Modeling sampling in tensor products of
unitary invariant subspaces

Antonio G. Garcia® Alberto Ibort! and Maria J. Munoz-Bouzo?

*t Departamento de Matemaéticas, Universidad Carlos III de Madrid, Avda. de la
Universidad 30, 28911 Leganés-Madrid, Spain.

1 Departamento de Mateméaticas Fundamentales, U.N.E.D., Senda del Rey 9, 28040
Madrid, Spain.

Abstract

The use of unitary invariant subspaces of a Hilbert space H is nowadays a
recognized fact in the treatment of sampling problems. Indeed, shift-invariant
subspaces of L?(R) and also periodic extensions of finite signals are remarkable ex-
amples where this occurs. As a consequence, the availability of an abstract unitary
sampling theory becomes a useful tool to handle these problems. In this paper
we derive a sampling theory for tensor products of unitary invariant subspaces.
This allows to merge the cases of finitely/infinitely generated unitary invariant
subspaces formerly studied in the mathematical literature; it also allows to intro-
duce the several variables case. As the involved samples are identified as frame
coeflicients in suitable tensor product spaces, the relevant mathematical technique
is that of frame theory, involving both, finite/infinite dimensional cases.

Keywords: Unitary invariant subspaces; Tensor product of Hilbert spaces; Frames
and dual frames; Moore-Penrose pseudo-inverses.
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1 Introduction

Sampling and reconstruction of functions in unitary invariant subspaces of a separable
Hilbert space brings a unified approach to sampling problems (see Refs. [11, 12, 16,
23, 26]). Indeed, it englobes the most usual sampling settings such as as sampling in
shift-invariant subspaces of L?(R) (see, for instance, Refs. [1, 2, 5, 10, 14, 15, 19, 28,
29, 30, 31] and references therein), or sampling periodic extensions of finite signals (see
Refs. [13, 16]).

In a recent paper [18] it was shown how to extend sampling reconstruction theorems
to invariant subspaces of a separable Hilbert spaces under a unitary representation of
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finite groups which are semidirect products with an Abelian factor. This setting being
appropriate for applications of the theory beyond the domain of classical telecommu-
nications to quantum physics.

In this paper we go one step ahead by enlarging the class of target spaces for
sampling: we deal with tensor products of different unitary invariant subspaces. This
situation corresponds for instance to consider multichannel systems in classical telecom-
munications or composite systems in the case of quantum applications. Thus, in this
setting, we are able to gather problems of diverse nature by means of a simple formal-
ism involving tensor products and tensor operators in Hilbert spaces. Namely, we first
consider an infinite U-unitary subspace

Ac={D _anUa : {an} € #(2)}

nez

in a Hilbert space H1, and a finite V-unitary subspace
N—-1
Ay={> bV : b, €C}
p=0

in a Hilbert space Ha, to finally obtain sampling formulas in its tensor product A, :=
A @ Ap.

Apart from tensor products in Hilbert spaces, the paper involves the theory of
frames. Concretely, in this situation, the generalized samples will be expressed as
frame coefficients in an auxiliary Hilbert space L?(0,1) ® ¢%/(Z), where £3,(Z) denotes
the space of all N-periodic complex sequences. Continuing the line of inquiry of [12, 16],
the problem reduces to find appropriate families of dual frames. By ‘appropriate’ we
mean that these dual frames have a nice structure taking care of the unitary invariance
of the involved sampling subspaces as it will be discussed later on.

Later on, the infinite-infinite and finite-finite generator cases will be considered
too. That is, the situation where both invariant subspaces a generated by a sequence
of vectors U™a, VPb, n,p € 7Z, and the simpler case where both subspaces are finite
dimensional. Relevant examples of each situation will be discussed in detail.

The paper is organized as follows: For the sake of completeness we include in Section
2 the basics of frames and tensor products needed in the sequel. In Section 3 we focus on
the above case that we call infinite-finite generators case; that is, we establish sampling
formulas in the tensor product of two unitary invariant subspaces, one of them A,
with an infinite generator a and the other one Ay finitely generated. First, we obtain
appropriate expressions for the samples of any = € A, obtained from S = ss’ systems
L acting on Agp,

Ljyx(rn,tm) = (z,U"hj; ® Vrmhj/2>7_l1®%2 ,
where n € Z, m = 0,1,....0 -1, j = 1,2,...,s and j/ = 1,2,...,s. Here, hji,
j=1,2,...,s, denote s fixed elements in H; and hjp, j' =1,2,...,5, denote s’ fixed
elements in Hs, ; r and 7 the sampling periods, where r € N and 7 is a divisor of N
and ¢ := N/7 (see Section 3 for the details). Then we state the suitable isomorphism



7;%‘/ between L?(0,1) ® (3 (Z) and A, which allows to transform the derived frame
expansions in L?(0,1) ® ¢%,(Z) into stable sampling formulas in A, having the form

!

s s -1
T = Z Z Z Z Ljjrx(rn, rm) (Um ® me) (¢ ®dj),

j=1j'=1neZm=0

where ¢; ® djy € Agp, j = 1,2,...,5 and j' = 1,2,...,s". We conclude the section
giving a representative example arising from classical tomography (see, for instance,
Refs. [24, 27]).

Sections 4 and 5 deal with the called infinite-infinite and finite-finite cases. They
mimic the structure of Section 3 with auxiliary spaces L?(0,1) @ L%(0,1) and ¢3,(Z) ®
% ,(Z), respectively.

Finally, it is worth to mention that for the sake of simplicity we only deal with the
tensor product of two single generated unitary invariant subspaces; the same results
apply for the tensor product of any finite number of multiple generated unitary invariant
subspaces.

2 A brief on frames and tensor products

The frame concept was introduced by Duffin and Shaeffer in [8] while studying some
problems in nonharmonic Fourier series; some years later it was revived by Daubechies,
Grossman and Meyer in [7]. Nowadays, frames have become a tool in pure and applied
mathematics, computer science, physics and engineering used to derive redundant, yet
stable decompositions of a signal for analysis or transmission, while also promoting
sparse expansions. Recall that a sequence {z,,} is a frame for a separable Hilbert space
H if there exist two constants A, B > 0 (frame bounds) such that

Allzl? <> [z, 20)* < Blla|)? forallz € H.

A sequence satisfying only the right-hand inequality is said to be a Bessel sequence for
H. Given a frame {x,} for H the representation property of any vector z € H as a
series © = ) | ¢, &y is retained, but, unlike the case of Riesz bases, the uniqueness of
this representation (for overcomplete frames) is sacrificed. Suitable frame coefficients
¢, which depend continuously and linearly on = are obtained by using the dual frames
{yn} of {z,,}, i.e., {yn} is another frame for H such that for each x € H

x = Z(m,yn> Ty = Z(az,xn> yn in H. (1)

n n

Recall that a Riesz basis in a separable Hilbert space H is the image of an orthonormal
basis by means of a boundedly invertible operator; it is a particular case of frame: the
so called exact frame. Any Riesz basis {z,,} has a unique biorthonormal (dual) Riesz
basis {yn}, i.e., (Tn,Ym)n = On,m, such that expansion (1) holds for every z € H. A
Riesz sequence is a Riesz basis for its closed span. For more details on frames and
Riesz bases theory see, for instance, the monograph [5] and references therein; see also
Ref. [4] for finite frames.



Traditionally, frames were used in signal and image processing, nonharmonic anal-
ysis, data compression, and sampling theory, but nowadays frame theory plays also a
fundamental role in a wide variety of problems in both pure and applied mathematics,
computer science, physics and engineering. The redundancy of frames, which gives flex-
ibility and robustness, is the key to their significance for applications; see, for instance,
the nice introduction in Chapter 1 of Ref. [4] and the references therein.

Next we briefly recall some basic facts about tensor products of Hilbert spaces
which will be useful in the current work. Let Hi, Ho be two Hilbert spaces. Among
the different ways of constructing tensor product spaces we adopt the model proposed
in [9]. There, the tensor product H; ® Hs is defined as the space of all antilinear maps
A: Hy —> Hy such that >, || Ae;||* < oo for some orthonormal basis of {e;}; of Ha.

As for every A, B € H1®@H the series >, || Ae;||* and >, (Ae;, Be;) are independent
of the orthonormal basis {e;}; for Ha, then H; ® Ho can be turned into an inner prod-
uct space by defining the norm [|A[?> = 3, || Ae;||* (and the associated inner product
(A,B) =) ,(Ae;, Be;)). Indeed Hi ® Ho endowed with this inner product becomes a
Hilbert space.

If u € H1 and v € Hy the tensor product u ® v € Hi ® Hs is defined to be the rank
one map such that (u ® v)(w) = (v, w)u for every w € Ha.

Let B(H1), B(H2) and B(H1®Hz2) denote the spaces of all bounded linear operators
on H1, Ha and H; ® Ha, respectively. If S € B(H1) and T € B(H2) the tensor product
S®T € B(H1 ®Hz) is defined to be the bounded linear operator on H; ® Hz such that
(S®T)(A) = SAT* for every A € H1 @ Ho.

For further information on tensor products of Hilbert spaces see [3, 9, 20, 22]. In
these sources are to be found the following results for tensor products needed in the
sequel:

o [u®v| = |ull ||lv]] and (u@v, ' @v") = (u,u’) (v,v') for any u,v’ € Hy1 andv,v" € Ha.
e ISRT) =S IT|| and (S®@T)(u®@v) =Su®Tv for any S € B(H1), T € B(Ha),
u € Hy and v € Ha.

e The linear span of {u @ v: uw € Hi, v € Ha} is dense in Hi @ Ha.

o The tensor product of two orthonormal bases is an orthonormal basis.

e The operator S @ T is invertible in B(H1 ® He) if and only each operator, S and T,
is invertible in B(H1) and B(Hz) respectively.

o The tensor product of two sequences is a Riesz basis for Hi1 @ Ho if and only if each
sequence is a Riesz basis for its corresponding Hilbert space.

o The tensor product of two Bessel sequences is a Bessel sequence for the corresponding
Hilbert space.

e The tensor product of two sequences is a frame for H1®Hs if and only if each sequence
is a frame for its corresponding Hilbert space.

Note that the fact that H; ® Ha is the completion of the linear span of D :=
{u®wv:u € Hi, v € Ha} yields that any operator of B(H1 ® Hz), in particular the
tensor product S ® T € B(H; ® Ha), is determined by its values on D.

Finally, let (X, ) and (Y, v) denote two o-finite measure spaces, then we have that
L?(p) ® L?(v) = L*(u x v) via the identification (f ® g)(z,y) = f(z)g(y).
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3 Infinite-finite generators case

Let H1, Ho be two separable Hilbert spaces, and U : Hi — Hi, V : Ho — Ho
two unitary operators. Consider two elements a € Hi and b € Ho such that the
sequence {U"a}pnez forms a Riesz sequence in H; (see [12, Theorem 2.1] for a necessary
and sufficient condition), and there exists an N € N such that VVb = b, being the
set {b, Vb, V32, .. .,VNflb} linearly independent in Hz (see [16, Proposition 1] for a
necessary and sufficient condition). In the tensor product Hilbert space Hi ® Ho we
consider the closed subspace

c— QD an. n p
Aagp = Spalyy, @, {U a®V b}neZ;p:O,L---,N—l ’

Since the sequence {U”a ® Vpb}nEZ'p:O | n_p is a Riesz basis for the tensor product
A, ® Ap of the U-invariant subspace A, = {ZnEZ an Ua : {an} € 62(2)} of Hy

and the V-invariant subspace A, = {Z;V:_Ol by VPb : b, € C} of Hy we deduce that
Agp = Aq ® Ap, and it can be described as

N—-1
Aa,b:{ZZanpU”a®Vpb : {anp}neez(Z),p:O,l,...,N—l}.

neZ p=0

We will refer to the vectors {a,b} as the infinite-finite generators of the subspace A,
in Hi ® Hs.

The samples

Fix S = ss' elements h;j = hj1 ® hjrs € H1 @ Ha, where j = 1,2,...,s and j' =
1,2,...,s". Consider two sampling periods r and 7, where r € N and 7 is a divisor of
N; denote ¢ := N/7. For each x € A, we introduce the sequence of its generalized
samples
{Ejj/a:(rn,Fm)} n€Z; m=0,1,....0—1
=128 5 =1,2,...,87
defined by

Liyx(rn,tm) = (x,U"hj; @ mehj’2>H1®H2 ; (2)

wheren € Z, m=0,1,...,4—1,j=1,2,...,sand 7/ = 1,2,...,s". We will refer to
any L;; as a UV-system acting on the subspace A, .

The isomorphism 75"

Let £3,(Z) denote the space of all N-periodic sequences with inner product (x,y) @2 =
N-1
p=0 -
euclidean space CV; along the paper we will identify sequences in E?V(Z) with vectors in
CN: any vector in CV defines the terms from 0 to N — 1 of the corresponding sequence

in (3.(Z).

o x(p)y(p), and its canonical basis as {e is space is isomorphic to the
o z(p)y d it 1 b ) Th hic to th



We introduce the isomorphism 7;%‘/ which maps the canonical orthonormal basis
{e2mine ®ep}nez;p:0,1,...,N—1 for the Hilbert space L?(0,1) ® ¢%(Z) onto the Riesz basis

{Ura®@VPby 0 o1 y_y for Agp. That is,

o LAH0,1)@653(2) — Aap
¥ @ e, — U"a® VPh,
where n € Z and p=0,1,..., N — 1.
It is clear that 7;%‘/ =TV ® 72/]\,, where TV and 7?,/N denote the isomorphisms
TV . LQ(Q, 1) — A, and 7;%\, D B(Z) — A
e?min 5 Ung e, +—— VPb.
The following shifting property will be crucial later in obtaining our sampling formulas:

Lemma 1. Let g € L*(0,1) and To = (T(0),T(1),...,T(N —1)) € (3(Z). For M € Z
and 1 < q < N — 1 the shifting property

Toy (9@ @ Ty ) = (UM @ V1) Top" (9 © To)
holds, where Tn_, denotes the sequence obtained from Tq as
Tn_g = (T(N—q),T(N—q+1),...,T(N—q+N— 1)) .

Proof. Indeed, having in mind the shifting properties: 7.V (g(x)e?™M*) = UM (TVq)
for TV (see [12, Eq.(2.1)]) and T,y (Tn—q) = V4(T,'yTo) for T,y (see [16, Prop.2]),
and the properties of the tensor product of operators we have

T (9(2)e™™M* @ Ty _g) = T (9(2)e*™ M) @ Ty (Tn—q) = UM (T 9) @ V(T 'y To)
= (UM e V) (T g® TyxTo) = (UM @ V) T (9 ® To).

O

An expression for the samples

A suitable expression for the samples given in (2) will allow us to obtain the recon-
struction conditions of any  in the subspace A, ; from the sequence of its samples (2).

Indeed, for z =3, ., Z;V:_Ol akp Uka ® VPb in Agp we have

N-1
Ljjx(rn,Tm) = < Z Z akp Ura @ VP, U™ hj1 @ mehj'2>
keZ p=0
N-1

=3k (Ura @ VPb, U™ hjy @ V™), o
keZ p=0

H1QH2



Now, consider F':= >, Zév:_ol akp €*™* @ e, the element in L?(0,1) ® ¢%(Z) such
that 7;UbVF = z. Thus, Plancherel identity for orthonormal bases gives

Ljjx(rn, m) <F Z Z U™k Ry a0, (b, VI —Phjig) sy, €276 @ ep>

2 2
== L2(0,1)®42,(2)

L2(0,1)®03(Z)

N-1
:<F7 (Z<a7 UTn_khjl)Hl e2m’kx Z b VIm=ph; '2>H2 P)>
p=0

keZ

That is, forn € Z, m =0,1,...,/—1,57=1,2,...,sand j/ = 1,2,...,s" we have got
the following expression for the samples:

Ljyx(rn,tm) = <F’m62mmx ® Gj/’m>L2(071)®f?v(Z) @

where 7;UbVF = z, the functions

gj(x) := Z(a, Ukhj1>';.[1 ke i =12 ....s (4)
kEZ

belong to L%(0,1) (recall that {U"a},ecz is a Riesz sequence for H;), and

N-1 N-1
Gyrm = 0,V Phjn)u,ep = > Rpn,,(N+p—tm)e,, i =1,2,...,5,
p=0 p=0

where

Rb,hj/Q (Q) = <qu) hj’?)'Hz VS Z7

denotes the (N-periodic) cross-covariance sequence between the sequences {V7b},cz,
and {V%hja}qez in Ha (see [21]). Thus, we deduce the following result:

Proposition 1. Any element x € Aqp, can be recovered from the sequence of its samples

{Ejj/x(rn, Fm)} n€Zim=01..-1 1 a stable way (by means of a frame expansion)
T=1,2,0083 =12,

if and only if the sequence {gj(x) e2mirnT ) ngm} neZim—=01. ¢—1 18 a frame for

§=1,2,....8,5'=1,2,....8'
L?(0,1) ® E?V(Z).

Having in mind that a tensor product of two sequences is a frame in the tensor
product if and only if the respective factors are frames, we only need a characteriza-

tion of the sequences {gj (z) eQWiTW} and {Gj@m}m:o’lw,g_l as frames for
i'=1,2,...,s
L%(0,1) and £3,(Z) respectively. This study has been done in Refs. [14, 16] respectively.

neZ; j=1,2,...,s

e For the first one, consider the s x r matrix of functions in L?(0,1)

91(z) 91(1‘+%) 91($+%)
x T4 ) e x4+ = -
Gla) i 925 ) ga( ; ) g2( ; —) _ <gj<w+k1)>j172 .... G
k=1,2,...,r
gs(@) gs(x+1) - golw+ )



and its related constants

ag = essinf Apin[G"(2)G(2)], Ba = esssup Amax[G™(2)G(z)],
2€(0,1/7) z€(0,1/7)

where G*(z) denotes the transpose conjugate of the matrix G(x), and Ay, (respectively
Amax) the smallest (respectively the largest) eigenvalue of the positive semidefinite
matrix G*(z)G(x). Observe that 0 < ag < fg < co. Notice that in the definition of
the matrix G(x) we are considering 1-periodic extensions of the involved functions gj,
i=1,2,...,s.

A complete characterization of the sequence {g;(z)e as a frame

n€eZ;j=1,2,...;s
or a Riesz basis for L2(0,1) is given in next lemma (see [14, Lemma 3] or [15, Lemma
2] for the proof):

2rirn }

Lemma 2. For the functions g; € L*(0,1), j = 1,2,...,s, consider the associated
matriz G(x) given in (5). Then, the following results hold:

(a) The sequence {gj(z)e*™ ™}, cz. ;212 s is a complete system for L*(0,1) if and
only if the rank of the matriz G(z) is r a.e. in (0,1/r).

(b) The sequence {g;(x)e*™ ™%}, cz. j—12..s is a Bessel sequence for L*(0,1) if and
only if gj € L>(0,1) (or equivalently Bg < oo). In this case, the optimal Bessel
bound is Bag/r.

(c) The sequence {g;(x) €*™ ™%}, cz. i—19, s is a frame for L*(0,1) if and only if 0 <
ag < fg < 0. In this case, the optimal frame bounds are ag/r and Bg/r.

(d) The sequence {gj(z) e*™ ™%}, cz. ;12 s is a Riesz basis for L*(0,1) if and only if
it is a frame and s = r.

e For the second one, consider the s¢ x N matrix of cross-covariances

Rb,hlz
Rpn
,1122
Rph, == : , (6)
Rbn,,

where each ¢ x N block Rb,hj,2, j'=1,2,...,5, is given by

Ry,h, (0) Ry, (1) Rypyy (N —1)
Ry, (N —7) Ry, (N =7 +1) e Ryp,, 2N —7—1)
vahj’z - : : . :
Ry (N=7(t=1)) Ryp,,(N-T(-1)+1) ... Rpn,,(N-T(-1)+N-1)

In Ref. [16] it was proved that:

Lemma 3. The sequence {Gjlym}mzo,lv,_ﬂg_l is a frame for (3(Z) (or equivalently, a
§'=1,2,....8'
spanning set since we are in finite dimension) for (%, (Z) if and only rank Rpn, = N.

Notice that, necessarily, s > r and s’ > 7 and, consequently, the number S = ss’ of
needed UV-systems L;;; must be S > r7.



3.1 The sampling result

In case {gj(x) emirnz g Gjr,m} neZim=01,.0—1 s a frame for L%(0,1) ® 6%,(Z) we
j:1727"'7s;j/:1727"'7s/
need to describe the family of appropriate (for sampling purposes) dual frames. In

Refs. [14, 16] suitable dual frames of the frames {g;(z) e%imx}nez.j:l , for L*(0,1)

and {Gjl7m}m:071’“_7f_1 for E%V(Z) respectively, have been obtained. For a notational
§'=1,2,....s'
and reading ease we recall them:

o For the first case, choose functions h; in L*°(0,1), j = 1,2,...,s, such that
[hi(x), hao(x), ..., hs(z)]G(z) = [1,0,...,0] ae. in (0,1). (7)

It was proven in [14] that the sequence {rh;(x) eQ’Ti’”m}nez;j:1727__.75 is a dual frame of
the frame {g;(z) €™}, ¢z, j—12.. s in L?(0,1).

All the possible choices in (7) are given by the first row of the r X s matrices given
by
Hy(z) := Gi(z) + U(z)[I; — G(z)G' ()],

where G(z) denotes the Moore-Penrose pseudo-inverse of G(z) given by
Gl(2) = [6"(x) G(@)] " G*(a),

U(z) is any 7 X s matrix with entries in L*°(0, 1), and I; is the identity matrix of order
s (see [25]). Notice that the entries of G(x) are essentially bounded in (0, 1) since the
functions g, j = 1,2,...,s, and det™* [(G*(2) G(z)] are essentially bounded in (0, 1).

o For the second case, the N-periodic extensions of the columns {Hj/,m}m:0,17,,,7g_1 of

§'=1,2,...,s'
a left-inverse Hg of the s’/ x N matrix Ry, written as
He— | 5o . o Boo o Eor omee o om |
and constructed from a 7 x s’¢ matrix S such that
SRih, = (Ir, Orx(n—7)) (8)
as in [16, Section 3.1], form an appropriate dual frame of {Gj/,m}m:0,17,,,7g,1 in (3.(Z)
§'=1,2,...,s'

(see [16] for the details about the construction of Hg).
All the possible 7 x s’ matrices S satisfying (8) are given by the first 7 rows of any
any left-inverse H of the matrix Ry pn,. All these left-inverses can be expressed as

H= RLhz + U[Ise — Rbh, RLhJ )

where RL h, denotes the Moore-Penrose pseudo-inverse of Rp n,, and U is any arbitrary
N x s'f matrix.

: 2TirnT 3
Finally, one deduce that the sequence {Thj () e ™ ® Hj',m} neZ;m=0,1,..0—1 18
j:1727"’75;j,:1727"'7sl

a dual frame of {gj (7) ?mirnT @ Gj/’m} neZim=01, -1 D L*(0,1) ® (3/(Z). Indeed:
F=1,20008 521,208
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Lemma 4. Assume that {z}}, {yL} are dual frames in Hy and {22,}, {y2} are dual
frames in Ha. Then, {zl @22} and {yl ®y2} form a pair of dual frames in the tensor
product Hi ® Hs.

Proof. Let TJ’f, and Gy, k=1,2 and N € N, be the bounded operators defined by
T]f, : Hrp — Hi

N
hie — > (b yh) 2k,
n=—N

and
Gy: Hi®Hs — H1®H2

h — Z hyn®ymaz ®ym

m,n—=—
The fact that {zX}, {y*} are dual frames in H;, implies that each sequence {T%} yen,
k = 1,2, is a bounded sequence (in fact, |T%| < |/BEBE for every N where Bf and

B’y“ are the upper frame bounds of {z%} and {y*}, respectively) which converges in the
strong operator topology of B(#}) to the identity operator Iz, . Thus, Lemma 2.3 in
[3] yields that {Th ® T} Nen converges in the strong operator topology of B(H; ® Ha)
to Iy, @ Iy, = Iny 01, - Since

N N

(Th & T3)(h @ ho) = Th(h) @ Ti(ho) = (3 (b ah) @ (D0 (ho) a%)
n=—N m=—N
N
S (had) ) (@ o) = Gl @ o)
mn=—N

for every N € N and every hy, € Hy, k = 1,2, then, (T ® T%)(h) = Gy(h) for every
h € H! ® H? and every N € N. Hence {Gn}nen converges in the strong operator
topology of B(H1 ® Ha) to I3, w,, i-e.,

h=> (hy, @y xS,

for every h € H1 ® Ho, which concludes the proof. O

As a consequence, for each x € A, there exists a unique F € L*(0,1) ® (3,(Z) such
that ’7;UbVF = . This F' can be expressed as the frame expansion

F = Z Z > Z Lijx(rn,7m) (rhy(z) 2™ @ Hyrn)  in L2(0,1) ® B(Z).

j=1j4'=1neZm=0

Then, applying the isomorphism 7;Ubv and the shifting property in Lemma 1 (here it is
the point where we are using that the proposed dual frames are convenient for sampling
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purposes) one gets

/

s s -1
T = Z Z Z Z Ljjx(rn, m) 7;[7]1)‘/ (rhj(x) e2TIrNT &) Hj/m)

j=1 j'=1neZ m=0

/

s s /—1
=SSOSO S Lyparn, mm) U (T hy) @ VI (T o)

j=1j3'=1n€Z m=0

s s /-1
= Z Z Z Z Ljjx(rn, m) (Um ® me) (c;®dj),

j=1j5'=1n€Zm=0

where ¢; = TV (rhj) € Ay, j=1,2,...,s and dj = ’7;5\,(1[-]1]-/,0) e, i =12,...,5.

Collecting the pieces we have obtained until now we prove the following result:
Theorem 5. Let hjj := hji @ hjo € H1 @ Ha, j =1,2,...,s, j' =1,2,...,¢, and
let Ljjr be the associated UV -system giving the samples of any x € Aq.p as in (2),
J=12...,s, 5 =1,2,...,5. Assume that the function g;, j = 1,2,...,s, given in
(4) belongs to L>°(0,1); or equivalently, that fg < oo for the associated s X r matric
G(x) defined in (5). The following statements are equivalent:

(a) ag > 0 and rank Rph, = N.

(b) There exist S = ss' elements ¢; @ dj in the subspace Aqp, j = 1,2,...,s, j' =

1,2,...,8, such that the sequence {(U”‘ ® me) (¢; ® dj/)} neZim=01,..6-1 1S @
j=1,2,...,s;5'=1,2,...,s
frame for Aqp, and for any x € A,y the expansion

/

s s /—1
=Y Y > > Lypalrn,mm) (U @V™) (;@dy) inHi©Ha,  (9)

j=1 j'=1 n€Z m=0
holds.

(¢) There exists a frame {Cj,j’,mm} neZ:m=0.1,...4—1 for Aqp such that, for each x €
7i=1,2,....,8;5'=1,2,...,8"
Ay the expansion

/

s s /—1
= Z Z Z Z Ejj/x(rn’ Tm) Cj,j’,n,m mn Hi ® Ha,

j=1j'=1n€Zm=0
holds.

Proof. 1t only remains to prove that condition (¢) implies condition (a). Indeed, ap-
plying the isomorphism (7;%‘/)71 to the expansion given in (c¢) one gets the frame
expansion

s s /—1
() @) =333 3 Ligalrn,im) (T) ™ (Comm) 0 L2(0,1) © (3(Z).

j=1j'=1neZ m=0
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Having in mind (3), and that the sequence {gj (z) 2mirne (Gj/,m} neZim=01,..4-1 18
j=1,2,...,s;5'=1,2,...,8’

a Bessel sequence for L?(0,1) ® ¢3,(Z), according to [5, Lemma 5.6.2], one gets that it

is a frame for L?(0,1) ® K?V(Z). In particular, this implies, via Lemmas 2 and 3, that

ag > 0 and rank Rpn, = N. O

In case s = r and s = 7 we are in the Riesz bases setting: see statement (d) in
Lemma 2; moreover, the square matrix Ry n, must be invertible (see [16, Corollary 4]).
In fact, the following corollary holds:

Corollary 6. In addition to the hypotheses of theorem above, assume that s = r and
s’ = 7. The following statements are equivalent:

1. ag > 0 and the square matriz Rp n, is invertible.

2. There exist 7 unique elements ¢; @ djyr, j = 1,2,...,r, j/ = 1,2,...,7, in the

subspace Ay such that the sequence {(Um @ V™) (¢; ® dj/)} n€Zim=0.1, . 4—1
§=1,2,...,§'=1,2,...F
is a Riesz basis for A, p, and the expansion of any x € Aqy with respect to this

basis is

T T /—1
T = Z Z Z Z Lipx(rn,rm) (U™ @ V™) (¢;j@dy) inHi @ Ha.

j=1j'=1neZm=0

In case the equivalent conditions are satisfied, the vectors ¢; @ dy, 7 = 1,2,...,r,
j'=1,2,...,7, satisfy the interpolation property

L (Cj & dj/)(rn, Fm) =05k 5j’,k’ 57170 (Sm’o, (10)
whenevern € Z, m=0,1,...,0—1, j,k=1,2,...,r and j', k' =1,2,... 7.

Proof. The uniqueness of the expansion with respect to a Riesz basis gives the stated
interpolation property (10). O

A representative example

In H; := L?(R) consider the shift operator U : f(z) — f(x —1). Let p € L2(R) be a
function such that the sequence {¢(z—n) }n ¢z 1s a Riesz sequence in L?(R) (for instance,
the function ¢ may be a B-spline). Consider also the Hilbert space Hs := L?(0,1) of 1-
periodic functions and, for a fixed N € N, the unitary operator Vy : g(y) — g(y — %)
Let ¢ € L?(0,1) be a function such that the set {Q,Z),VN@ZJ,...,VK,V*W}} is linearly
independent in L2(0,1); obviously VJ<,V 1 = 9 (for instance, choose a nonzero function

¥ € L%(0,1) taking the value 0 outside the interval (0,1/N)).

In the tensor product L*(R)®L?(0,1) = L?(R x (0,1)) consider the closed subspace
Apyp = Ay, ® Ay, ie., the tensor product of the shift-invariant subspaces A, and
Ay in L2(R). Given the functions hj; € L*(R), j = 1,2,...,s, and hjs € L*(0,1),
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j'=1,2,...,¢, and fixing the sampling periods r € N and 7|N (recall that ¢ = N/7),
for each f in A,y we consider its samples defined by

o) 1
Ly frn.m) i= [ /0 F(@,y) Poi(e =) hyaly — m/b) dady,

where n € Z and m =0,1,...¢ — 1 (note that rm/N = m/{).

Under the hypotheses in Theorem 5 there will exist functions S; € Ay, j =
1,2,...,s,and Oy € Ay, j' =1,2,...,5, such that for any f € A, the sampling
expansion (9) reads:

/

s s /-1
flz,y) = Z Z Z Z Ly f(rn,7m) Sj(x —rn)©;(y —m/l) in LQ(R x (0, 1)) .

j=1 j'=1n€Z m=0

In this particular example, adding some mild hypotheses we can also derive point-
wise convergence in the above sampling formula. Indeed, assuming that the generators
¢, ¢ are continuous functions on R such that Y, [¢(z — n)[? is bounded on [0, 1]
and since Zﬁ;é |v(y — m/N)|? is bounded on [0,1/N], it is easy to deduce that any
function f in A, is a continuous function defined by the pointwise sum

N-—1
F@y) =Y anmele—n)y—m/N) inRx[0,1). (11)

neZ m=0

Besides, the subspace Ay is a reproducing kernel Hilbert space (RKHS) since the
evaluation functionals are bounded in A, . Namely, using Cauchy-Schwarz’s inequality
in (11) and Riesz basis definition, for each (z,y) € R x [0,1) we have

2 N-1

7P < S o —m)P 3 oty —m/NP, 1€ Any.
nez m=0

where A denotes the lower Riesz bound of the Riesz basis {¢(z — n)¢(y — m/N)}

for A, . The above inequality shows that convergence in L? (]R x (0, 1)) implies point-
wise convergence which is uniform on R x [0,1). See, for instance, Ref. [17] for the
relationship between sampling theory and RKHS’s.

n,m

4 Infinite-infinite generators case

Let H1, Ho be two separable Hilbert spaces, and U : H1 — Hi, V : Ho — Ho two
unitary operators. Consider two elements a € H; and b € Hy such that the sequences
{U™a}pez and {V™b} ez form a Riesz sequence in H; and in Ha respectively. In the
tensor product Hilbert space H1 ® Ha we consider its closed subspace

-Aa,b = Spallyy, @, {U"a ® Vmb}n,mEZ :

Since the sequence {U”a ® Vmb}n meZ
of the U-invariant subspace A, = {3

is a Riesz basis for the tensor product A, ® A,

nez@nU™a : {an} € *(Z)} in My and the

13



V-invariant subspace Ay = {3, c7bm V™ : {bn} € (*(Z)} in Hy we deduce that
Agp = Aq ® Ap which can be described as

Aagp = { Z Ay UMa @ V™b : {apm} € 62(22)} .

nmeZ

We will refer to the vectors {a, b} as the infinite-infinite generators of the subspace A,
in Hi ® Hs.

The samples

Fixed S = ss’ elements hjjy := hj1 @hji, € Hi®H2, j=1,2,...,s, 7 =1,2,...,5, we
consider two sampling periods r,7 € N. For each x € A,; we introduce the sequence
of its generalized samples

{Ejj/:z:(rn,rm)} €L j=1.2,....5
meZ;j'=1,2,...,s"

defined by

Liyx(rn,tm) = (x,U"hj; @ mehj’2>H1®H2 ; (12)

wheren,meZ,j=1,2,...,sand 7/ =1,2,...,5.

The isomorphism 75"

In this case we introduce the isomorphism 7;%‘/ which maps the orthonormal basis
{e?mine g gmime }n,m ¢z, for the Hilbert space L?(0,1) ® L?(0,1) onto the Riesz basis
{Ura® Vmb}n,mez for A, p. That is, 7;%‘/ =TV Ty, where TU and T,” denote the
isomorphisms

TV L%0,1) — A, and TV : L*0,1) — A,
e27rimr: — U"q e27rimx —s  Vmp.

Here, the shifting property reads:
Tay (9(a)e*™M @ g(a)e?™™) = UM (T g) © VV(T,"9) (13)
= UM ®VN)7;%V(9®§)’

where g, € L?(0,1) and N, M € Z. The proof of (13) goes in the same manner as in
Lemma 1.

An expression for the samples

For any z =), ez Qhp Uka ® VPb in Aqp we have

L;yx(rn,rm) = < Z ap Ura ® VPb, U™ hjy @ mehj/2>

HIQH
k,pEZ 187

= Z Gp <U'“a ® VP, Urnhjl X mehj/2>
k,pEZ

H1QH2
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Now, consider F' =37 7 akp e?™ikT & e2miPT the element in L2(0,1) ® L?(0,1) such

that 7;UbVF = z. Thus, Plancherel identity for orthonormal bases gives

Ljyx(rn,rm) = <F’ Z (a, Urnfkhﬂh_ll (b, VIM=Phig) 2, e2mikz o eQm’pm>
k,pEZ

= (P (@ T Fhy, o) © (6. V7 Phyalig, o277)

keZ PEZL

L2(0,1)®L?(0,1)

L2(0,1)®L2(0,1)

That is, for n,m € Z, 5 = 1,2,...,s and 7/ = 1,2,...,s we have got the following
expression for the samples:

~ — omi ——— oniF
Ljjx(rn,rm) = <F s gj1(x) e @ gjra(x) e Wm> L2(0,1)®L2(0,1) 14)

where, for j =1,2,...,sand j/ =1,2,...,s, the functions
gin(x) == Z(a, Urhji)p, €™ and  gjra(x) = Z(l% VFhjio) g, €275 (15)

keZ kez

belong to L?(0,1). Thus, we deduce the following result:

Proposition 2. Any element x € A, can be recovered from the sequence of its sam-

ples {Ejjfzv(rn,Fm)} nez: j=12,.s n a stable way (by means of a frame expansion) if
meZ;j'=1,2,...,s'

and only if the sequence {gjl(a:) e2mirnT gjr2() 62”7:’”56} nEZ;j=12,..5 15 Q frame for
meZ;j'=1,2,...,s
L?(0,1) ® L?(0,1).

The thesis of the above proposition is true if and only if 0 < ag, < g, < co and
0 < ag, < fa, < o0, where G; and Gy denote the s x r and s’ x 7 matrices defined
in (5) for gj1, 7 =1,2,...,s, and gjre, j' = 1,2,..., 5, respectively.

4.1 The sampling result

Incase {1 (@) 2 @ ga(@ e}, s a frame for L2(0,1) 0 L2(0, 1),
meZ;j'=1,2,...,s'

a family of dual frames is given by {rhﬂ(m) XTI @) wh o () eszmx} ne€Z; j=12,...,s
meZ;j'=1,2,...,s'
where the functions hj1, j = 1,2,...,s, and hjo, j' = 1,2,...,5, in L>(0,1), satisfy

[hn(l‘), hgl(l‘), e ,hsl(l')] Gl(ZL') = [1,0, Ce ,0] s
[h12(2), hoa(x), . .., heo(x)| Ga(z) = [1,0,...,0] a.e. in (0,1).

Thus, for each x € A, there exists a unique F € L?(0,1)® L*(0,1) such that E%VF =
x. This F can be expressed in L?(0,1) ® L?(0,1) as the frame expansion

F= Z Z Z Z ‘ij/.T(’I“TL, Fm) (Thjl(l') QQWiTnﬂ? ® 'th’2($) eQWime) ‘

j=1j'=1n€Z meZ
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Then, applying the isomorphism 7;%‘/ and (13) one gets

v Z Z Z Z Ljjx(rn,rm) 7;%‘/ (T‘hjl(x) e2TITNT o Fhr(z) e2m’fmx)

J=1j'=1n€Z meZ

=3 32303 Lapalrmrm) U (T rhin) @ V(T )

j=1j'=1n€Z me’

= Z Z Z Z ﬁjj/.ﬁ(?“n, Fm) (Urn & me) (le & dj/g) s

J=1j'=1n€Z meZ

where ¢j1 = TV (rhj1) € Aa, j = 1,2,...,s and djip = T,V (Thj) € Ay, ' =1,2,..., 5.
Next, we state the equivalent result to Theorem 5; its proof goes in the same manner:

Theorem 7. Let hjj :=hj1 @ hjo € H1 @M, j=1,2,...,s and j' =1,2,...,5. Let
Ljj be the associated UV -system giving the samples of any x € Aqyp as in (12), j =
1,2,...,s and j' = 1,2,...,s". Assume that the functions gji and gja, j = 1,2,...,s
and j' =1,2,...,5, given in (15) belongs to L*°(0,1); or equivalently, that Bg, < o0
and fa, < oo for the correspondent s X r and s x T matrices Gi(x) and Ga(z),
respectively, defined in (5). The following statements are equivalent:

(a) ag, >0 and ag, > 0.

(b) There exist S = ss' elements ¢; ® dj in the subspace Aqp, j = 1,2,...,s and

J'=1,2,...,8, such that the sequence { (U™ Q@ V™) (¢; @ djr)} nez;j=12,..s isa
meZ;j'=1,2,...,s"
frame for A, p, and for any x € A,y the expansion

=3 Y 3TN Lypalrn,im) (U™ @ V™) ;@ dy) inHy @ Ha,  (16)

j=1j'=1n€Z meZ

holds.

(c) There exists a frame {Cj,j/7n7m} neZ: j=1.2,..s Jor Aqp such that, for each v € Ay
meZ;j'=1,2,....s'
the expansion

r= Z Z Z Z £]’j/l‘(7"n, fm) Cj,j/,n,m m Hl ® H2 s

J=1j'=1n€ZmeZ
holds.

In case s = r and s’ = 7 we are in the Riesz bases setting and theorem above admits
the following corollary:

Corollary 8. In addition to the hypotheses of theorem above, assume that s = r and
s' = 7. The following statements are equivalent:

1. ag, >0 and ag, > 0.
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2. There exist r7 unique elements c; ® dy in the subspace Aqyp, j = 1,2,...,7 and

i =1,2,...,F, such that the sequence {(Um ® Vrm) (¢; ®dj/)} neZ; j=1.2,..r 15 G
meZ;j'=1,2,...,7
Riesz basis for Aqp, and the expansion of any x € A, p with respect to this basis

18

2= 33> Lypa(rn,tm) (U™ @ V™) (¢ @dy) in Hi @ Ha.

j=1j'=1n€ZmeZ

In case the equivalent conditions are satisfied, the vectors ¢; @ dy, j =1,2,...,r and
j'=1,2,...,7, satisfy the interpolation property

Ekk’ (Cj X djl) (rn, T'm) = 05k 5j’7k’ (5n,0 5m,0 )

whenever nm € Z, j,k=1,2,...,r and j', k' =1,2,...,7.

A representative example

In Hy = Hs := L*(R) consider U = V the shift operator f(x) > f(x —1). Let ¢,% €
L*(R) be two functions such that the sequences {¢(z — n)}neZ and {¢(y — m)}mEZ
are Riesz sequences for L?(R) (for instance, the functions ¢, 1 may be two B-splines).

In the tensor product L?(R)® L*(R) = L?*(R?) consider the closed subspace A, :=
A, ® Ay, ie., the tensor product of the shift-invariant subspaces A, and Ay, of L*(R).
Given the functions hji,hje € L*(R), j = 1,2,...,s and j' = 1,2,..., s, and fixing
the sampling periods r and 7 in N, for each f in A,y we consider its samples defined
by

Ljif(rn,rm) := / / f(x,y) hji(x —rn) hjo(y — rm)dxdy, n,m e Z.

Under the hypotheses in Theorem 7 there will exist functions S; € Ay, 7 =1,2,...,s
and Sy € Ay, j' =1,2,...,5, such that for any f € A,y the sampling expansion (16)
reads:

Py =Y 3" STN £y f(rn,7m) Sj(a — rn) Sj(y — 7m)  in L*(R?).

j=1j'=1n€ZmeZ

As in the example of the infinite-finite case, assuming that the generators ¢, v are
continuous functions on R such that the sums Y, ., [¢(z —n)|? and Y, o7 [ (y —m)|?
are bounded on [0, 1], it is easy to deduce that A, is a RKHS of continuous functions
on R2. Furthermore, the convergence in L? (RQ) implies pointwise convergence which
is uniform on R2.

5 Finite-finite generators case

Let H1, Ho be two separable Hilbert spaces, and U : H1 — H1, V : Ho — Ho
two unitary operators. Consider two elements a € Hi and b € Hs such that, for
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some N,M € N, UNag = a and VMb = b and the sets {a, Ua,U2a,...,UNflb} and
{b, Vb, V2, .. .,VM_lb} are linearly independent in H; and Ho respectively. In the
tensor product Hilbert space Hi ® Ho we consider the finite subspace

N-1M-1

7 . {Z ZaquPCL@qu}

N-1
,Ml p=0 ¢q=0

The subspace .Aa p coincides with the tensor product A, ® A of the finite subspaces

= { > apUPa,: a € C} € Hy and Ay = {30010, V™ : by € C} C Ha.
We will refer to the Vectors {a, b} as the finite-finite generators of the subspace A} in
Hi @ Ha.

The samples

Fixed S = ss elements hjj == hj1 @hjro € H1®MH2, j=1,2,...,sand j' =1,2,...,¢,
we consider two sampling periods, r a divisor of N and 7 a divisor of M; denote £ := N/r
and ¢ := M /7. For each x € A, we introduce its s¢ generalized samples

{Ejj’x(m»fm)} n=0,1,...—1; j=12,...,5
m=0,1,...,0—1;§'=1,2,....8'

defined by

Liyx(rn,mm) = (x,U"hj1 @ V""hjr) (17)

H1QH2’
where n =0,1,...,4—1,m=0,1,...,0—1,j=1,2,...,sand j' =1,2,...,5

The isomorphism 75"

As in the former cases, now we introduce the isomorphism 7;Ubv which maps the or-

thonormal basis {ep ® Eq}p:()’l,m’N_l for the Hilbert space (3,(Z) ® ¢2,(Z) onto the

q 0717 ’M 1
.... N for Agp; here {ep} ! and {eq} o} denote, respectively,

q= 0,1, SM—1
the canonical bases for ¢%(Z) and ¢2,(Z). In other words, 7;75 =TY N ® 7;, V> Where

’T v and 7%\4 denote the isomorphisms

basis {Upa®qu}p

7;?]\,: Z?V(Z) — A, and ’72?\4: K%\/[(Z) — A
ep — UPq €, — VY.

Here, the shifting property reads:

Tab (Tn—p @ Tar—q) = UP (TN To) @ V(T To)
=(UP V) 'T V(To ® To)

where

To = (T(0),T(1),...,T(N-1)), Tn—p = (I(N—p), T(N—p+1),..., T(N—p+N—1))

18



belong to E?V(Z) and 1 <p< N -1, and
To = (T(0),T(1),...,T(M-1)), Tay—g = (T(M—q), T(M—g+1),...,T(M—g+M—1))

belong to f?\/[(Z) and 1 < ¢ < M — 1. The proof of (18) goes in the same manner as in
Lemma 1.

An expression for the samples

For any x = Z Z T ap, UPa @ Vb in A, we have

N-1M-1
Ljix(rn,Tm) = < Z Z apg UPa @ VIb, U hjy @ V"™ h; /2>
=0 4=0 H1®@H2
N-1M-1
= Qpq <Upa®qu U™hj @V™h, ,2>H OHs

p=0 ¢=0

Now, consider F := Z Z T apg ep ® &, the element in 3,(Z) @ £3,(Z) such that
TUVF = z. Thus, Plancherel identity for orthonormal bases gives

N—1M-1
ﬁjj/x(rn m) <F, 2 qz a, U™ =Phji)y, (b, V™ h'/2>H2 ep®6q>%(z)®€%(z)
N-1 M—1
—(F Urn—rh, (b, VTm=ap,
< L ar (a, 1) €p) qz:;] b, VI =dhjrs) 1, &) >Z§V(Z)®€ﬁ4(z)

That is, forn =0,1,..., -1, m=0,1,...,0—1,j=1,2,...,sand j =1,2,...,5
we have got the following expression for the samples:

N 1 2

Ljyx(rn,7m) = (F, Gj,® Gj’,m>e§V(Z)®eil(Z) (19)
where

N-1 N-1

Gjl-’n = Z (a,U™=Phj1 )y, €, = Z Rop (N +p—1rm)ep,

p=0 p=0
and

M-1 M—1

(G,j?,m = (b, VT™M=dh o)y, €q = Z Ry, ,2 (M +qg—7Tm)e,.
q=0 q=0

Here, Ry p;, (k) == (U*a, hj1)3,, k € Z, denotes the (N-periodic) cross-covariance se-
quence between the sequences {U¥a} ez and {Ukhjl}kez in H;. Similarly, Rb,h]-/Q(k) =
(VEp, hji2)3,, k € Z, denotes the (M-periodic) cross-covariance sequence between the
sequences {V*b}cz and {thjlg}kez in Hy. Thus, we deduce the following result:

Proposition 3. Any element x € Ay, can be recovered from the sequence of its samples

{Ejj,x(rn, Fm)} n=0.1... 75 j=12..s 10 a stable way (by means of a frame expansion)
m=0,1,...,0—
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if and only if the sequence {G},n ® G?, m} n=01,..—1; j=12,.s 1S aframe for Z(Z) ®
= ey S

(34(2).

The thesis of the above proposition is true 17f and only if the s/ x N matrix Ra h,
(defined in (6) for G]{n) has rank N and the s'¢ x M matrix Ry, (defined in (6) for
G?,m) has rank M. Notice that, necessarily, s > r and s’ > ' and ss’l > NM =

dim (63/(Z) @ 63,(Z)).
5.1 The sampling result

1
In case the sequence {G ®G] m} n=01,.
m=0,1,...,

=12, is a frame for (3, (Z)®03,(Z), a

-1

0—1;5 71,2, 8

family of appropriate dual frames is given by { , QHZ, o m} n=0,1,.. 0~ 13 =12, s where
m=0,1,....,0-1;5'=1,2,....8'

{H}’n}nzo,lw,,g,l and {ng/,m}mzo,l,...,f—l are appropriate dual frames of {G;,n}nzo,l,...,e—l
j=1,2,....s i'=1,2,....s' J=12,...;s
and {G?,7m}m:0717__.7g_1 respectively. These dual frames are constructed as in Section
§'=12,...,8'
3.1 above (see [16, Section 3.1] for the details).

Thus, for each x € A, there exists a unique F € ¢%(Z)®(3,(Z) such that TUVF =
x. This F' can be expressed as the frame expansion

s’ 0—1 -1

= Z YD Lipalrn,mm) (Hj, @ Hy ) in £3(2) ® 634(Z).

j=135'=1n=0m=0
Then, applying the isomorphism 7;%‘/ and (18) one gets

s’ 0—1 0—1

xr = Z Z Z Z Ljjrx(rn, rm) T (Hl ® H?,’m)

j=13'=1n=0m=0
s’ £—1 £—1

_ZZZZ£]]]CL‘ rn rm)UT”(T H]lo)@)Vrm(T H,O)

j=1j'=1n=0m=0
s’ £—1 £—1

= Z Z Z Z Liypz(rn,tm) (U™ @ V™) (¢; @ djr),

j=1j'=1n=0m=0

where ¢; = ENH 0€ A, j=12,...,s and dy = ’7;)‘7/MH§,70 ceA, i =1,2,...,5

Next, we state the equlvalent result to Theorem 5:

Theorem 9. Let hjjr := hj1 @ hjo € H1 @ Ha, j =1,2,...,s, j' =1,2,...,, and
let L;j be the associated UV -system giving the samples of any x € Aqyp as in (17),
j=1,2,...,s, 7 =1,2,...,5. The following statements are equivalent:

(a) rank Ran, = N and rank Ryn, = M.
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/

(b) There exist S = ss' elements ¢; ® dy, j = 1,2,...,s and j' = 1,2,...,5, in the

7
subspace Agp such that the sequence { (U™ ® me) (c] ®dj)} n=01,.0-1;j=12, s
m=0,1,....0—1; ’=1 2 s

3]

is a frame for Aqyp, and for any v € Ay the expansion

s -1 0—1

x = Z Z Z Z Liyx(rn,rm) (U™ @ V™) (¢; @ dj) (20)

j=1j'=1n=0m=0

holds.
for Aqp such that, for each

----------

m= 0,1, A—1;5'=12,...,¢
x € Aqyp, the expansion

s s 4—1 0—

-1 0-1
v=3D > > Lipalrn,im)Cjjnm
j=1 0 m=0

= j’:l n—=
holds.

As in the previous cases, whenever s = r and s’ = 7 in the above theorem we are
in the Riesz bases setting necessarily, and condition (a) says that both square matrices
Ran, and Ry p, are invertible.

A representative example

In Hy := (%,(Z) consider the (circular) shift operator U : z(p) — z(p — 1), and a :=
(1,0,...,0) € £3(Z) which obviously satisfies UNa = a and A, = ¢%/(Z). Analogously,
in Hy = Z?W(Z) consider the (circular) shift operator V' : y(q) — y(¢ — 1), and b :=
(1,0,...,0) € £2,(Z) which obviously satisfies VMb = b and A, = (2,(Z).

Given the sequences hj; € (3.(Z), j =1,2,...,s,and hjs € 3,(Z), j' =1,2,...,5,
and fixing the sampling periods 7| N and 7| M (recall that £ = N/r and £ = M/7), for
each x in (3,(Z) ® (3,(Z) = E?\,’M(ZQ), a double sequence in Z?, N-periodic in the first
component and M-periodic in the second one, we consider its samples defined by

N—-1M-1
Ljix(rn,mm) = x(p,q) hji(p — rn) hje(qg — rm),
p=0 ¢=0

where n =0,1,...,—1,m=0,1,../—1,j=1,2,...,sand j'=1,2,...,5

Under the hypotheses in Theorem 9 there will exist sequences c; € K?V(Z), j =
1,2,...,s, and djy € £3,(Z), j/ = 1,2,...,s, such that for any x € K?VM(ZQ) the
sampling expansion (20) reads:

s -1 -1

Z Z Z Z Ljjyx(rn,rm)c;(p —rn)d;(q —rm),

j=1j'=1n=0m=0

where 0 <p< N—-1land0<¢g< M —1.
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6 Discussion and conclusions

A sampling theory for tensor products of unitary invariant subspaces that allows to
merge the cases of finitely/infinitely generated unitary invariant subspaces formerly
studied in the mathematical literature is derived. The involved samples are identified
as frame coefficients in suitable tensor product spaces, thus it also allows to introduce
the several variables case in the formalism.

Alternatively, the theory developed here can also be considered as a theory of invari-
ant subspaces in the tensor product of the corresponding Hilbert space with respect
to the canonical unitary tensor product representation of the product group Z ® 7Z,
defined from the corresponding factors (in the case of infinite-finite generators).

In this sense, the results exhibited here point again in the direction recently started
in the paper [18] and natural generalizations of them, like sampling theorems for tensor
products of invariant subspaces with respect to unitary representations of finite or
infinite groups on each factor, can be addressed using similar ideas.

Reduction techniques corresponding to the decomposition of tensor products of uni-
tary representations into their irreducible components with respect to proper subgroups
of the product group, could also be used to simplify the construction of samples, i.e.,
to find adapted frames. This, as well as other applications beyond classical telecom-
munications all involving sampling of states of quantum systems, will be the subject of
further research.
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