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Abstract

The aim of this article is to derive a sampling theory in U-invariant subspaces
of a separable Hilbert space H where U denotes a unitary operator defined on
H. To this end, we use some special dual frames for L2(0,1), and the fact that
any U-invariant subspace with stable generator is the image of L?(0,1) by means
of a bounded invertible operator. The used mathematical technique mimics some
previous sampling work for shift-invariant subspaces of L?(R). Thus, sampling
frame expansions in U-invariant spaces are obtained. In order to generalize convo-
lution systems and deal with the time-jitter error in this new setting we consider
a continuous group of unitary operators which includes the operator U.

Keywords: Stationary sequences; U-invariant subspaces; Frames; Dual frames; Time-
jitter error; Group of unitary operators; Pseudo-dual frames.
AMS: 42C15; 94A20.

1 By way of motivation

The aim in this paper is to derive a generalized sampling theory for U-invariant sub-
spaces of a separable Hilbert space H, where U : H — H denotes a unitary opera-
tor. The motivation for our work can be found in the generalized sampling problem
in shift-invariant subspaces of L?(R); there H := L?(R) and U is the shift operator
T: f(u) = f(u—1)in L?(R). In that setting, the functions (signals) belong to some
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(principal) shift-invariant subspace V(f := Span LQ(R){go(u —n), n € Z}, where the gen-
erator function ¢ belongs to L?(R) and the sequence {p(u —n)} ez is a Riesz sequence
for L?(R). Thus, the shift-invariant space Vg can be described as

Vg = {Zan o(u—n) : {antnez € 52(2)}

nel

On the other hand, in many common situations the available data are samples of some
filtered versions f * h; of the signal f itself, where the average function h; reflects the
characteristics of the adquisition device.

For s convolution systems (linear time-invariant systems or filters in engineering jargon)
Lif = fx*h;, 7=12,...,5, defined on Vg, and assuming also that the sequence of
samples

{(‘ij)(Tm)}mEZ;j:I,Z...,s )

where r € N, is available for any f in Vg, the generalized sampling problem mathemat-
ically consists of the stable recovery of any f € Vg from the above sequence of samples.
In other words, it deals with the construction of sampling formulas in Vg having the
form

S
flu) = Z Z (L;f)(rm)Sj(u—rm), u€eR,
j=1mez
where the sequence of reconstruction functions {S;(- — rm)}mez; j=12,... s is a frame for
the shift-invariant space Vg.

Sampling in shift-invariant spaces of L?(R) (or L?(R%)), with one or multiple gen-
erators, has been profusely treated in the mathematical literature. A few selected
references are: [4, 5,9, 10, 11, 12, 13, 15, 18, 23, 27, 28, 29, 30, 31].

In the present work we provide a generalization of the above problem in the following
sense. Let U be a unitary operator in a separable Hilbert space H; for a fixed a € H,
consider the closed subspace given by A, := spW{U "a, n € Z}. In case that the
sequence {U"a} ez is a Riesz sequence in H we have

Av={ D anU"a: {ontnez € £(@)}
nez

In order to generalize convolution systems and mainly to obtain some perturbation
results in this new setting, we assume that the operator U is included in a continuous
group of unitary operators {U'};cr in H as U := U'. Recall that {U'}scr is a family
of unitary operators in H satisfying (see Ref. [2, vol. 2; p.29)):

(1) Utut =uttt,
(2) U° = Iy,
(3) (Utx,y)y is a continuous function of ¢ for any z,y € H.

Note that (U!)~! = U™, and since (U?)* = (U*)~!, we have (U')* = U".



Thus, for b € H we consider the linear operator H > z — Lyz € C(R) such that
(Lyz)(t) == (z,U'b)y for every t € R. These operators Ly, which will be called U-
systems, can be seen as a generalization of the convolution systems in L?(R). Indeed,
for the shift operator U : f(u) + f(u — 1) in L?*(R) we have

(f.U'D) 2w / fw)b(u —t)du= (f xh)(t), teR,

where h(u) := b(—u).

Given U-systems L, j = 1,2,...,s, corresponding to s elements b; € H, i.e.,
Lj = Ly, for each j = 1,2,...,s, the generalized regular sampling problem in A,
consists of the stable recovery of any = € A, from the sequence of the samples

{ij(rm)}mez;j:mw,s where reN,r>1.

This U-sampling problem has been treated, for the first time, in some recent papers
[22, 24]. Sampling in shift-invariant subspaces or in modulation-invariant subspaces of
L?(R) becomes a particular case of U-sampling associated with the translation operator
T : f(u) = f(u— 1) or with the modulation operator M : f(u) — e*™%f(u) in L*(R)
respectively.

In this paper we propose a completely different approach which allows to analyze
in depth the U-sampling problem. In Section 3 we prove the existence of frames in Ay,
having the form {Urmc]}mEZ =12, where ¢; € A, for j =1,2,...,s, such that for
each = € A, the sampling expansion

= Z Z Liz(rm)U™e; inH (1)
j=1mezZ

holds. To this end, as in the shift-invariant case (see, for instance, Refs. [13, 15]), we
use that the above sampling formula is intimately related with some special dual frames
in L%(0,1) (see Section 2 below) via the isomorphism 7y, : L?(0,1) — A, which maps
the orthonormal basis {e*™"*}, .5 for L?(0,1) onto the Riesz basis {U"a},ez for A,.
In [24] regular sampling expansions like (1) are obtained by using a completely differ-
ent technique; basically, they use the cross-covariance function R, (n) := (U"a, bj)y

between the sequences {U"a}necz and {U"bj}nez, j =1,2,...,s
Strictly speaking, we do not need the formalism of the continuous group of unitary
operators to derive the sampling results in Section 3 since we only use the discrete
group {U"},cz completely determined by U. However, for the study, in Section 4, of
the time-jitter error in sampling formulas as in (1), the continuous group of unitary
operators {U!};cr becomes essential. In this case we dispose of a perturbed sequence
of samples {(L;x)(rm + €mj)}mez; j=12,...,s, With errors €,,; € R, for the recovery of
x € A,. We prove that, for small enough errors €,,;, the stable recovery of any = € A,
is still possible. Finally, in Section 5 we deal with the case of multiple stable generators.
We only sketch the procedure since it is essentially identical to the one-generator case.

2  On sampling in U-invariant subspaces

For a fixed a € H, assume that the sequence {U"a},cz is a Riesz sequence in H.
Recall that a Riesz basis in a separable Hilbert space is the image of an orthonormal



basis by means of a bounded invertible operator. Any Riesz basis {z,}nez has a
unique biorthogonal (dual) Riesz basis {yn }nez, i-€., (Tn,Ym)n = dn,m, such that the
expansions
T = Z<:C, yn>?-[ Ln = Z(SE, xn)'H Yn
neZ nez

hold for every z € H. We state the definition by considering the integers set Z as
the index set since throughout the paper most of sequences are indexed in Z. A Riesz
sequence in H is a Riesz basis for its closed span (see, for instance, [8]). Thus, the
U-invariant subspace A, := spﬁ{U "a, n € Z} can be expressed as

Ag = {Zan Uma: {andnes € z2(Z)} .

nez

For simplicity and ease of notation we are considering the one-generator setting; as we
have already said, the same sampling results for the general case can be obtained by
analogy, and it will be drawn in Section 5. The sequence {U"a},cz is an stationary
sequence since the inner product (U"a, U™a)y, depends only on the difference n —m €
Z. Moreover, the auto-covariance R, of the sequence {U"a},cz admits the integral
representation

s
Ra(k) = (UFa, a)y = — / M (0), keZ,
2 J_,
in terms of a positive Borel measure p, on (—m, ) called the spectral measure of the
sequence (see [19]). This is obtained from the integral representation of the unitary
operator U on H (see, for instance, [2, 33]). The spectral measure y, can be decomposed
into an absolute continuous and a singular part as duq(0) = ¢4(0)d0 + dus(6). A
necessary and sufficient condition in order for the sequence {U"a},cz to be a Riesz
sequence for H is given in next theorem in terms of the decomposition of the spectral
measure fig:

Theorem 1. Let {U"a}nez be a sequence obtained from a unitary operator in a sep-
arable Hilbert space H with spectral measure dpuq(0) = ¢q(0)d6 + dus(0), and let A,
be the closed subspace spanned by {U™a}necz. Then the sequence {U"a}necz is a Riesz
basis for A, if and only if the singular part pi =0 and
0 < essinf ¢q(0) < esssup ¢q(0) < 0o.
oe(—m,m 0e(—m,m)

Theorem 1 is just the one-generator case (L = 1) of Theorem 11 proved below. It
is worth to mention that an straightforward computation shows that the dual Riesz
basis of {U"a}nez in A, is given by {U"b},ecz whith b = >, ;b Uka € A,, where
the terms of the sequence {by}rez € £2(Z) are the Fourier coefficients of the function
1/¢a(0) € L?(—m, 7). Indeed, for b =Y, , by U*a in A,, the biorthogonality between
the sequences {U"a},ecz and {U™b},cz means

1T
iy = (U0t = U0, S b U = Y by [ e, 0)as
keZ keZ -

2T
T keZ -

= % (nge*ike)qﬁa(@)eime do = 1/ B(Q)gba(g)efimf) e,



where B(0) := Y5 bre™*; in other words, we have B(0)¢,(0) = 1 in L?(—m,m).
Moreover, it is easy to deduce that ¢,(0) = 1/¢4(0), 0 € (—m,7); that is, for k € Z we
obtain (U*b,b)y = i fﬂ eikeqﬁj—&).

Finally, for the shift operator T : f(u) ~ f(u — 1) in L?(R), Theorem 1 allows to
recover the classical necessary and sufficient condition for the sequence {p(t — n)}nez,
where ¢ € L2(R), to be a Riesz basis for the corresponding shift- invariant subspace A,

in L?(R). Indeed, consider the Fourier transform as @(f) := \ﬁ 22 () e ™ dh in
L'(R) N L?(R); using the Parseval’s equality one easily gets

T oelim = [ etu-Dpidu= [ ol 0@z = [~ 560
. 1 [T .
fsz _ —ik0 ~ 2
/_WZ:W (0 + 2mn)|? dﬁ—%/_ﬂe 27 E |p(—0 + 27n)|~ db,

nel nez

that is, ¢,(0) = 27>, 7 |@(—6 + 27n)|?, 6 € (—m, 7). Thus, Theorem 1 yields the
classical condition (see, for instance, [8]):

0 < essinf Z |5(6 4 27n)|? < esssup Z 15(6 4 2mn)|? < co.
oe(—m,m) ne, be(—m,m) ez

The following isomorphism between L?(0, 1) and A, will be crucial along this paper:

The isomorphism 7y,

We define the isomorphism 77, which maps the orthonormal basis {e2minwy o for
L?(0,1) onto the Riesz basis {U"a},ez for A, that is,

Tva: L?(0,1) — A
F:Zane%i”w — x:ZanU"a.
nel nez

The following U-shift property holds: For any F' € L?(0,1) and N € Z, we have

Toa (F e27fin) = UN(TyaF) . 2)

The U-systems

For any fixed b € H we define the U-system L; as the linear operator between H and
the set C'(R) of the continuous functions on R given by

H >z Lyr € C(R) such that Lyx(t) := (x,U')y, t€R.

For any = € A, and t € R, by using the Plancherel equality for the orthonormal basis
{e2minwy 7 in L?(0,1), we have

Lyx(t) = (x,U'b) Zozn U"a, Ut H = Zozn (Uth,Uma),,
nez neZ
t n 2minw (3)
= <F, %<U b, U a>H € >L2(0,1) = <F7 Kt>L2(071) ’



where Ty o F' = x, and the function

Kt(w) = 2<Utb’ U"a)H e?winw — Zme%ﬁnw
nez nez

belongs to L?(0,1) since the sequence {(U'b, U"a>H}n€Z belongs to ¢?(Z) for each
teR

An expression for the generalized samples

Suppose that s vectors b; € H, j = 1,2,...,s, are given and consider their associated

U-systems L; := Ly, j = 1,2,...,s. Our aim is the stable recovery of any = € A,

from the sequence of samples {ij(rm)} e where r > 1. To this end, first
meZ; j=1,2,...,s

we obtain a suitable expression for the samples. For z € A, let F' € L?(0,1) such that
Tu.oF = x; by using (3), for j =1,2,...,s and m € Z we have

Lix(rm) = <F, Z<Urmbj7 Ula)y e?winw> _ <F, Z(Ukbj, )y e27ri(7"m—k)w>

nez L2(0.1) keZ L2(0,1)
—2mikw] 2wirmw
= <F [ (a, Ukbj) e Je >L2(0 Y’
keZ ’

where the change in the summation’s index k := rm — n has been done. Hence,

Liz(rm) = (F, gj(w) e2”irm“’>L2( formeZ and j=1,2,...,s, (4)

0,1)

where the function
gi(w) == Lja(k) ™ (5)
keZ
belongs to L?(0,1) for each j =1,2,...,s.
As a consequence of (4), the stable recovery of any x € A, depends on whether the
sequence {g;(w) e*mrmw} forms a frame for L2(0, 1). Recall that a sequence

meZ;j=1,2,....s
{Zn}nez is a frame for a separable Hilbert space H if there exist two constants A, B > 0
(frame bounds) such that

Allz)? <> |, 2a)> < Bllz||* for all x € H.
neZ

A sequence {xy, }nez in H satisfying only the right hand inequality above is said to be
a Bessel sequence for H. Given a frame {z,},cz for H the representation property of
any vector x € H as a series x = ), ¢, Ty, is retained, but, unlike the case of Riesz
bases (ezact frames), the uniqueness of this representation (for overcomplete frames)
is sacrificed. Suitable frame coefficients ¢, which depend continuously and linearly on
x are obtained by using the dual frames {y,}nez of {xn}nez, i-€., {Un}nez is another
frame for H such that x =/ (x,yn)2n = D, c7(®, Tn)yn for each x € H. For more
details on frame theory see Ref. [8].



A deep study of sequences having the form of { gj(w) eQﬂi’"mw}m €z j=12,..s W3S done

in Refs. [13, 15]. Namely, consider the s x r matrix of functions in L2(0, 1)

n(w) g(wt) g+
w w+ = w+ == _
) = 92(: ) g2( : ) g2( | ) :[gj<w+k1)}]i},§,..-,s (6)
gs(w) go(w+1) o gy(w+ =L B

and its related constants

ag = essinf Apin[G*(w)G(w)], Pg := esssup Amax[G*(w)G(w)],
we(0,1/7) we(0,1/7)

where G*(w) denotes the transpose conjugate of the matrix G(w), and Amin (respec-
tively Amax) the smallest (respectively the largest) eigenvalue of the positive semidefinite
matrix G*(w)G(w). Observe that 0 < ag < fg < co. Notice that in the definition of
the matrix G(w) we are considering 1-periodic extensions of the involved functions g;,
7=1,2,...,s.

A complete characterization of the sequence {gj (w) e%i’”mw}m €Z:j=12... is given
in the next lemma (see [13, Lemma 3] or [15, Lemma 2] for the proof):
Lemma 2. For the functions g; € L*(0,1), j = 1,2,...,s, consider the associated

matriz G(w) given in (6). Then, the following results hold:

(a) The sequence {g;(w)e*™™W}, cy ;1o s is a complete system for L*(0,1) if and
only if the rank of the matriz G(w) is r a.e. in (0,1/r).

(b) The sequence {g;(w)e*™ ™}, cy. ;19 s is a Bessel sequence for L*(0,1) if and
only if g; € L*(0,1) (or equivalently fg < oo). In this case, the optimal Bessel
bound is Bg/r.

(c) The sequence {g;j(w)e*™ ™}, ez i1 s is a frame for L*(0,1) if and only if 0 <
ag < Bg < 0o. In this case, the optimal frame bounds are ag/r and Bg/r.

(d) The sequence {g;(w)e*™ ™}, c7. ;12 s is a Riesz basis for L*(0,1) if and only if
is a frame and s = r.

A comment about Lemma 2 in terms of the average sampling terminology intro-
duced by Aldroubi et al. in [6] is in order. According to [6] we say that

1. The set {L1, Lo, ..., Ls} is an r-determining U-sampler for A, if the only vector
x € Aq, satisfying Ljz(rm) =0 for all j =1,2,...,sand m € Z, is x = 0.

2. The set {L1,La,...,Ls} is an r-stable U-sampler for A, if there exist positive
constants A and B such that

S
Allzl? <303 [Ljz(rm)? < Bllz|*  for all x € A,
j=1mezZ

Hence, parts (a) and (¢) of Lemma 2 can be read, by using (4), as follows:



i. The set {L1,Ls,...,Ls} is an r-determining U-sampler for A, if and only if
rank G(w) = r a.e. in (0,1) (and hence, necessarily, s > 7).

ii. The set {L1,Lo,...,Ls} is an r-stable U-sampler for A, if and only if 0 < ag <
B < o0.

An r-determining U-sampler for 4, can distinguish between two distinct elements in
Ag, but the recovery, if any, is not necessarily stable. If the system {L1, La,..., L5} is
an r-stable U-sampler for A,, then any = € A, can be recovered, in a stable way, from
the sequence of generalized samples {Eja:(rm)} , where necessarily s > 7.

meZ;j=1,2,....s
Roughly speaking, the operator which maps

€ X(Z) :=13(Z) x --- x *(Z)

(s times)

Ay D2 — {Ejm(rm)}mez;j:mw’s
has a bounded inverse.

Having in mind (4), from the sequence of samples {ij(rm)}mez,jzl 0 .
F € L*(0,1), and by means of the isomorphism T, the vector z = Ty F € A,. This
will be the main goal in the next section:

Wwe recover

3 Generalized regular sampling in A,

Along with the characterization of the sequence {g;(w) e%i”"w}nez; j=1,2,..s as a frame
in L%(0,1), in [13] a family of dual frames are also given: Choose functions h; in
L>(0,1), j =1,2,...,s, such that

(71 (w), ha(w), . .., he(w)]G(w) = [1,0,...,0] a.c. in (0,1). (7)

It was proven in [13] that the sequence {rh;(w) ezmmw}nez;jzlgw,s is a dual frame

of the sequence {g;(w)e*™ ™™}, ez i_19 s in L*(0,1). In other words, taking into
account (4), we have for any F € L?(0,1) the expansion

F = Z Z Ljx(rm) rh;(w) ™™™ in [2(0,1). (8)
j=1mezZ

Concerning to the existence of the functions hj;, j = 1,2,...,s, consider the first row
of the 7 x s Moore-Penrose pseudo-inverse G'(w) of G(w) given by

Gl (w) = [G*(w) G(w)] ' G*(w).

Its entries are essentially bounded in (0,1) since the functions g;, 7 = 1,2,...,s, and
det™! [G*(w) G(w)] are essentially bounded in (0,1), and (7) trivially holds. All the
possible solutions of (7) are given by the first row of the r x s matrices given by

Hy(w) == G'(w) + U(w) [I; — G(w)G (w)] (9)

where U(w) denotes any r x s matrix with entries in L°°(0,1), and I is the identity
matrix of order s.



Applying the isomorphism Ty, in (8), for = Ty F € A, we obtain the sampling
expansion:

T = Z Z Lix(rm) Tu.a [rh 27””” Z Z Lix(rm)U™ [T[La(’r‘h]’)]

j=1meZ j=1meZ

= zs: Z Lix(rm)U™c;p inH,

j=1meZ

(10)

where ¢, := Ty a(rhj) € Ag, j =1,2,..., s, and we have used the U-shift property (2).
Besides, the sequence {U ’“mcﬁh} is a frame for A,. In fact, the following

mezZ;j=1,2,...,s
result holds:

Theorem 3. Let b; € H and let L; be its associated U-system for j = 1,2,...,s
Assume that the function gj, j =1,2,...,s, given in (5) belongs to L>(0,1); or equiv-
alently, that Bg < oo for the associated s x r matriz G(w). The following statements
are equivalent:

(a) ag > 0.
(b) There exzists a vector [hy(w), ha(w), ..., hs(w)] with entries in L>(0,1) satisfying

[hi(w), ha(w), ..., hs(w)]G(w) = [1,0,...,0] a.e. in (0,1).

(c) There exist c; € Aq, j =1,2,...,s, such that the sequence {U" CJ}keZ i1, 18
a frame for A,, and for any x € .A the expansion

x = Z Zﬁjx(rk) U™e; inH, (11)

j=1kez
holds.

(d) There exists a frame {Cj7k}kEZ'j:12...s for A, such that, for each x € A, the
exrpansion o

x = Z Zﬁjx(rk) Cijr inH,
j=1 keZ
holds.
Proof. We have already proved that (a) implies (b) and that (b) implies (¢). Obviously,

(c) implies (d). As a consequence, we only need to prove that (d) implies (a). Applying
the isomorphism 7 ; to the expansion in (d), and taking into account (4) we obtain

F = TU_;a: = Z Z Ljx(rk) TU_al (Cj,k)

j=1keZ

- ZZ (F.g;(w) e27TiT‘kw>L2(o 1) TUa( Cjx) in L*(0,1),

j=1kez



where the sequence {TU_ al (ijk) is a frame for L?(0,1). The sequence

. }kEZ;j:I,Z..‘,s
{g;(w) 62mrmw}meZ-j:1 , , is a Bessel sequence in L%(0,1) since g < oo, and sat-
isfying the above expansion in L?(0,1). According to [8, Lemma 5.6.2] the sequences
{TUj (Cj,k) }keZ;j=1,2,...,s and {gj(w) eQerkw}kGZ;j:mw,s form a pair of dual frames in

L?(0,1); in particular, by using Lemma 2 we obtain that ag > 0 which concludes the
proof. O

In case the functions g;, j = 1,2,...,s are continuous on R, condition (a) in Theo-
rem 3 can be expressed in terms of the rank of the matrix G(w); notice that this occurs,
for example, whenever the sequences {L;ja(k)}rez, j = 1,2, ..., s, belong to (*(Z).

Corollary 4. Assume that the 1-periodic extension of the functions gj, j = 1,2,...,s,
given in (5) are continuous on R. Then, the following conditions are equivalent:

(i) rank G(w) = r for all w € R.

(i1) There exist ¢; € Aq, j = 1,2,...,s, such that the sequence {Uchj}kez;j:w,m’S
is a frame for A,, and the sampling formula (11) holds for each x € A,.

Proof. Whenever the functions g;, j = 1,2,...,s, are continuous on R, the con-
dition ag > 0 is equivalent to det [G*(w)G(w)] # 0 for all w € R. Indeed, if
det G*(w)G(w) > 0 then the first row of the matrix Gf(w) := [G*(w)G(w)]~'G*(w),
gives a vector [h, ha, ..., hs] satisfying the statement (b) in Theorem 3 and, as a con-
sequence, ag > 0. The converse follows from the fact that det [G*(w)G(w)] > af; for
all w € R. Since, det [G*(w)G(w)] # 0 is equivalent to rank G(w) = r for all w € R,
the result is a consequence of Theorem 3 O

Whenever the sampling period r equals the number of U-systems s we are in the
presence of Riesz bases, and there exists a unique sampling expansion in Theorem 3:

Corollary 5. Let b; € H for j = 1,2,...,r, i.e., r = s in Theorem 3. Let L; be its
associated U-system for j = 1,2,...,r. Assume that the function g;, j = 1,2,...,r,
given in (5) belongs to L*°(0,1); or equivalently, fg < oo for the associated r X r matriz
G(w). The following statements are equivalent:

(a) ag > 0.
(b) There exists a Riesz basis {C} i }kez; j=1,2,...r such that for any x € A, the expansion

T

x = Z Z Lix(rk)Cj,  inH (12)

j=1keZ
holds.

In case the equivalent conditions are satisfied, necessarily there exist c¢; € Aq, j =
1,2,...,r, such that Cj} = U”“cj forkeZ and j=1,2,...,r. Moreover, the interpo-
lation property Ljicj(rk) = 6; 5 dk0, where k € Z and j,5' =1,2,...,r, holds.

10



Proof. Assume that ag > 0; since G(w) is a square matrix, this implies that

essinf | det G(w)| > 0.
weR

Therefore, the first row of G~ (w) gives the unique solution [h1(w), he(w), ..., hy(w)]
of (7) with h; € L*>(0,1) for j =1,2,...,r

According to Theorem 3, the sequence {Cjj}rez;j=12,..r = {Urkcj}kez;j:m,,..,r,
where ¢; = Tyq(rhj), satisfies the sampling formula (12). Moreover, the sequence
{rhj(w) ™k} e iio = {TU_al (U™ ¢;) Yeez; j=1,2,..r is a frame for L?(0,1). Since
r = s, according to Lemma 2, it is a Riesz basis. Hence, {Uchj}kez;j:ng’,« is a Riesz
basis for A, and (b) is proved.

Conversely, assume now that {Cji}rez: j=1,2,..,» is a Riesz basis for A, satisfying
(12). From the uniqueness of the coefficients in a Riesz basis, we get that the inter-
polatory condition (£;Cj)(rk’) = 0,0 holds for j,7" = 1,2,...,r and k, k' € Z.
Since TIZ is an 1som0rphlsm the sequence {TU ( 7, k)}keZ j=1.2,..r is a Riesz basis

for L?(0,1). Expanding the function g; (w)e™2™"*" with respect to the dual basis of

{TUa( ik )}kez j=1,2,..r, denoted by {D;r}rez; j=12,. r, and having in mind (4) we
obtain

gj’( 27r1rk’ ZZ g] 27r1rk’ TUa( ]k)>L201)DJk( )
j=1 keZ

= Zﬁ, Cx(rk) Djx(w) = Djr por(w) .

kEZ

Therefore, the sequence {W eQWirkw}kez; j=1,2,...r is the dual basis of the Riesz basis
{TUG( k) Ykez: j=12,.r. In particular, it is a Riesz basis for L?(0,1), which im-
phes according to Lemma 2, that ag > 0, i.e., condition (a). Moreover, the se-
quence {’TU_ i (Cj,k)}kez; j=1,2,....r is necessarily the unique dual basis of the Riesz basis

{g;j(w) e2”iTkw}kez; j=12,...,r- Therefore, this proves the uniqueness of the Riesz basis
{Cktrez; j=1,2,. r for A, satisfying (12). O

rky, .
Some comments on the sequence {U b]}kez.j_1 N

Concerning Theorem 3, more can be said about the sequence {U ka'}k;eZ' §=1,2,....87

where the vectors b; € H define the U-systems L£; = £, j = 1,2,...,s. Having in
mind (4) and the 1somorphlsrn Tu.q, We obtain that

2 2 k 2 _ PG 12 2
a7z < ZZ\ U< TPl forallz € Ay (13)
Jj=1 keZ
e In case that b; € A, for each j =1,2,...,s, we derive that {Urkbj}ker:l
is a frame for A,, and it is dual to the frame {Urkcj}kez;j:m,...,s in A,. Thus,
the sampling expansion (11) is nothing but a frame expansion in A4,.

e In case that some b; ¢ A,, the sequence {U rk is not contained in

bj}keZ;j:1,2,...,s
A,. However, inequalities (13) hold. Therefore, the sequence {U™*b; } kez: =1
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is a pseudo-dual frame for the frame {Urkcj}kez-jzl o in Ay (see [20, 21]).
Denoting by P4, the orthogonal projection onto A,, we derive from (13) that
the sequence {PAa (U”“bj) is a dual frame of {U”“

in A,.

}kez;j:m,...,s Cj}kEZ;j:I,Q,...,s

e Whenever r = s, according to the above cases, the sequence {Urkbj}kez-jzl 9 s
is a Riesz basis or a pseudo-Riesz basis for A,.

Sampling formulas with prescribed properties

The sampling formula (11) can be thought as a filter-bank. Indeed, assume that for
j=1,2,...,s we have

1
cjh=Tualrhj) =71 Z hj(n)U"a  where hj(n) = / hj(w) e ™™ dw , n € 7.
neZ 0

Substituting in (11), after the change of summation index m := rk + n we obtain

xr = Z {Zs:Zrﬁjx(rk)ﬁj(m—rk)} UMa,

mezZ  j=1 keZ

that is, the relevant data is the output of a filter-bank:

QU = ZZrﬁjx(rk)/ﬁj(m —rk), meZ.

j=1keZ

where the input is the given samples and the impulse responses depend on the sampling
vectors ¢;p, j = 1,2,...,s. In the oversampling setting, i.e., s > r, according to (9)
there exist infinitely many sampling vectors ¢, j = 1,2,..., s, for which the sampling
formula (11) holds. A natural question is whether we can choose the sampling vectors
cin J=1,2,...,s, with prescribed properties.

For instance, a challenging problem is to ask under what conditions we are in the
presence of a FIR (finite impulse response) filter-bank; i.e, cjn = 7Y g w10 Ej (n)U"a,
J = 1,2,...,s, or equivalently, when the functions h;, j = 1,...,s, are 2m-periodic
trigonometric polynomials. Instead, we deal with Laurent polynomials by using the
variable z = e*™%_ that is, gj(z) == > oy Lia(k) 2%, j = 1,2,...,s. We introduce the
§ X r matrix

gi(2) gi(zW) - g(zW' )
g2(2) g2(zW) - g(zW')
G(z) := : : : = {gj (zW )] =125
: : : E=0,1,...,r—1
gs(z) gs(zW) -+ go(zW' 1)
where W : e2™/7  In case the functions gi(2), 7 =1,2,...,s, are Laurent polynomials,

the matrix G(z) has Laurent polynomials entries. Besides, the relationship G(w) =
G(e*™v), w € (0,1), holds.

12



So that, we are interested in finding Laurent polynomials h;(z), j = 1,2...,s,
satisfying
[h1(2),ha(2), ..., hs(2)] G(2) = [1,0,...,0].
Thus, the trigonometric polynomials hj(w) = h;(e*™), j = 1,2,...,s, satisfy (7),
and the corresponding reconstruction vectors c;, = Tua(rhj), 7 = 1,2,...,s, can be
expanded in A, with just a finite number of terms. Namely,

Cjph =T Z iAL](n) U"a, where h;(z)= Z iALj(n) 2 i=1,2,...,8
finite finite

The following result holds:

Theorem 6. Assume that the sequences {E a }keZ’ =1,2,...,s, contain only a fi-
nite number of nonzero terms. Then, there exists a vectorh(z) := [ 1(2),h2(2),...,hs(2)]
whose entries are Laurent polynomials, and satisfying h(z) G(z) = [1,0,...,0] if and

only if
rank G(z) =r  forall z€ C\ {0}.

Proof. This result is a consequence of the next lemma which proof can be found in [34,
Theorems 5.1 and 5.6]:

Lemma 7. Let G(z) be an s x r matriz whose entries are Laurent polynomials. Then,

there exists an r X s matriz H(z) whose entries are also Laurent polynomials satisfying
H(2)G(z) = I, if and only if rank G(z) = r for all z € C\ {0}.

O

Analogously we can consider the case where the coefficients of the reconstruction
vectors ¢jp, =1z hj(n)Uma, j =1,2,...,s, have exponential decay, i.e., there exist
C > 0 and ¢q € (0,1) such that m](n)] <C¢",nez j=1,2,...,5. Assuming that
the sequences {[,ja(k)}kez, j=1,2,...,s, have exponential decay then, we can find
reconstruction vectors c;; such that the sequences {Ej(n)}nez, j=1,2,...,s, have

exponential decay if and only if rank G(z) = r for all z € C such that |z| = 1. For the
details, see [16] and references therein.

4 Time-jitter error: irregular sampling in A,

A close look to Section 3 shows that all the regular sampling results have been proved
without the formalism of a continuous group of unitary operators {U'};cr in H: we
have only used the integer powers {U" },cz which are completely determined from the
unitary operator U. However, if we are concerned with the jitter-error in a sampling
formula as (11), the group of unitary operators becomes essential. Here, we dispose of
a perturbed sequence of samples {(L£;x)(rm + €m;) bmez; j=1,2,....s, With errors €,,; € R,
for the recovery of x € A,. By using (4) and (3) we obtain:

Liz(rm) = <Fame2”irmw>m(o,1) and Ljz(rm + ;) = (F, gm,j(w) e 27TiWmv>L2(0,l)’

13



where the functions

gj(w) == Z Lia(k) ek and g, (w) = Z Lia(k + €p;) 2™H0

keZ keZ
belong to L2(0,1). Let G(w) be the s x r matrix given in (6), associated with the
functions g;, j = 1,2,...,s. In the case that 0 < ag < Bg < oo, the sequence

{g;(w) e%irmw}mez-j:1 5, is a frame for L%(0,1) with optimal frame bounds ag /7
and fBg/r. Thus, as in [14], we can see the sequence {gn, ;(w) e%i”mw}mez.j:l 5 4 in
L?(0,1) as a perturbation of the frame {g;(w) e2”irm“’}mez;j:1727m’s in L2(0,1). The
following result on frame perturbation, which proof can be found in [8, p.354] will be
used later:

Lemma 8. Let {z,}32, be a frame for the Hilbert space H with frame bounds A, B,
and let {yn}52 1 be a sequence in H. If there exists a constant R < A such that

oo
Z [(zn — yn,:r)‘2 < R||z||® for each x € H,
n=1

then the sequence {yn}3, is also a frame for H with bounds A(1 — \/R/A)2 and

B(1+ R/B)Z. If the sequence {x,}22 is a Riesz basis, then the sequence {yn}o2
is also a Riesz basis.

The time-jitter error sampling expansion

Given an error sequence € := {emj}mez;j:1,27,,,73, assume that the operator
De : 2(Z) — (7)
c={catiez —— Dec:= (D@l ...y Des c) ,

is well-defined, where, for j =1,2,...,s,

D jc:= { Z [Lia(rm —k + €mj) — Lia(rm — k)}ck}mez . (14)
kEZ

The operator norm (it could be infinity) is defined as usual
[De ¢ lez(z
IDell:= sup = f S
ccenoy lellea)
where || D, ¢ H?g(Z) =301 [ Dejc ”?2(2) for each c € (*(Z).
Theorem 9. Assume that for the functions g;, j = 1,2,...,s, given in (5) we have
0<ag < fBg < oco. Let € := {emj}mEZ;jzl,Q,...,s be an error sequence satisfying the

inequality ||De||?> < ag/r. Then, there exists a frame {CS ez j=12....s for Aq such
that, for any x € Ag, the sampling expansion

x = Z Z Lijz(rm + €mj) C5,, inH, (15)

j=1mez

holds. Moreover, when r = s the sequence {C;m}mez;j:1727.,,’s is a Riesz basis for A,
and the interpolation property (L C5,)(rm + €m;j) = 851 6nm holds.

14



27ri7"mw }

Proof. The sequence { gj(w meZs j=1.2.. , is a frame (a Riesz basis if r = s) for

L?(0,1) with optimal frame (Rlesz) bounds ag / r and Bg/r. For any F(w Z ay 2™l
leZ
in L2(0,1) we have

Z Z ’<9m3() e?mm — We%wm" F(')>L2 0,1 ‘2
(0,1)

meZ j=1

= 3 DI (B T ) - BB B Q) g

meZ j=1 keZ

—ZZ‘ Z Earm k+ €emj) — Eja(rm—k:)) 2mik: ,F(- >L201)‘ (16)

mezZ j=1 keZ

- Z Z | Z (Ljalrm —k + €mj) — Lia(rm — k)) Ekf

mezZ j=1 keZ

S
= 3 IDej{athiezlB < IDelP{athezlZe = DIz
j=1

) is a
meZ;j=1,2,...,s
frame for L?(0,1) (a Riesz basis if r = s). Let {h;m}mez;jzljgqu be its canonical dual

frame. Hence, for any F € L%(0,1)

F= Z Z ng 271'1rm >L2 ©01) he

meZ j=1

= Z Z Ljx(rm + €pj) BS,, in L*(0,1).

mezZ j=1

By using Lemma 8 we obtain that the sequence { Gm.j(w) e%i”’“"}

Applying the isomorphism 77, one gets (15), where Cs TUa( ) for m € Z and

Jj=12,...,s. Since Ty, is an isomorphism between LQ(O 1) and .Aa, the sequence
{C;m}mez;jzljgw,s is a frame for A, (a Riesz basis if r = s). The interpolatory
property in the case r = s follows from the uniqueness of the coefficients with respect
to a Riesz basis. O

Sampling formula (15) is useless from a practical point of view: it is impossible
to determine the involved frame {Cﬁm}mez; j=1,2,..s- As a consequence, in order to
recover = € A, from the sequence of samples {(ij)(rm—l_emj)}mGZ;j:LQ,...,s we should
implement a frame algorithm in ¢?(Z) (see Ref. [14]); another possibility is given in
Ref. [1].

In order to prove the existence of sequences € := {€n;}mez: j=1,..s such that
| De||?> < ag/r we need some results from the group of unitary operators theory:

A brief excursion on groups of unitary operators

Let {U'}er denote a continuous group of unitary operators in H. Classical Stone’s
theorem [26] assures us the existence of a self-adjoint operator 7' (maybe unbounded)
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such that U? = '*”". This self-adjoint operator T', defined on the dense domain of H

Dy := {x € H such that / w? d|| Eyz|? < oo},

—00

admits the spectral representation T = ffooo w dFE,, which means:

(Tx,y) = / wd(Eyx,y) forany z € Dr and y € H,

—o0
where {Ey}wer is the corresponding resolution of the identity, i.e., a one-parameter
family of projection operators F,, in H such that

(i) E_oo := lim Ep =0y, Es:= lim E, = Iy,

wW——00 wW—00
(ii) E,- = E, for any —oo < w < 00,
(i) B, Ey = B, where w = min{u,v}.

Recall that || Eyz||? and (E,z,y), as functions of w, have bounded variation and define,
respectively, a positive and a complex Borel measure on R.

t

r—x
Furthermore, for any x € Dp we have that %ir% ——— = iTx and the operator iT is
—

said to be the infinitesimal generator of the group {U'}4ecr. For each z € Dy, Utz is a
continuous differentiable function of ¢. Notice that, whenever the self-adjoint operator
T is bounded, Dy = H and €'’ can be defined as the usual exponential series; in any
case, Ut = €' means that

[e.e]
(U'a,y) = / ' d(BEyx,y), teER,
—0oQ

where x € D and y € H.

Finally, a comment on the continuity of a group of unitary operators: The group is said
to be strongly continuous if, for each x € H and tg € R, Utz — U'x as t — to. If H is
a separable Hilbert space, strong continuity can be deduced from continuity and even
from weak measurability, i.e., (U, )y is a Lebesgue measurable function of ¢ for any
x,y € H. See, for instance, Refs. [2, 7, 32, 33].

On the existence of sequences € such that ||D.||? < ag/r

Assuming that b; € Dp, j = 1,2,...,s, the functions Lja(t), j = 1,2,...,s, are
continuously differentiable on R. If, for instance, we demand in addition that, for each
j=1,2,...,s, there exists 1; > 0 such that

(L;a) (t) = O(|t| 1)) whenever [t| — oo, (17)

then we can find out a finite bound for the norm ||Dc||?. Indeed, for j = 1,2,...,s and
n, m € 7 denote

d(J) — £ja(rm —k+ Em,j) — Eja(rm —k).

m,k *
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Taking into account (14), for any sequence ¢ = {cx }rez € £2(Z) we have

Dl =3 S| S al <5 addal

J=1meZ ' keZ j=1 meZl,keZ
lal® + lexl? Jr|0k|
=S el el Y 1 <SS S 1dPdD ) s)
j=11,keZ mEZ =1 1,keZ mEZL
S
=3 el Y- 1adD, ).
j=11lez k,meZ

Under the decay conditions (17), for |y| < 1/2 we define the continuous functions,

Mgyap(v) = max |(La)(t)],

te[k—n,k
ez €lk—v,k+7]

and

Nipoov =  ma ma. Lia) (t)].
;0 (7) k=0,1,..i(r1mZ€:Zte[rm+kw,§m+k+ﬂ‘( ja) (t)]

Notice that Nz ay(7) < M(z,qy(7) and for r = 1 the equality holds.

Theorem 10. Given an error sequence € := {emj}mez;jzl’m,s, define the constant
Yj 1= SupP,cz |€mj| for each j =1,2,...,s. Then, the inequality

IDell® <77 Negyay () Miz,ay (17)
j=1

holds and, as a consequence, condition

aG
Z% Negsay () Mgy (1) < ==
ensures the hypothesis ||D.5H2 < ag/r in Theorem 9.
Proof. For each j =1,2,...,s, the mean value theorem gives
sup > _|Lja(n+d) — Lia(n)] < v Miz,ay(v5) (19)
del=%] nez
and
sup Z |Lja(rn +k+dn) — Lija(rn + k)| <75 Nigiay (V5) - (20)
k=0,1,...r—1 £
{dn}Cl=575]

Thus, using (19) and (20), inequality (18) becomes

[Decllazy < ZZ e > !dml | < ZZ E1S ja? v Mgay (v7)

=1 1€z k,meZ j=11eZ meZ
< ZZ lal® (v5)° o) ()N ay (V) (21)
=1 1€z
S
= llellzz Z%Q Negsay (Vi) Mg ay (V)
j=1
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which concludes the proof. O

5 The case of multiple generators

The case of L generators can be analogously derived. Indeed, consider the U-invariant
subspace generated by a := {a1,a9,...,ar} C H, i.e.,
Aa :=span{U"a;, n € Z; 1 =1,2....,L}.

Assuming that the sequence {U"a;}nez:1=1,2,...1 is a Riesz sequence in H, the U-
invariant subspace A, can be expressed as

L
Aa:{ZZa%U"CL: {aﬁl}nezéf2(Z);l:1,2....,L}.

=1 nez
The sequence {U"a;}nez;1=12,..,1, can be thought as an L-dimensional stationary se-

quence. Its covariance matriz Ra(k) is the L x L matrix

Ra(k) = [(Ukam,anh.[} s g ke

Its admits the spectral representation [19]:
J Y
Ra(k) = 2/ Mdu, (), ke.
™ —T

The spectral measure p, is an L X L matrix; its entries are the spectral measures
associated with the cross-correlation functions Ry, (k) := (U*am,a,)3. It can be
decomposed into an absolute continuous part and its singular part. Thus we can write

d“a(‘g) = (I)a(a)da + dp;(0) -

In case that the singular part pg = 0, the hermitian L x L matrix ®,(0) is called the
spectral density of the sequence {U"a;}nez;1=12,.. 1. The following theorem holds:

sy

ceey

{Ua1}nezi=12,...1 is a Riesz basis for Aq if and only if the singular part p =0 and

0< o5 inf) Amin [®a(0)] < esssup Amax [®a(f)] < co. (22)

(=mm oe(—m,m)

Proof. For a fixed £2-sequence ¢ := {ng}nEZ;lzl 9.1, we have

L
Lrrk |12
323 dotal

L
Z Z Z & (U™a;, Umaj)

=1 keZ 1,j=1meZneZ

L T
= Z Z Zcfncﬁl;r/ eimee*ineduai@j(@) (23)

i,j=1 meZnez -

1 T imi - —in
:%/ S™ S (e ™) T dpry ()8, e

MmEZNEL

18



where ¢ = (cj, c3,. .. ,cﬁ)T for every k € Z.

First we show that if the measure p, is not absolutely continuous with respect to
Lebesgue measure A then {U"a;}nez:1=1,2,..1 is not a Riesz basis for A,. Indeed, if
the spectral measure p, is not absolutely continuous with respect to Lebesgue measure
then there exists i € {1,2,..., L} such that the positive spectral measure fiq, q, is not
absolutely continuous with respect to Lebesgue measure; this comes from the fact that,
if any spectral measure in the diagonal p4;,q; is absolutely continuous with respect to
Lebesgue measure, the same occurs for each measure fiq; q, With k # j (see [7, p. 137]).
Then, ft4,,4,(B) > 0 for a (Lebesgue) measurable set B C (—m, ) of Lebesgue measure
zero. Bearing in mind that every measurable set is included in a Borel set, actually an
intersection of a countable collection of open sets, having the same Lebesgue measure
(see [25, p.63]), we take B to be a Borel set. Moreover, since every finite Borel measure
on (—m, ) is inner regular (see [25, p.340]) we may also assume that B is a compact
set. For any € > 0 there exists a sequence of disjoint open intervals I; C (—m,7) such
that

Bc|JIj and Y M) SAB)+e=¢,
=1 j=1

(see [25, pp.58 and 42]). Since B is compact we may take the sequence to be finite.

Hence, for every N € N there exist open disjoint intervals I{V,IQN, . ,I]]-YV in (—m,m)
such that ' .
JN JN 1
N N
BcJn' and Y M) < o5
j=1 j=1

Besides, Zgﬁl Hay,a; (I]N) > fta;.0;(B). Consider the function gn: (—m,7) — R, where

gN = 2N/2X in N, that satisfies
Ui 4

JN oN
Jon =2 S A1) < 2 < 1.
j=1

We modify and extend each gx to obtain a 27-periodic function fy: R — R such that
fn and its derivative are continuous on R, ||fn]|3 < 1 and fn(0) = gn(6) for every
0 € gi i ]N . Let Y, c{gv ¢® be the Fourier series of fx. First, by using Parseval’s
identity we have

1 1
lei 113 = g”fNH% < o for every N € N,

so that {¢V}3_, is a bounded sequence in ¢*(Z). Besides, the regularity of each
fn ensures that each Fourier series converges uniformly to fy. Therefore each series
Dk C{CV ¢" converges to fy in Li , ) and consequently,

a;,a; (77":77

s s JN
/ ’fN‘zd,U/ai,ai > / ’gN‘ZdMai,ai = 2N Zﬂai,ai (I]N)
T

— — =

e
k

2
2
Lﬂai,ai (_ﬂ-’ﬂ—)

> 2Nﬂai7ai (B).
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For every ¢V € (*(Z) we consider the £2- Sequence {cN }nez;l=1,2,...,L given by ¢ = ¢V

and ¢ = 0 if [ # 4. Substituting each {c! tnez:1=12,.... in (23) we have that

yLyeeey

IS atwtal = & [ |t e 0
T kezZ

=1 keZ

tends to infinity with N, so {U"a;}nez:1=1,2,....1, cannot be a Bessel sequence, therefore,
not a Riesz basis.

For the remainder of the proof we assume that the singular part pu; = 0 and that
dp,(0) = ®4(0)dh. Then (23) yields that

L 2
HZZC%U%;H = / Z cmelme Zc elnfdp . (24)

=1 keZ neL

We have to show that {U"a;}nez;1=12...1 is a Riesz basis for A, if and only if (22)

holds. Rayleigh-Ritz theorem (see [17, p.176]) provides the inequalities

mm ‘ Z Ck. elke‘ Z Cm eima Z c, e < )\max ‘ Z Ck elke‘

keZ meZ neL keZ

and taking into account (24) we have

1 T L 2
o mm P, ( ‘Zc e‘key do “chkUkal”

<
—n keZ =1 keZ
< 2i )\max [(I'a(e)] | Z Ck eik0‘2d0 ’
T J—r keZ
so that
L L 2
essinf Amin [®a(0)] Z Z [? < H Z Z Ci:UkalH
oe(—m,m) 1=1 kezZ =1 kez
L
< essSup Amax | ®a(6)] Z Z A
oe(—m,m) I=1 kez

Therefore (22) implies that {U"a;}nez;1=1,2,.. 1 is a Riesz basis for Aa.
Conversely, if {U"a;}nez;1=1,2,...1 is a Riesz basis for A, then there exist constants
0 < A < B < oo such that

AZL:Z k2 < || ZL:ZCQU%HQ < BZL:Z ch? (25)

=1 keZ =1 k€Z =1 k€eZ

for every £2-sequence ¢ := {Cn}nEZ 1=12... 1. Let us prove that

I Ly

A < essinf Amin [@a(ﬁ)] < esssup Amax [<I>a(6?)] < B. (26)
oe(—m,m) e(—m,m)
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Proceeding by contradiction, if (26) would not hold, then
A S )\min [q)a(g)] S )\max [éa(e)] S B

does not hold on a subset of (—m,7) with positive Lebesgue measure. In case the set
Ip = {0 € (=7, 7): Amax[®a(f)] > B} has positive Lebesgue measure we introduce
the Fourier expansion of the function F' € L? (—m, ) (L% (—m,n) denotes the usual
product Hilbert space L?(—m,7) x --- x L?(—m, ) (L times)) in (24), where F(0) =
X(0) X, (8) and X(0) is an eigenvector of norm 1 associated with the biggest eigenvalue
of ®,(6). We get

L
| dvtal = 1/ Aas [@a(0)]d0 > — [ B
I=1 keZ T Jrs 2T Jrg

which contradicts the right inequality in (25) for such a Fourier expansion. Whenever
Lebesgue measure of the set I'g is zero then we proceed in a similar way with the set
of positive Lebesgue measure I'y := {6 € (=7, 7): Amin [®a(8)] < A}. O

The above proof is similar to that of Lemma 2 in [24], except we do not exclude
the case in which the singular measure is atomless. Another characterization for being
{U"a;}nez;1=1,2,... 1 a Riesz basis for A, can be found in [3].

The resulting regular sampling formulas

As in the one-generator case, the space A, is the image of the usual product Hilbert
space L2 (0,1) by means of the isomorphism Ti74 : L2(0,1) — A, which maps the or-
thonormal basis {e 2™"e;},cz.1—12, 1 for L%(0,1) (here, {el}le denotes the canon-

ceey

L L
Tu.aF = Z Z (F, eQﬂi”'>L2(071) Ula; = Z Z o, Unay, (27)

=1 nez =1 nez

where F = (F, Fy, ..., Fr)T € L2(0,1).
Here, for F € L2 (0,1) and N € Z the U-shift property reads:

Toa(Fe™™) = UN (TuaF) (28)
Concerning the representation of an U-system L, for z € A, we have

L
Ly (t) = (z,U'b)yy = Z Z ay, (U, Uray)y,

=1 nezZ

= Z <Fl, Z<Utb, Unal)H eZWinw>L2(071) = <F7 Kt>L%(O,1) >

=1 neL

where Ty F =z, F = (Fl, ... FL)—r € L2(0,1), and the function

Ki(w) := ( Z Lyai (t — n) e*™m, Z Lyag(t —n) ™™ Z me%ﬁnw) T

neL nez nez
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belongs to L2L (0,1). In particular, given s U-systems L; := Ly, associated with b; € H,

j=1,2,...,s, we get the expression for the samples {ﬁjx(rm)}mez.jzl 5 4

. — (a0 J27irmw -
Liz(rm) <F,gj(w)e >L%(0’1) formeZ and j=1,2,...,s, (29)

where Ty F = = and

. . ONT
gj(w) == <Z Ljay (k) >, Z Lias(k)e*™hv Z Ljiar (k) ekaw> € L3(0,1).
keZ keZ keZ

As in the one-generator case we must study the sequence { g;j(w) 627“”’””}

meZ; j=1,2,...,s
in L2 (0,1). Consider the s x rL matrix of functions in L*(0,1)

gl (w) gl (w+7) - g (w+51)]
T T 1 T r—1 k—1
Glw) = |8 (W) glw+l) - gl (wt ) :[g;(wr)]j_mms (30)
: : : k=1,2,...,r
g (w) gl (w+y) - gl (w+ )]

and its related constants

ag = essinf Apin[G*(w)G(w)], Pg := esssup Amax|G*(w)G(w)].
we(0,1/r) we(0,1/7)

In [15, Lemma 2] one can find the proof of the following lemma:

Lemma 12. Let g;j be in L2(0,1) for j = 1,2,...,s and let G(w) be its associated
matriz given in (30). Then, the following results hold:

(a) The sequence {gj(w) e%imw}nez,jzl,z...,s is a complete system for L2(0,1) if and
only if the rank of the matriz G(w) is rL a.e. in (0,1/r).

(b) The sequence {g;(w) ezﬂmw}nezgzm,...,s is a Bessel sequence for L2(0,1) if and
only if gj € L3°(0,1) (or equivalently Bg < oo). In this case, the optimal Bessel
bound is Bg/r.

(c) The sequence {g;(w) 62”""“’}nezd}:w,m’S is a frame for L%(0,1) if and only if
0 < ag < fBg < 0. In this case, the optimal frame bounds are ag/r and Bg/r.

(d) The sequence {me%imw}
if is a frame and s = rL.

nEZj=1.2.. .5 is a Riesz basis for L2(0,1) if and only

In case that the sequence {g;(w) eQ“im“’}neZ;j:m’Ms is a frame for L% (0,1) (here,

necessarily s > rL), a dual frame is given by {rh;(w)e*™ v} , where the

neZ; j=1,2,...,s
functions h;, j = 1,2,...,s, form an L x s matrix h(w) := [hy(w), he(w),..., hs(w)]
with entries in L>°(0,1), and satisfying

[hy(w), ha(w), ..., hy(w)] G(w) = [I,0px—1yr] a-e. in (0,1)
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(see Ref. [15] for the details). That is, the matrix h(w) is formed with the first L rows
of a left-inverse of the matrix G(w) having essentially bounded entries in (0,1). In
other words, all the dual frames of { g; eQWiT”w)}n Z: j=12. , With the above property
are obtained by taking the first L rows of the rL x s matrlces given by

Hy(w) := G'(w) + U(w) [I; — G(w)G (w)],

where U(w) denotes any rL X s matrix with entries in L>°(0,1).
Thus, any F € L2(0,1) can be expanded as

S
_ . 2mi ) 27i . 2
F—Zlgmg](w)e ) 1 o TRy (w) €Y in L0, 1).
J=1ln

Applying the isomorphism 7y, and taken into account (29), for each x = Ty F € Aa
we get the sampling expansion

x—ZZﬁxrn TUarh ZZEazrnU cih inH,

Jj=1nez j=1neZ

where ¢jn = Tua(rhj) € Aa, j =1,2,..., s, and the sequence {U""¢jn}nez; j=12,...5 18
a frame for A4,. Proceeding as in Sectlon 3, it is straighforward to state and prove the

corresponding results.

The time-jitter error sampling formulas

Under appropriate slight changes, the time-jitter error results in Section 4 still re-
main valid for the case of multiple generators. Namely, given an error sequence
€ := {€mj}mez; j=1,2,..s, assume that the operator

De: 02(Z) — (2(Z)

s

¢ — Dec:= (De,lc,...,De,sc),

is well-defined, where ¢ := ({Cllg}k‘627{ci}k62w"7{C£}kEZ) € (2(Z) and, for j =
1,2,...,s

L
Dejc:= { Z Z [Liai(rm =k + emj) — Lia(rm — k)]ci}
I=1 keZ

meZ '

The operator norm (it could be infinity) is defined as usual

[Decllez
IDej = sup SO
cez oy llelle @

where || D, c ”?E(Z) =21 |1Dejc H?Q(Z) and Hc||§2L(Z) =, > pez |ck|? for each ¢ €
2 (Z). Assume that the matrix G in (30) satisfies 0 < ag < Bg < oo, and let € :=
{€mj}mez; j=12,.. s be an error sequence satisfying the inequality |Del|? < ag/r. Then,
proceeding as in Section 4, there exists a frame {C’;m}mez;j:1727,,,7s for A, such that,
for any x € A, a sampling formula as in (15) holds.
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Now assume that b; € Dr, j = 1,2, ..., s; thus the functions Ly, a;(t) = Lja(t), j =
1,2,...,sand [ =1,2,..., L, are continuously differentiable on R. Again, as in Section
4, under the decay condition (17) for each (L;a;)'(t), j =1,2,...,sand l =1,2,...,L,
one can easily prove that there exists 6 > 0 such that v; := sup,,,cz |€m;| < ¢ for each j =
1,2,...,s, implies that || D¢||*> < ag/r for the error sequence € := {€mjtmez; j=12,..5-
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