H defines by s, = U™s,
n € Z, a stationary sequence s = {sp}tnez in H.

Moreover, two stationary sequence s and w are stationary correlated if and only if they
are generated by the same unitary operator U, i.e., s, = U"s and w, = Uw for some
s,w e H.

The auto-covariance Rs and the cross-covariance Rg. functions admit a spectral
representation which is related to the integral representation of the unitary operator U

(see [16]):

Theorem 2. For every stationary sequence s = {spnez n a Hilbert space H the
auto-covariance function Rg admits a spectral representation

1 T
Ra(k) = {snsohu = o [ &M dnal6). ke, (3)

in the form of an integral with respect to a (positive) spectral measure ps.
For every two stationary correlated sequences s = {sp tnez, W = {Wn }nez in a Hilbert
space H the cross-covariance function admits o spectral representation

1 T
Ro(K) = (st o) = o / M ds w(8), kEZ, (4)

in the form of an integral with respect to a (complex) spectral measure fig w .

2.1.1 The U-invariant subspace A,

For a fixed a € H, we consider the subspace of H given by A, := span{U”a, n e Z}.
In case that the sequence {U"a},cz is a Riesz sequence in H we have

Ag = {ZanU"a: {an} € 52(Z)}.

neL

A necessary and sufficient condition in order for the sequence a = {U"a},cz to be a
Riesz sequence in ‘H can be stated in terms of the Lebesgue decomposition of the spectral
measure fi, into an absolute and a singular part as dua(0) = ¢a(e?)df + dus(6):



Theorem 3. Let a := {U"a},ez be a sequence obtained from an unitary operator in
a separable Hilbert space H with spectral measure dua(0) = ¢a(e®)dd + dus(0), and let
A be the closed subspace spanned by a. Then a is a Riesz basis for A, if and only if
e =0 and
0 < Aa :=essinf ¢5(¢) < By 1= esssup ¢a(() < 00, (5)
CeT CET
where T := {e' : 6 € [-7,m)}.

Proof. For a fixed #?-sequence ¢ := {c, }nez we have

[t = 5 Sotomom = 3 St [0

keZ mEZnEZ meZne’
/ 5 3 a0 )
mEZnEZ
chelka’ djia(6
T kez

if pa is not absolutely continuous with respect to Lebesgue measure A, Lemma 4 below
implies that there exists a bounded sequence {c¢" }3¥_, C ¢*(Z) such that || 3",z ch UkaH
tends to infinity with NV, so a cannot be a Bessel sequence, therefore, not a Riesz ba51s
Assume now that 3 = 0 and a is a Riesz basis, this implies that there exists B < oo
such that,
2
H chUkaH < Bc|z (7)
keZ

for all ¢ = {ci}rez € 2(Z). Let Q, := {( € T : ¢a(¢) > n}, assume B, = oo, this
implies that )\(Qn) > 0 for all n. Now, (6), (7) and Parseval’s theorem implies that

Z cke‘ke‘ (ei)do < — / Z cke‘ke‘ (8)

for all ¢ = {cy}rez € (*(Z). Introducing the Fourier expansion of the characteristic

function xq, € L?(—m, ) in (8) we obtain n < B for all n, which contradicts B < oo;

thus the assumption B, = oo is false. In a similar way it can be proved that 0 < A,.
For the sufficient condition, assume now that p = 0, then (6) implies

2 1 (7 2 )
[Swtel = 52 [ IS el entemr
keZ kEZ
if, in addition, condition (5) is satisfied we get

ik0 2d9< Zc Uka ? . Ba . Zceike 2d6
k >~ k = or . k )
kEZ keZ

which implies
2 k|12 2 2
Aallel < || exU*al|” < Ballellf,  for each ¢ € £(Z).
kEZ

Therefore, the sequence a is a Riesz basis for A,. O



Lemma 4. Let p be a finite positive measure on (—m,m) which is not absolutely con-
tinuous with respect to Lebesque measure A. Then, there exists a bounded sequence
{eN}%_, C 3(Z) such that

lim H Z cgeika‘
N—o0 .

Proof. If the measure p is not absolutely continuous with respect to Lebesgue measure,
then (M) > 0 for a Lebesgue measurable set M C (—m,m) of Lebesgue measure zero.
Thus, there exists a Borel set B, in fact an intersection of a countable collection of open
sets, of Lebesgue measure zero such that M C B C (—m,m) (see [22, p. 63]). Therefore,
w(B) > 0 and A(B) = 0. On the other hand, every finite Borel measure on (—m, ) is
inner regular (see [22, p.340]), that is,

w(B) = sup {,u(C): ccB,C compact} ,

2
= Q.
L/?L(fﬂ-vﬂ')

then there exists a compact set C' C (—m, ) such that
uw(C) >0 and AC)=0.

For any € > 0 there exists a sequence of disjoint open intervals I; C (—m,7) such that
o oo
CclJL and Y M) < MC)+e=¢,
j=1 J=1

(see [22, pp. 58 and 42]). Since C' is compact we may take the sequence to be finite.
Hence, for every N € N there exist open disjoint intervals IlN,IéV, ... ,IZJJVV in (—m,m)
such that 4 '
iN iN 1
N N
CclJn¥ and Y AIY) < o5
i=1 i=1
Besides, Zﬁl pw(IN) > u(0).
Consider the function gy : (—7,7) = R, where gy = 2N/2XUiN ;- that satisfies

i=1"1%

TN 2N
2 N N
lgnllz =2 ZA(IZ‘ ) < av <1

i=1
We modify and extend each gn to obtain a 2w-periodic function fn: R — R such that
fn and its derivative are continuous on R, |[fx||3 < 1 and fn(0) = gn(0) for every
9 € U2, IZ-N . Let Y, c]kV ¢® be the Fourier series of fy. First, by using Parseval’s
identity we have

1
e 7 = 5=l w115 < o for every N € N,
s

1

o]
so that {cV}39_; is a bounded sequence in ¢?(Z). Besides, the regularity of each
fn ensures that each Fourier series converges uniformly to fy. Therefore each series

Sl ¢®? converges to fy in Li(—ﬂ', 7) and consequently,

N2 @ @ N
|, = [Pz [ lwPau=2Y ur) = 2%(C).
k i - - i=1
from which we obtain the desired result. O



The proof of Theorem 3 is similar to that of Theorem 6 in [19], except we do not
exclude the case in which the singular measure is atomless. Recently, we have been
awared of that Theorem 3 was exposed in [12].

2.2 Studying the sequence {Urkbj}kez-jzl , . in A,

For b; € As, j = 1,2,...s, consider the sequence {Urkbj}kEZ'j:12...S.
J = 1,2,...s, the spectral measure piap,; in the integral representation of the cross-

For every

covariance function of the sequences a := {Ufalyez and by := {U*b;}rez has no
singular part. Indeed, according to Theorem 3, the spectral measure associated with
the auto-covariance function of the sequence {U¥a}rcz has no singular part; then by
using the Cauchy-Schwarz type inequality in [6, p. 125] we get the result. In the sequel
we will use the abridged notation by ; := Ukaj; our goal in this section is to study
the sequence {bkvj}kez;jzl,z,...s in A, in terms of an s X r matrix \Ila7b(ei9) introduced
below. For the sake of completeness we include some needed calculations which appear
in [21].

First of all, we have

1 " —rn i
U abug) =5 | 00, ()i,

where ¢a,bj stands for the cross spectral density of the stationary correlated sequences
a = {U*a}kez and bj := {U*b;}rcz. Define

(I)a,b (619) = (¢a,b1 (610)7 ¢a,b2 (619)7 LR ¢a,bs (eie))

In what follows we will use the left-shift operator S defined as

T

S : L*(T) —  L*(T)
Srezare™ — Yicpapie™?,
or equivalently, by (Sf)(e'?) = f(e)e™, where T := {e : 6 € [—7,7)} denotes the
unidimensional torus. Also, we will consider the decimation operator D,, r a positive
integer, defined as
D, : L?(T) —  L%(T)
Srezare™ Y ane™,

which can equivalently be written as

. 1 = - 9-+2km
(D)) = = 3 fe ™).
k=0
For each [ =0,1,...,r — 1, set the s x 1 matrix of functions on the torus T

() = (DS ®,1) (),

a,

and define the s x » matrix of functions on the torus T

Wap () i= (B0 (e7) hp(e?) ... w3 (). (9)

7



It is worth to mention that the matrix W, was explicitly computed in [21] for the
translation and modulation cases in L?(R).

Next, for any z € Ay, we obtain an expression for the inner products oy, ; :=
(,U™b;),n € Zand j =1,2,...,s. Indeed, writingz = >, ., rpU%a where {2} }rez €
(%(Z) we have:

any =(x,U™"b;) = > a3 (Ura,U™b;) Zxk/ i(k=rm)f g b (e1)dO

keZ keZ
/ Z $keik€¢a,b]~ (eie)e—irnede ’
T kez
that is,
T L[ i 0y ,—i
= (Qn 1,02, Op) = by ., () X (e dh (10)
™
where X () := Y, _, zpel*®
Now, for | = 0,1,...,r — 1, define the sequence z(V) := {x,(f) = Tjpyitkez. Thus, we
can write
r—1 . r—1 ) )
el@) _ Z ZwkTJrlel(errl)e — ZX(I) (617'9)6119, (11)
1=0 keZ 1=0

where X®(el?) = ZkEZxIE:) ko
Using Eq. (11) in Eq. (10), we obtain

Qa, = Z o / ab 19 X(l)( ire)eiwefirnedg'

After some easy calculations we get
r—1

1 . i ir —irn
a, = Z by S7'®, (e N x O ()7 g9
=0 -

r—1 rr
:Z/ S7®,p (e T) X0 (%) g
2T r

?" om(k+1) g1 6 o
_ / (I) b(e )X(l) (e19)6—1n9d9 (12)
27

r
l 0 k=0
o T 1r—1 0+27rk

lPp v G
:/ ZZS ab( )X(l)(eﬁ)e—mGdG
=0 k=0

x r—1
_ 1 / S (0,57 ) () X O (e)e 0 dp .
=0

T J—x

Defining C(e?) := > hez Ok e*? Eq. (12) implies that

—

r—

C(eiH) — Z (DrSflq:)a’b)(eiH)X(l) (eia) ,
=0



which can be written in matrix form as,

. . . . T
C(ele) = (Z Qg1 ek? Z Qg2 ekl Z Qs elk9>

keZ kEZ keZ (13)
_ \Pa,b(eie> (X(O) (e19)7 X(1)(eie)7 o X(r—l) (eie))T _ \Ila’b(eie)i(eie)
= (Lw, . X)(e")
where Ly, : L2(T) — L2(T) denotes the multiplication operator by ¥, and
X () = (X0 (), xD(el?), ..., XD ()" (14)

By L2(T) (respectively L2(T)) we denote the product space L?(T) x - - - x L2(T) r times
(respectively s times). Besides,

1%ap X2 = 277/ (Wap(e?)X(e?), ap (€)X (?))crdo
| 0 = = (15)
=5 [ (Wan(e”)Tan(e”)X(e"), X(e"))crdo.

The above calculations let us prove the following result:

Theorem 5. Let bj € A, for j =1,2,...,5 and let ¥, 1, be the associated matriz given
in (9). Then, the following results hold:

(a) The sequence {Urkbj}kez-j:12 _, s a complete system in A, if and only if the
rank of the matrizc Wav,(C) s r a.e. ¢ in T.

(b) The sequence {Urkbj}kez;jzm,...s
exists a constant B < oo such that

is a Bessel sequence for A, if and only if there

ab(Q)WPap(¢) < BIL, a.e. ¢ in T. (16)

(¢) The sequence {U’"kbj}kez_j:1 5 18 a frame for A, if and only if there exist con-

stants 0 < A < B < oo such that

AL < ¥i(OPap(C) < BL  ae.CinT. (17)

(d) The sequence {U"

and s =r.

bJ}keZ;j:l,z,...s is a Riesz basis for A, if and only if it is a frame

Proof. To prove (a), assume that there exists a set 2 C T with positive measure such
that rank [‘I’a,b(C )] < r for each ¢ € ). Then, there exists a measurable function v((),
¢ € Q, such that ¥,1,(¢)v(¢) = 0 and HU(C)HL%(T) = 1 1in Q. This function can be
constructed as in [14, Lemma 2.4]. Define V € L2(T) such that V(¢) = v(¢) if ¢ € Q,
and V(¢) = 0if ¢ € T\ Q. Hence, from (13) we obtain that the system is not complete.
Conversely, if the system is not complete, by using (13) we obtain a V(() different from
0 in a set with positive measure such that ¥, ,(¢)V(¢) = 0. Thus rank ¥, 1(¢) < r
on a set with positive measure.



To prove (b), we keep in mind that {U*a}rez is a Riesz basis for A,, the mapping
T : (%(Z) — Ag, given by T{zy}rez = © = > ez 1U"a is bijective and there exist two
constants 0 < m, < M, < oo such that

mal{zi}lle < IT{za}l3; < Mall{za}lZ - (18)
Assume first that (16) is satisfied. It follows from (13) and (15) that

1WanX 720 < BIX|Z2er) (19)

By construction [WapX[[2sp = Yoy Yhes I b2 and X250, = [ {ardrezl.
Using (18), it follows from (19) that

S

>l big) < 7||£”H

j=1keZ

Conversely, assume that {by; }rez; j=12,..s is a Bessel sequence for A,, then there exists

0 < B’ < oo such that
S
DO by < Bl
j=1keZ

Using (18), this implies

1WapX 720 < B Mall X35

for all X € L2(T). Inserting the right hand side of (15) for | s, L X |2 12(T)» 1t is straight-
forward to see that (16) holds with B = B’ M,. The proof of (¢) is completed proceeding
as in (b).

To prove (d) consider the mapping

S: A, — EE(Z)
x — {(,brj) thez; j=12,..5 -
According to (13), the mapping S is isometric equivalent to Ly, ,, and assuming that
{bk,jtkez; j=1,2,...s is a frame, it is a Riesz basis if and only if S is surjective.
First, if {by j }rez; j=12,...s is a Riesz basis, then it is a frame and S is surjective. Apply-

ing (a) yields that Lg,, is bijective, and therefore Ly_, = Ly:  is bijective. Hence,
rank[Wa ()P ,(¢)] is s for almost every ¢ in T so

r = rank[W; , (()Wap(C)] = rank[Wap ()W, 1, (C)] = s,

and finally s = r.

Conversely, if {by ; }kez: j=1,2,..s is a frame and s = 7, (a) implies that ¥, ,(() is invert-
ible for almost every ¢ in T, which implies that Ly, , is surjective, then S is surjective
and {by j}rez: j=1,2,.s is a Riesz basis. O

The following lemma will allow us to restate Theorem 5:

10



Lemma 6. Let G(¢) be an sxr matriz with entries in L*(T), and consider the constants

Ag :=essinf A\pin[G*(Q)G(¢)] and Bg :=esssup Amax|G*(Q)G(C)],
GeT CET

where Amin (Tespectively Amax ) denotes the smallest (respectively the largest) eigenvalue
of the positive semidefinite matrix G*(()G((). Then,

(a) The matriz G({) has essentially bounded entries on T if and only if Bg < 0.

(b) There exist constants 0 < A < B < oo such that Al, < G*({)G(¢) < BI,, a.e.
Ce€Tif and only if 0 < Ag < Bg < 0.

mzyx laij] < |Al2 < vmn majgx\aiﬂ for any matrix A = [aij]izl,gwm,
1, 2, j=12...n
where ||A||2 denotes the spectral norm of the matrix A (see, for instance, [13])

Now we prove the second part of the lemma. Since G*(()G(¢) < BI, means
that (Bx — G*(¢{)G(()z,z) > 0 for all x € C", in particular, taking an eigenvector x
associated to the largest eigenvalue Ayax of G*(()G((¢) such that ||z|| = 1, one has that
B > Anax(G*(¢)G(C)). Hence, B > esssupcer Amax [G*(¢)G(¢)]. In a similar way,
Al < G*(¢)G(¢) implies that A < essinfeer Amin [G*(()G(C)]-

Conversely, Rayleigh-Ritz theorem [13, p.176] yields that

A [GT(OG(C)] = max ZEOCO) _ o (GG 2)

zeCr xr*x xeCr <.’IJ, I’>
Thus, esssup;et Amax|G*(¢)G(¢)] = Bg implies that
(G (G, x)

<B .e. T.
elr (x, ) = TG a-e. (€
In other words, Bgl, > G*({)G(({); analogously, G*(¢)G(¢) > Agl,.
It is easy to deduce from the proof that Ag and Bg are the optimal constants A > 0

and B < oo satisfying the inequalities AL, < G*(()G(¢) < BI,, a.e. (€ T. O

As a consequence of Lemma 6, statements (b) and (c¢) in Theorem 5 can be restated
in terms of the constants

Ag = essinf Apin [P (O Pab(()]; Bw := esssup Amax [Php(O)Pap(C)]  (20)
CeT CeT

as:

Theorem 7. Let b; € A, for j = 1,2,...,s, and let Va1, be the associated matriz
given in (9) and its related constants (20). Then, the following results hold:

- k
(i) The sequence {U’" bj}kez;j=1,2,...s
constant By < 0o.

is a Bessel sequence for A, if and only if the

(i) The sequence {Urkbj}kez-jzl o 18 a frame for A, if and only if the constants
Ay and By satisfy 0 < A\’I, S’B\p < oo. In this case, Ay and By are the optimal

frame bounds for {Urkbj}kez;jzl,z...s'

11



2.3 The frame expansion
Define the r x s matrix of functions on the torus T
i i * i i0\1 1 gy i
T(e) =) The™ = [W7 () Wap ()] W74 () (21)
keZ
The following expansion involving the inner products oy, ; = (z, U™b;) of z € A, holds:

Lemma 8. Assume that the matriz W, b (C) has essentially bounded entries on T. For
any © =Y peq 2kU%a € Ay we have

gn: § I‘kanfka

kEZ

where Xy, denotes the n-th Fourier coefficient of the function X (&) defined in (14),
and the sequence {auy nez is given in (10).

Proof. Indeed,

_ 1 [T - . . 1 [T . o~ .
Xy = — X(e10)efm9d0 - / (Z I‘kelke)‘I’a b(ele)x(ele)eflnede
27 J_, 2 J_, '
keZ
1 (7 e
= Z r,— v, b(ele)X(eze)e_‘("_k)edG = Z Lo,y .
2r J_. 7
keZ keZ
O
At this point, we are ready to prove the following expansion result:
Theorem 9. Let b; € A, for j = 1,2,...,5, and assume that the associated matriz

W, b gwen in (9) has essentially bounded entries on T, i.e., By < co. The following
statements are equivalent:

(i) The constant Ag > 0.

(it) There exist c; € Aq, j =1,2,...,5, such that the sequence {Urk 18

€j }kGZ;j:I,Q,...s
a frame for A,, yielding, for any x € A,, the expansion

x = Z Z(:U, U™ by U™ c; inH. (22)
j=1 keZ

In case the equivalent conditions hold, {Ukaj}keZ-j:12...s and {U”f

: : Cj}kez;jzl,z,...s
form a pair of dual frames in A,.

Proof. First we prove that (i) implies (ii). Observe that z = Y, ., zx U"a can be

. ~T ~ ~ 1T
written as ) X, a, where a, = (U”Ta, urrtle, ... gnrtr 1a) . Next,
_ Ty _ Ty _ T Ty
P Y = Y (Y ) i = XY ol
neZ neZ kez neZ ke’ (23)
TpTx T Tx

5 3) WUIVERIS pFI) Ve

neZ kel nez keZ

12



Forl € Zand j =1,2,...,s define ¢; ; := Urlcj, where (61,02, e ,CS)T = hez I‘g ay,
and by j := U"'b;. Then Eq. (23) implies

=3 al (Y M an) = a U™ ( 3 rgak)

nez kEZ nez keZ
s (24)
:ZZ(w,bml)cn,l inH.
=1 neZ

In order to be allowed to use [7, Lemma 5.6.2], we have to prove that the above
constructed sequence {Ck,j}kGZ;j:LQ,...,s is a Bessel sequence for A,. To this end, we
compute the corresponding ¥, . matrix for ¢ := {cy j}rez; j=12,.. 5. Setting [I‘Z]ij =

afj, we obtain
U a, Cn,j Z Z Um" iUlr+iT+i—1a)> _ Z Zaéz <Uk—nr—l7"—i+1a’ a>
l€Z i=1 I€Z =1
LSS L[ o
leZ i=1
Now,
<U a,cn 1) 217r j‘jﬂ ei(k—nr—lr)6¢a(616)d6
<U a, Cn2 % iTW ei(k—nr—lr—1)0¢a(ei9)d0
> |
lez ) : )
<U a, Cn,s> i :Tﬂ_ el(kfm“flrfrJrl)H(ﬁa(elH)de
ei(k—m")@
i(k—nr—1)0
. . [§] .
/ Z le—re—llrﬂ ‘ ¢a(619)d9
T lez . :
el(kfnrfr+1)0
1 i(k—nr * (ir i i
=5 | I (E0)e(e ) ga(e ),
where €(el?) := (1, e 10 .., e_i(r_l)e)T. Hence, we have deduced that
(I)a,c(eie) _ I\*<eir9)fé(eia)¢a(ei9) ]
Therefore, for { =0,1,...,r — 1, we have

Py o(€?) = DrSTH T ()8 () da(e)]
and consequently, the s x r matrix W, .(el) := (\Ilgc(ei@), \Il,ic(ew), e \Il;j(ei@))

can be written as

Wac(e”) = Dr[ga(”)I()E(")] (25)

13



where

1 elf . ei(r—l)@
o e if 1 s el(r—2)0
E(ele) —
671(7171)9 671(7:72)0 .. 1

As a consequence of Theorem 7, the proof ends if we prove that the matrix ¥, .(el)
has essentially bounded entries: Clearly, the decimation operator D, sends bounded
functions into bounded functions; Theorem 3 implies that ¢, is bounded so, taking
into account (25) it remains to check that the matrix T'*(el™) has essentially bounded
entries.

Now, I‘*(ei’"e) = \Ila7b(eire)[\Il;b(ei”e)\I’ab(ei’"‘g)}_1, the lower bound condition (c¢) in
Theorem 5 and Lemma 6 imply that [ ;b(eirg)\llavb(eire)]_l has bounded entries,
and therefore the matrix T'*(e"?) has bounded entries. We have shown that ¥, .(e!)
has bounded entries, then Theorem 7, part (a) and Lemma 6 guarantee that the se-
quence {¢y j}trez; j=1,2....s is a Bessel sequence; then, the sequences {by j}rez, j=12.. s
and {ck ;}kez, j=1,2,...s form a pair of dual frames in A, (see [7, Lemma 5.6.2]).

Finally, condition (i7) implies condition (¢). According to [7, Lemma 5.6.2], the
sequence {U kaj} keZ: j=12.. s is a frame for A, since it is a Bessel sequence and the
expansion in (ii) holds. By using Theorem 7 we obtain that Ag > 0. O

It is worth to observe that the analysis done in Theorem 9 provides a whole family

of dual frames for the sequence {U " In fact, everything works if we

k
: bj}ke%jzlgws'
replace T'(e!?) in (21) by any matrix of the form,

Ty(e”) i= 0L () + () [I, - Tap ()T ()], (26)

where U(e'?) is any 7 x s matrix with entries in L°°(T), and \Il;b denotes the Moore-
Penrose pseudo-inverse \IIL L(e) = ;b(eie)\Ilavb(eie)}_l\Il;b (¢'?). Note that we need
essentially bounded entries in the matrix I'y(e'?) since the multiplication operator Mg :
f+ Ffin L?(T) is well-defined (and consequently bounded) if and only if F' € L>(T).

Notice that if s = r, we have \Illb = \11;110 which implies a unique I'y, and we are
in presence of a pair of dual Riesz bases. In fact, the following result holds:

Corollary 10. Let bj € A, for j =1,2,...,r, i.e., r = s in Theorem 9. Assume that
the square matriz W, 1, given in (9) has entries essentially bounded on T, i.e., By < oc.
The following statements are equivalent:

(a) The constant Ag > 0.
(b) There exists a Riesz basis {Cl, j tkez; j=1,2,...s such that for any x € A, the expansion

T = iZ(x, U™ ;) Cr; inH

j=1kez

holds.

14



In case the equivalent conditions are satisfied, necessarily there exist c; € A,, j =
1,2,...,r, such that Cy; = Uchj fork € Z and 57 = 1,2,...,r. Moreover, the se-
quences {U”‘:cj}kez_j:1 9 and {Urkbj}kez-jzl o g are dual Riesz bases in Aq, and
the interpolation property (c;,U™*b;) = &; s 60, where k € Z and j,j' = 1,2,...,r,
holds.

Proof. To prove (a) = (b) we use Theorem 9; whenever 0 < Ag < By < oo there exist
c; € Ag, 7 =1,2,...,s, such that the sequence {Urkcj}kez-jzl is a frame for A,
and, for any = € A, the expansion

x = zs: Z(:E, U™ b)) U™c; inH,

j=1keZ

,2,...8

holds. Actually, from Theorem 5 we get that » = s implies that {Urkbj}kez-jzl o 418

a Riesz basis, and consequently, {U ”’“cj}kez; j=1,2,...s is indeed its dual Riesz basis.

The converse follows easily from the fact that if {C} j }rez; j=12,. s is a Riesz basis, then
(b) implies that {U kaj}k c7: j=12,..s 18 its dual Riesz basis; hence, Theorem 5 provides
Ag > 0. The interpolation property comes out from the biorthogonal condition of a
pair of dual Riesz bases. O

Closing this section it is worth to mention that the results stated and proved in
Sections 2.2 and 2.3 mathematically enrich some of the remarkable results concerning
regular sampling contained in the interesting Ref. [21]. Here we have assumed only one
generator a € H and that b; € A, for all j =1,2,...,s. If b; ¢ A, for some j, see the
additional remarks in Section 4. The case of several generators a; € H, [l =1,2,..., L,
can be essentially treated in the same way.

3 Some perturbation results

In Section 2 we have only used the discrete group of unitary operators {U"},cz which
is completely determined by the unitary operator U. In order to carry out the study of
some perturbation results stated below we need the availability of a continuous group
of unitary operators {U'};cr which includes the unitary operator U, say, for instance,
that U := U

3.1 On continuous groups of unitary operators

Let {U'};cr denote a continuous group of unitary operators in H such that U := U'.
Recall that {U'}4cr is a family of unitary operators in H satisfying (see Ref. [2, vol. 2;
p.29]):

(1) Ut Ut/ _ Ut+t’ 7
(2) Ul = I’Hv

(3) (Ulx,y)y is a continuous function of ¢ for any x,y € H.

15



Note that (U*)~! = U~ and since (U')* = (U')~!, we have (U")* = U,

Classical Stone’s theorem [23] assures us the existence of a self-adjoint operator T'
(possibly unbounded) such that U? = e'T". This self-adjoint operator T, defined on the
dense domain of H

e}

Dy := {x € H such that / w?d||Eyz|* < oo},

admits the spectral representation T’ = ffooo w dFE,, which means

(Tz,y) = / wd(Eyx,y) forany z € DrandyeH,

—0oQ
where {Ey }ywer is the corresponding resolution of the identity, i.e., a one-parameter
family of projection operators E,, in H such that

(i) B := lim FE, =0y, Eyx:= lim E, = Iy,

w——00 w—00
(ii) E,- = Ey for every —oo < w < 00,
(iii) By E, = E, where w = min{u, v}.

Recall that ||E,z|? and (E,z,y), as functions of w, have bounded variation and define,
respectively, a positive and a complex Borel measure on R.

t

T —x
Furthermore, for any x € Dy we have that %in% ——— = iTz and the operator iT is
_)

said to be the infinitesimal generator of the group {U'};er. For each z € Dy, Ulz is a
continuous differentiable function of ¢. Notice that, whenever the self-adjoint operator
T is bounded, Dy = H and e''" can be defined as the usual exponential series; in any
case, Ut = ¢!'” means that

oo
(Ulz,y) = / etd(E,x,y), teR,
—00

where x € Dr and y € H. A comment on the continuity of a group of unitary
operators is in order: The group is said to be strongly continuous if, for each x € H
and tg € R, Utz — Uz as t — to. If H is a separable Hilbert space, strong continuity
can be deduced from continuity and even from weak measurability, i.e., (Ulz,y)y is a
Lebesgue measurable function of ¢ for any =,y € H.

The following result taken from [2, vol.2; p.24] will be used later: For z € Dp and
y € H, the inequality

/ Z p(w)d(Ey,y)]| < ||y||\/ / Z p(w) 2d( B, ), (27)

holds, where ¢ is a real or complex function which is continuous in R with the possible
exception of a finite number of points.

For the details on the theory of continuous groups of unitary operators, see Refs.
[2, 6, 29, 30].

16



3.2 Studying the perturbed sequence {UT’“J“E’CJ'bj}kGZ.j:l 9

Given an error sequence € := {€g;}rez; j—1,2,...s, consider the corresponding perturbed
sequence {U rhter; bj} ez Consider the following perturbation result (see [7,
p. 354] for the proof):

Lemma 11. Let {z,}°, be a frame for the Hilbert space H with frame bounds A, B,
and let {yn}°2 | be a sequence in H. If there exists a constant R < A such that

j=1,2,...8"

Z [(@n — Yn, @ ? < R||z||* for each x € H,

then the sequence {yn}52, is also a frame for H with bounds A(1 — \/R/A)2 and
B(1+ \/R/B) If {xn}2° is a Riesz basis, then {yn}22, is a Riesz basis.

Note that it cannot be directly applied to the sequences {U bj}kez;j:1,2,...s and
{UT’”E’W b; } heZ: j=1.2. , since the first one is not a frame for the entire Hilbert space H,
and its perturbed sequence does not necessarily belong to the subspace A,. However,
something can be said in case {Urkbj}keZ;jzl,Z...r is a Riesz sequence in H:

Theorem 12. Assume that for some b; € Dr, i.e., [* w?d||Eyb;||* < oo for each
1 <5 <r, the sequence {Ukaj}kEZ;j:LZ,...,r s a Riesz basis for A, with Riesz bounds
0 < Ay < By < o00. For a sequence € := {€j}rez, j=12,..r of errors, let R be the
constant given by

1111

[o.¢]
Rim el max { [ wtdimb}.
1727 ’T‘ — 00

where ||€|| denotes the £2-norm of the sequence €.
If R < Ay, then the sequence {U”“”Jr%'bj}kez;j:1,27_,_,r is a Riesz sequence in H with

Riesz bounds Aq,(l — \/R/A\I,)z and Bq,(l + \/R/B@)Q.

Proof. By using (27) we have

‘<$ Ukrb UkH_E’”b ’_ )/ —1krwd< W b. > / e—ikrw—iekjwd<wa,bj>‘

:‘/ efikrw(l —e 1ekj E x, b ) — ‘ / 1krw _ eiekjw)d<Ewbj7x>‘
—o00

[e%S) ) 9]
<[] / |1 — e'm™2d|| Eywb;[|* < ||| / w?|ex;[*d|| Ewb;||?

—c0 —00

o0
el / w?d|[Eubj|? .
—00
Hence,

>3 0ty — v < e ([ wdla )

j=1keZ j=1keZ

00 T
2 2 2 2
<lalf o { [ a7} 30

3&yy ]:1 kEZ
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Hence, Lemma 11 and Theorem 15.3.2 in [7, p. 356] give the desired result. O

3.3 On the perturbed frame expansion

Next, we deal with the problem of the recovery of any x € A, in a stable way from the
perturbed sequence

{(x’ U?"m"rEmj bj>H}mEZ;j:1,27---75 )

where € := {Emj}mEZ; j=12,.,s denotes a sequence of real errors. In order to face this
problem, we propose a possible strategy: Let Ty, : L?(0,1) — A, be the isomorphism
which maps the orthonormal basis {e27ri"w}n <z, onto the Riesz basis {U"a}nez for A,.
In other words:

Tva: L?(0,1) — A,
F:Zane%im" — x:ZanUna.
ne’l neZ

Thus,

(2, Ub;)3 = <Zo¢n U"a, Utbj>H = Zan (Utb;,Uma),,
nez nez

- <F N (U, Una)y e2“i"w>

nez

(28)

_ t
£2(0,1) - <F7 Kj>L2(O,l) )

where Ty, F = x, and the function K'(w) := Y, 5 (U'bj, Ua)3 e*™™ belongs to
L?(0,1) since the sequence { (U, U"a>H}n€Z belongs to ¢?(Z) for each t € R.

Hence, for any x € A, we have the expressions:
<.T, Urmbj>H — <F, me%rirmw>L2( x, Urm+6mj bj>7-l — <}77 meQWirmw>L2(

0,1) ( 0,1)°

where the functions

gi(w) =Y (a,U*b;)p e and g ;(w) =Y (a, UM i)y >k (29)
keZ keZ

belong to L?(0,1). Therefore, we can see the sequence {gmd(w) ez’m"”““}mez,j:1 o

e?mirmw . From [11, Lemma 3] we

as a perturbation of the sequence {gj (w) meZs =12, .5

know that this sequence is a frame for L?(0,1) if and only if 0 < ag < Bg < oo where
the constants ag and Sg are given by

ag = essinf Apin[G*(w)G(w)], Bg = esssup Amax[G*(w)G(w)], (30)
we(0,1/r) we(0,1/r)

and G(w) is the s x r matrix

Besides, the optimal frame bounds for {g;(w) e*™ ™™} are ag/r and Bg/r.

meZ;j=1,2,...s
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Given an error sequence € := {€ }mez; j=1,2,..s we define
U . rm—k—+€m rm—k
d <CL,U mjbj> — <CL,U bj) ,

m,k * T

For any sequence ¢ = {c; }rez € £2(Z) we have

S 9 R |
Z Z Zd%)k G| = Z Z Z ‘dg?lclafi?kﬁk}

J=1meZ' keZ J=1meZlkeZ

N S g <35 5 lalP el s~ 0 0

=D D lallel D ldmdpil <30 > = ——— > ldmdiil  (31)
j=11keZ mez j=11,kez mez
S

=23 lal® 3 M
j=11€Z k,m€eZ

Now, for || < 1/2 define the functions,

Ma,bj (’7) = max |<CL, Uk+tbj> - <a7 Ukb]” ’
ez, tEl=1l
and
Na , — , Urm+k+tb‘ —(a, Urm+kb NE
n() =, max mZE:Zten[a_%ﬂ {a i) — (a i)l

Notice that Nyp.(v) < Map; () and for 7 = 1 the equality holds. Moreover, assuming
that the continuous functions ¢;(t) := (a,U';), j = 1,2,...,s, satisfy a decay condi-
tion as ¢;(t) = O(|¢|[~(1+7)) when [¢| — oo for some 1; > 0, we may deduce that the
functions Ngp, () and M, (7) are continuous near to 0.

Theorem 13. Assume that for the functions g;, j =1,2,...,s, given in (29) we have
0 < ag < Bg < co. For an error sequence € := {emj}mez;jzly,“’s, define the constant
Vj = SUP,ez |€mj| for each j =1,2,...,s. Then the condition

S
Z Map; (7)) Nap, (7;) < ag/r
j=1

implies that there exists a frame {CrenJ}mEZ;j:l,?,...,S for Aq such that, for any x € Ag,
the sampling expansion

=Y (x,Umtmib)y Cr i inH, (32)

7=1meZ

holds. Moreover, when r = s the sequence {Cfn’j}mez;jzljgpws s a Riesz basis for Ag,
and the interpolation property < il Urmtem; bj>7—t = 01, On,m holds.

eQﬂ'irmw }

Proof. The sequence {g;(w) meZ j1.2,..s 18 & frame (a Riesz basis if r = s) for

L?(0,1) with frame (Riesz) bounds ag and g. For any F(w) = Z a ™ in 12(0,1)
leZ
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we have

S 3 [{gms () ™ — g, (2™ F()) oy |
(0,1)

meZ j=1

= > KD ((a, UMFemiby) — (o, UFby )™M F () |

meZ j=1 keZ

=2 D13 (fa U= Fiemaby) —{a, U Rb) ™™, F () oo | (33)

mezZ j=1 kel

- Z Z | Z ((a, Urm=ktemib;) — (a, U™ Fb;)) Ek’2

meZ j=1 keZ

=YY S

j=1meZ ' keZ

From (31) and the definition of the functions M, and N, 5, we obtain

S
ZZKgm,J 2 — g (V™™ () oo | < Y Map, (3)Na, (1) I{ar hiez

meZ j=1 j=1

S
< Z Map,; (v5)Nap, (’Yj)HFH%Q(O,l)
j=1

By using Lemma 11 we obtain that the sequence {gn, ;(w) eQ“““mw}meZ;j:l’Z__S is a
frame for L?(0,1) (a Riesz basis if 7 = s). Let {h;7j}mez;j:172,...,s be its canonical dual

frame. Hence, for any F € L%(0,1)

F = Z Z <F ng 27r1rm >L2 o) he

meZ j=1

=D (z, UMb b,

mezZ j=1

Applying the isomorphism 7p,q, one gets (32), where Cf, . = Ty, (hfn]) Since Ty, is
an isomorphism between L2(0,1) and A,, the sequence {C';’j}mez;jzl,gwﬂs is a frame
for A, (a Riesz basis if » = s). The interpolatory property in the case r = s follows
from the uniqueness of the coefficients with respect to a Riesz basis. O

3.4 A frame algorithm in ¢(*(Z)

Sampling formula (32) is useless from a practical point of view: it is impossible to
determine the involved frame {Cfn ; Ymez: j=1,2,....s- As a consequence, in order to recover
x € A, from the sequence of inner products {<:c, yrmtem; bj>H}m€Z;j:1,2,...,s we should
implement a frame algorithm in ¢2(Z). Another possibility is given in the recent Ref. [1].
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Next we are going to implement a frame algorithm in the ¢?(Z) setting. To this
end, consider the canonical isometry

U:*(Z) — L*(0,1) such that Uc:= Z cr ¥R for ¢ = {cptrez € (X(Z).
keZ

Forxz =3 _,c,U"a € A,, denote by F the sequence
Fi=U" Ty, o= {ca}nez € *(Z).

i TM+€m;jp, . i
The inner products {(z,U ij)H}mGZ;j:l,Q,...,s can be written as

<.CC, Urm+6mjbj>,}_[ — <TU_,L11 T, gm,j(w) e27rirmw>L2(0 b= <F L ,]>g2(z)

where, for j =1,2,...,s and m € Z,

]Lm’j = a_l (m eZﬂ'irm Z/l (Z Uk-i—smjb H e2mik: g2mirm: >
keZ
= afl ( ZWH e27ri(rmfk)-) — ﬁfl ( Z (a, rm—k+em; bj>7—[ eZﬂ'ik-)
k€EZ keZ
= {{a, Urm=kFemib;)

}kGZ

The sequence {L, j}mez: j=1,2,..s is a frame for ¢%(Z). Indeed, assume that the
error sequence € := {em,j}mez;j:17,,_,s satisfies the hypothesis of Theorem 13, i.e.,

S
Kei=> Mqap, (7)) Nap, () < ag/r
j=1

where v := sup,,cz |emj| for each j = 1,2,...,s. As a consequence, the sequence
{gm.j(w) ezWiT"”“”}mez_j:1 o is aframe for L?(0,1) with bounds

2 2
A, =2 (1 T Ee ) and B, .= ¢ ( rie )
r ag r Be

Since /1 is an isometry, the sequence {ILy, j }mez; j=1,2,....s is a frame for ¢%(7Z) with the

same bounds. Hence, the recovery of the element z = Ty, (Zj IF) € A, from the samples

{(w, Urmtem; bj>7'l}mez;j:1,2,...,s is reduced to recover F € ¢?(Z) from the sequence

{<F’ Lmvj>£2(Z)}mEZ;j:1,2,...,s :

In so doing, the classical frame algorithm reads (see, for instance, [7]): Let S be the
frame operator in ¢*(Z) of {Ly j}mez: j=1.2...s, and define

2S5
For=g 75" +B;£FL”
“ A+ Be +B ;mze:z 2, U by) Lingg
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and recursively,

28

Fjp1 =Fp + ———
k+1 k A€+Be(

F —Fy) foreach ke N.

Then, the sequence {z, }nen in Aq given by x, := 3 ) 7 (Fn)k UFa, satisfies

1z = @nll < 1 Tvall IF = Frlle@ < [Toallve IFlle
<N Tvall 1o e el

where e := (Be — Ae)/(Be + Ae) .

4 Some additional remarks

Given s vectors b; € Ay, j = 1,2,...,s with s > 7, we have proved in Section 2 that the
sequence {U’"kbj}kez-jzl 5 gisa frame for A, if and only if the constants Ag and By
defined in (20) satisfi/ 0 %’Aq, < By < oo. Furthermore, we have obtained a family of
dual frames having the same form. As it was mentioned in the introduction, now we
deal with the case that some b; ¢ A,.

e We have assumed in Theorems 5 and 7 that b; belongs to A, for each j =
1,2,...,s since we required the sequence {U kp }k €z i=12. , to be contained in

Ag. In case that some b; ¢ A,, the sequence {U’"kb }kez =12, . 1s not necessarily
contained in A,. However a close look into the proof of Theorem 5 shows that
whenever 0 < Ag < By < 00, the inequalities

Ag|z|? < ZZ| ,U™b)|? < Bgllz||* for all z € A, (34)
j=1keZ

hold, and conversely. Hence, the sequence {U T
for A, (see Refs. [17, 18]).

Denoting by P4, the orthogonal projection onto A,, since for each xz € A,

kyp . i -
bJ}kGZ;j:lQ,.‘.s is a pseudo-frame

(2, U™ ;) = (2, Pa, (U™;)), k€Z and j=1,2,....s

Theorems 5 and 7 can be reformulated in terms of {PAa (Urkbj)}ker:lQ e
which is a sequence in A,. o

e An analysis of the proof of Theorem 9 shows that, even if not all of the b;
belong to A,, there exist ¢; € Aq, j = 1,2,...,s, such that the sequence
{U”’“cj}kezj:12 _, is a frame for A,, and the expansion (22) holds for each

x € A,. Therefore, in case that some b; ¢ A,, the sequence {U”‘ij}kez_j:1 o 4

is a pseudo-dual frame of the frame {U’"kcj}kez_j:1 o , for Ay (see [17]).

e In Section 3.3, having in mind the isomorphism 7y 4, for * = Ty F' € A, we have
obtained the expressions

(x, U"™by) <F gj(w 2”irmw>L2(0 1) where me€Z and j=1,2,...,s

22



e27‘rirmw }

Furthermore, we know that the sequence { gj(w) is a frame

meZ;j=1,2,...s
for L2(0,1) if and only if the constants ag and Bg given in (30) satisfy 0 < ag <
Bg < oo; besides, the optimal frame bounds for { gj(w) e2”i’"mw} are

meZ;j=1,2,...s
ag/r and Bg/r. Hence, we obtain that

_ 2 - B e
lal> <D0 U, U™p)))* < 7\|TU,;H2||$H2a r€A,.  (35)

aG
| Tl
j=1keZ

As a consequence, since we are dealing with optimal frame bounds, from (34) and
(35) we derive the equalities:

aG _ BG (j—
A = == Tval ? and By = 7HTU,§ 2.
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