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Abstract

The concept of translation of an operator allows to consider the analogous of shift-
invariant subspaces in the class of Hilbert-Schmidt operators. Thus, we extend the con-
cept of average sampling to this new setting, and we obtain the corresponding sampling
formulas. The key point here is the use of the Weyl transform, a unitary mapping be-
tween the space of square integrable functions in the phase space R? x R% and the Hilbert
space of Hilbert-Schmidt operators on L?(R9), which permits to take advantage of some
well established sampling results.

Keywords: Hilbert-Schmidt operators; Weyl transform; Translation of operators; Average
sampling.
AMS: 42C15; 43A32; 47B10; 94A20.

1 Statement of the problem

In this paper a generalized average sampling theory is established for a shift-invariant-like
subspace of the class HS(RY) of Hilbert-Schmidt operators on L2(R?) obtained by translations
in a lattice of a fixed Hilbert-Schmidt operator S. To be more precise, by using conjugation
with the time-frequency shift m(z), where z = (z,w) belongs to the phase space R? x I@d,
one defines the translation of S by z € R? x R? by a,(S) = 7(2)S7(2)*; remind that
7(2)f(t) = Xt f(t—z) for f € L2(RY). If we take a full rank lattice A in RY x R? such that
the sequence {a)(S)}aea is a Riesz sequence in HS(R?) we consider the subspace, analogous
of a shift-invariant subspace in L?(R%), given by

V= {D_cMar(s) : {eMhea € £(A)}

A€A

Defining the average samples of any T € VS? at the lattice A by

(T,0n(Q)), ., A€A,
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where Q is a fixed element in HS(R?), not necessarily in Vg, the aim is to obtain a sampling
formula in Vg having the form

T= Z(T, ax(@)),s ax(H) in HS-norm,
AEA

for each T € VS2, where the operator H belongs to V52 and satisfies that the sequence
{ax(H)}xen is a Riesz basis for V2.

Thus, we are dealing with a generalization of the usual average sampling in a shift-
invariant subspace V2 {Spczicap(t —a) © {ca} € (*(Z)} of L*(R?) generated by the
fixed function ¢ € L2(Rd). In this case, for any f € Vg the average samples are defined
by (f,9(- — a)), a € Z%, where 1 is an average function in L?(R), not necessarily in V2
(see, for instance, Refs. [I} [I0]). This case was generalized in Ref. [6] by considering another
unitary representation {U(t)}er of R instead of the classical one given by the translations
{Ti}ter. In fact, due to the properties of the translation operator «, one can consider that
{az}z CRixRA is a unitary representation of the group R¢ x R? in the Hilbert space HS (Rd)
of Hilbert-Schmidt operators on L?(R%).

As in the classical case (see, for instance, Refs. [I], 11]), the average sampling theory is
enriched by considering the multiple generators setting. Here, we consider the subspace of
HS(RY)

vgz{zzcn : {en(A )}AEA662(A),n:1,2,...,N},

n=1 €A

where S = {S7,5s,...,Snv} C HS(RY) is the fixed set of generators. The multiple gen-
erators case allows to introduce a suitable oversampling by considering a set of samples
<T, a,\(Qm)>H$, A € A, defined from M fixed operators Q,,, m = 1,2..., M, not necessarily

in VS2, with M > N. In this case the aim is to obtain a sampling formula having the form

M
T= Z Z(T, ax(Qm))ys ax(Hy) in HS-norm,

m=1\eA

for each T € Vsz, where the operators H,,, m = 1,2,..., M, belong to VS2, and satisfy that
the sequence {a(Hy) baea; m=1,2...m is a frame for VS2.

On the other hand, the considered average samples of T = S22 Y xen En(A) ax(Sy) in
VS? can be expressed as a discrete convolution system in the product Hilbert space EIQV (A) :=
2(A) x -+ x £2(A) (N times), i.e.,

N
<Toz)\Qm Z amn*Acn (AN, AeA, n=12....Nandm=1,2..., M,

for some a,,,, € £2(A) (see the details in Section H]). Thus, we borrow the sampling scheme
followed in Ref. [12] in order to generalize the above average sampling to the subspace VS2
of HS(R?). In that reference, discrete convolution systems on discrete abelian groups are



proposed as a unifying strategy in sampling theory. This is done once we have taken into
account that the Weyl transform is a unitary operator from L?(R%x @d) onto HS(R?) allowing
to transfer sampling in a shift-invariant subspace of L?(R% x I@d) into sampling in the subspace
V& of HS(R?). Thus, the Weyl transform will be the cornerstone of this work along with the
well known average sampling in shift-invariant subspaces.

The paper is organized as follows: Section 2] introduces the novel preliminaries needed in
the sequel; these comprise Hilbert-Schmidt operators and the Weyl transform, the concept
of translation of an operator, symplectic Fourier series and Riesz sequences of translation
operators in HS(R?). For the theory of bases and frames in a Hilbert space we refer to Ref. [3].
In Section B, a generalized average sampling theorem is obtained for the one generator case
VS2. In Section M the former sampling theory is developed for the multiple generators case VS2.
As it was said before, this study relies on the theory of bounded discrete convolution systems
(2 (A) — £2 (A) and their relationship with frames of translates in ¢2 (A). The needed results
on these topics will be also briefly reminded in this section.

2 Preliminaries

For the sake of completeness, in this section we briefly introduce the novel mathematical tools
used throughout the work. For the needed theory of bases and frames in a Hilbert space we
merely refer to Ref. [3]; it mainly comprises Riesz sequences, dual Riesz bases and frames
and its duals in a separable Hilbert space.

2.1 Hilbert-Schmidt operators and the Weyl transform
Hilbert-Schmidt operators on L?(R9)

There are different ways to introduce the class of Hilbert-Schmidt operators in a Hilbert
space, L?(R%) in our case. We follow that using the Schmidt decomposition (singular value
decomposition) of a compact operator on L?(R%) (see, for instance, Ref. [4]). Namely, for a
compact operator S on L?(R%) there exist two orthonormal sequences {2, }nen and {y, bnen
in L?(R%) and a bounded sequence of positive numbers {s,,(S)}nen (singular values of S)
such that

S:ZSn(S)xn®ynv

with convergence of the series in the operator norm. Here, x, ® y, denotes the rank one
operator (z, ®yn)(f) = (f, yn>L2xn for f € L2(R?). For 1 < p < 0o we define the Schatten-p
class TP class by

TP :={S compact on LERY) : {5,(9)}nen € P(N)} .

The Schatten-p class T? is a Banach space with the norm ||S]|%-, = 37, . 5n(S)P.

In particular, for p = 1 we obtain the so-called trace class operators T'. The trace
defined by tr(S) = 3, cn(Sen, €n) 12 is a well-defined bounded linear functional on 7", and
independent of the used orthonormal basis {e, }nen in L2(R?).



For p = 2 we obtain the class of Hilbert-Schmidt operators HS(R?) := T2. The space
HS(RY) endowed of the inner product (S, T>7—t s = tr(8T™) is a Hilbert space. For the norm
of S € HS(RY) we have

151155 = t2(55%) = D 115*(en)llZ2 = D [S(en)lF = D 5n(9)*.

neN neN neN

A Hilbert-Schmidt operator S € HS(R?) can be seen also as a compact operator on L?(R9)
defined for each f € L?(R?) by

t) :/ ko(t,z)f(x)dz ae. t€R?,
Rd
with kernel kg € L?(R*?). Besides, (S,T),, ¢ = (ks ky) L2geay for ST € HS(RY).

The Weyl transform

We introduce the Weyl transform in L?(R¢ x I@d), the setting used in our context. More
information and details about this transform, also valid in more general settings, can be
found in Refs. [21] 22| 23].

The Weyl transform L?(R? x I@d) > f+— Ly € HS(R?) is a unitary operator where
Ly : L?(R?) — L*(RY) is the Hilbert-Schmidt operator defined in weak sense by

<Lf¢7 w>L2(Rd) = <f7 W(ﬂ% ¢)>L2(Rd><]§d) ) ¢7 TIZ) € L2(Rd) )

where

W o)) = [ (et ) oo =) e, () eRIXR

is the cross-Wigner distribution of the functions ¢, ¢ € L2(R?) (see Ref. [T]).

Thus, for each operator S € HS(RY) there exists a unique function a, € L?(R? x I@d),
called its Weyl symbol, and such that

(S, T)ys = (aS,aT>L2(RdX@d) for each S,T € HS(RY).

In Ref. [19] a sampling theory for operators with bandlimited Kohn-Niremberg symbol is
developed; see also Refs. [16], 20]. The Kohn-Niremberg symbol is an alternative to the Weyl
symbol which relates Hilbert-Schmidt operators with pseudo-differential calculi.

2.2 Translation of operators

For z = (z,w) € R x I@d, the time-frequency shift operator 7(z) : L*(R?) — L?(R%) is defined
as
m(2)p(t) = ¥ lp(t —x) for ¢ € L2(RY).

It is used to define the short-time Fourier transform (Gabor transform) V¢ of ¢ with window
1, both in L%(R%), by

Vpp(2) = (p,m(2)¥) 2, 2z€Rx R
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The adjoint operator of 7(z) is 7(2)* = e~ 27z w m(—z) for z = (z,w). By using conjugation

with 7(2) one can define the translation by z € R? x R? of an operator S € HS(R?). Namely,
a,(8) :=7(2)S7(z)", zeRIxR?.

Since a, defines a unitary operator on HS(R?) and a,a, = a,yr for z, 2" € R x R® we can
y Op + )

consider {az}z cRixRd @S & unitary representation of the group R% x R? in the Hilbert space

HS(R?). For more properties and applications see, for instance, Refs. [I7, 22, 23)].

2.3 Symplectic Fourier series

Let A be a full rank lattice in R? x I@d, ie, A = AZQf with A € GL(2d,R) and volume
|A| = det A. Its dual group A is identified with (R? x R?)/A°, where A° is the annihilator
group

A= {X° eRIx R : 2N — 1 for all A e A},

where o denotes the standard symplectic form o(z,2') =w -2’ —w' -2z for z = (z,w) and

A

2 = (2/,w) in RY x R?. Notice that the dual group A is compact. The group A° is itself a
lattice: the so-called adjoint lattice of A. The symplectic characters x,(z') := e2mio(2.2) are
the natural way of identifying the group R¢ x R4 with its dual group via the bijection z — x..
Sometimes we will identify the phase space R% x R? with its isomorphic space R4,

The Fourier transform of ¢ € £1(A) is the symplectic Fourier series
FMe)(2) = e(n) ™)z e (R x RY)/A°,
AEA
where # denotes the image of z under the natural quotient map R? x Re — (R4 x ]IA%d) JA°.

Since F2 is a Fourier transform it extends to a unitary mapping F2 : (2(A) — L2(A).
It satisfies F2(c *p d) = F2(c) FA(d) for ¢ € £*(A) and d € £2(A). Moreover, if ¢,d € £2(A)
with ¢ x5 d € £2(A), then F2(c*p d) = F2(c) FA(d). As usual, the convolution #, of two
sequences ¢, d is defined by

(cxad)(X) =D c(X)d(A—X), AeA.
NeA

For more details, see, for instance, Refs. [5] 8, 9] 22].

2.4 Riesz sequences of translation operators in HS(R?)

The Weyl transform f — Ly is a unitary operator L*(RY x I@d) — HS(RY) which respects
translations in the sense that

L1,y =a.(Ly) for f e L3(RY x @d) and z = (z,w) € R? x R4,

These two properties are crucial throughtout this work. In particular, as it was pointed out
in Ref. [22], for fixed S € HS(R?) with Weyl symbol a, € L*(R? x R?) and lattice A in
R? x R?, the sequence {ax(S)}rea is a Riesz sequence in HS(RY), ie., a Riesz basis for
VE = W%S{O‘A(s)},\em if and only if the sequence {Tx(ag)}ren is a Riesz sequence in
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L2(R? x RY), i.e., a Riesz basis for the shift-invariant subspace V2 in L2(R? x RY) generated
by a.

A necessary and sufficient condition is given in Ref. [22] Theorem 6.1] in order to be
{ax(S)}ren a Riesz sequence in HS(RY) . Indeed, under the assumption that S € B, a
Banach space of continuous operators with Weyl symbol a, in the Feichtinger’s algebra
So(R? x RY) [15]. In essence, B consists of trace class operators on L%(R?) with a norm-
continuous inclusion ¢ : B < T (see the details in Refs. [I3, 22]), this condition is that the
continuous function

. 1 . _
Pae(1Fw (S)P(3) = 1 S Fw(S)(z + X2, zeRYxRY,
AC€A°

has no zeros in A. It involves the periodization operator Ppho in A° and the Fourier- Wigner
transform Fy of operator S. In this case, we have that Fy (S) = F,(ag), where F, denotes
the symplectic Fourier transform of ag defined by

Folag)(z) = / ag(?) e 2o gy 2 e R RY,
R xR

where o denotes the standard symplectic form in R? x R?. The Wigner-Fourier transform of
an operator S is defined as the function

Fw(S) = e ™29 tr[r(—2)S], 2= (z,w)eR?x Re.

See the details in Ref. [22]. A similar result for a rank one operator S = ¥ ® ¢, where
Y, ¢ € L*(R?), can be found in Ref. [2].

Analogously, a necessary and sufficient condition can be found for the multiply generated
case. Indeed, let S = {51, 5,...,Sn} be a fixed subset of HS(R?) and let A be a lattice in
R? x RY; we look for a necessary and sufficient condition such that {a(S,)}ac Ain=1,2,. N IS
a Riesz sequence for HS(R?), i.e., a Riesz basis for the closed subspace

V§ = spanys{aa(Sn) }yepinora, v C HS(RY).

As indicated above, it will be a Riesz sequence in ’H§(Rd) if and only if the sequence
{T\(ag, )}rer;n=1,2,..,n is a Riesz sequence in L?(R% x R%). To this end, we introduce the
N x N matrix-valued function

G3(2) = 3 Folag)(z +X) Folag)z +A°) . zeRExRY,

ACEA°
where F,(ag) = (fa(asl),fg(as2), . ,fg(aSN))T. It is known (see, for instance, Ref. [1])
that the sequence {Th(ag )}ren;n=1,2,..n is a Riesz sequence in L2(RY x I@d) if and only if

there exist two constants 0 < m < M such that mIy < Gg(z) < My, ae. z € RY x I@d,
where Iy denotes the N x N identity matrix.

Assuming as before that S, € B, n = 1,2,..., N, the functions F,(ag ) are continuous
and Fw (S,) = Folag, ) for n = 1,2,...,N. Hence, the above necessary and sufficient



condition can be expressed in terms of the Wigner-Fourier transforms of operators S,, by
defining the N x N matrix-valued function
oy T
G¥ (2):== Y Fw(S)(z+ ) Fw(S)(z +X°)
A°eA°

, zERded,

where Fy (S) = (Fw (S1), Fw (S2), .- - ,]:W(SN))T. The condition reads:

mly <GY (z) < MIy for any z € RY x RY.

3 An average sampling result

Let S € HS(R?) be a Hilbert-Schmidt operator with Weyl symbol a, € L2(R? x I@d), ie.,
L,s, = S, and let A be a full rank lattice in R? x R?. Associated to the operator S we
consider the invariant subspace in HS(R?) defined as VZ := spanys{ar(9)} xens Where
ax(S) = 1(A) ST(N)*, A € A. Assuming that {a)(S)}aea is a Riesz sequence for HS(R?),
the subspace Vg can be expressed as

Vi={D_ eV ar(s) : {eMhea € (M)}

A€A

Associated with V& we consider the shift-invariant subspace in L?(R% x @d) generated by ag,
ie.,
V2 ={ ZC(A) Thag : {c(A\)}ren € (M)},
AEA
Since the Weyl transform is a unitary operator between L?(R?*¢) and HS(RY) and Lr, s =
a:(Ly), the sequence {a)(S)}ren is a Riesz sequence for HS(R?) if and only if {Thas}rea is
a Riesz sequence for L?(R? x R?).

Our sampling result rely on an isomorphism 7 which involves the spaces £2(A), VC?S and
VS2. Namely,

Ts: () — VI CLP®R'xR) — V§CHSRY
{C(/\)})\EA — Z C()\) Thag — Z c()\) a)\(S) , (1)

A€A AEA

is the composition of the isomorphism 7, between ¢?(A) and VC?S which maps the standard
orthonormal basis {0y }xea for £2(A) onto the Riesz basis {Thag}rea for V2, and the Weyl
transform between VC?S and V2.

Next we define the generalized average samples for any T = Y, 5 ¢(A) an(S) in VZ.
Namely, for a fixed @ € HS(R?), not necessarily in VZ, we define the samples {s,.(\)}rea of
T at the lattice A by

sr(A) = (T,ax(Q)). _, AeA. (2)

HS



The first task is to obtain a more suitable expression for these samples. Indeed, for the sample
sP(A), A€ A, of T =335 c(A) axn(S) we have

sp(A) ::<T, OZ)\(Q)>HS = <aT’T)‘aQ>L2(RdX@d) = < Z c()\’)T)\/aS,T)\aQ>
ANeA

- Z C()\/)<T)\/CL37T)\aQ>L2(Rd><]§d) - Z c(N){as, Taoyag) = (cxa a)(N),
NeA NeA

L2 (R xRd)

where g = {g(A)}rea with ¢(A) == {ag,Tha,,) A€ A, and ¢ = {c¢(A)}ren. Notice

that q € £2(A) since, in particular, {Tha,} is a Bessel sequence in L?(R? x I@d).

~ 9y
L2(RAxRA)

The main aim is the stable recovery of any T € V& from the data samples {s7(A)}rea
given in Eq[2l This is equivalent, via the isomorphism 7g, to that the convolution operator
c — ¢ x5 q defines an isomorphism ¢2(A) — £2(A).

On the other hand, we have that
sp(N\) = <T, a,\(Q)>H$ = (c *7 q)()\) = <C,TAq*>€2(A) , ANEA,

where Ty denotes the translation by A in £2(A), and q* denotes the involution of q in £?(A),
ie, ¢*(A\) = q(—=X), A € A. As a consequence, the convolution operator ¢ — ¢ *j q is an
isomorphism in £2(A) if and only if the sequence {T\q*},cn is a Riesz basis for £2(A).

The convolution operator ¢ — ¢ x5 q is a well-defined operator ¢2(A) — (?(A) (and
consequently bounded) if and only if ess SUD, & |IFMq)(€)] < oo, where F2(q) denotes the
symplectic Fourier series of q, i.e., the Fourier transform associated to the discrete group A.
Besides, the convolution operator ¢ — cxaq is bijective if and only if 0 < essinf, _3 |FMq)(6)].

In summary, the sequence {T5q*}ea is a Riesz basis for £2(A) if and only if

0 < essinf [ F2(q)(€)] < esssup [F2(q)(€)] < oo
cen cel

In this case, the dual basis of {Thxq"}xea has the form {T\p}rea, where p € ?%(A) satisfies
that F,(p) = 1/F2(a) € L*(A).

Finally, it is straightforward to deduce an average sampling formula valid for any T =
>aea ¢(A) ax(S) € VZ. Indeed, for the sequence ¢ = {c(A)}ren € €%(A) we have the Riesz
basis expansion

c=)_ (¢, Thd") 2 ) TP = > s\ Tap in (M),
AEA AEA
Applying the isomorphism 7Tg one gets that there exists a unique H € Vg such that for each

T e V52 the average sampling formula

T=> sp(\)ax(H) in HS-norm (3)

holds. To be more precise, H = Lj, € Vg with Weyl symbol h = T,4p € VGQS. Notice that
Tas(TAP) = Tx(TasP), where the same symbol Ty denotes the translations by A in £%(A) and
in L2(R4 x H/éd) respectively. Furthermore, the convergence of the series in Hilbert-Schmidt
norm is unconditional since {ax(H)}rea is a Riesz basis for V2.

The above result can be generalized and summarized as follows:



Definition 1. A generalized stable sampling procedure in Vg is a map Ssamp : Vg — L2(A)
defined as

T= Z c(\) ax(S) € V& — {s7(M\)}rea such that sp := c x5 q € £2(A),
AEA

where q € (?(A) satisfies the conditions

0 < essinf |} (q) ()] < esssup |2 (q)(€)] < oo. (4)
geA cen

Associated to a generalized stable sampling procedure Sgamp in V52 we obtain the following
sampling result:

Theorem 1. Assume that a generalized stable sampling procedure Ssamp i1 Vg s given as in
Definition [ with associated sequence q € ¢*(A). Then, there exists a unique Hilbert-Schmidt
operator H € V2 such that the sampling formula T = Y. sT(\) ax(H) holds in VZ. The
convergence of the series is unconditional in Hilbert-Schmidt norm.

Reciprocally, if a sampling formula like @) holds in V& where sp(\) = (c *A q) (N, A €A,
and {ax(H)}xen is a Riesz basis for V&, then the conditions in Eq.[@) are satisfied.

Proof. The first part of the proof has been done above. For the second part, observe that
{Ts (an(H)) }ren is a Riesz basis for £2(A) with dual basis {7,q*}yea which implies condi-
tions in (). O

Some comments

Closing this section some comments are pertinent; the involved details can be found in
Refs. [17, 22]:

e The necessary and sufficient condition on {ay(S)}xea to be a Riesz sequence for HS(R9)
can be expressed also in terms of the symplectic Fourier series of the convolution of two
operators. It reads: The function F2(S x5 S*) = Pro(|Fw (S)|? has no zeros in A.

The convolution of two operators S,T is formally defined as the function
S % T(2) :=tr[Sa.(T)], zeR*,

where T = PTP and P denotes the parity operator (P¢)(t) = ¢(—t) for ¢ € L*(R?).
Replacing R?? by a lattice A C R?? we obtain the convolution of two operators S, T at
A as the sequence S x5 T'(A) := S« T(\) for A € A.

e The convolution of a function f and an operator S is formally defined by the operator-
valued integral f* S = [p24 f(2) a.(S)dz. Replacing R%4 by a lattice A C R?? we get
the definition ¢ x5 S := Sy ¢ := 3,24 ¢(A) ax(S). As a consequence, the space VZ
can be also expressed as

VE =02(A) %5 S.



e The average sample s, (\) := <T Yo" )\(Q)>HS’ A € A, can be expressed, under appropriate
hypotheses (see, for instance, Ref. [22]), as a convolution like in the classical shift-
invariant case. Indeed, for each f € L?(R?) its average samples are

(F(-=n)) . =f=i(n), nel,
L2(R)

where )(t) = ¥ (—t) is the average function. In the case treated here, an easy calculation

gives
(T,ax(Q)), , = tr[Tax(Q)"] = u[Tar(Q")] = T+a Q"(\) = T#a Q(V), A €A,
where @ = Q.

4 The case of multiple generators

Given a fixed set S = {S1,52,...,5v} C HS(R?), assume now that {a(Sn)}rern=12...
is a Riesz sequence for HS(R?) where A C R? x R? is a full rank lattice with dual group A.
Thus, we consider the closed subspace Vs2 in HS(R?) given by

{ZZC”  {en(A )}AGA652(1\),71:1,2,...,]\7}.

n=1)\eA

For each T' = 25:1 > aea (X)) ax(Sy) in VZ we define a set of generalized samples

57 (A) = (57, (A)y 575Ny o5, (V) AEA,

by means of a discrete convolution system associated to a matrix A = [amn] € M, ((?(A)),
i.e., an M x N matrix with entries in £2(A), as follows

T = Zch Sn) €V 5, (A) 1= (Axac)(X) = Y AN = N)e(N), €A,

n=1\eA ANeA
where ¢ = (c1,¢2,...,en)" € (2 (A) :=2(A) x -+ x £2(A) (N times). Note that the m-th
entry of Axycis s, = zgzl(am,n KA Cp).

As in Section [3], it is easy to deduce that these samples generalize the average samples

+
sp(A) = (<T7a)\(Q1)>HS7<T7a)\(Q2)>HS7”’7<T7OO\(QM)>HS) , AEA,
obtained from M fixed operators Q1,Qs, ..., Qs in HS(R?), not necessarily in Vsz. Indeed,

for the m-th component of the sample s, (A), A € A, we have

Z Z CTL T)\’as 7T)\ Q77L>L2(Rd><]1§d)

ST,'m()\) ::<T7 a)\(Qm)>HS = <CLT,T)\(1

2(rd xRd
L (R xR ) vy
N N
_ / _ !
= g g Cn()‘ )(T)\/asn7T)\an>L2(RdXﬂ’§d) - Z Z C"()‘ )<aSn’T)\_)‘/an>L2(Rdxn§d)
n=1MNecA n=1MNecA

M=

(am,n *A Cn) ()‘) 5

3
Il
—_

10



where ayp, () = <a5n,T,\a > ;, A€A, and ag

Qm /12 (g2dy’

a, ~are the Weyl symbols of S, Qm,

respectively.

The main needed properties of a discrete convolution system A with associated matrix
A = [amn) € M,y (€*(A)) given by

A2(A) — 2(A)
(o} — A(C):A*AC7

(5)
are summarized below. The details and proofs can be found, for instance, in Refs. [12 [I§].

1. Ais a well-defined bounded operator if and only if the matrix A € M v (L °°(,/AX))
where A(£) := [FMamn)(€)], ae. € € A, denotes the tmnsfer matriz of A (along this

section we identify the matrix A with entries in L‘X’(A) and the essentially bounded
matrix-valued function A(¢), a.e. ¢ € A). Having in mind the equivalence between
the spectral and Frobenius norms for matrices (see Ref. [14]), the above condition is
equivalent to the new condition

514 = €88 Sllp /\max[A\(g)*A\(g)] < +o0,
£eA

where Apax denotes the largest eigenvalue of the positive semidefinite matrix A(¢)*A(€).

2. Its adjoint operator A* : £2 (A) — (3(A) is also a bounded convolution system with

associated matrix A* = [a;‘mn]—r € My, ., (F2(A)), where ay, n denotes the involution

*

Upn(A) = ampn(=A), A € A. Its transfer matrix is ;1\*(5) is just the transpose conjugate
of E(f), ie., g(f)*, ae. £ €A

3. The bounded operator A is injective with a closed range if and only if the operator
A* A is invertible; equivalently, if and only if the constant

a4 = essinf Amin[ A()*A(6)] > 0,
e

where Amin denotes the smallest eigenvalue of the positive semidefinite matrix A(E)* A(8).
Equivalently, we have d4 := essinf, 3 det[ A(€)*A()] > 0.

4. The bounded operator A is an isomorphism if and only if M = N and the constant

essinf, 3 ! det[g(f)ﬂ > 0.

Besides, discrete convolution systems are intimately related with translations 7 in K?\r (A);
remind that for ¢ € 2 (A), Thc(X) = ¢(N — A), X € A. Indeed, let a}, denote the m-th
column of the matrix A*, then the m-th component of A(c) is

N
[Axc]m(N) = Z(amm %, cn)(A) = (¢, Ty a:n>£§V(A) , AEA.

n=1

As a consequence:
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(i) The operator A is the analysis operator of the sequence {Txam})\eA m=12...0 I E?\, (A).
Thus, the sequence {T) a%, } NeAim=12,. .0 15 @ Bessel sequence in 2 < (A) if and only if

the convolution system A is bounded, or equivalently, if and only 84 < +oo.

ii) Since the sequence {T) a is a frame for 2 (A) if and only if its bounded
N

m})\eA m=1,2,...,.M
analysis operator is injective with a closed range (see Ref. [3]). Therefore, it will be a

frame for ¢3,(A) if and only if

0 < oy := essinf Amin| A(E)*A(E)] < Ba := essSUpP Amax[A(E)*A(€)] < +00.
I ceh

(iii) Concerning the duals of {T ha having the same structure, consider two

Y AEA met, 2, 0
matrices A € MMXN(LOO(A)) andEB € j\/’lexM(LOO(A)), and let b, denotes the m-th
column of the matrix B associated to B. Then, the sequences {T,\ am} NeA;m=12,...M
and {T) m})\eA; m—1.2,...3 form a pair of dual frames for 2 (A) if and only if B(¢) A(¢) =
I,, ae. &€ A; equivalently, if and only if BA = I@V (A)s 1-€., the convolution system B

is a left-inverse of the convolution system A (see Ref. [12]). Thus in 512\7 (A) we have the
frame expansion

M
= Z Z <c,T>\a’fn>Z2 ) T\b,, for each c e 512\, (A).
m=1XeA N

Note that a possible left-inverse of the matrix A(&) is given by its Moore-Penrose pseudo-

A(
inverse A(&)T = [A(€)*A(€)] ' A(e)", ae. € € A

(iv) For the case M = N the sequence {7 aZ, } FAEN m=12,..N is a Riesz basis for £2 (A). The

square matrix A(f ) is invertible, a.e. £ € A, and from the columns of A(f )~! we get its

dual Riesz basis {T) m},\eA-mzl 2..N

Now suppose that a sampling procedure is given in VS2 by means of a discrete convolution
system A, i.e.,

T:ZZCn(A)aA(Sn)Gvszl—)sT ::A*ACEEiI(A)j

assume, in the light of the above discussion, that the sequence {T \a is a
2
frame for ¢% (A) and that {TA bm})\EA;mzlﬂ,...,M

any T = YN > e En(A) an(Sn) € V@ from its samples {s,(A\)}rea by means of a frame

m})\EAm 1,2,...M
is a dual frame. Then, we can recover

expansion. Indeed, for the coefficients ¢ = (cq, o, .. . ,CN)T € 512\7 (A) of T we have
M M
= > {c,Tray,) 2 (3 Tabm = DY s, (N Taby in £2(A). (6)
m=1 AeA m=1AeA

12



Consider the corresponding isomorphism 7g in (II) which in this case reads:

Ts : 2 (A) — VZ C L*(R*) — VE C HS(RY)
N N
c=(cr,co,...,cN) — Zch()\)T)\asn — Zch(/\)a)\(Sn),
n=1\eA n=1 XeA

where ag denotes the Weyl symbol of S,,, n =1,2,..., N. Applying the isomorphism s in
expansion (@), for each T' € VS2 we obtain the sampling expansion

M
T= Z Z Spm(A) ax(Hp) in HS-norm,

m=1 A€A

where H,, = Ly, € VS2 with Weyl symbol h,, = Tog(bm) € Va2s, m = 1,2,...,M. Fur-

thermore, the convergence of the series in the Hilbert-Schmidt norm is unconditional since
{ox(Hm) }aen; m=1,2,...0m is a frame for Vsz.

The above result can be summarized as follows:

Definition 2. A generalized stable sampling procedure in Vs2 is a map Sgamp : VS2 — 634 (A)
defined as

M
T = Z c(\) ax(S) € V& — st 1=A*AC€€12w(A)a
m=1 €A

m

where the matriz A = [amn] € M, ((*(A)) satisfies the conditions:

0 < ag := essinf Aminl A(€)* A(E)] < Ba 1= essSUP Amaz[A(€)*A(€)] < +00. (7)
geA cen

Associated with a generalized stable sampling procedure Sgamp in Vs2 we obtain the fol-
lowing sampling result:

Theorem 2. Assume that a generalized stable sampling procedure Sgump with associated
matriz A is given in Vs2 as in Definition [4.  Then, there exist M elements Hy, € Vsz,
m=1,2,..., M, such that the sampling formula

M
T = Z_:l AZ;\ S1.m (A) A (Him) (8)

holds for each T € Vs2 where {ax(Hm)}xeA;m=12....Mm 15 a frame for VSQ. The convergence of
the series is unconditional in Hilbert-Schmidt norm.
Reciprocally, if a sampling formula like (8) holds in Vs2 where

sT(A) = (57, (\)s 87, (A5 (V) T i= (Axac)(N), A€A,

with Ba < 400, and {ax(Hm)}rer, m=12,...M 1S a frame for VS2, then the left-hand condition
in () also holds.

13



Proof. The first part of the theorem has been proved above. Observe that the elements
H, € VS2, m=1,2,..., M, depends on the dual frames {TA of the frame
{T,\ a:n})\eA;m:LZ...,M' Namely, H,,, = Ly,, € V& with Weyl symbol h,, = Tog(bp) € Vi
m = 1,2,...,M; b, denotes the m-th column of the matrix B with transfer matrix B.
There are infinite dual frames whenever M > N; they are obtained from the left-inverses
B(€) of A(¢), i.e., B(¢)A(¢) = I,, ae € A, which are obtained, from the Moore-Penrose
pseudo-inverse g(f )T, by means of the N x M matrices

B(&) = AT+ C(©)[In — A(©)A(6)T], ae. €€,

o~

where C' denotes any N x M matrix with entries in L*(A).
For the second part, we have that {’Ts_l[a,\(Hm)]},\eA;m:Lg,m,M is a frame for 512\7 (A) and

bm})\EA; m=1,2,....M

M M
c=2 > st Ts oalHn)l = 37> (e Bhan) s ()T oaHm)] in £,(4).

m=1eA m=1 €A

*

Since a4 < 400, the sequence {T) aj, is a Bessel sequence for K?\r (A), and

})\EA;mzl,Z...,M
consequently (see Ref. [3, Lemma 6.3.2]), a dual frame of {7-5_1[QA(Hm)]})\€A;m:1,2,...,M;
hence, ag > 0. O

Notice that in Theorem 2l necessarily M > N; in case M = N more can be said:

Corollary 3. In case M = N, the following statements are equivalent:

1.
0 < essinf | det[g(ﬁ)]‘ < esssup | det[g(ﬁ)]‘ < 400
£en gel
2. There exist N unique elements H,, n = 1,2,...,N, in VS2 such that the associated

sequence {oz,\(Hn)}/\eA_n:1 o 18 a Riesz basis for Vs2 and the sampling formula

N
T=> s, NaaH,) inHS

n=1\eA
holds for each T € VSQ.

Moreover, the interpolation property s, (A) = 6pn0x0, where X € A andn, n=1,2,...,N,
holds.

Proof. In this case, the square matrix 2(5) is invertible and statement 1. is equivalent to
0 < ay < B4 < +00; besides, any Riesz basis has a unique dual basis. The uniqueness of the
coefficients in a Riesz basis expansion gives the interpolation property. [l
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