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Abstract

As a starting point we assume to have a continuous frame in a Hilbert space with
respect to a measure space. This frame inherits a unitary structure from a unitary
representation of a locally compact abelian group in the Hilbert space. In this
setting we state a continuous sampling result for the range space of the associated
analysis frame operator. The data sampling are functions also defined by using
the underlying unitary structure. The result is illustrated by using continuous
frames in Paley-Wiener and shift-invariant spaces generated by translates of fixed
functions. A sampling strategy working only for discrete abelian groups is also
discussed.
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1 Introduction

The aim of this note is to state some basic ideas on continuous stable sampling by using
continuous frames in a Hilbert space with respect to a measure space. Here, the data
sampling are functions instead of sequences obtained from the function to be recovered.
Thus, in this general setting, we could include the tomography related with the Radon
transform, the continuous wavelet or Gabor transforms, etc. We restrict ourselves to
the case where the continuous frame has a unitary structure given by the action of a
locally compact abelian (LCA) group G on a Hilbert space H by means of a unitary
representation g — U(g) of the group G on H. The sampling will be carried out in
the range space of the analysis operator associated with the continuous frame, a closed
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subspace of L?(G). Recall that a unitary representation of G on H is a continuous
homomorphism of G into the group of unitary operators in 4. The main features on
continuous frames can be found in a brief included in Section 2. In particular, the
definition of a continuous frame with respect to a measure space is given in Eq. (1)
below.

More specifically, we assume that for a fixed a € H the family {U(t)a}iec is a
continuous frame for the Hilbert space H, := spﬁH{U(t)a}teG with respect to (G, p)
where p denotes the Haar measure associated to the group G. The idea is to recover is
a stable way any function F), defined for = € H,, as F,(t) = <.CC, U(t)a>H, t € G, from
a finite set of sampling functions L, Fy(t) := <:1:, U(t)bm>H, t € G, where b,,, € H, for
m=1,2,...,M.

In a wide sense the sampling and reconstruction problem consists of the stable re-
covering of any function f € Vsump, usually a closed subspace of a Hilbert space H,
from some available data Lf = (L1f, Laf,...,L,, f) associated with the function f.
This available data £f could be a sequence of its samples { f(¢,)}, a vector sequence of

averages of the function ({(f,¥m(- — tn)>})M

m=1’
of a related function f, i.e., ({ s wm)(tn)})il/lzl, or whatever data information provid-
ing a stable reconstruction in Vsump. The last means that the available data provides
an equivalent norm to that in the space Vigpmp, i.e., there two exist positive constants

0 < A < B such that A||f]|? < ||Lf]|? < BJ|f||? for any f € Vsamp-

a vector sequence of filtered versions

In general, this is done by using a suitable representation of the data Lf in an
auxiliary space Vg, where ||£f]] is just the norm of £f in this space V.. For instance,
consider the classical Paley-Wiener space PW, of bandlimited functions in L?(R) to
the interval [—7, 7], i.e.,

PW, = {f € L*(R) : supp f C [—7r,7r]},

where f denotes the Fourier transfo/{m of f. For each f € PWy, we have the expres-
sion for the samples f(n) = \/#27<f,e_m“’>L2[_mﬂ, n € Z. Since {eﬁ}nez is an

orthonormal basis for L2[—, 7], by using Parseval equality, we get
SoIF@P =P = IfII* for any f € PW,
nez
Finally, the famous WSK sampling formula
ft) = Zf(n) sinc(t —n), teR,

ne”

sin 7t
it

where sinc denotes the sine cardinal function , is obtained by applying the inverse
Fourier transform F~! in the expansion of f € L?[—n,n] with respect to the above
orthonormal basis. Besides, PW, is a reproducing kernel Hilbert space (RKHS here-
after) where convergence in norm implies pointwise convergence. Recall that a RKHS
is a Hilbert space of functions in the same domain where any evaluation functional
E; : f — f(t) is bounded. Usually, this auxiliary space is an L?[a,b] or an ¢?(Z) space
(see, for instance, Refs. [13, 14] and references therein).



The above consideration is a general pattern in dealing with sampling and recon-
struction problems. The available data L£f will be expressed in terms of a frame for
the auxiliary space V,,,. For the definition of a (discrete) frame {u,} for a separable
Hilbert space H see Eq. (2) below. Given a frame {u, } for H the representation prop-
erty of any vector u € H as a series u = ) ¢, u, is retained, but, unlike the case of
Riesz (orthonormal) bases, the uniqueness of this representation is sacrificed. Suitable
frame coefficients ¢,, which depend continuously and linearly on u are obtained by using
the dual frames {v,} of {u,}, i.e., {vn}nez is another frame for H such that

U= Z(u, Vp YUy = Z(u,un>vn for each u € H.

n n

In particular, frames include orthonormal and Riesz bases for H. For more details and
proofs see Ref. [7].

In this paper the vector sampling function L£f will be expressed in terms of a
continuous frame in an auxiliary space. Thus we will deal with continuous frames in a
Hilbert space with respect to a measure space; we include a summary of the main results
along with a set of references on this topic and their most important applications in
Section 2. Continuous and discrete frames share the main needed properties which are
included in the brief. The rest of the paper is organized as follows: Section 3 is devoted
to show as convolution systems is a good strategy in sampling theory which only works
for discrete groups G. In Section 4 we give a continuous sampling result valid for the
range space of the analysis operator of U-structured continuous frames. Finally, this
result is illustrated in the case of continuous frames obtained from translates of fixed
functions in the Paley-Wiener PW,, or in a principal shift-invariant subspace of L?(R).

2 A brief on continuous frames

Let H be a Hilbert space and let (€2, u) be a measure space. A mapping F': Q — H is
a continuous frame for H with respect to (€2, p) if F' is weakly measurable, i.e., for each
f € H the function w — (f, F(w)) is measurable, and there exist constants 0 < A < B
such that

AllfII* < /Q (£, F(w))|*du(w) < BI|f|* for cach f € H. (1)

The constants A and B are the lower and upper continuous frame bounds respectively.
The mapping F' is a tight continuous frame if A = B; a Parseval continuous frame if
A = B = 1. The mapping F is called Bessel if the right hand inequality holds. Along
this paper we refer a continuous frame as the mapping F' : Q@ — H, or as the family
{F(w)}weq or {Fy}weq in the Hilbert space H. The counting measure p on = N
gives the classical definition of (discrete) frame {f,}5° ;:

AFI2 <D IS fa)P < BJIfI® for each f € H. (2)

n=1

There are a lot of examples of continuous frames in the mathematical literature; among
them we encounter:



e Let H C L*(Q, 1) be a RKHS (reproducing kernel Hilbert space) of functions
defined on € with reproducing kernel k;(t), i.e., f(x) = (f, kz), x € Q, for each
f € H. Then, the family {k,},cq is a Parseval continuous frame for H with
respect to (2, ). Indeed, for each f € H we have

/ (B () = / (@) Pdu(z) = 111
Q Q

e For a fixed non zero function g € L*(R%), the Gabor system defined as {Engg :
(z,€) € R? x R} is a tight continuous frame for L*(R?) with respect to (R? x
R?, dx dﬁ), where E¢ and T, denote the modulation and translation operators in
L?(RY) respectively (see, for instance, Ref. [7]).

e For an admissible function 1 € L?(R), i.e., a function for which the constant
Cy = fR L’m)‘zdw < +o00, the wavelet system defined by {w“’b = Ty Dy

(a,b) € (R\{0}) xR} is a tight continuous frame for L?(R) with respect to ((R\

dadb
{0}) xR, a—z), where Tj and D, denote the translation and dilation operators
a

in L2(R) respectively (see, for instance, Ref. [7]).

e Other examples involve coherent states in physics (Refs. [3, 4]), square-integrable
group representations (Refs. [1, 2]), Gabor/wavelet frames on the sphere (Refs.
[6, 20, 21]), or mized Gabor/wavelet transform (Ref. [10]).

Associated to a continuous frame there exists a unique operator Sg : H — H such
that

(Srf,g) = /Q (. F(w)) (F(w), g)dp(w) . f.geH.

This operator Sg is bounded, self-adjoint, positive and invertible and it is called the
continuous frame operator of F'. We use the notation

Spf = /ﬂ (f, F(w)) F(w) da(w)
For any f € #{ we have the weakly representations
f=55'Spf = /Q (F, F(w) S5 F(w)du(w),
£ = SeS7'f = [ (55 Flw) Flu)dutu).
The operator T : L2(, 1) — H weakly defined by

(Trp, h) = /Q o) (F(w), h)du(w), heH,

is linear and bounded; it is called the synthesis operator of F. Its adjoint operator
Ty © H — L*(Q,p) is given by (Trh)(w) = (h, F(w)), w € €, and it is called the
analysis operator of F. Moreover, Sp = TrTj. In case (2, ) is a o-finite measure
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space, the mapping F is a continuous frame with respect (€2, u) for H if and only if the
operator Sg is a bounded invertible operator.

The analysis operator f — (f, F(w)) defines a linear transform in H which is
bounded and boundedly invertible on its range. In the case of a Gabor system is the so
called short-time Fourier transform, and for a wavelet system is the continuous wavelet
transform.

Let F' and G be continuous frames for 1 with respect to (£, ). We call G a dual
of F'if

Ugwiéme»mwmmmmw,fgeH

holds. Thus for any f € H we have the weak representation
£= [ (£ P () Gw) duto).

This is equivalent to T Ty = I3 In particular, SEIF is always a dual of F' called the
standard dual frame for F.

A continuous frame F' is a Riesz-type frame if F' has only one dual. The following
characterization of Riesz-type frame holds, the mapping F' is a Riesz-type frame if and
only if Range Ty = L?(Q, p), i.e, T} is an isomorphism between H and L?(€, ).

For more details on continuous frames see, for instance, Refs. [3, 5, 9, 12, 16, 19, 22].

3 Convolution systems on locally compact abelian groups
and sampling

Let H be a separable Hilbert space, and let t € G — U(t) € U(H) be a unitary
representation of a LCA group (G, +) on H, i.e., it satisfies that U(t + s) = U(t)U(s),
U(—t) =U"Yt) = U*(t) for t,s € G, and the map t — U(t) is strongly continuous for
each t € G.

For a fixed ¢ € H, assume that the family {U(¢t)¢}iec is Bessel in H with respect
to (G, ), where u = pg denotes the Haar measure in G. We can define elements in H,
in the weak sense, as follows: Consider the sesquilinear form

U: L2(G)xH — C
(. f) Hﬁ(/mwwuwjmmw.
G

Cauchy-Schwarz’s inequality and the Bessel character shows that ¥ is bounded. As a
consequence of Theorem 2.3.6 in Ref. [18] there exists a unique operator u : L?(G) — H
such that U(z, f) = (u(x), f), for all x € L*(G) and f € H. Moreover, ||Jul| = ||¥|. As
usual, we will use the notation u(x) = [, x(t) U(t)p du(t).

Now, we consider N generators ® = {p1,¢2 ...,¢n} in H, and we assume in

addition that the family {U(t)en} teGine12. N 1S a continuous frame for the closed



subspace of H defined by Vo := spany{U(t)¢n}icq n=12,. 8 With respect to (G, p).
Hence, the closed subspace Vg of H can be described (in the weak sense) as

N
Vo = {Z:I/Gxn(t)U(t)gpn du(t) : z, € L*(G), n=1,2,.. .,N}. (3)

Besides, the mapping defined by
Tua : L?V(G) — Vs

’ N
x = (21,9,....TN) " U = Tn " ,
rasa)| 0=y /G (OU(t) o dpt)

is a bounded operator from the Hilbert space L3 (G) := L*(G) x - -- x L*(G) (N times)
onto V. Indeed, it is bounded since {U(t)apn}teG; 12, n 15 a Bessel family and onto
since it is a continuous frame for Vg. Moreover, due to the invariance of the Haar
measure £ on G, the operator Ty ¢ satisfies the shifting property

Tu.® (Tt X) =U(t)Tuex, XxXE€ L4(@), (4)

where Ty x(s) = x(s—t), t,s €G.

Given M elements ¥, in H, m = 1,2,..., M, non necessarily in Vg, for each u € Vg
we define, for m = 1,2,..., M, the generalized average sampling function as
Lnu(t) = (u, U(t)wm>H, teG. (5)

This definition is motivated by the average sampling in classical shift-invariant sub-
spaces of L?(R%). The sampling function in (5) can be expressed as the output

N
of a convolution system. Indeed, for any u = Z/ Tn (U (t)ndu(t) in Vg, and
n=1"G

m=1,2,..., M one gets

Cotlt) = (3 [ n 0 )ndb), U W)
N N
=32 [0 00U =3 [ anls)ionm U= i)
N N
= ;/G:cn(s) A (t — s)du(s) = nzz:l(amm wx,)(t), teq,

where am () == (¢n, U(t)m)2 , t € G. Notice that each a,,, belongs to L?(G) since
the sequence {U(t)¢n }teG;n=12,...,~ is, in particular, a Bessel family in H with respect
to (G, p).

This particular example leads us to introduce, in general, a convolution sampling
procedure in Vg as follows: Given a matrix A = [ay, ] € M,,, y(L*(G)), ie,a M x N
matrix with entries in L?(G), we consider the convolution system defined in L3/ (G) as

AX)=Axx, x=(x1,29,...,25)" GL?\,(G),
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where A x x denotes the (matrix) convolution

(Axx)(t) =D A(t—s)x(s), teG.

se€G

Note that the m-th entry of A % x is Zgzl(am,n % Tp), where x, denotes the n-th
entry of x € L2 (G). For u = 25:1 Jo xn(OU(t)pn du(t) in Vo we define the sampling
function Lf as

Ca(t) == (Cou(t), Lau(t), ..., Lu®) T = (Axx)(t) = [AX)](1), teG.
where x = (z1,29,...,2x)" € L%(G).

We say that the convolution sampling procedure Lu(t) = (A *x)(t), t € G, defined
in Vg by means of the convolution system A : L3,(G) — L3%,(G) is stable if there exist
two positive constants 0 < o < 3 such that al|ul|* < ||[Lul|? < B||ul|? for all u € Vs.

The inequality in the right side is related to the boundedness of the convolution
system A : L3(G) — L3,(G), meanwhile the left one is related to the existence of a
bounded convolution operator B : L3,(G) — L% (G) such that BA = I12 () ie., aleft-
inverse bounded convolution system of A. Thus, roughly speaking, we could recover
any function u € Vg from its sampling function Lu € L%,(G) in a stable way.

In next section we present in short the results obtained in the case of a countable
discrete abelian group G; more details and examples can be found in Ref. [14].

3.1 The case where (G is a countable discrete group

Let (G,+) be a countable discrete abelian group and let T = {z € C: |z| = 1} be the
unidimensional torus. We say that £ : G — T is a character of G if {(g+¢') = £(9)¢(4")
for all g,¢" € G. We denote £(g) = (g,&). By defining (§+¢')(g) = £(9)€'(9), the set of
characters G is a group, called the dual group of GG. In case G is a countable discrete
group, its dual group G is compact (see Ref. [8]). There exists a unique measure, the
Haar measure p = ji5 on G satisfying pu(§ + F) = pu(E), for every Borel set E C @,

~

and p(G) = 1.
Recall that for x € £1(G) its Fourier transform is defined as

2(&) = 2(9)(9.6) = > a(9)(—g.6), €€G.

geG geG

The Plancherel theorem extends uniquely the Fourier transform on ¢'(G) N ¢%(G) to a
unitary isomorphism from ¢2(G) to L2(CA¥). For the details see, for instance, Ref. [8].
We will denote the involved LP spaces as (2(G), (2 (G), or {2 (G) respectively, and
L>=(G) C L2(G). The following result on the convolution in ?%(G) holds [11]: Assume

that a,b € £2(G) and a(&) b(¢) € L?(G). Then the convolution a * b belongs to £2(G)
and axb(§) =a(&)b(§), a.e. £ €q.

Whenever G is a countable discrete abelian group, the closed subspace Vg of H in
(3) can be described as

N
Vo = {szn(t)U(t)% e (@), n=1,2,... ,N}.

n=1teG



Consider A = [amn] € M,,, ((2(G)) such that its transfer matriz defined by A :=
[@m,n] has entries in L>=(G). Thus, the convolution system A(x) := A % x defines a
bounded operator A : £2 (G) — 2 (G).

It is known that its adjoint operator A* : ¢2 (G) — £3(G) is also a bounded
convolution system with associated matrix A* = [a}, |7 € M, ((*(G)), where its
entries are given by the involution ay, ,(t) = amn(—t), t € G. By using properties of
the Fourier transform in £2(G), the transfer matrix of A* is A*(¢) = A(¢)*, a.e. £ € G,
i.e., the transpose conjugate of matrix 21(5)

The bounded operator A*A is invertible if and only if operator A is injective with
a closed range which happens if and only if the constant

~

d4 = essinf det[A(£)*A(¢)] > 0. (6)
e
Therefore, choosing the operator B = (A*A)~1A* we get BA = Zpz () The transfer
matrix of B is given by the Moore-Penrose pseudo-inverse

A = [y Ae)] " Ace)”

which has entries in Loo(g). Moreover, notice that any N x M matrix B (§) solution of
B(&)A(E) = I, a.e. € € G with entries in L>®(G) can be expressed in terms of A(¢)T as

B(€) == AT + C(&)[In — A(6)A()T],

where C(£) denotes any N x M matrix with entries in L>*(G).

The above considerations have an easy interpretation in terms of discrete frames
of translates in ¢%(G) as follows. For u = Ty ex € Vg consider the sampling function
Lu(t) = (A*x)(t) = [A(x)](t), t € G. The m-th component of Lu(t) satisfies

Lnu(t) = [AX)|m(t) = [A* X]m(t) = <X7Ea:n>g?\](g)v (7)

where af, = (am,1,am 2, ... ,ava)T € E?\,(G) denotes the m-th column of the matrix
A*, the associated matrix of the adjoint operator A* of the convolution system A, and
Tia), =a,(-—t).

As a consequence, the sampling procedure £ is stable in Vg if and only if the
sequence {T; a, } teGime1 2. 18 @ (discrete) frame for 22 (G). Moreover, the operator
A is its analysis operator.

Therefore, its frame operator 4*.4 must be a bounded invertible operator. In case,
the operator A is bounded, it will be invertible if and only if 4 > 0, where §4 is the
constant introduced in Eq. (6).

Now, let B be a matrix in ./\/leM(LOO(@)) such that B(¢) A(¢) = I, ae € G.
Consider the m-th column by, = (b1m,b2m, - .,me)T € E?V(G) of the matrix B in
M. (L*(G)) whose transfer matrix is B. Note that B is the synthesis operator of

the frame {Tt bm}teG, 19 Since it can be written as

M
Bx)=Bxx=Y > am(t)Tby, x€cl(G).

m=1teG



As a consequence, from B A = Ig?v (@) and Eq. (7), we obtain that the (discrete) frames
{1, m}teG meto gy and {T, a:n}teG'mzl o g for € 22 (G) form a dual pair.
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Hence we have x = Zm L eq (%, Tra m>62 Tt b, for each x € (2 (G). Applying
the operator Ty,¢ and the shifting property (4) we get a reconstruction formula for any

u € Vg from its samples {Emu(t)}tee, 1.y 1 (7) as

U= Z Zﬁmu ’TU<1> Tt Z Zﬁmu (t)Tu.obm

m=1teG m=1tcG
- (8)
= Z Z Lpu(t)U)Sy, inH,
m=1teG
where the reconstruction functions S,, = Tyebm, m = 1,2,..., M, belong to Vs.

Moreover, the sequence {U(t)Sy, }eq;m=1,2,....m is a (discrete) frame for V.

Notice that the above convolution sampling procedure is stable in Vg if and only
if the mapping Ty,¢ is an isomorphism between the Hilbert spaces 612\7 (G) and Vg, or

equivalently, the sequence {U gon} 1€Gin=12,...N is a Riesz basis for Vg. Furthermore,

under the hypothesis 4 € M M N(LOO(G)), the existence of a sampling formula like
those in Eq. (8) for Vs is equivalent to condition 4 > 0 in Eq. (6) (see Ref. [14]).

The above study fails whenever the group G is not compact or, equivalently, the
group G is not discrete. In this case, under the hypothesis 4 € M wan (L L2(G)NL®(G))
condition (6) cannot occur since det[A(§)*E(§)] should be a positive function in L2(G)
bounded away from zero in G non compact!

In next section we will study continuous stable sampling in the range space of the
analysis operator associated with a continuous frame {1(w)}eq for a Hilbert space H
with respect to (€2, u). This range space is a reproducing kernel Hilbert space (RKHS)
included in L%(Q, i) (see, for instance, Ref. [9]).

4 Continuous frames and sampling: a case study

Assume that {1(w)}yeq is a continuous frame for a Hilbert space H with respect to
(€, 1) such that the mapping w — 1 (w) is weakly continuous. Its analysis operator
T{Z : H — L*(Q, ut) is a bounded and boundedly invertible operator on its range denoted
as Hy := Range T;. This is a closed subspace of L?(€, 1) described as the functions F

such that
H — H¢

fo— Fp o Fy(w) = (f,o(w))n, we.
Besides H,, is a RKHS (of continuous functions in ) whose reproducing kernel is given
by
ky (u,0) = ($(0), Sy (w)w, w0 €Q,



where qul denotes the inverse of the frame operator Sy, associated to {1(w)},yeq. That
is, for any Fy € H, we have

Fyu) = [ Fy(o) ko) du(o) = (Fy. byl ) o u€ 9.

The aim in this section is to obtain a sort of continuous stable sampling theory in case
the continuous frame has a unitary structure.

4.1 Continuous frames with a unitary structure

Let t € G — U(t) € U(H) be a unitary representation of a LCA group (G,+) on a
separable Hilbert space H. Assume that for a fixed a € H the family {U(t)a}ieq is a
continuous frame for the Hilbert space H, := WH{U(t)a}teG with respect to (G, p)
where 1 denotes the Haar measure associated to G. In order to avoid some technical
problems we will assume that G is a o-compact group; thus its Haar measure will be
o-finite. For the details see, for instance, Refs. [8, 11].

In this section we consider the functions F' in a closed subspace Hy C L?(G) defined

as
Ho CH — Hy C L*(G)
x — Fyp o Fu(t) = <J:,U(t)a>H, teG.

Given M elements b, € H,, m = 1,2,..., M, for each F' € Hy (in the sequel we omit
the subscript ) we define the generalized sampling functions as

Ly F(t) = (2, U(t)bm),, t€G, m=12,...,M. 9)

The stable sampling condition reads as: there exist two positive constants 0 < A < B
such that

M
AIFIP <Y / |LnF(t)2du(t) < B||F||*, forall F € Hy.
m=1 G

Equivalently, the family {U(¢)by, }tcq;m=1,2,...m is a continuous frame for the Hilbert
space H, with respect to (G, ). In order to obtain a structured sampling (reconstruc-
tion) formula for any F' € Hy we need a dual of the above continuous frame having
the same structure.

Assume that there exist M elements cq,co,...,cpr in H, such that the family
{U(t)embea;m=1,2,....m is a dual of {U (¢)by, }req; m=1,2,...,m in H, with respect to (G, ).
Then, a sampling formula in H; is easily obtained. Indeed, for each x € H, we have,
in the weak sense

M
x = Z (z, U(s)bm>H U(s)cm du(s) .
G
m=1

Therefore, for F(t) = (z,U(t)a)y, t € G, we have
M
Pt) = mZ::l /G Lo (5) (U(S)em, U(t)a),, dyu(s)
M
:;I/G.cmp(s) S(t—s)du(s), te@,

10



where Sy, (u) = (¢m, U(u)a>H, ue G, m=1,2,...,M. Hence we have obtained the
following continuous sampling result in Hy:

Theorem 1. For each F' € Hy consider its function samples {LpF }m=12,. .M defined
in Eq. (9). If the continuous frame {U (t)bm }reG;m=1,2,... M for Hq with respect to (G, 1)
has a dual of the form {U(t)cm treGm=1,2,.. .M, then the sampling formula in Hy

M
Fiy =3 /GﬁmF(s) S(t —s)du(s), teq. (10)
m=1

holds, where the functions Sy, (u) = <cm, U(u)a>H € Hy, m=1,2,...,M. Moreover,
the family {Sm (- — t) }teq forms a continuous frame for Hy with respect to (G, ).

Notice that the above theorem is also valid in case the group G is not abelian; it is
enough to replace Sy, (t — s) by Sy, (s~'t) in formula (10).

In case {U(t)a}ieq is a tight continuous frame for H, with respect to (G, p) with
constant A > 0, formula (10) applied to F(t) = (z, U(t)a>H, t € G, gives the repro-
ducing formula in Hy

F(t) = ;/GF(s) ka(s — ) du(s), se@,

where k,(t) = <U(t)a,a>H, tedG.

Next we consider two important toy examples in H = L?(R) involving the unitary
representation [U(t)f](s) = f(s —t) of the group (R,+) in L?(R). In the first one,
Hsine = PWr is the Paley-Wiener space of bandlimited functions to the interval [—, 7]
and, in the second one, H, = Vg is a principal shift-invariant subspace generated by
¢ € L*(R).

4.2 The case of Paley-Wiener spaces

Here, the family { sine(- — $)}m cg is a Parseval continuous frame for the Paley-Wiener
space PW, = Hgne C L?(R) with respect to (R,dz). Due to the reproducing prop-
erty, the Hilbert space Hy coincides also with PW,. Given M functions ¢,, € PW;,
m =1,2,..., M, the goal is to characterize the family {¢m (- — %) }zer.m=12,.. .1 as a
continuous frame for PW;, and to find its duals with the same structure, i.e., having
the form {¢n, (- — ) }zer; m=1,2,....m for some 1, € PWr, m =1,2,..., M. For the first

question, by using the Parseval formula in L?(R), we have that

F(&) Brm(€) &2 dg

(Foom(- = 2)) = (F(€), e ™Gm(©)) =
= V2rF 7 (F B (@),
where the Fourier transform, defined as f(f) = \/% Jg f(H)e~®tdt in L*(R) N L3(R), is

extended to a unitary operator on L?(R) by Plancherel theorem. Hence,

/R (s om(c — 2))Pdz = 2| F (F B2 = 2001 B2

—2r [ NGERGE 3

—T

™
—T
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Assume that

A B
0 < —:= essinf |7, 2 < esssup |@ 2. =" oo,
27T 56[771_,71_} ‘(pm(é.)‘ é’e[fﬂ-’ﬂ-] |S0m(§)| 2

Then, we have

Proposition 1. The family {om (- — %) }zer;m=1,2,..Mm as a continuous frame for PWr
with respect to (R,dx) if and only if the constants Ay := Zﬂ]\le A > 0 and By =
Zﬁ\n/lzl B,,, < 00. Moreover, the bounds Ay and Byy are the optimal ones.

In particular, the family {¢,(- — @) }zer;m=1,2,.. m is a Parseval continuous frame
for PW, with respect to (R, dz) if and only if "M |3,,(€)]? = & ae. € € [—m, 7).

L

Concerning the second question, we look for a dual of {¢., (- — ) }zer; m=12,....m having
the form {¢n,(- — 2)}2er;m=12,..,.m. For any f,g € PW, it should satisfy
M —
o)=Y /R<f, om(- — 1) G0l — @)} d
m=1
M M _
—2r 3" [ FUFR@F G0 ) dn =20 S (oG m)
m=1 m=1
M N o~
m=1

Hence we derive the following result

Proposition 2. The family {1n,(-— ) }zer; m=12,...m 5 a dual of the continuous frame

= 1

M
{om( — @) brer;m=12,...M if and only if Z om (&)Y, (&) = 2r a.e. £ € [—m, .

m=1

A dual having the same form always exists; for instance the functions v, whose Fourier

_ ml®)
27 AL 1Bn (6

Finally, having in mind Propositions 1-2, from Theorem 1 we get the following
sampling result in PW

transforms are @m(ﬁ) , ae €[-mm,andm=1,2,..., M.

Corollary 1. Given M fized functions @, € L*(R), for each f € PW, consider the
sampling functions Ly, f(x) == (f,pm(- —x)), © € R, and m = 1,2,..., M. Assume
that condition

M M

0 < essinf B X [—rm) ()7 < esssup Y |BmX(—mm (§)]7 < 00
fe[—ﬂ,ﬂ] m=1 {6[—7I’,7T} m=1

holds. Then, there exist M functions ¢, € PW,, m = 1,2,..., M such that for any
f € PW, we have the sampling formula

M
f(t)zmzl/REmf(x)wm(t—x)dx, teR.

12



Proof. Note that the functions ¢,,,, m = 1,2,..., M, do not need to belong necessarily
to PW,. However, we could consider the functions ¢, = F‘l(@mx[,mﬂ]) e PW,,
m = 1,2,..., M; the family {@n (- — %) }2er;m=12,..,0 is a continuous frame in PW
and proceeding as in Proposition 2 we obtain a dual {¢s,(- — ) }zer, m=1,2,...m. Notice
that, for any f € PWy, we have (f,om(- — 2)) = (f,m(- — 2)), € R and m =
1,2,..., M. O

4.3 The case of a shift-invariant subspace in L*(R)

Here, we consider H, := Vg C L?*(R) the principal shift-invariant subspace of L?(R)
generated by ¢ € L2(R) NC(R). We assume that the sequence {¢(t —n)}nez is a Riesz
sequence in L?(R), i.e., a Riesz basis for Vg. Equivalently,

B

A
< — = essinf @ < — :=esssup® < 00,
2 ¢gfo,2n) () 27 56[07275 ()

where ®(&) = Y, -, |8(€ + 2wm)[2. Thus, the shift-invariant subspace Vg can be

described as
Vg = { ch o(t—n) : {cy} € 62(Z)} :
nez
Moreover, the Fourier transform of any f € V.7 can be characterized as FlO=c (&) @)
where c; is the 2r-periodic function in L2[0, 27] given by cf(&) = 3,,cz cne™ .
Our first task is to characterize the family {¢(- — x)},cr as a continuous frame in
Vg with respect to (R,dx). Indeed, by using the Parseval formula in L?(R) we obtain

[ 1800 = opPde =2 T3P = 21 [ les(©)3©ea@PE@ e
R R

—or Y / ep(€)eo(€)213(6) 1

2T
— o /0 e (E)es(©F 3 B(E + 2mm)|de

meZ
27 ~
o /0 ep(€) e (€) 2B(€)de

where the change of variable § — £ + 2mm has been done, and d is the 2m-periodic
function in L?[0, 27| defined by ®(£) := >, ., |8(£ + 2rm)|*. Having in mind that

2> en|? = 02# lcp(€)[2d€, and assuming that

0< A := essinf &)(g) <

o ol < =esssup ®(§) < oo, (11)

B
2T ccpo,2n]
we obtain that
Proposition 3. The family {¢(- — x)}rer s a continuous frame in Vg with respect
C D
to (R, dz) if and only if 0 < — := essinf |cs(&)|> < = = esssup |cy(€)|? < 0o. In this
(R, dz) o ge[o,Qw]‘ o7 = o ge[o’%” 6(8)l

case, the optimal frame bounds are %ﬁ and DTE, respectively.
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In particular, we deduce

Corollary 2. The family {¢(- — x)}rer is a continuous frame in Vg with respect to
(R, dz) if and only if the sequence {¢(- — n)}nez is a Riesz basis for V2.

Proof. Notice that ), |($(f + 2rm) |2 = |cp(€) 2 Y omez |P(€ + 27m)|?, where 5(5) =
cs(§)P(E) ae. €€ 0,27 O

We are interested in finding the duals of the continuous frame {¢(- — z)},er with
the same structure, i.e., having the form {9 (- — x)},er. To this end, for any f,g € V2
by using Parseval’s formula in L?(R), we have

/R<f,¢<-—x>><g,¢< DV dz = 21(F 3,50

co(€)cy(§) 1B(6)|dg

(f
_ / ) 6 (8) cu(€) B(€) dg
/ 2(6)[c0(©)eol0) gy | -

This should equatho (f,g9) = (f g) = fo cr(é)c cg(€) ®(€) d€, which happens if and

only if ¢y (§) cy(§) 2() 1 a.e. € [0,2n]. Thus we have

o) 2w
Proposition 4. The family {(- — x)}rer is a dual in Vg of the continuous frame
{o(- — ) }rer with respect to (R, dx) if and only if cy(§) = 27765)((;))6@ a.e. £ €

[0, 27r].

Having in mind Corollary 2, at this stage a question arises concerning the function
P € Vg in the above proposition: When will be the sequence {1(- — n)},ecz the dual
Riesz basis of {¢(- — n)}nez? To answer that, a simple calculation gives

(6(- —n), (- —m)) = (e7 ™ §(€), e~ ™ (€))
= (7™ ¢4 (€)B(€), 0TS ¢y (€)B(€))

1 2
T on
< P(¢)=1ae £€]0,27],

ei(mfn)f (I)(g) d§ = 5n,m

that is, if and only if the sequence {\/%ap( —n) bnez is an orthonormal basis for Vg. In
this case, as a byproduct, we derive that the equality (assuming that Vg is a RKHS)

[0 = ue = a)da = S (.ot =)ot —n). teR.

nel
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holds for any f € Vf. In general, the equality above holds with different functions

and 1, where {¢)(- — 2)}zer is a continuous dual of {¢(- — z)}zer, and {U(- — n)Inez
is the dual Riesz basis of {¢(- — n) }nez.

Proceeding as before, it is straightforward to derive the general case with M func-
tions ¢y, € Vg, m=12,..., M.

Proposition 5. Assume that hypothesis (11) on ® holds in Vj. Then:

1. The family {¢m (- — &) }oer;m=1,2,..m 1S a continuous frame for Vg with respect
to (R, dx) if and only if

M
0 < essinf c )|? < esssup Com (E)? < 0. 12)
5602#]Zr¢ 3] gdwﬂn;w 3] (
2. The family {m (- — ) trer;m=12,... 5 @ dual of {¢m (- — ) }oeR;m=1,2,...0 if and
only if
M ~
—\ () _ 1
(n;%(g) con(©)) 3o =25 “efelm.
Notice that a dual of {¢m (- — &) }zer m=1,2,..m With the same form always exists; a
solution for the functions ¥,,, m = 1,2,..., M, is given by
®
o () = ——otml&) YO e 0,20, (13

21 30 [eg, (€)12 2(6)

that iS’ /(Z"\n(é_) = C¢m(£) @(6)7 m = 1? 27 et M'
Concerning the hypothesis (11), notice firstly that ®(¢£) < £, a.e. € € [0,2n] im-

plies that &)(5) < (%)2, a.e. £ € [0,2x]. The other inequality holds if, for instance,
the condition essinfec_r 71 [@(£)] > 0 is satisfied. This condition is satisfied, for in-

stance, by classical B-splines N, defined by Nj := x[o1] * - * X[0,1] (p times) since

= e~ P¢/2 /sin ; N
Np(f) = \/%2( 5/52/2)17 and ess 1nf§6[—7r,7r] ’NP(£)| = \/%(%)p > 0.

Finally, by using Proposition 5, from Theorem 1 we derive a continuous sampling
result for the corresponding RKHS H; obtained from V2 Since the family {p(-—2)}zer
is a continuous frame for V2 we have here that

HU:{ (@)= (f,p(-—2)), 2 €R, : fevj}:{fw*:fevj},

where ¢* denotes the involution of ¢ given by ¢*(u) := ¢(—u), u € R.

Corollary 3. Given M fized functions ¢, € Vg, for each F(z) = (f,o(-—x)), z € R,
in Hy consider, form =1,2,..., M, its sampling functions L, F(z) := (f, om (- — x)),
x € R. Assume that condition (12) for the functions ¢, holds. Then, there exist M
functions Sy, € Hy, m =1,2,..., M, such that for any f € Hy we have the sampling

formula
Z/E F(x)Sp(t—z)dx, teR.
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Proof. For F € Hy let f be in Vg be such that F(z) = (f,p(- —x)), = € R. According
to Proposition 5(2) let the family {¢,, (- — ) }zer: m=1.2,....m be a dual of the continuous
frame {¢m (- — @) }zer;m=12,... 0 In Vg with respect to (R, dt) (such as the one given in
Eq. (13)). Thus, in the weak sense, we have f = S M Jo(fs dm(- = 1)) b (- — t) dt.
Therefore,

Flo)=3 /R P (1) (- — 1), (- — ) dt
M
=> | LuF(t)Sp(x—t)dt, z €R,
m=1 R

where the function Sy, (u) = (Ym, @(- —u)), u € R, belongs to Hy for m =1,2,..., M.
Moreover, the family {S,,(- — t)}tcr is a continuous frame for Hy with respect to
(R, dt). O

4.3.1 Final comments
Closing the paper the following comments on future work are pertinent:

1. For each m =1,2,..., M the sampling function £, F(z) := (f, ¢m(- —)), v € R,
for F' € Hy can be expressed as a semi-discrete convolution. Indeed, for f(t) =
Y nez Cn@(t —n) in Vg it is straightforward to derive that

EmF(x) = <fa¢m( - :L‘)> = chd}m(l' - n) = (7/}171 *' C)(l’), z €R,
neL

where ¢ = {c¢, } and ., (t) := (p, pm(-—1)), t € R; as usual, the symbol " denotes
the semi-discrete convolution. The underlying idea would be to define generalized
sampling functions for F' € Hy by means of semi-discrete convolutions as above,
and searching for necessary and sufficient conditions on the involved functions
Ym, m=1,2,..., M, in order to obtain a sampling result, as in Corollary 3, in
the light of the theory considered in Section 3.

2. Similar results can be obtained in V2, a shift-invariant subspace in L2(RY) with
a set of N generators ® := {¢1,2,...,oN}.

3. The results in this section could be extended to shift-invariant subspaces of L?(G)
where G is a locally compact abelian group by using, for instance, the mathemat-
ical techniques in Refs. [15, 17].
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