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Nonuniform Sampling of Bandlimited Signals o whose restriction to the real axis is square-integrable, Fés an
with Polynomial Growth on the Real Axis entire function that satisfies
. 40017 )
Ahmed |. Zayed and Antonio G. G&e; Member, IEEE [F(2)] < Ae”"', for someA >0
and
Abstract—We derive a sampling expansion for bandlimited signals / v |F ()] da < oo, wherex = Re z.
with polynomial growth on the real axis. The sampling expansion uses —oo

nonuniformly spaced sampling points. But unlike other known sampling . . . 5
expansions for such signals, ours converge uniformly to the signal on any ~ FOF Such a signaF’, its energyE is represented by the~-norm,

compact set. An estimate of the truncation error of such a series is also €.9.,

obtained. o0
2 — oy 2 oy
Index Terms—Bandlimited signals, nonuniform sampling, sampling B = Lm |F ()] da.
theorems.

It is also known that bandlimited signals are bounded on the real
axis. But since many signals in practical applications do not have
I. INTRODUCTION finite energy according to the above definition, such as power signals,

The Shannon sampling theorem, also known as the Whithich are signals satisfying the condition

taker—Shannon-Kotel'nikov sampling theorem [12], asserts that if ' 1 L )
F is a signal bandlimited tg—=, 7], i.e., it can be written in the A T/T |[F(1)]" dt <o
form B

1/ o it becomes evident that the clagk of bandlimited signals is not
F(t) = o Flw)e "™ dw large enough to include many signals of practical applications.

' A number of generalizations of the claB§ have been introduced.

for some f € L*(—n, ), then it can be reconstructed from itsFOr example, the clasB7 (1 < p < oc) is defined as the class of all
samples at the points, = n, n € Z, whereZ is the set of integers, entire functions of exponential type at masthat belong toL.”(R)

-

by means of the formula when restricted to the real axis. Likewise, the cl@% is defined
as the class of all entire functions of exponential type at matat
- \sinw(t —t,) are bounded on the real axis. It is known t#4t C B C B.°, for
F(t)= Flty) ——————=. 1 i o
(®) Z (tn) w(t —tn) @ 1 < p < g; see [12, p. 24].

n=——oo

More generalizations of the clad®? have also been considered.

If the sampling points{t, }»cz are not equidistant, stilF’ can be Zakai [11], for example, introduced a class of bandlimited signals
reconstructed from its values at these points by using a generalizatiorin which the signals are entire functions of exponential type that
of Shannon’s theorem, known as the Paley—Wiener—Levinson saame not necessarily bounded on the real axis. In fact, they satisfy the
pling theorem. This theorem states tha{#f, },.cz is a sequence of relation
real numbers such that /-oo |F(z)?

—o0 1+T2

dr < 0.
[t, —n| <D< I, foralln € Z 2
Not only the class of bandlimited signaBs, but also its associated
sampling theorems have been the focus of many generalizations; see
[12, ch.2] for detalils.
> G(t) Unlike the classB2, the classB® for p > 2 is not defined in terms
F(t) = Z F(tn)m (3)  of the Fourier transform of its members, unless the Fourier transform
n=Teo " " is taken in the sense of generalized functions, since functions in
where L”(R), for p > 2, do not in general have Fourier transforms in the
- classical sense. If we allow the Fourier transform to be taken in the
G(t) = (t —to) H <1 — i) <1 _ ) (4) sense of gen_erglized_functions or Schwartz distributions, then Fhe
tn t—n class of bandlimited signals can be enlarged tremendously, allowing
) bandlimited signals to be not only unbounded but also of polynomial
Let us denote the class of signals bandlimited-t@, o] by BZ.  growth on the real axis. The constant function, which represents a
It is worth mentioning that power signal, can be regarded as a bandlimited signal since its Fourier
Gn(t) = GO/ [(t = £2)C (tn)] € B transfor_m is esse_ntiall;_/ the Dirac delta functior{z), which is a
generalized function with compact support.

for all n. Another famous theorem of Paley and Wiener [7] asserts Sa@mpling theorems for signals that are the Fourier transforms of
that if F € B2, it is an entire function of exponential type at mosg@eneralized functions with compact support have been studied by
many people. To the best of our knowledge, the first to do so was
Manuscript received July 1, 1996; revised February 24, 1997. Campbell [1], who derived sampling expansions for signals that are
A. |. Zayed is with the Department of Mathematics, University of Centrahe Fourier transform of generalized functions with compact support
Florida, Orlando, FL 32816 USA. using uniformly distributed sampling points. His expansion converges
A. G. Garda is with the Departamento de Matatitas, Universidad Carlos ~~ 9 . y - pling p ) p g.
Il de Madrid, 28911 Legaes, Spain. pointwise, but lacks the familiar appearance of the Shannon sampling
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then any signal bandlimited {e-7, 7] can be reconstructed from its
values at the point$¢, }»cz by means of the formula

n=1
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restored the form (1), but its convergence was weakened fromTo prove our results, we shall need some facts from the theory
pointwise to convergence in the sense of tempered distributions. ldfsnonharmonic analysis. For the reader’s convenience, we have col-
results were generalized further by Lee [5], and Hoskins and Dected in the following theorem the most important results needed for
Sousa Pinto [4]. In [9], Walter introduced a convergence factor wur forthcoming discussion. We call this theorem the Paley—Wiener—
the sampling expansions obtained by Lee and Pfaffelhuber, and dlswinson (PWL) theorem. The proofs of these results can be found
examined the(C, o) summability of these expansions. He showeth [6, ch.IV] and [7, ch.VII].

that if F is a bandlimited signal with polynomial growth on the real Theorem 2.1 (PWL Theorem)et {¢,} be a sequence of real

axis, then the series (1) (€, «) summable taF" provided thatF' is
oversampled and: is chosen sufficiently large.

In [10], Walter extended some of his results in [9] to nonuniform
sampling expansions. Among other things, he showed that for ban-
dlimited signals with polynomial growth on the real axis, the series (3)
converges td’ in the sense of ultradistributions, or more precisely in
the sense of, whereZ} is the topological dual space of the space
Z.. The spaceZ. is the image under the Fourier transformation of
the spaceD,. consisting of all infinitely differentiable functions with
support in(—m, w), and provided with its usual topology described
in [13].

In this correspondence, we study the nonuniform sampling expan-
sions of bandlimited signals with polynomial growth on the real axis 2)
in a way parallel to that of Walter [10]. But unlike Walter and the
others mentioned above, we obtain a nonuniform sampling expansion
of a signalF’ that converges uniformly td& on compact sets. The
price we pay for obtaining uniform convergence is the lack of the
familiar form (3) in our sampling series. Our sampling functions
are given in a form of a convolution involving the functid@®(¢)
defined in (4). This convolution structure of the sampling functions
is not unusual; similar forms have already appeared in the work of
Feichtinger and Gichenig [2], [3], where the sampling expansionsind
of a large class of functions are shown to converge uniformly on
compact sets.

Il. PRELIMINARIES
We define the Fourier transform of a functigiit) as

fr= [~ swear

so that its inverse transform is given by 3)
f(f) — i A f‘( 7) —iwld,
) = 27‘_ . wje W .
The convolution of two functiong and g is defined as
(e = [ swgta=na
hence 4

(f/>!<\g)('u:) = f(w)g(u:).

For any open intervak’, we define the spacBx as the space of
all infinitely differentiable functionsy(x) with compact support in
K. The support ofy is defined as the smallest closed set containing
the set{x: ¢(x) # 0}. The support ofy will be denoted byupp ¢.

If K = (a,b), then the support of any € Dy is contained in
[a 4 €, b — €] for somee > 0. A sequencey, }o=, in D is said to
converge to zero ifDy if there is a compact sdt, C K such that
supp ¢» C I for all n and f,of,p) — 0 uniformly asn. — oo for all
p=0,1,2,---. The topological dual space @ x will be denoted
by Dk . A sequence f» } 2o in Dk is said to converge t0 in Dz
if for any » € D, we have(f,,¢) — 0 asn — oc, where(f, )
is the number that the functiondl assigns top.

In this article we shall be concerned mainly with the spage
where ' = (—m,n) and to simplify the notation we shall denote
this space byD. and its dual byD:.

numbers such that

[t, —n| <D< i, for alln € Z.
Then the following are true:
1) The set of functions{e™"} is complete inL*[—, x] and

possesses a unique, complete biorthonorma{ sgt«x)} such

that

where 6., is the Kronecker symbol.
If f € L*|—=, x], then the series

it w
hm(I)E’L “dr = 6m,n

Z (fneinr _ fneitnz)

n=—oo

®)

converges uniformly to zero over any interfalm + ¢, ™ — €],
for € >0, where

fo = % / " e de Q)
fn= " F (@) hp () da. (7)
Moreover
1-wVDF 3 InP sl = [ P @
(see [7, egs. (29.04) and (30.07))).
o L[ 6w
hy(z) = 5 /_oo o= tn,)G’(z‘n)e dt
where
G(t) = (t —to)g <1 —~ 7) <1 —~ Ln).
If f € L*[—m,x], then
f@)= Y Fubulo)
where
= " flx)e'"™" da. 9)

-7

Ill. THE SAMPLING THEOREM

To prove our sampling theorem, the following lemmas will be
needed. For simplicity, we shall assume from now on that 0
so that

h?n(x) dx = 6777,0

L.

and denote the set of all functions orthogonahtdz=) by Hg".
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Lemma 3.1: Let ¢ havep continuous derivatives and assume that Corollary 3.1: Let ¢(z) be an infinitely differentiable function

the support ofy is contained in(—m, ). If

then the sequences>,. } 7= _ .. and{¢. }ne_ .., defined by (7) and

(9), satisfy
1
Pny /Nn =0|— 5
oot =0(55):

Proof: We begin with the sequencg?. }. By integrating by
partsp times, we obtain

as|n| — oo.

P 2 L NGO PR,
= | ¢ (w)e""" du
which implies
|3a] < W for all n andt,, # 0.
For ¢, = 0, we have|@o| < C. But sincet, ~ n as|n| — =,

the result follows.

As for the sequencéy.. }, we have in view of (5) that the series

oo

Z (@(P)eim _

n=—oco

PP ettt

converges uniformly if—= + €, © — €], in particular, it converges at

@ =0, where{g¥'} and{psp)} are the coefficients op®) () as
given by (6) and (7). Thus the series

oo

> B - )
converges, which implies that
lim (y(p) A(,Z))) =0

[n|—oc

and hence for any > 0 there existsV > 0 such that

P < |6 +6  forall|n| > N.

But it is easy to see that'?) = (in)?Pd, . ande'?) = (itn)P .. TO
show the latter, let us note thatf(x) andg;“)(bb) are inHg", then

L,?(l)(:l’) — Z (tjgll)eztnr
nZ0

and by integrating this series, we obtain

ztnr
2 $Pnt - 2

n#0 n;t()

Kt’fl itnr +C

which implies thatC' = 0. This leads top!!) = (it )pn for n # 0,

and the result now follows by induction. Therefore,

[t P lon] < In|P|on] + €, for all |n| > N.
Because{/,} are the Fourier coefficients of gdifferentiable
function with compact support, we have thai”|..| < A for all n.
Thus sincet,, ~ n as|n| — oc, we have
B |nl? C

= — <
n(P |t, [P — [n|P’
[P [t ] |

lpn] < o foralln #0

where A, B, andC are constants.

with support in the open interval—=,7) such thatp and all
its derivatives are inHg. Then the sequencegy, }o-_ .. and
{on )il _. are rapidly decreasing, i.e.,

1
"‘na(’vn =0 —},
)

Let
A= {p € L*[—n,7]: {¢n}iZ_. is rapidly decreasing

as|n| — oo forallp > 0.

The setA is nonempty as can be seen from Corollary 3.1, and it is
also closed under differentiation. L&t be the set of all functions
in D, that belong toA.

Lemma 3.2: Let D be the topological dual space of the spase
andB?. be that subspace @ consisting of all generalized functions
with support in(—=, 7). Then the nonharmonic Fourier series,

=]

z : On Cifn z

n=——oc

of any ¢ € D converges top in D-, and for anyf € B; and
¢ € D., we have

oo

Y enfn
where f,, = (f.e"'"*) and ¢,, are defined by (7).

Proof: Since f has compact support and'*® is infinitely
differentiable for each:, the coefficientsf,, are well defined. The
Fourier series of any € D, converges to th&r-periodic exten-
sion, ¢per, Of ¢, in the topology of€, the space of all infinitely
differentiable functions. But ofi—=, ), vper = ¢; therefore, the
Fourier series of> converges to it in the topology dP.. Thus by
Theorem 2.1, the nonharmonic Fourier series

(f,) =

of ¢ converges te in D, too. Now by the continuity of, we obtain

:<fH Z (,Qnﬁitnr>: Z ‘Pn(f,Eit”x>

n=—oco n=—oo
oo
= E ipnfn
n=—oo

which shows that the series converges. (I
Some kind of a converse of this lemma also exists.
Lemma 3.3:Let f be a generalized function with support in
[-7, 7] and definef, by f. = (f,e'™*) for all n.
Then the series

S Fuu(a)

n=——oo

converges irD* to f and f, are of polymonial growth ap:| — oc.
Proof: As in the proof of Lemma 3.2, the coefficienfs are

well-defined. Sincef has compact support, there exist a continuous

function g and a nonnegative integgr such thatf(z) = D%g(x)

in the sense of generalized functions, whére= d/dz; see [13, p.

93]. Thus

fﬂ - <f* llnl> =

and hence

(D, e = (=itn)(g,e"")

|fal € Cilta]? < Cln]?,
for some constant§’, and C.

foralln # 0
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It is evident that
Sn(z) = Z ]‘N'nlln(,?z)
n|<N
defines a generalized function with support+fr, 7]. Therefore, for
any ¢ € D,, we have
(Sn (), o(2)) Z Pnfn
n|<N

But since{f,} is of polynomial growth and{,} is of rapid
decay, we have

oo

Nllil;(Sm(.[)tp(‘L» = J\lii}éo Z Lf:"nf'n = Z (Pnfn

|n|<N
exists, but on the other hand, as in Lemma 3.2

(f.o)= <fw > &pne“”x>

Therefore, )
f@)y= > fahu(2)

n=——oo

n=—oc

oo

= Z Pnfn

n=—oo

in D. O
It should be noted that Lemma 3.3 is not exactly the converse
Lemma 3.2 since the series

fnhn(:ﬂ)

n——

does not, in general, define a generalized function with support in

the interval (—=, ).

Now we are able to state and prove our sampling theorem.

Theorem 3.1:Let f € B and choose an even functiefiz) such
that 4 € C>(—m,n) with suppdy C (—=,7w), §(x) = 1 on the
support of f, and e 4(z) € A.

Then

F(t) = (f(x).e")

is an entire function of exponential type— ¢ for somee > 0 that
grows no faster than a polynomial on the real axis|ths— oc.

Moreover, F' can be reconstructed from its samples at the points
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it has an expansion of the form

oo

ety = 3 et

n=—oc

11

which converges to it in the sense Bf.; see Lemma 3.2. Thus

oo

Pity= >

n=——00

IO = 3 Fltan () (12)
with

™

1 (1) =[

Recognizingy. (t) as the Fourier transform 6f(z)h. (x), we can,
with the aid of the fact thay is even, writey,, (¢) in the form

&S]

i (t) = L

which upon its substitution in (12) yields (10).

To show that the series in (10) converges uniformly on compact
sets, we recall thaf' (¢, ) = O(|¢»|?) for someg > 0. The sampling
functions S, (t) are the coefficients of an infinitely differentiable
function n(t,z) € A, with support in(—=,7) when expanded in
thP nonharmonic Fourier series (11), and therefore they are rapidly
8ecreasing inn for each fixedt. This means thatS,(t)| <
C(t)/|t.|* for sufficiently largen and each fixed, for all p > 0.

To complete the proof, we must show that forzalh some compact
setK, |C(t)| < Ck, independent of. First, we differentiate (11)
times with respect ta: to obtain

aPn(t, )

dxp

-

7’(f~T)h71(T)(i7 = / »?7

-7

(m)hn(.r)cim da.

U (w)y(t — u)du = (Yn % 7)(t) = Sn(t)

oo

oo

= Z (it")pnn(l‘)e“”gC

n=—oco

then apply (8) to obtain

&

(A=mVDP 3 P <

-

aPn(t,x) | N
e de. (13)

By Leibniz rule, we have

k=0

9Pn(t, z)
oxP

It R . P . P
{tn} via < Z <1]:>|f|’~=|,$,(l>—’~*)(x)| < 9r Z |f|’~=|,$,,(l>—’~"r)(m)|_
k=0 N k=0
F(t) = F(t,)S5,(t) (10)
n;w Let K be a compact set and choodesuch thatl’ C [—A, A].
where Then
P . P )
Sn(t) = (Yn *v)(1) 9"n(t, x) < 2P AP Z ‘,/U)_k)(a’)| = 2P AP p(x)
OxP - —
with
Git) which, upon its substitution in (13), yields
Un(t) = —— = L ‘ S
(# = 1n)G'(tn) (1=7VD)? S ftalna(t)? < 227 A% C2
and the pointst,, } are any points satisfying (2). n=—oo
The series converges uniformly on any compact subset of the rgalere Cs = ||p||2,» and

axis.
Proof: That F' is an entire function of exponential type— ¢

with the prescribed growth rate is a known fact in the theory of

generalized functions; see [13, ch.7].
Now

F(t)= (f('l’)aeitr) = <f(;t),6imﬂf(w))_
But sincen(x,t) = ¢''"
in = with support in(—,

4(x) is an infinitely differentiable function
w), it belongs to the spac®., and hence

)= 3 Bl
k=0

Thus
2 APCy
(1—xVD)|tn|p’

Hence, having in mind that, ~ n as|n| — oc and taking
p>q + 1, the uniform convergence of the series (10) is provén.

1Sn ()] = [ ()] < for all p > 0.
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IV. TRUNCATION ERRORS

As a byproduct of Theorem 3.1 we can give an estimate of the

1721

[4] R.F.Hoskins and J. De Sousa Pinto, “Sampling expansions for functions
band-limited in the distributional senseS1IAM J. Appl. Math.vol. 44,
pp. 605-610, 1984.

truncation error which arises if one ignores all the samples outside @] A. J. Lee, “Characterization of band-limited functions and processes,”

finite interval. More precisely, we have the following corollary.
Theorem 4.1: Let us define the truncation errdéiy (t) as follows:

En(t) = F(t) = > F(ta)Sn(t).
[n|<N
Then
2P I APy

(1—aVD)(p—q— HNr-a-t’
t in the compact sek

|En(t)] <

(14)

wherep > ¢ + 1, andg the polynomial order of growth of'(¢).
Proof: We know from Theorem 3.1 tha#(¢..)| < b|t,.|? for
someq > 0 and a constant, and
P AP (T, 1
5. < — 24 Cx
(1=mVD)talp It
for all p > 0 andt in the compact sek’.

N

P

Hence, if we take any > ¢ + 1, we will have

|Ex(D)] < > [P ()] 150 (0)]

|n|>N
1
<HO% D)
[n|>N
—(N+1) 1\¢P o 1\4?
<bCk Z <71+ZD + Z <n—z>
n=—0oc n=~N+41
. e 1
S sz[{ e .
N—(1/a) (& — )P0

If we use the change of variable,— 1/4 = Nt, and note that
1/2 < [N = (1/2)]/N,¥N > 1, we obtain
0 dt
12 PP

ge el 1
En(t)| <20Ck —_—
vl <20 [
Therefore, replacing the constafit by its value, we obtain the
desired result (14). O

20C Kk

S No—amt

N—(1/4)
_ 26C' i
T2t (p — g — 1)Np—a-1"
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Covering Numbers for Real-Valued Function Classes

P. L. Bartlett, Member, IEEE
S. R. Kulkarni, Senior Member, |IEEE
and S. E. Posner

Abstract—We find tight upper and lower bounds on the growth rate for
the covering numbers of functions of bounded variation in thel; metric
in terms of all the relevant constants. We also find upper and lower
bounds on covering numbers for general function classes over the family
of £ (dP) metrics in terms of a scale-sensitive combinatorial dimension
of the function class.

Index Terms—Bounded variation, covering numbers, fat-shattering
dimension, metric entropy, scale-sensitive dimension, VC dimension.

|. INTRODUCTION

Covering numbers have been studied extensively in a variety of
literature dating back to the work of Kolmogorov [10], [12]. They
play a central role in a number of areas in information theory
and statistics, including density estimation, empirical processes, and
machine learning (see, for example, [4], [8], and [16]). [&tbe
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