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Abstract

Recently, a sampling theory for infinite dimensional U-invariant subspaces of
a separable Hilbert space H where U denotes a unitary operator on H has been
obtained. Thus, uniform average sampling for shift-invariant subspaces of L?(R)
becomes a particular example. As in the general case it is possible to have finite di-
mensional U-invariant subspaces, the main aim of this paper is to derive a sampling
theory for finite dimensional U-invariant subspaces of a separable Hilbert space H.
Since the used samples are frame coefficients in a suitable euclidean space CV, the
problem reduces to obtain dual frames with a U-invariance property.
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1 Statement of the problem

The frame concept was introduced by Duffin and Shaeffer in [7] while studying some
problems in nonharmonic Fourier series; some years later it was revived by Daubechies,
Grossman and Meyer in [6]. Nowadays, frames have become a tool in pure and applied
mathematics, computer science, physics and engineering used to derive redundant, yet
stable decompositions of a signal for analysis or transmission, while also promoting
sparse expansions. Recall that a sequence {zy} is a frame for a separable Hilbert space
H if there exist two constants A, B > 0 (frame bounds) such that

Allzl? <> e, o) * < Bllz|® for all z € H.
k

Given a frame {x}} for H the representation property of any vector = € H as a series
x = Y . cpy is retained, but, unlike the case of Riesz bases, the uniqueness of this
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representation (for overcomplete frames) is sacrificed. Suitable frame coefficients ¢,
which depend continuously and linearly on z are obtained by using the dual frames {y; }
of {x}, i.e., {yr} is another frame for H such that x = Y, (x, k) zr = D, (%, 2k) Yk
for each x € H. For more details on the frame theory see, for instance, the monograph
[5] and references therein; see also Ref. [4] for finite frames.

Traditionally, frames were used in signal and image processing, nonharmonic anal-
ysis, data compression, and sampling theory, but nowadays frame theory plays also a
fundamental role in a wide variety of problems in both pure and applied mathematics,
computer science, physics and engineering. The redundancy of frames, which gives flex-
ibility and robustness, is the key to their significance for applications; see, for instance,
the nice introduction in Chapterl of Ref. [4] and the references therein.

In particular, the use of frames in sampling theory has become very fruitful; see, for
instance, Refs. [1, 2, 3, 10, 16, 17]. Recently, in Refs. [8, 9, 15] a generalization of the
sampling theory for shift-invariant subspaces V. := {3, c; an ©(t —n) : {an}nez €
(*(Z)} of L*(R) with generator ¢ has been obtained in the following sense: Let U : H —
‘H be a unitary operator in a separable Hilbert space H; for a fixed a € H, consider the
closed subspace given by A, := W{U "a, n € Z}. In case that the (infinite) sequence
{U™a}nez is a Riesz sequence in H we have

A, = { Zan Ua: {an}tnez € 62(2)} .
nez

Here, the sequence of generalized samples {(L;z)(rm)}mez; j=12,.. s of x € Aq, where
r € N denotes the sampling period, is obtained from s elements b; € H as

(Lijz)(rm) == (x,U™bj)y, meZ; j=1,2,...,s. (1)

Thus, under appropriate hypotheses it was proved in [9, 15], by using different tech-
niques, the existence of frames in A,, having the form {U ’"mc]}m €Z:j=12...8 where
cj € Ay for j =1,2,...,s, such that for each x € A, we get the samphng expansmn

x = Z Z Liz(rm)U™ec; inH. (2)

J=1meZ

The U-sampling problem was introduced, for the first time, in Refs. [13, 15]. A par-
ticular case is the shift-invariant subspace V2 where U : f(t) — f(t — 1) is the shift
operator in L?(R). For any f € V2 the samples are

(Lif)(rm) = (f,U""bj) 12w / (@) t—rm)dt (f*hj)(rm), meZ,

where h;(t) := bj(—t) for each j =1,2,...,s. Besides, sampling formula (2) for f € Vg

reads as
ZZ L;f)(rm)S;(t—rm), teR,

j=1meZ

where the sequence of reconstruction functions {S;(- —rm)}mez, j=1.2,. s is a frame for
Vg (see, for instance, Ref. [10] for the details).



In [9, 15] it was implicitely assumed that the stationary sequence {U"a},ecz in H
has infinite different elements. It could happen that for some a € H there exists N € N
such that UNa = a, i.e., 1 is an eigenvalue of the unitary operator U with eigenvector
a. In this case, A, is just the finite dimensional subspace of H spanned by the set
{a, Ua,U%a,..., UN_la}. The main aim in this work is to derive a sampling theory in
A, involving dual finite frames.

In applications, frames in finite dimensional spaces are required. Since in finite
dimension, a frame is nothing but a spanning set of vectors, finite frames require con-
trol of certain condition numbers, and over the spectrum of certain matrices. Thus,
frame theory, firstly considered applied harmonic analysis, meets matrix analysis and
numerical linear algebra.

Concretely in this work, whenever dim. 4, = N, we consider a positive integer

r such that r|N and ¢ = N/r; the goal is to obtain finite frames in A, having the

form {Umcj} j=12,..,s ,» where ¢; € A4, j = 1,2,...,s, such that any x € A, can be
n= -1

Uy

recovered from the samples {ﬁjx(rn)} j=12,...,s givenin (1) by means of the expansion

n=0,1,....—1
s (-1
—_— . n .
xr = E g Liz(rn)U™c;.
j=1n=0

In so doing, we express the given samples as frame coefficients with respect to a frame in
CN. The challenge problem is to obtain its dual frames in CV yielding, via an isomor-
phism 7Ty, between CN and A, (see (3) infra), the desired frames {U’"”cj} =128

n=0,1,....4—

for A,. All these steps will be carried out throughout the remaining sections.

2 The mathematical setting

For a fixed a € H, assume that there exists a nonnegative integer N such that UNa = a;
let N be the smallest index with this property. Next, we consider the finite dimensional
subspace A, := span {a, Ua,U?a, ..., UNfla} in H. The auto-covariance R, of the
stationary sequence {U"a}necz defined in [12] as

Ra(k) = <Ukaﬂ a>'Ha keZ,

inherits its N-periodic character. Let R, be the N x N matrix of auto-covariances
defined by

Ra(0)  Ro(1) ... Ra(N—1)
Ro(1)  Ru(2) ...  Ra(0)

Ra = : : :
Ra(N —1) Ra(0) ... Ra(N—2)

Proposition 1. The set of vectors {a, Ua,U%a,..., UNfla} is linearly independent if
and only if det Ry # 0.



Proof. If det Ry = 0 then there exists A = (Ag, A1,...,An_1) € CV such that X # 0
and RaA = 0. Thus ZkN:Bl i UFa is orthogonal to a,Ua,U%a,...,UN"la so that
Z{;’;(} M UFa = 0. Conversely, if Z,iV;Ol M UFa = 0 for some X # 0 then the inner
product in the above expression with each a,Ua,U%a,...,UN"1a yields RaA =0. O

Although no necessary throughout this paper, it is worth to have a comment on the
differences with the infinite dimensional case treated in [9, 15]. In case the sequence
{U"a}nez is a Riesz basis for A,, its auto-covariance R, can be represented as

™

1 : 1 [T .
Ra(k) = 5~ / e dpug () = ” / Mp.(0)do, ke,

—T

where the spectral density ¢, satisfies

0 < essinf ¢,(f) < esssup ¢q(f) < 00.
oe(—m,m) oe(—m,m)

In the finite case treated here, the spectral measure y, is purely atomic and it consists
of masses located at the Nth roots of unity; it is easily to obtain that the masses are
precisely the discrete Fourier transform of the vector (Rq(0), Ra(1), ..., Rq(N — 1)))T.

In the sequel we assume that det R, # 0; thus, dim A, = N and the set of vectors
{a, Ua,U?a,..., UN_la} forms a basis for A,.

The isomorphism 7y,

Next we consider the following isomorphism 7y, between CN and A,:

TN7a . (CN — Aa
N-1 N-1 (3)
a:Zakek — x:ZakUka.
k=0 k=0
where {el, €2,..., eN} denotes the canonical basis for CVN. The isomorphism TN, has

the following shifting property:

Proposition 2. Let {T'(k)}rez be an N-periodic sequence in C. For 1 <m < N —1
consider the vectors in CV

Ty := (T(0),T(1),...,T(N - 1)) and
Ty = (T(N =m), T(N—m+1),...,T(N—m+N—-1)) .
Then, the following shifting property holds
TNa(TNem) =U" (’TN@(TO)) forany 1<m<N-—1.

Proof. The change of index p = N —m+k and the N-periodic character of the sequences
{T(k)} and {U*a} give

N—-1 2N—m—1 2N—m—1
TNa(TN-m) =Y Tn—m+k)Ua= > TEU N"a= Y T(p)U"*"a
k=0 p=N—-m p=N-—-m
N—-1 N—
=S T(q) U ma = U™ (S T(g) Uqa) = U™(Tna(To)) -
q=0 q=0

4



Generalized samples: a suitable expression

Let r be a positive integer such that r|N, and consider ¢ = N/r. Fixed s ele-
ments b; € H, j = 1,2,...,s, for each x € A we consider its generalized samples
{ﬁ z(rn) } J 1 27 s with sampling period r defined by

-1

sbgeeey

Lijx(rn) = (x,U"bj)y, n=0,1,...,0—1andj=1,2,...,s

The goal in this paper is to recover any x € A, from its finite sequence of samples
{L;x(rn } i= 127 s Dby means of suitable frames in A,. First, we obtain a more

sLyeeey

convement expressmn for L£;x(rn); namely

N 1 N-1
Liz(rn) = (x,U™by) o Ura, Umbj>7_[ = Z ar (UPa, U™bj)
k=0 k=0
N1 N-d (4)
= < Z ay ek, Z (UFa, U™bj),, ek>CN = (0, Gjn)en
k=0 k=0
where G, = ,ivz_ol (Uka, UT”bJ-)H ex. The cross-covariance between the sequences

{U"a} and {U"b;}, i.e., the N-periodic sequence defined in [12] as
Rap;(m) == (U™a,bj)y, meZL,

allows to write

N-1 N-1
Gjn= Y (UFab), ex= Y (UNtFrmab;), ex
k=0 k=0
N1 (5)
= Rap, (N +k—rn)eg.

k=0
Having in mind the expression (4) for the samples Ljz(rn), n = 0,1,...,£ — 1 and
j=1,2,...,s, and the isomorphism 7Ty, given in (3), any x € A, can be recovered
from its samples if and only if the set of vectors {Gjyn} j=1,2,.,s Il CV forms a

n=0,1,... 4—
spanning set for CN. In other words, it is a frame for CV (see, for instance, Refs.
[4, 5]). Equivalently, the N x s¢ matrix

Gl,O Gl’g_l G270 GQ’Z_l GS70 GS,K—I

has rank N. Thus we have that N < s/, that is, s > r.



Having in mind (5) and the N-periodic character of the cross-covariance the above
matrix can be written as (R;b1 R;b2 R;bs), where each £ x N block Rap;,
7=1,2 ... s, is given by

Ra,b].(O) Rmbj(l) . Rep, (N -1)
RCL,bj (N — 7") Ra,bj (N —-r+ 1) R Ra,bj (2N —-r— 1)
Rap; = : : . :
Rap,(N—=7r(l—1)) Rap;(N—r(l—=1)+1) ... Rep,(2N—-1—-r(l—-1))
Since N = r¢ we have
Ra,bj (O) Ra7bj (1) s Ra,bj (N - 1)
R,Lbj (N - T) Ra,bj (N —r+ 1) R Ra,bj (2N —-r— 1)
Rap; = : : - :
Ra,b]- (r) Ra,bj (r+1) e Ra,b]- (N—-1+r)

As usual, the symbol * denotes the transpose conjugate matrix. For the sf x N matrix
of cross-covariances

Rapb,
Rap = |2 | ()
Ra;,bs
where each £ x N block is given by Rap;, j=1,2,...,s, we have the following result:
Lemma 1. Let x = ,]CV:_Ol ap Uka € A,. For each j =1,2,...,s we have the following
expression for the samples {ij(rn) }fz;lo
L;z(0) o
ﬁjff(?“) _ Rus, 3|
Lia(r(t— 1) on-
In other words, denoting the vectors o := (ozo, ag, ... ,oszl)T e CN and

Loom = (El:n(O), Lix(r),...,Lrx(r(l—1)),...,Lsx(0),..., Esx(r(ﬁ—l)))T € CSK, (7)
the matriz relationship
l:sam = Ra,b o
holds where Rap is the st x N matriz of cross-covariances given in (6).
Proof. Given x = ivz_ol apUPa € A, let consider a = sz\f:—o1 apex € CN. By using
(4) and (5) we obtain

N-1
Liz(rn) = (a, Gj,n>(cN = Z o Rop; (N +k—mn), forn=0,1,....,0—1.
k=0



Assuming that the set of vectors {Gj,n} j=12,.s in (5) forms a frame for cN
e

Yyl

we have rank Ra p = IV, and the Moore-Penrose pseudo-inverse of R, is the IV x s
matrix R;b = [R;b Ra7b] _lR;b. Writing the columns of R;b as

R
Rl,=|Rl, ... Rl,, RI, .. R}, , ... RI, .. Rl [,

given x = i\/:—ol apUka € A, fora = Ziv:_ol ap ex € CV, from the matrix relationship

Lsam = Rap a we obtain

s (-1

o= (ao,al, e cyN,l)—r = RLb Loom = Z Zﬁjx(rn) R}Ln (8)
j=1n=0

In other words, the columns {R}Ln} j=1,2,...s of the Moore-Penrose pseudo-inverse
' n: b A ) -
RLb are a dual frame of {Gj,n} j=1,2,...s 1N (CN; that is for each a € CN
n=

y ey

s

-1
o= Z <a,Gj,n>(CN R;[,n

7j=1n=0

In particular, we derive that rank RL , = N. Any other dual frame of {G,} j=12..s
n=uU,1,....t—

in CV is given by the columns of any left-inverse H of the matrix Rapiie, HRap =
In. All these matrices are expressed as (see [14]):

H=R},+U[ly-RapR},], (9)

where U denotes any arbitrary N x sf matrix.

The pseudo-inverse RL b is computed by using the singular value decomposition of
Ra b; the singular values are the square root of the eigenvalues of the NV x N invertible
and positive definite matrix R} ;, Rapb (see, for instance, [5, 11]). Note that the singular
value decomposition of R, p, is the most reliable method to reveal its rank in practice.
Besides, the optimal frame bounds of the frame {Gj,n} j=1,2,...s for CN defined in

n=0,1,....0—
(5) are 07 and o3 where oy (respectively o) denotes the smallest (respectively the
largest) singular value of the matrix Ra p.

3 The result
Applying the isomorphism Ty, in (8), for any z = ZkN;Ol a UkFa € A, we obtain the
sampling formula:

s £—1

v="Tya(@) =Y > Liz(rn) Tna(R},).

j=1n=0

7



The sampling functions Ty a(RT- ) in the above formula do not have, in principle, any

special structure since RT does not have it. However, having in mind the structure
of the matrix Ry 1, we Construct left-inverses of Ra 1, with the same structure.

Left-inverses of R, with its same structure

We construct a specific left-inverse Hg of R4 1, from RJr (or from another left-inverse
of Rap given in (9)) in the following way: We denote as S the first r rows of the matrix
R;b, ie, SRap = [IT,OTX(N,T)], where I, and O, (n_,) denote, respectively, the
identity matrix of order r and the zero matrix of order r x (N — 7). According to the
structure of the matrix Ra 1, (see (6)), we write the r x sf matrix S as

S=(S1Ss ... S,),

where each r x £ block S;, j =1,2,..., s is denoted by

Si(0)  S;(N—r) S(N=2r) ... S(N—r(t—1)
oo | HO SE-rEn SN2 SO =)
Sir—1) S(N—1) S;(N—2r4r—1) ... S;(N—r(l—1)+r—1)

or, using that N = r/, as

Sj(O) Sj(N—T) Sj(N—QT') Sj(?")
S Sj(1)  S;(N—-r+1) S;(N—-2r+1) ... S;j(r+1)
i : : :
Sj(?“—l) Sj(N—l) Sj(N—T—l) Sj(??”—l)

Now, we form the NV x sf matrix

(5.8, ... 8.) (10)
by using the columns of S;, j =1,2,...,s in the following manner
SJ(O) Sj(N—’I“) Sj(N—2T‘) Sj(T’)
Sj(l) Sj(N—T+1) Sj(N—QT-l-l) Sj(?“-i-l)
g':: Sj("r’—l) Sj(N—l) Sj(N—T’—l) Sj(27’—1)
J Sj(’l”) Sj(O) SJ(N — T‘) e Sj(21")
S](T-f—l) Sj(l) Sj(N—T‘-i-l) Sj(27“+1)
Sj(N—l) Sj(N—r—l) Sj(N—QT—l) Sj(T’—l)
In other words: B
e The first column of S; is a concatenation of the columns 1, ¢, £ —1, ..., and 2 of Sy;
e The second column of S; is a concatenation of the columns 2, 1, £, ..., and 3 of S;;
e The third column of S; is a concatenation of the columns 3, 2, 1, ..., and 4 of Sj;



Repeating the process, finally,
e The column / of S; is a concatenation of the columns ¢, £ —1, £ —2, ..., and 1 of S;.
Thus, with this procedure we have obtained a left-inverse matrix Hg for Ra 1:

Lemma 2. Let Ry 1, and Hg be the matrices defined in (6) and (10) respectively. Then
we have that Hs Rap = In.

Proof. Having in mind the N-periodic character of the entries in matrices Hg and Ra 1,
the product o, i, of row m +1 of Hg, m = 0,1,..., N — 1, with column k + 1 of Rap,
k=0,1,...,N — 1, can be written as

s -1

U = Y Y S (N —ir +m)Rap, (N —ir + k).
j=1 i=0

Since SRap = [IT,OTX(N_,,)], we have that o, = 0y if m = 0,1,...,7 — 1 and
k=0,1,...,N—1. Whenever m > r, we write m = mg+qr where mg =0,1,...,r—1,
and g=1,2,...¢/ — 1. Then

s (-1
g = D) SiN = (i —q)r +mo)Rap, (N — (i —q)r +k —qr)
j=11i=0
_ ) Qmok—gr ifk—qr>0
Amy,N+k—qr ifk—qr<0 .

Now, the result follows from the fact that mg = k — gr if and only if m = k and the
failure of the equality mg = N + k — gr. O

Note that whenever the matrix Hg is constructed from the first r» rows of a left-
inverse H of Ry} then it can be written according to (9) as Hg = Rlb + Ug[Iy —
Rapb RL ) for Ug = U + Hg — H where U is a matrix such that H = RL b+ ﬁ[Isg -
Rap R,

Next we denote the columns of Hg as

)

Hs= |Hyo ... Hyyy Hoy ... Hyyy ... Hyy ... Hyeq|. (11

Since the matrix Hg is a left-inverse matrix of R, p, using Hg instead of R:rib in (8)
we obtain

s (-1

o= (ao,al, e ozN,l)T =Hs L m = Z Z Liz(rn)H;, . (12)
Jj=1n=0



Then, by using the isomorphism 7y, in (12) and Proposition 2 we obtain, for each
x € Ag, the sampling formula:

s (-1
z="Tna(c ZZExrn ) Tn,a (Hjin)
7=1n=0
s (-1 s £—1 (13)
—ZZL’xrn "(Tn.a(H Zﬁyw rn) U™cj
Jj=1n=0 j=1n=0

where ¢; = Ty (Hjo) € Aa, j =1,2,...,5

Collecting all the pieces that we have obtained until now we prove the following
result:

Theorem 3. Given the s¢ x N matriz of cross-covariances Rayp defined in (6), the
following statements are equivalents:

(a) rank Rap = N

(b) There exists an v x sl matriz S such that
SRa,b = [Ira O’I‘X(N—’I‘)] > (14)

where I, and Oy, (n_y) denote, respectively, the identity matriz of order r and the
zero matrixz of order r x (N —r).

(c) There exist c; € Aq, j =1,2,...,s such that the sequence {U""Cj} j=1,2,....s 5 @
n=0,1,...,0—1
frame for A,, and for any x € A, the expansion
s (-1
x = Z Z Liz(rn)U™c; (15)
j=1n=0
holds.

(d) There exist a frame {C]n} j 12,5 for Aq such that, for each x € A, the expan-
-1

At AR
swon
s -1

x = Z Z Liz(rn) Cjn,

j=1n=0
holds.

Proof. Condition (a) implies condition (b); it is enough to take as the matrix S the
first r rows of the Moore-Penrose pseudo-inverse RJr Condition (b) implies condition
(¢); it is just the proof of the sampling formula (13) Condition (c¢) implies condition
(d); it is obvious, take Cj, = U™¢j, j = 1,2,...,s and n = 0,1,...,¢ — 1 Finally,
we prove that condition (d) implies condition (a). Indeed, let z = Zk o ax UFa be

10



an arbitrary element in A,, and let define K, := 7']\7(11 (Cj,n) for j =1,2,...,s and

n=20,1,..., — 1. Applying 7']\?(11 inx= Zj’:l (Zf;lo Liz(rn) Cj,) we get

s £4—1

o= (ao,al, .. ,ozN_l)T = Z Zﬁjx(rn) K;,=KLsmn,
7j=1n=0

where Lg,m is defined in (7) and K is the N x sf matrix having K ,, as columns as in
(10). Now, by using Lemma 1 we have Lgum = Rap o; therefore, &« = KR, p o for
all a € CV, ie., KR, = Iy. This implies that rank Rap = N which completes the
proof. O

For the particular case where the number of systems £; and the sampling period r
coincides, i.e., s = r we obtain:

Corollary 4. Assume that s = r and consider the N x N matriz of cross-covariances
Ra 1 defined in (6). The following statements are equivalents:

(i) The matriz Rap is invertible.

(it) There exist r unique elements ¢; € Aq, j = 1,2,...,7, such that the sequence
{Umcj} j=1.2,...r @5 a basis for A,, and the expansion of any v € A, with
n=0,1,....4—1
respect to t%is basis is
r (-1
x = Z Zﬁjx(rn) Uc; .
j=1n=0

In case the equivalent conditions are satisfied, the interpolation property Ljcy(rn) =
dj i’ Ony0, whenever n=0,1,...,0 -1 and j,j' =1,2,...,r, holds.

Proof. Notice that the inverse matrix R;]lo has necessarily the structure of the ma-
trix Hg in (11). The uniqueness of the expansion with respect to a basis gives the
interpolation property. O

Note that the basis {U”""cj} j=1.2,.,r for A, in the above corollary has frame
n=0,1,...,0—

(Riesz) bounds éHT]\ﬁlH*Q and ?%HTN,Q

smallest (respectively the largest) singular value of the matrix R p.

’ 2

, where o1 (respectively ox) denotes the

A filter-bank interpretation

Assume that the rank of Ryp is N, and let S be an r x s¢ matrix satisfying (14).
Proceeding as before we construct a left-inverse Hg of Rap, with columns Hj,,, j =
1,2,...,sand n = 0,1,...,£ — 1 (see (11)). In the corresponding sampling formula
(15) we have ¢; = TN,a(Hm), j=1,2,...,s; suppose that

II$0 ::(ﬁ%(0)7ﬁ%(1)7"->¢%(]v-_'1))T>, j ::1,2,...,8.

11



Substituting in (15), for x € A, we get

s (-1 s (-1 N-1
x—ZZEmrn Uum™( Zﬁ] ZZEwrn Z,B( YU™ ™).
7j=1n=0 j=1n=0 =0
The change of index k := rn + m and the N-periodicity gives
s (-1 rn+N—1
x = Z Z Liz(rn) ( Z Bi(k —rn) U*a)
j=1n=0 k=rn
s -1 N—-1
= Z Z Liz(rn) ( Bi(k —rn) Uka)
3:1 n=0 k=0
— s (-1
Z {ZZE xz(rn) B (k —rn)}
k=0 j=1n=0
In other words, for x = iV:_Ol ar, UFa, the coefficients oy, k =0,1,...,N — 1, are the
output of a filter-bank
s 4—1
ap = ZZij(rn)Bj(k—rn), k=0,1,...,N — 1,
j=1n=0

involving the data {ij('rn)} j=1,2,..,s and the columns Hjo, j =1,2,...,s, of Hg.

n=0,1,....,0—

A toy model involving periodic sequences
Let E?V(Z) be the Hilbert space of N-periodic sequences of complex numbers

x=(...,z(N—1),z(0),z(1),...,z(N - 1),z(0),...)

/

N

N-1
m=0

endowed with the inner product (x,y) @ = > _ox(m)y(m). We consider the cyclic

shift T : £3(Z) — (4/(Z) defined as
Tx=T(...,z(N —1),2(0),z(1),...,z(N - 1),z(0),...)

N
= (...,x(N—2),x(N—1),x(0),...,x(N—2),:L'(N—1),...),

N
and the N-periodic sequence a := (..., 1,0,...,0,...); obviously, TVa = a and A, =
—_———
N
%(Z).
Given bj € (%, j = 1,2,...,s, each sample from x € (3 in {L£;x(rn)} j=12..s is
n=0,1,....0—1

obtained from the N-periodic convolution

N-1

Lix(rn) = (x,T™"bj)pa = zzox(m) b;(m —rn) = (x*hj)(rn),
m=

12



where hj(m) =bj(—m), m=0,1,...,N — 1.
As the cross-covariance R,p.(m) = (I"™a, bﬁ% = bj(m), each block Rap;, j =
1,2,...,s, of Ryp in (6) takes the form

b;(0) b;(1) bj(N 1)
bj(N—T) bj(N—T—i-l) bj(QN—r— 1)
Ra’bi - : . :
b;(N—r((—1)) bj(N—r(l—1)+1) ... b;2N—1—r({—1))

In case the rank of Ra p, is IV, from Theorem 3 we obtain in E?\,(Z) the sampling formula

s (-1
X(m):ZZEjX(rn)Cj(m—rn), m=0,1,...,N—1,

j=1n=0

which coincides with the output of a filter-bank. The sampling sequences in K?\, (Z) are
ci=TNa (Hj,o), j=1,2,...,s, where H; are columns (see (11)) of a left-inverse Hg
of Rap constructed, from a matrix S satisfying (14), as in (10).

Acknowledgments: The authors thank the anonymous referees for their valuable and
constructive comments.
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