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Abstract

For the sequences of discrete classical orthogonal polynomials (Charlier, Meixner, Hahn) we can find a functional u,
which satisfies the difference distributional equation A(¢u) = Yu where ¢ and y are polynomials of degrees < 2 and
1 respectively. From this it follows that these polynomials are solutions of a second-order difference equation; also, they
can be represented by a Rodrigues-type formula. The sequence of difference polynomials derived from them constitutes
an orthogonal polynomial sequence. Their weight functions satisfy a Pearson-type difference equation. A structure
relation (AP, , = a,P,,, + b, P,,, + ¢, P,) also holds.

Keywords: Orthogonal polynomials; Difference equations; Moment functionals

1. Introduction

In this paper we study the properties of discrete classical orthogonal polynomials. The properties
of continuous case orthogonal polynomials (Hermite, Laguerre, Jacobi, Bessel) are well known (see
[1] for instance):

(1) They satisfy a Sturm-Liouville second-order differential equation.

(2) Their derivatives constitute an orthogonal polynomial sequence (OPS).

(3) They can be expressed by a Rodrigues formula.

(4) Their associated weight functions satisfy a Pearson differential equation.

(5) They verify a structure relation.

These properties, among others, can be derived from the distributional differential equation
D(¢u) = yu [9], where u is the functional associated with the OPS. In this paper the derivative
operator D is substituted by a difference operator A. We define the set 2 of all regular functional
moments u, satisfying a distributional difference equation A(¢u) = Yu, where ¢(x) and (x) are
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polynomials with deg(¢) < 2, deg(y) = 1. We study the following properties that the (P,) OPS
corresponding to u € & satisfy:

(1) (AP,) is an OPS.

(2) A structure relation holds.

(3) They satisfy a Sturm-Liouville linear second-order difference equation.

(4) Their weight functions are solutions of a Pearson-type difference equation.

(5) They can be expressed by a discrete Rodrigues formula.

Let 2 be the linear space of complex polynomials, #y be those of degree less than or equal to
N and u a complex linear functional on 2 (moment functional).

Definition 1.1. A set of polynomials (P,) is said to be an orthogonal polynomial sequence (OPS)
associated with the functional u if for each n, deg(P,) = n and

{u, PP,y = Kydum (K, #0)

fornm=0,1,2....

Definition 1.2. For every polynomial ¢ the left product of u by ¢ is defined as
{¢u,p> = {u, ¢p> Vpe?.

Definition 1.3. The forward distributional difference for u is given by
{Au,p> = —u,Ap) Vpe?

and, similarly, the backward distributional difference is

(Vu,py = —<u,Vp) Vpe?.
Lemma 14. Vp,qe #:
(1) Alp(x)g(x)] = q(x)Ap(x) + p(x + 1)Aq(x).
(2) VIp(x)q(x)] = q(x)Vp(x) + p(x — 1)Vq(x).
From this we can obtain the Leibniz-type formulas:
(3) A" [p(x)q(x)] = q(x)A"p(x) + nAg(x)A" "' p(x + 1) + (5) A’q(x) A" >p(x +2) + -,
@ V" [px)g(x)] = q(x)V "p(x) + nVq(x)V " 'p(x — 1) + (5)V 2q(x)V "~ ?p(x — 2) + ---.
Lemma 1.5. If ¢ € # and u is a moment functional then
A(pu) = ¢(x — 1)Au + Ajp(x — u.
Proof.
CA(pu), p> = — {u, pAp)

= — Cu, Alp(x — 1)p) — pAG(x — 1))
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= (Au, ¢(x — 1)p)y + {Ad(x — Du, p>
={p(x — Au + Ap(x — )u, p> Vpe2. O

By induction we can obtain the following Leibniz-type formula.

Lemma 1.6.
A" (pu) = <g> d(x — n)A"u + <’11) Ap(x — n)A" "y
4 o+ < " )A”‘ld)(x — n)Au + <n> A"p(x — n)u.
n—1 n

Let (P,) be a monic orthogonal polynomial sequence (MOPS) and u its associated functional. We
consider the dual basis (a,) associated with (P,) in *. If ve P* and if (v, P,> =0, Vi = |, then

-1

v= ) Ao

i=0

in particular
u=<u, 1 0.

Lemma 1.7. Each element of the dual basis o, can be written as

P.
= i=0,1,2,.... 1
o <u,P,'2>u, 1 s Ly & ()

Lemma 1.8. Let (P,) and (Q,) be such that

A})n+1
G

If (o), (B,) are their corresponding dual bases in #* then
AB,= —(n+ Daysy. )
Proof.
ABp, P+ 17 = — {Bn, APps 1)
=—(m+ 1K, Qn>=—(m+1)0,n. U
Definition 1.9. We define the nth factorial power of x (ne N) as
X =x(x—h(x=2h) - (x —(n—1h), n=1,

x0 = 1.
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Lemma 1.10.
ApxP = nhx{"~ V),
n - .
x}ln) — z S;lhn—‘lxl,
i=1

where S} are the Stirling numbers of the first kind.

In the following, h = 1, if not indicated otherwise.

2. Properties of the set 2

Referring back to the definition of the set 2,
2 = {u: u regular; A(pu) = Yu; deg(d) < 2; deg(y) = 1}.
If (P,) is an MOPS, it is well known that (R,) and (R,) defined by

R,(x) = a"P, (2) R,(x)=P(x—b) (abec%)

are MOPS. Their associated functionals v and ¢ are given by
(o, x") = Cu,(ax)"y, <D, x") = {u,(x + b)").
See [2, Ex. 2.4, p. 10].

Proposition 2.1. If ue 2, then v and V€ 2.

Proof. First we prove that ve 2,

(A1) = = nyo, <
-~ T, ST = (@)Y ST @i,
Let $(3) = (@),
(Bl = = k@S STy

= —n{pu,a" " 'x{a V> = — a"{Pu, AxT),.
Therefore

CAG10),x™> = (s, a'xEhD,
Guya Y SHUaixy = Cuy Y SHax),
i=1 i=1

U ED)S SIxY = (Pyv, xY,
i=1

)
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if ¥, (x) = ¥(x/a) then
A(p1v) = v

and deg(¢,(x)) < 2 and deg(y,(x)) = 1.
It could be proved in a similar way that e 2. O

151

Corollary 2.2. Let (P,) be an MOPS associated with u. The sequence of polynomials (R,) given by

x—b

R,,(x)=a”P,,( ) (@,be%, a+0)

is orthogonal with respect to the functional v and
v, x"> = {u, (ax + by*>.
Ifue 2, thenve 2.

Given a functional u, we define its factorial moments as
<u’ x(”)> = ﬁna nz 0.

Let ue 2 and ¢(x) = ax*> + bx + ¢, Y(x) = px + g and p # 0.

Proposition 2.3. u € 2 iff the factorial moment sequence (1],) satisfies the difference equation
(an + p)iy+1 + (@n(2n — 1) + (b + p)n + @)f, + (an(n — 1)* + bn(n — 1) + cn)fj,—, =0

if n = 0 with the initial conditions j_, =0, fj, = 1.

Proof. We use formulas
x.xW = px™ 4 x"+ D
x2x® = x"*2 4 2n + 1)xHD 4 p2x,
If ue 2 then
(A(@u), x™) = Yu, x)
< — (U, nax*x" 7Y 4 pbxx®" D + enx™" VY = (u, pxx™ + gx™
< —na(fyrs + Q20— 1) + Dijy + (n — D?h,— 1) — nb((n — V-1 + fla) — cnfjn—
= phfly + Pln+1 + qiin-

As a result of these computations we obtain (5), for every n = 0,1, ... . [

(5)

Proposition 2.4. If (P,) is an MOPS associated with the functional u, and the sequence (Q,), defined

by
_APn+l
Qn = n+1’

is an MOPS, then ue 2.
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Proof. Let (Q,) be associated with the functional v and (o,),(,) be, respectively, the dual bases of
(P,),(Q,). By (1) and (2) we have

P,(x)
u, P
As P,(x) = A(x P,(x)) — xAP,(x) — AP,(x),

v, P,) = (v, A(xPy(x))y — <v, xAP,(x)> — v, AP,(x)}

Pu

(u, P)’

if n > 3. Then v = ano + b, + Cay. ~
The action of v on Py, P, and P, givesus a= 1, b = {v, P,), ¢ = {v, P,)>. Then

(o, Pr (o, P2
p2y P+ By

<u,
with deg(¢) < 2, deg(y) = 1 and A(¢u) = yu. O

Av =

= Yu.

= — (om0 XP) — e, nQu- 1) — 0,10, 1> =0

Py(x)u = ¢u

v=u-+

Proposition 2.5. If (P,) is an MOPS associated with the functional ue€ 9, then the sequence of
polynomials (Q,) defined by

APr|+1

Qn(x)= n+ 1

constitutes an MOPS.

Proof. Let ¢(x) = ax? + bx + ¢, y(x) = px + g and p # 0. If v = ¢u then for all m < n we have
o, xMQ, = (n + 1) <0, X AP, 11 (x))
= (n + 1)7{du, Ax™ Ppi 1 (x)) — mx" VP11 (x + 1))
—(n+ D)7, xM Py — (0 + 1) Pu, mxTT AP, 11 (x) + P 1 (X)),

where each term of this sum is either

Yu, x™Py s 1> =, X Py () = pKpy 10y and K,y #0
or

(P, mx" " D(AP, 11 + Puiy)) = m{pu, x" VAP, 1) + mu, x" "V P,y )

= mlPu, x" VAP, 1> + naK,: 16um,
m{pu, x" " DAP, 4 1) = m{u, AX™ "V Pyyy) — (m — Dx™7"DPypy(x + 1))
= —m{Yu,(x" " VP, 1)) — m(m — 1)
X {u, X" "D (APy sy + Prie)).
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The first term of the equation is
— m{Yu, X" VP 1y = — nu, Yyx™ VP, ) =0
because m < n + 1, and the second one is
— m(m — D{<Gu, X" DAP, > + (b, X" DP, >} = — m(m — 1){u, X" PAP, 11 .
Repeating the process until the factorial power vanishes one obtains the following result:
(B, AP, 1> = — (Yt Pysy> = — Cuy Y Pos > ifn> 1
Summarizing the results
0, x"Q,> = —(n+ D)7 Ky 1(p + na)dpm,
YVnzl m<n
Forn=0,<v, 1) = (u, ¢y #0.
Then the sequence (Q,) is an MOPS iff p + na # 0 Vne N. Otherwise we obtain a finite
orthogonal polynomial family until n € N for which p + na=0. O
Proposition 2.6. If(P,) is an MOPS associated with the functional u, and satisfies a structure relation
P(X)AP, 4 1(X) = @ Ppr2(X) + by Py 1 (X) + ,Pul(x), 120, ¢, #0,
thenue 9.
Conversely, if ue 2 then the polynomials (P,) associated with u satisfy the previous relation.
Proof. Using the functional u in the relation above,
$uy @AP 1) = aultt, Poi3) + 0w, Py 1) + ¢, P, =0 Vn2>1,
then
{u, AP, 11> = —{A(Qu), Py 1> =0 ifn>=1.
Therefore
A(opu) = duy + bay

and (a,) is the dual basis of (P,). ~
Acting with A(¢u) on 1 and x one obtains @ = 0 and b = — {u, ¢> # 0, therefore

— {u, ¢
u, P2

and deg(¥) = 1. Conversely, as A(¢u) = yu with deg(¢) < 2, and deg(pAP,,,) < n + 2, we have
that
n+2

¢(X)AP,,+1 X) Z cn Jj _](x)

A(pu) = Piu = yu
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with
c .=<ua ¢PjAPn+l>
™ u, PPy

On the other hand
u, P AP, 1) = (n + 1) {pu, P;Q,>
=m+ )< P0,» =0 ifj<n
using the orthogonality of the sequence (Q,) associated with the functional v. Therefore
P(X)AP, 4 1(x) = CpnPulX) + Conr 1 Py 1(x) + Cpns 2Pas 2(x).
We shall see that ¢, , # 0,
U PRy cy = — (b, YPyPory) — <t §(AP)Poi 1)
as (v, p(AP,)(n + 1)Q,> = 0. If ¢(x) = ax? + bx + ¢ and Y(x) = px + g, then
Cy Py = = b {(px + @) (x" + - ) +(ax® + - )(nx" "1 + - ) P i)
=—<u(p+na)x" ' Pyy) #0
except if p+ na =0, forsome neN. [
Remark. If (P,) is an MOPS associated with the functional u € 2, from the above it follows that the
sequence (@,) defined by

_APn+1

0 n+1

is an MOPS associated with the functional v = ¢u.

It 1s easy to prove that ve 2:
CA(p(x + D), p> = — (v, ¢(x + 1)Ap) = — {$u, A(p¢) — pAp)
= (A(¢u), o) + {du, pAp)> = {Yu, pp) + {(Ad)v, p),

then A(¢p(x + 1)v) = (y + Ad)v, and ve 2.
Iterating the above procedure we deduce that the sequence (Q,, ,) defined as

_ AQn-t—l . Aan+2(x)
T n+l (n+D(n4+2)

Qn, Z(x)

is an MOPS associated with the functional w € & since it satisfies

A(P(x + 2)w) = (Y (x) + A(@(x) + d(x + 1)))w.

Then we have the following result.
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Proposition 2.7. Let (P,) be an MOPS associated with ue @ and A(¢pu) = Yu. Then the sequence
(Qn,x) defined by

_ AkPn+k

T+ Dm+2) - (n+k)

Qn,k

constitutes an MOPS associated with the functional

U = Pyt
where ¢y, (x) = p(X)@d(x + 1) --- ¢(x + k — 1) and v, € D satisfy a difference distributional equation
Alp(x + K)o) = (Y (x) + Alp(x) + ¢(x + ) + -+ + ¢(x + k — 1)), = Yu(x) 0. (6)

Lemma 2.8. The distributional equations A(¢u) = Yyu and V(P u) = Y u, where ¢,(x + 1) =¢(x)
— Yy(x) and Y (x + 1) = Y(x) are equivalent in the following sense: The MOPS associated with the
regular solutions of each one are the same up to a linear change of variables.

Proof. Developing the expression

CA(p1u), p> = Yau, p), pe?,
we obtain
CA(p(x — Du), p(x — 1)) = {Y(x — Du, p(x — 1)),
Therefore, A(¢p(x — 1)u) = ¥(x — 1)u. The result follows from Proposition 2.1. O

Proposition 2.9. Let (P,) be an MOPS associated with the functional u, then the two following
Statements are equivalent:
(@) (P,) satisfy the difference equation

01 (X)AVy(x) + 1, (x)Ay(x) + 4, y(x} =0 Vn=0,

where (A,) < C, and ¢,,7, € # with deg(g,) <2 and deg(t,) = 1.
(b) ue 2.

Proof. (a = b) Consider v = V(o,u) and the basis

=APn’+1eg

0. n+1 ’

We have
1
<Us Qn> = m <V (0'1“), AI')n+ 1>

1
= _n+ 1<u9 _TIAPn-I-l _A'nPn+l> = <T1u, Qn>
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although <{u, P,+1> = 0 ¥n = 0. Therefore v = 7,u and u € 2 by the previous lemma.
(b =>a) Using a method similar to the one of Proposition 2.5

<VP,,(X)>
n

constitutes an MOPS associated with the functional ¢,u with ¢(x + 1) = ¢(x) — ¥(x). Therefore

0 ifm<n,
K, f m=n,

{pu, VP,V X™> = {
K,#0
and
{Pu, VP,VX™> = {pu, AP, (x — 1)V x™>.
Because (Vx™AP,) = x™VAP, + AP,(x — 1)Vx™,
{pu, VP,VX™> = — (V (P u), x™AP,> — {u, x™ ¢,VAP,>
= — {u, x"™ (Y, AP, + ¢, VAP,)>.

From the uniqueness (up to multiplicative constants) of the OPS associated with u, there exists
(c,) = C such that

¢1VAP, + y AP, =c¢,P,, n=0,

where ¢, (x + 1) = ¢(x) — Y(x) and Y (x + 1) = Y(x). O

Proposition 2.10. Let (P,) be an MOPS associated with the functional u. Then, u € 2 if and only if
Py=0,+ a,Qn-1+ b,Qu-2, n=2,

where Q,, is defined in Proposition 2.5.

Proof. If u € 9, u satisfies a distributional equation A(¢u) = Yyu. We know that @, is an MOPS
associated with v = ¢u. For n = 2 we can write

n—1
Pn = Qn + Z /1,,,ij,
j=0

where
— <U, Pan> — <u’ ¢Q1Pn>
™ K, 0F (v, QF

and then

Pn = Qn + /ln,n—lQn—l + /In,n—ZQn—Z-

2

=0 forj+2<n,
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Conversely, suppose that P, satisfies the above relation. Let («,) and (B,) be the dual bases
associated with (P,) and (Q,), respectively. Then,

<ﬁ0’ Pn> = <,BO’ Qn> + an<ﬂ0a Qn—1> + bn<ﬂ09 Qn—2> =0

for n > 3. From Lemma 1.7 it follows that i, = ¢u, where ¢ is a polynomial with deg¢ < 2.
On the other hand, taking into account Lemmas 1.7 and 1.8,

Py
{u, Py

Therefore, A(¢u) = Yyu with degp <2,degy =1l andue2. O

ABo= —oy = — u=yu.

Proposition 2.11 (distributional Rodrigues formula). Let (P,) be an MOPS associated with the
Sfunctional u. Then u € 9 iff there exists (K,) = C, K,, # 0 satisfying

Ky 'Py(x)u = A"($m(0)u) V>0
and ¢ € 2,.

Proof. (<=)If n =1 as K{ ' P, (x)u = A(¢(x)u) then u e 2.
(=)(P;)isabasisin Z. ForafixedneN,ifi<n

(A" (D), Py = (— 1)< Ppumu, A"P;)
= (— 1)"n!<u, ) Jin-

Ifi>nleti=m+n,
<An(¢(n)u)’ Pl> = <An(¢(n)u)’ Pm+n>
=(- 1)n<¢(n)u’ Aan+n>

=(=1D)"m+Dm+2) - (m+npmtt, Qn+n) =0.
Taking

(— D"niu, pwy

K, '=
" PPy 7

then
(K, 'Pu,Py = K, '<u, P,P
= K, ' (u, P3)0n = (A" (Pmu)s Piy,
therefore

A pmu) = K, ' Pu. a
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3. A derivation of the Rodrigues formula

Let (P,) be an MOPS associated with u € 2 and A(¢u) = yu. From Proposition 2.9 it follows
that

AP+ 1) X)) = Yu(x) P, n =0,

where

Pm(x) = d(¥)p(x + 1) - p(x +n—1),

do)(x) =1,

Yo(X) = Y (x) + Ad(x) + Ap(x + 1) + --- + Ap(x +n— 1),

Yo(x) = Y (x).
Lemma 3.1. If2<m<n+1 then

A™Ds 1tt) = Yalx — m + DA™ Y pmu) + (m — DAY, (x —m + DA™ ($gyu). (M
Proof.

A™( P+ 1yt) = A" AP 1yu) = A" YW@y ).

By using Lemma 1.6, and because A'y,(x —m + 1) =0, for i > 2, we have (7). O

Lemma 3.2. Let w(x) be a positive function which is a solution of the difference equation:

A(p(x — Do(x)) = Y(x)o(x + 1).

Then:
(1) AP+ 1)(x — Do(x)) = Y, () P (¥)0(x + 1), n = 0.
Q) If2<m<n+1,

V(s nX)@(x + 1) = Y (x —m + DV " 1P (x)(x + 1)
+(m — DV, (x —m + )V" 3(Pm(x)o(x + 1)).
Proof. Lemma 3.2(1) will be proved by induction. For n = 0 it is straightforward. Assuming that the
formula holds up to n — 1 then
A+ 1(x — Do) = A@(x — Dd(x) -+ ¢(x + n— u(x)¢(x +n — 1)
= Ad(x + n — Dmx)wlx + 1) + ¢(x + n — DA(dw(x — Do(x)),
then by using the hypothesis of induction on the second term
A(dp+1(x — 1) = Ad(x + n — Dpm(X)o(x + 1)
+¢(x +n— Do yX)¥u-1(Xox + 1)
=(Ap(x +n— 1) + Yu_1(x)Pm(x)(x + 1)
= ¥u(X)Ppm(x)o(x + 1).
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To prove Lemma 3.2(2), we can use the formula deduced previously and write
V(@@w+ nx)o(x + 1)) = Y, (x) e (x)olx + 1),
V" @+ n(x)ox + 1)) = V"L, (%) dm(x)o(x + 1)).
Using the results of Lemma 1.4
V™ (@u+1(X)o(x + 1))
= Yulx —m + DV HPm(x)0(x + 1)) + (m — D) Vi, (x — m)V "™ 2($pu(x)o(x + 1))
asdeg(W,)=1land V{,{(x —m)=Vi,(x —m+ 1) =AY, (x —m+1). O

Lemma 3.3. The following results hold:

(n If
V" (@mXox +1) o
CU(X + 1) u=A (d)(n)u)’ J= 1a27
then
V™" (Pu+n¥)ox+1)
ok +1) u=A%bu+ k)
QI
A (ppyu) = v l(¢(2((z)i(;c)+ D) u, i=01,...,n,
then
N s 1) = Vj(‘p"*(;’(ixlwl(;‘ Dy j=0t, ot
(3)
VY (om(X)o(x +1))
ot 4T A Gm).

Proof. Lemma 3.3(1) can be deduced by comparing the expression obtained to A™(¢,+ (,u) and
V™ @wm+1nw(x + 1)). Lemma 3.3(2) can be deduced from Lemma 3.3(1).

Lemma 3.3(3) is obtained by induction in Lemma 3.3(2) and making j = n + 1. Therefore it is
enough to prove that Lemma 3.3(2) holds for n = 1. If i = 0 it is immediate that

_¢xox +1)
Pu = wx+1) "
Ifi=1

A = pu ~ T BROG D]

olx +1)
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Theorem 3.4. Let (P,) be an MOPS with respect to a functional ue 2. Then, the P, polynomials
satisfy the Rodrigues formula:

B,
P(x) = o+ D Vidmx)o(x +1)], n=0,

where (B,) are normalizing constants.

Proof. We define the polynomial of degree n:

_ V'@ + 1]
olx + 1)

Sa(x)

Using Proposition 2.10 and Lemma 2.8, there exist no null constants (K,) such that
K’TIPnu = A[¢(n)u] = S,,u.

Then, (S,) is an OPS associated with the functional u. By the uniqueness, the Rodrigues formula is
obtained. []

4. Consequences

Using the known properties of the classical orthogonal polynomials, it is clear that their
functionals belong to 2. From Section 3 we can deduce that they are the only ones. Therefore the
functionals corresponding to the classical discrete polynomials are characterized (up to a linear
change of variable) by the difference distributional equation:

Alpu) = yYu,

where ¢ and  are polynomials with deg(¢) < 2 and deg(y) = 1.

According to Lesky’s [8] classification, we can give Table 1 as an illustrative example, where
a,b,c,deRand N e N.

We can obtain ¢ and  from Nikiforov’s table [11]. In this case,

Pp(x)=c(x+1)+1(x+1) and yY((x)=1(x+ 1),
where ¢ and 1 are coefficients of the equation

oVAy + tAy + Ay = 0.

Table 1

P, ¢ ¥

Charlier 1 —x+a
Meixner X —x+b
Krawtchouk X 2x + ¢
Hahn x2+x+1 —2Nx+d
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For instance, for the Charlier polynomials (C%*(x)),
o(x)=x and t(x)=u—x,

therefore
¢(x)=p and Y(x)= —x+p—1.

Another important consequence is that the discrete classical OPSs are completely characterized by
the properties given in the Introduction and proved in Section 2.

5. Remarks

(1) As we note in Proposition 2.11, it is possible to define < as
2 = {u: u regular; Vo, u = Y u; deg(d;(x)) < 2; deg(yy(x)) = 1}

and obtain similar properties to those obtained in Section 2, using a backward difference V.
(2) It is easy to justify the choice of w(x) as a positive solution to the difference equation

Alp(x — Da(x)] = Y (x)olx + 1).

By Proposition 2.11 we know that polynomials (P,) associated with the functional ue 2 are
eigenfunctions of the equation

o(x)AVy + 1(x)Ay + Ay =0 ®)

with ¢(x) = o(x + 1) + t(x + 1), and ¥(x) = t(x + 1).
It can be proved that

Alow) =10 <= Ald(x — Dw(x)] = ¥ (x)o(x + 1)

and therefore the integrating factor w(x) transforms (8) into a self-adjoint equation.
(3) The following expression

V*[pmx)o(x +1)]
wx+1)

b

is a polynomial of degree < 2n — k, where w(x) is a positive solution of

Al¢(x — Do(x)] =¥ x)wlx +1) [4].

If k = n, the degree is exactly n.
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