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Abstract

A regular generalized sampling theory in some structured T-invariant subspaces
of a Hilbert space H, where T denotes a bounded invertible operator in H, is
established in this paper. This is done by walking through the most important
cases which generalize the usual unitary sampling settings.
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1 Statement of the problem

The aim of this paper is to establish a regular generalized sampling theory in some
structured T-invariant subspaces of an abstract separable Hilbert space H, where T
denotes a bounded invertible operator on H. Concretely, for a fixed a € H these
subspaces A, are constructed by using a representation h — II(h) of a discrete locally
compact abelian (LCA) group H (with additive notation) into the space B(#) of the
bounded invertible operators on H as

Ao = { S ayTi(h)a : fantren € 52(1{)} .

heH

The vector a will be called the generator of A,. Two important and illustrative cases
are those related with the representation of the groups Z or Zy given by n — T™ which
yields the A,-subspaces

{ Z anT"a : {aptnez € 62(2)} or {Nz:loz(n) T"a : {a(n)})) € (CN} :
neZ n=0
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In the last case TVa = a and the cyclic group Zy is represented on A,. Consequently,
we have to describe the involved generalized samples and to exhibit the look of the
obtained sampling formulas.

Motivated by the average sampling in classical shift-invariant subspaces of L?R?),
concerning the used samples we consider s fixed elements b; € H, j = 1,2,...,s, that
do not necessarily belong to A,, and we define for each z € A,

Liz(h) = (x,TT*(=h)b;),, heH, (1)

"
where IT*(—h) denotes the adjoint operator of II(—h), and we restrict ourselves to the
sequence of samples taken at a subgroup M of H, i.e., {Ejac(m)}meM;j:m,...,s‘ As it
will be noticed in the remarks of Section 4, other types of samples yielding pointwise
sampling can be considered.

Regarding the sampling formulas they look like

x = Z Z Liz(m)II(m)c; inH,
j=1meM

where ¢; € A,, j = 1,2,...,s, and the sequence {H(m)cj}meM.j:12 , is a frame

for A,. Thus, we obtain a stable recovery of any x € A, from the data sequence
{ﬁjx(m)}mGM;j:LZ‘..,s'

In the alluded examples the samples are, Lz (rm) = (, (T*)_”mbj>7_‘ , m € Z and
jg=12,...,s or Ljz(rn) = (z,(T*)"™bj), n=0,1,....,0—1and j =1,2,...,s,
respectively, where r is the sampling period, a positive integer in the first case, or a
positive integer such that r|N and ¢ = N/r, in the second case. The above sampling
formula reads

s s -1
xr = Z Z Liz(rm)T™c; or == Z Z Liz(rm)T™c; .
j=1mez j=1m=0

The used mathematical technique is very friendly: we express the given sequence of
samples as frame coefficients in an auxiliary Hilbert space; the challenge problem is
to obtain T-suitable dual frames yielding, via an isomorphism between the auxiliary
Hilbert space and A,, the desired sampling formulas. There is not a unique way for
implementing the above technique: it depends on the used expression for the samples
(see, for instance, Refs. [27, 28]). The necessary background on Riesz bases or frame
theory in a separable Hilbert space can be found, for instance, in Ref. [13].

The case where T' = U is a unitary operator in H has been studied in Refs. [18, 19,
25, 26, 35, 36], and it generalizes average sampling in shift-invariant subspaces in L?(RR);
whenever U is the shift operator, the samples given in (1) are nothing but samples of a
convolution operator; in there words, samples of a filtered version of the function itself.

The present sampling study in the T-invariant subspace A, has a double motivation:
Firstly, in the recent paper [14] it is proved that any Riesz sequence {z, }nez in H has
a representation {T"xg},ecz for a bounded and bijective operator T : span{x, }nez —
Span{y fnez; besides, if {V"gg }nez with V bounded is a dual frame of {T" fy } ,ez where
T is bounded and invertible, then V = (7%)~!. Secondly, it generalizes some previous
work concerning the unitary case. Besides, this work can be seen as an introductory
survey in abstract sampling theory.

As it was mentioned in Ref. [14], the idea of considering frames (or Riesz) sequences
of the form {T"a} ez (or {T"a}) - }) is closely related with dynamical sampling (see, for



instance, Refs.[3, 4, 5, 6]), although the indexing of a frame in the dynamical sampling
context is different from the one used here; the group structure is crucial in the sequel.

In writing this paper our choice in presenting the results is going from the particular
to the general case due to mainly two reasons: firstly, the underlying theory can be
easily followed by any interested reader without any knowledge on abstract harmonic
analysis and, secondly, for the finite case as exhibited here any prior knowledge on finite
Fourier analysis is needed: it is just a linear algebra approach.

The paper is organized as follows: in Section 2 we study the Z group case with a
single generator, i.e., sampling formulas in A, = {3, cp on T"a : {on}nez € 2(Z) };
Section 3 is devoted to the finite case where the subspace A, is finite dimensional; finally,
in Section 4 the abstract case associated with an LCA group is exhibited. Once we have
stated the problem and fixed the notation in each case, the mathematical development
is very similar involving a very short proof which shares the pattern appearing in the
case of a unitary operator U studied in previous works by the authors (see Refs. [18,
19, 25, 26]); for the sake of completeness we include here the close proofs. Putting all
these cases together can help to exhibit the intrinsic nature of these sampling problems
and their relationships. As the sections only include the essential sampling theory, they
are accompanied with a pertinent list of notes and remarks enlightening the topic.

2 The Z group case

Let T : H — H be a bounded invertible operator defined in a separable Hilbert space
H. For a fixed a € H we consider the T-invariant subspace A, in H defined as A, :=
span{T"a : n € Z}. In case the sequence {T"a},cz is a Riesz sequence in H, i.e., a
Riesz basis for A,, this subspace can be expressed as

A, = { Z anT"a : {aptnez € 82(2)} )

neL
The subspace A, is the image of the usual Hilbert space L?(0,1) by means of the
isomorphism

Tra L%(0,1) — A,
f= Zane%inw — X = ZanT"a.

nez neL

It is easy to check that this isomorphism 77, satisfies the T'-shifting property

Tra(fe¥™™) = T™(Trof) for any f € L?(0,1) and m € Z. (2)

An expression for the samples

Firstly we introduce the used data to recover any xz € A,. Namely, given s fixed
elements b; € H, which do not necessarily belong to A,, and the sampling period r, an
integer r > 1, we define the generalized samples {L;x(rm)}mez; j=1,2,..,s of any x € Aq
as

Liz(rm) := (z, (T*)*Tmbj>H, meZand j=12,...,s, (3)
where T* denotes the (invertible) adjoint operator of T'.
For any x = ), ., o, T"a we obtain the following expression for its samples

Liz(rm) = ( Z a, T"a, (T*)_Tmbj>7_l = Z o ((T*)~"™b;, T”a>H

nez nez (4)
_ <f, z; <(T*)n—rmbj,a>7{ e27rinw>L2(O71) — <f, gj(w) e27rirmw>L2(071) ,
ne



where the functions f(w) = > ., an eZminw a5 gi(w) = Y ez <(T*)kbj,a>H e2mikw
j=1,2,...,s, belong to L?(0,1).

Thus the stable recovery of F' € L?(0,1) (and consequently of z = Tr,f € A,) from
the sequence of generalized samples {L;x(rm)}mez: j=1,2,..s depends on whether the
sequence {g;(w) eQWirmw}mez;j:ng’s forms a frame for L?(0,1). Moreover, in order
to derive an associated sampling formula we also need to know dual frames having the
same structure (in order to apply the T-shifting property (2)).

For the first question, consider the s x r matrix-valued function in L?(0, 1)

N N
Glw) = 92(:“) 92(“]3*7") 92(“’:“’) ~(w(w+"0) L, ©
k=1,2,...,r
0:(w) gi(w 1) o galw )

and its related constants

ag = essinf Apin[GT(w)G(w)];  Bg = esssup Amax[G"(w)G(w)] .
we(0,1/7) we(0,1/7)

As usual, the symbol * denotes the transpose conjugate matrix and Ay, (respectively
Amax) the smallest (respectively the largest) eigenvalue of the positive semidefinite
matrix G*(w)G(w).

A characterization of the sequence {g;(w) e*™™®}

meZsj=12... 35 & complete sys-

tem, Bessel sequence, frame or Riesz basis for L2(0,1) is well known (see, for instance,
Refs. [22, 23]). In particular,

The sequence {g;(w) e%irmw}mez;jzl,27...7s is a frame for L?(0,1) if and only if
0 < ag < fg < co. In this case, the optimal frame bounds are ag/r and g /.

For the second question, the existence of dual frames of {gj(w) e2mirmw }mGZ; j=1,2,....5
with its same structure, choose functions h; in L>(0,1), j = 1,2,...,s, such that

(h1(w), ha(w), ..., hs(w))G(w) = (1,0,...,0) a.e. in (0,1). (6)

In [22] it was proven that

The sequence {rh;(w) e2”irmw}mez;j21,2w7s, where the functions hj in L*°(0,1) sat-
isfy (6), is a dual frame of the sequence {gj(w) e*™ ™™ W}y i 14 s in L?(0,1).

Concerning to the existence of the functions h;, j = 1,2,...,s, satisfying (6),
consider the first row of the r x s Moore-Penrose pseudo-inverse G'(w) of G(w) given
by Gi(w) = [G*(w) G(w)]*1 G*(w). Its entries are essentially bounded in (0,1) since
the functions g;, j = 1,2,...,s, and det™! [G*(w)G(w)] are essentially bounded in
(0,1), and (6) trivially holds. In fact, all the possible solutions of (6) are given by the
first row of the r x s matrices given by

H(w) == G'(w) + U(w) [I; — G(w)G'(w)],

where U(w) denotes any r x s matrix with entries in L°°(0,1), and I, is the identity
matrix of order s.



A regular sampling formula in A,

Taking into account the expression for the samples (4), for any f € L?(0,1) we have
the frame expansion

=" Lix(rm)rh;(w)e*™ ™ in L*(0,1). (7)

Jj=1meZ

In case © = Trof € Ag, applying the isomorphism 77, to the expansion (7) for f one
obtains the sampling expansion

T = Z Z Liz(rm ﬁa[rh 27””" Z Z Liz(rm)T"™ [ﬁ’a(rﬁj)]

j=1meZ j=1meZ

= ZS: Z Liz(rm)T ¢y inH,

j=1mez

where ¢jp := Tra(rhj) € Aq, j = 1,2,...,s, and we have used the T-shifting property
(2). Besides, the sequence {Trmcjvh}mEZ;j:I,Z.“,s is a frame for A,. In fact, the
following result holds:

Theorem 1. For any x € A, consider the sequence of samples {L;x(rm)}mez; j=12.... s
defined in (3). Assume that the functions g;, 7 = 1,2,...,s, given in (4) belong to
L>(0,1), and consider the associated G(w) matriz given in (5). The following state-
ments are equivalent:

(a) The constant ag > 0.

(b) There ezists a vector-function h(w) = (hi(w), ha(w), ..., hs(w)) with entries in
L>(0,1) and satisfying

(h1(w), ho(w), ..., hs(w))G(w) = (1,0,...,0) a.e. in (0,1).

(¢) There exist cjn € Aq, 5 =1,2,...,s, such that the sequence {Trmcj’h}

) ) meZ;j=1,2,....s
is a frame for A, and for any v € A, the expansion

= Z Z Liz(rm) T’“mcj,h m H (8)

j=1meZ
holds.

(d) There exists a frame {Cj,} for A, such that, for each x € A, the

expansion

meZ;j=1,2,...,s

x = i Z Lix(rm)Cjm inH

j=1mezZ
holds.
Proof. First notice that the equivalence between the spectral and Frobenius norms [29]

proves that the functions g;, j = 1,2,...,s, belong to L>(0, 1) if and only if g < oo.
We have already proved that (a) implies (b), and that (b) implies (¢). Obviously, (c)



implies (d). We only need to prove that (d) implies (a). Applying the isomorphism
77} to the expansion in (d), and taking into account (4) we obtain

7?;::: = Z 2 Liz(rm) 7?; (ij)

j=1meZ

D (Lgi(w)e™ ™) oy Tra (Cim) - in L2(0,1),
j=1meZ

f

where the sequence {7?; (Cjm) }meZ;jzl,Q,...,s is a frame for L2(0,1). The sequence
{g;(w) e2ﬂ-irmw}m€Z;j:1,2,.‘.,s is a Bessel sequence in L?(0,1) since g < oo, and satis-
fying the above expansion in L?(0,1). According to [13, Lemma 6.3.2] the sequences
{7}_(11 (C’j,m) }mGZ;j:LZ,...,s and {gj (w) e2”i7"mw}mez;j:1’2w.7s form a pair of dual frames

in L?(0,1); in particular, we deduce that ag > 0 which concludes the proof. O

Notes and remarks
Some comments on the result appearing in this section are pertinent:

1. The fact of considering subspaces as A, is reinforced by a result proved in Ref.[14,
Corollary 2.4]: Any Riesz sequence {xy, },cz in H has a representation {17z }ncz
for a bounded and bijective operator T : Span{zy, nez — Span{x, }nez.

2. In case the operator T' = U is unitary, the auto-covariance (U"a,a)y, n € Z, of
the sequence {U"a}necz admits the integral representation (see Ref.[32])
1 ™

(Ua,a)y = o ™du.(0), nez,

—Tr

where 1, is a positive Borel measure on (—m, ) called the spectral measure of
the sequence {U"a},ecz. The spectral measure p, can be decomposed into an
absolute continuous and a singular part as du.(0) = ¢4(0)d6 + dus(6) with re-
spect to Lebesgue measure. A necessary and sufficient condition for the sequence
{U™a}nez to be a Riesz sequence for H is that the singular part x5 = 0 and the
spectral density ¢, satisfies

0 < essinf ¢,(0) < esssup ¢,(0) < o0}
ge(—m,m) 0c(—m,m)

see, for instance, Ref. [18]. In particular, whenever U is the shift operator f(u) —
f(u — 1) in L?(R), the above condition yields the classical condition (see, for
instance, Ref. [13])

0 < essinf Z |3(6 + 27n)|? < esssup Z |5(8 + 27n)|? < 00
be(-mm) rez 0€(=m,7) nez

As far as we know, a characterization, allowing to really check whether {T"a},cz
is a Riesz sequence for H or not, remains an open question, even when the oper-
ator T is selfadjoint or normal. However, a theoretical characterization has been
recently proposed in Ref. [15, Proposition 4.3].

3. In case the sequence {T"a}ncz is a frame sequence for H, the operator Tz, is
bounded and surjective. The sampling formula (8) still remains valid as a frame
expansion in A,.



4. The choice of the generalized samples as in (3) is motivated by a result in Ref.[14,
Lemma 3.3]: If {V"go}nez with V bounded is a dual frame of {T" fo},ecz where
T is bounded and invertible, then V = (T*)~!.

5. In Theorem 1 it can be added the equivalent condition

essinf det[G*(w)G(w)] > 0.
we(0,1/7)
In case the 1-periodic extension of the functions g;, j = 1,2, ..., s, are continuous
on R, this condition reduces to say that rank G(w) = r for all w € R.

6. In the overcomplete setting we have that s > r; this oversampling technique
allows to obtain reconstruction formulas 77" c; 1, with prescribed properties (see,
for instance, Refs.[18, 24]). In case r = s, the frame condition (c¢) in Theorem
1 becomes a Riesz basis condition: There exist r unique elements ¢; € A,, j =
1,2,...,r, such that the sequence {Trmcj}mez;jzl,z,...,r is a Riesz basis for Ay,
and the sampling expansion (8) holds. Moreover, due to the uniqueness of the
coefficients in a Riesz basis expansion, the interpolation property Ljc;(rm) =
d; ' Om,0, where m € Z and j,j' = 1,2,...,r, holds (for a similar result, see [18,
Corollary 3.3]).

7. Let us to take a closer look at the analyzing sequence {(T*)_””mbj}mez,j:1 o
which appears in the definition of the generalized samples (3). Having in mind

(4) and the isomorphism 77, we have the inequalities

ag - - *\—1rm 2 Bg —
Tl 2l < 303 [ (@) ) < ST R for all € A

j=1mezZ

The sequence {(T*)_Tmbj}meZ;j:1,2,...,s is not contained in A, except for some
particular cases such as whenever all b; € A, and operator T is selfadjoint or
unitary. Therefore, as a consequence of the above inequalities, the sequence
{<T*)7Tmbj}meZ;j:LQ,...,s is a pseudo-dual frame of {Trmcjvh}mez;jzl,z,...,s in A,
(see Refs. [33, 34]). In other words, denoting by P4, the orthogonal projection
onto Aq,, we derive that the sequence {Pa, ((T*)~"™b;)} is a dual

meZ;j=1,2,...,s
rm ., . :
frame of {T Cﬂ:h}mez;jzl,z,...,s in A,.

Whenever r = s, the sequence {(T%)™""b;}
ticular cases, a pseudo-Riesz basis for A,.

mez: j=12, s 15 except for some par-

8. In the d-dimensional case we consider the group Z? and the samples are taken at
a lattice MZ%, where M denotes a d x d matrix with integer entries and positive
determinant; in this case we necessarily have s > det M (see, for instance, Ref.
[24]).

9. The case of L generators {aj,as,...,ar} can be analogously handled, obtain-
ing similar results. Multiple generators in the shift-invariant case leads to the
multiwavelet setting. Multiwavelets lead to multiresolution analyses and fast al-
gorithms just as scalar wavelets, but they have some advantages: they can have
short support coupled with high smoothness and high approximation order, and
they can be both symmetric and orthogonal (see, for instance, Ref. [30]). Clas-
sical sampling in multiwavelet subspaces has been studied in Refs. [23, 38, 40].
An example of the formula (8) in the shift-invariant subspace of L?(R) generated
by the Hermite cubic splines can be found in [23]; see also Ref. [16].



Theorem 1 comprises all the known results concerning average regular sampling in
shift-invariant spaces which appear in the mathematical literature. For a few selected
references see, for instance, Refs. [2, 11, 12, 22, 23, 31, 41, 42, 43, 44].

3 The Zy cyclic group case

For a fixed a € H, assume that there exists a nonnegative integer N such that TVa = a;
let NV be the smallest index with this property. Next, we consider the finite dimensional
subspace A, := span {a, Ta,T?a,... ,TN_la} in H. Assuming that this set of vectors
is linearly independent in H we have the N-dimensional subspace of H

N-1

Ao = { S alk)TFa : (a(0),a(1),...,a(N —1))" € @N},

k=0

and the isomorphism 7y, between CN and A,

TN,a : (CN — .Aa
N-1 N-1
o= alk)ex — x= alk)T*a,
k=0 k=0
where {eo, el,... ,eN,l} denotes the canonical basis for CV.

Let {a(k)}rez be an N-periodic sequence in C. For 1 < m < N — 1 consider the
vectors in CV

ag = (a(0),a(1),...,a(N — 1))T and
an—m = (a(N—=m),a(N-m+1),...,a(N —m+ N — 1))T.

Then, the following T'-shifting property holds (its proof is analogous to that in [25,
Proposition 2])

TNa(oN—m) =T"(Tna(og)) forany 1<m<N-—1. 9)

An expression for the samples

Let r be a positive integer such that 7| N, and define £ := N/r. Fixed s elements b; € H,
j=1,2,...,s, which do not necessarily belong to A,, for each = € A, we consider its
generalized samples defined by

Ljx(rn) == (z,(T*)"™"b;j),,, n=0,1,....—Tandj=12...,5. (10)

For x = Zg;ol a(k) T*a we obtain a more convenient expression for its samples

N-1 N-1
Lix(rn) = (Y a(k) TFa, (T*)"b;), = Y a(k) (T a, (T*)™"bj)n
N-1 N-1
= < Oé(k?) €y, <Tk*7“na7 bj>'H ek>(cN = <O£, gj,n>(cN ’
k=0 k=0
where g;,, = i\;—ol (Tk=rngq, bj)s, €k In terms of the N-periodic sequence in C defined
as
rap, (k) = (T*a,b;), , k€ Z, (12)

8



we can write

N-1 N-1
8jn = (TN+kfrna’ bj>"H ex = Z Tab; (N + k- ’I“TL) ey . (13)
k=0 k=0

Having in mind the expression (11) for the samples {Eja:(rn)} j=1.2,..,s » and the
n=0,1,....—1
isomorphism 7y, any x € A, can be recovered from its samples if and only if the set

of vectors {gj,n} j=1,2,..,s 1IN CN forms a spanning set for CN, i.e., a frame for cN (see,
TLIO, geeeyt T

for instance, Refs. [10, 13]). This is equivalent to the condition rank G, = N, where

Gg,p denotes the IV x s¢ matrix whose columns are precisely the vectors { gj’n} G=1,2,...8
n=u,1,....4—
written as

Gaop = (gl,o coe Ble-1 820 --- 820-1 --- Bs0 .- gs,éfl)-

In particular, we have that N < s/, that is, s > r. From expression (13), N = r{ and
the N-periodic character of 74, (k) we obtain that
R, - Ri,) =R, (14)

where each £ x N block Ry, j =1,2,...,s, is given by

Gap = (R

a,by

Ta,bj (O) Ta,bj (1) s Ta7bj (N - 1)
Tab, (N =7) 7ap,(N—=1+1) ... 714p,(2N -7 —1)
IR(Lbj = . : . :
Tab; (r) Tab; (r+1) cee Tap, (r+N-—1)
For j = 1, 2,...,s, we have the following expression for the samples {ij(rn)}f;lo of

x—zk 0 Lok )Tkae.Aa
T T
(‘ij(o)v‘cjx(r)’ T a‘cjx(r(g - 1))) = Ra,b‘j (04(0), Oé(l), R Oé(N - 1))
In other words, denoting the vectors a := (a(0), (1), ..., (N — 1))—r in CV and

Loamz = (L12(0), L12(r), ..., Liz(r(0 — 1)),..., Lsx(0),. .., Loz(r(l — 1)))T (15)

in C*¢, the matrix relationship Leamz = R,b o holds where R, , is the s/ x N matrix
deduced from (14).
As rank R, = rankG, 1, = N, the Moore-Penrose pseudo-inverse of R,y is the

N x sl matrix RZ b= [RZ b ]Ra’b] 1 R} - Any dual frame of {g] n} =12, in CV is
b b 1

yLyeeey

given by the columns of any left-inverse H of the matrix R, p; i.e. HRa,b = lIy. Al
these matrices are expressed as

H = R;b + U[Lye — Rap Rl7b] , (16)

where U denotes any arbitrary N x sf matrix. Let H be any left-inverse of R, ,, and

denote h;,, its (j —1)¢+n+1 column where j = 1,2,...,sand n =0,1,.. E 1; thus,

{h]n} j 1,2,....s is a dual frame of {gjm} J=12,...,s leen any r = Zk 0 a(k) Tkq
-1 “1

yhyeeey n=u,1,...,



in .Aa, from the matrix relationship Lemz = R,pa for the corresponding a =
Zk 0 04( Yex € CV we obtain

S

/-1
a = (a(0),a(l),...,a(N — 1))—r =HLsmz = Z Zﬁjx(rn) hj,.

j=1n=0

Applying the isomorphism 7y 4, for any z = Zk o La(k) Tha € A, we get

x—TNa ZZEmrn 'TNa( ]n)- (17)

j=1n=0

The column h;,, in the above formula do not have, in principle, any suitable structure
for applying the T-shifting property (9). Although we will see that the columns of the
Moore-Penrose pseudo-inverse ]Rlb fulfil the required attribute, we will construct all
the left-inverses of R, 1, allowing it.

Note that each £ x N block R, 5, has an r-circulant character in the sense that each
row of R, p, is the previous row moved to the right r places and wrapped around. In
general, and in terms of a matrix C' of order s¢ x N partitioned into s submatrices
of order ¢ x N, each block has an r-circulant character if and only if CP}, = PC, or
equivalently,

C =P*CPy

where P; denotes the 1-circulant square matrix of order ¢ € N with first row (0,1,0,--- ,0)
and PP is the square matrix of order s¢ given by P = diag(Fy,- - , P), the direct sum
of s times the matrix Pp. The above characterization allows to conclude easily that
(CH)* inherits, and consequently the transpose (C1)T, the r-circulant character from
C'. Indeed,

Lemma 1. If C is a composite matriz of s r-circulant matrices of order £ x N, then so
is (CT)*. As a consequence, the matriz (]RJ; b)T is a composite matriz of s r-circulant
matrices of order £ X N.

Proof. Having in mind that P* and Pj; are orthogonal matrices we get
(1) = (B*CPR))" = ((PR)*CT)" = P*(C1)" ;.
O

For more details on pseudoinverses of circulant matrices see Refs. [37, 39]. In these
sources is to be found the above lemma although for a square matrix C.

For any left-inverse H given by (16) we proceed to construct a specific left-inverse Hg
of R, p allowing to apply the T-shifting property (9). Namely, we denote as S the first
r rows of the matrix H, i.e., SR, = [Hr,@TX(N_T)], where I, and @, (n_,) denote,
respectively, the identity matrix of order r and the zero matrix of order r x (N — r).
According to the structure of the matrix R, p, (see (14)), we partition the r x s matrix
S into (Sl So ... Ss), where each S], =1,2,...,s, is an r x £ block. Now, we form
the N x sf matrix Hg := (Sl Sg ... S ) by using the columns of S;, j = 1,2,...,sin
the following manner:

e The first column of §j is a concatenation of the columns 1, ¢, £ — 1, ..., and 2 of Sj;
e The second column of §j is a concatenation of the columns 2, 1, ¢, ..., and 3 of S;;
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e The third column of gj is a concatenation of the columns 3, 2, 1, ..., and 4 of S;;

Repeating the process, finally,

e The column / of S; is a concatenation of the columns ¢, £ —1, /-2, ..., and 1 of §;.
The elements of each column of gj are identical to the previous column of S; but

are moved r positions down with wraparound.

With the above procedure, we obtain a left-inverse matrix Hg for R, p, i.e., Hs R, 1, =
In (see the proof in [25, Lemma 2]). By using these left-inverses Hg for R, we can
obtain structured sampling formulas involving the samples {ij(rn)} =125 -

n=0,1,...,0—

A regular sampling formula in A,

Now denote the columns of a left-inverse matrix Hs for R, 1, as
Hs = (h170 ce h1,3_1 h270 e hg,z_l ce h870 Ce hs’g_l)

Due to the structure of the columns of Hg, by using the T-shifting property (9), we
have that TN@(hj’n) = TT"TNﬂ(hj,o), j=12,....,sandn =0,1,...,4—1. As a
consequence, formula (17) reads

s £4—1

x = Z Z Lix(rn)T™c;j,

j=1n=0
where ¢j := Ty, (hj,o) eA,, j=1,2,...,s. In fact, the following result holds:

Theorem 2. Given the st x N matriz R,y defined in (14), the following statements
are equivalent:

(a) rank Ry, = N

(b) There exists an r x st matriz S such that

SRa,b = (HTa@rX(Nfr)) )

where I, and O, (n_y) denote, respectively, the identity matriz of order r and the
zero matrix of order v x (N —r).

(c) There exist c;j € Aq, j =1,2,...,s such that the sequence {Tmcj} j=12,.s 1S a
n=0,1,...,0—1
frame for A, and for any x € A, the expansion

s (-1

xr = Z Z Liz(rn)T™c; (18)

j=1n=0
holds.

(d) There exists a frame {Cjn} j=12..s for Aq such that, for each x € A, the

=Lyt —
ETPansion
S

/—1
T = E Lix(rn) Cjn,

j=1n=0
holds.

11



Proof. We have already proved that (a) implies (b), and that (b) implies (c), where we
have completed the matrix S to a left-inverse Hs of R, 1, as the described procedure.
Obviously, (¢) 1mphes (d). Finally, we prove that condition (d) implies condition (a).
Indeed, let z = Zk 0 a( )T*a be an arbitrary element in A,, and let define k;j,, :=
7}1(ij) e CNforj=1,2,....,sand n = 0,1,...,¢ — 1. Applying T]\?}l inx =

,a

> i1 Zf;lo L;x(rn) C;j, we get

s (-1

a = (a(0),a(l),...,a(N — 1))T = ZZ,Cja:(rn) kjn=KLsam,
j=1n=0

where K is the N x s¢ matrix having k;, as columns, and Lgme is defined in (15).
Since we have Limz = R,p a we deduce that o = KR, a for all a € CN, ie.,
KRgp = In. This implies that rank R, = N which completes the proof. ]

A filter-bank implementation

The sampling formulas (8) and (18) can be implemented as filter-banks, i.e., by using
convolution systems. Let us show it, for instance, in the case included in this section.
Assume that rank of R, 1, equals N, and let H be a structured left-inverse of R, p, with
columns h;,, j = 1,2,...,s and n = 0,1,...,¢ — 1. In the corresponding sampling
formula (17) we have ¢; = Tnq (hj70), j=1,2,...,5; denote the components of h; o as
the N dimensional vector

hio = (8;(0), 8;(1),...,B;(N—=1)", j=1,2,...,s.

Substituting in (18), for x € A, we get

s (-1 s (-1 N-1
x—ZZE z(rn) Tm(Zﬁ] ) :ZZ,ij(rn)(Zﬁj(k)Terka).
7=1n=0 7=1n=0 k=0

The change of index m := rn + k and the N-periodicity of each hjo, j = 1,2,...,s,
give

s -1 rk+N-—1

x:ZZij(rn ( Z Bj(m —rn Tm)
j=1n=0 m=rk
s -1
:ZZLxrn (Zﬁj frnTm>
j:1n=0
-1 s (-1

Z{ZZEmrn Bj(m —rn)} "a.

m=0 j=1n=0

In other words, for each z = Z%;é a(m)T™a in A, its coefficients a(m), m =

0,1,...,N — 1, can be obtained as the output of a filter-bank

s (-1
:ZZKjx(rn)Bj(m—rn), m=0,1,...,N —1,
j=1n=0
involving the input data {ij(rn)} j=1,2,...,s and the columns h;o, 7 =1,2,...,s, of
n=0,1,....0—1

the matrix H, in the usual engineering jargon, as the impulse responses.
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Notes and remarks

Next we list some specific comments for this section:

1.

The vectors {Tka}g:_ol in H are linearly independent if and only if the N x N

Gram matrix (<Tla, Tka>> has non zero determinant.
0<k,I<N-1

. The pseudo-inverse }RZ p 18 computed by using the singular value decomposition

(SVD) of the matrix R, p; the singular values are the square root of the eigen-
values of the N x N invertible and positive semidefinite matrix R* | R, (see,
for instance, [13, 29]). Note that the singular value decomposition of R, p, is the
most reliable method to reveal its rank in practice.

Besides, the optimal frame bound of the frame {gj,n} j=1,2,...s for CN defined in

n=0,1,...,6—

(13) are 0% and o3, where oy (respectively o) denotes the smallest (respectively
the largest) singular value of the matrix R, p,.

. In the overcomplete setting we have that s > r. Whenever r = s, the N x N matrix

R, b is invertible and there exist r unique elements ¢; € Ag, j = 1,2,...,7, such

that the sequence {TTan} j=1.2,....,- is a basis for A,, and the sampling expansion
n=u,1,....,6—

(18) holds. Notice that in this case the inverse matrix R;,lo has necessarily the
structure of the matrix Hs. Moreover, due to the uniquen7ess of the coefficients
in a basis expansion, the interpolation property Ljcj(rn) = &; 1 0no, Where n =
0,1,...,4—1and j,j/ =1,2,...,7, holds (for a similar result, see [25, Corollary

4]).

. The matrix Hs constructed from the first » rows of a left-inverse H of R, 1, belongs

to the family described by (16); indeed, Hg = Rlb + Us[lse — Ry p ]Rl b for
Us = U + Hg — H where U is a matrix such that H = R! |, + Ully — R, R ,].

. An easy example involving the cyclic shift in the Hilbert space £%(Z) of N-periodic

sequences of complex numbers can be found in [25].

. Similarly we can deal with the case of multiple generators. Namely, for a set of

generators as a := {a1, a9, ...,ar} C H with orders Ny, No,..., N, i.e., TNig, =
a;, | = 1,2,..., L respectively, we consider the subspace A, in H spanned by
{al,Tal,TQal, . ,Tlelal}lel. In case the Gram matrix of these vectors has
non zero determinant, the subspace A, can be described as

L N;—1
Aa:{z o (k) Tkay - al(mec}.

=1 k=0

Under suitable hypotheses sampling formulas like (17) can be obtained for the
data (10); here the sampling period r divides N = lLc.m.(Ny, Na,...Np) and
¢ := N/r. Multiply generated subspaces A, involving the shift operator are
very natural in signal theory. There are examples where a single generator fails
to describe the appropriate signal subspace: for instance to describe subspaces
of periodic extensions of finite signals, several generators are required (see [19,
Section IV]).
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4 The general case associated with an LCA group G

Let (G,+) be a second countable locally compact abelian (LCA) Hausdorff group. Let
M < H < G be countable (finite or countably infinite) uniform lattices in G. Recall
that a uniform lattice K in G is a discrete subgroup of G such that the quotient group
G/K is compact (see, for instance, Ref. [8]). It is known that if M < H are uniform
lattices in G then H/M is a finite group (see [9, Remark 2.2]).

The dual group of the subgroup H < G, that is, the set of continuous characters
on H is denoted by H. Since H is discrete, its dual His compact. We assume that its
Haar measure my is normalized to m ﬁ(ﬁ ) = 1. The value of the character v € H at
the point h € H is denoted by (h,v) € T. With this Haar measure normalization the
sequence {xn}nhen defined by

H>vexu(y)=(h) €T

turns out to be an orthonormal basis for L2(H) (see, for instance, [21, Prop. 4.3]).

Let g € G — Tl(g) a group representation of G on a complex separable Hilbert space
H; i.e., II is a mapping from G into the space of bounded invertible operators on H,
satisfying that II(g + ¢') = I(g)II(¢’) for all g,¢’ € G.

Therefore, the mapping h € H +— II(h) is a group representation of H on H. For a
fixed a € H let define the subspace in H

Ay :=span{ll(h)a : he H} CH.

We assume that {H(h)a} heH is a Riesz sequence in ‘H. Thus, the subspace A, can be
expressed as

Ao = {};{ahﬂ(h)a : {antnen € eZ(H)} CH.

As usual, {ap}hen € (*(H) means that >, |an|? < oco. The subspace A, is the
image of the Hilbert space L?(H) by means of the isomorphism:

TH,G : L2(ﬁ) — Aq
f= Z QpXp > T = Z apll(h)a
heH heH

This isomorphism 7z, has the following II-shifting property (its proof is analogous to
that in [26, Proposition 1}):

Tira(fxe) = M(k)(Taaof) forany f e L?(H) and k € H . (19)

An expression for the samples

Suppose that s vectors b; € H, j = 1,2,...,s, which do not necessarily belong to A,
are given. For each = € A, we define the sequence of its samples taken at the subgroup
M, as

Lijz(m) = <x,H*(—m)bj>H,

where II*(—m) denotes the adjoint operator of II(—m). For each z € A, let f be
the element in L?(H) such that Tg.f = z. An alternative expression for the sample
Lijx(m), j=1,2,...,s and m € M is

Lijz(m) = < Z apIl(h)a, H*(_m)bj>7-t = Z ap(IT*(h — m)b;, a>H.

heH heH

meMandj=1,2,...,s, (20)
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Therefore, for any fixed m € M we have

Liw(m) =(f, D (0 (h—m)bg, ayuxn) , -

heH (H)
=(F (AT Ry s x i )om)
keH
where £k = m — h runs over H. Hence, we obtain the expression
Liz(m) = <f,7j Xm>L2(f1)7 meMandj=1,2,...,s, (21)

where the function f; € L2(I;T) is given by f; = > cg Ljalk) xk, J = 1,2,...,5. As
a consequence of expression (21), the recovery of any =z € A, depends on the frame
property of the sequence {?j Xm}mGM;j:LQ,...,s in LQ(fI). This study was done in [26,
Proposition 2]. In order to state the needed result we need to introduce some necessary
preliminaries. The annihilator of M in H is the closed subgroup

M*={yecH: (m,)=1forall min M}.

Since M is isomorphic to m, and H/M is finite, the annihilator M* is a finite
subgroup of H. Let r be the order of M~* and set M+ = {u& =0,ui,. .. ,uﬁl}. It

is known that there exists a measurable (Borel) section ! of H/M> (see the seminal
Ref. [20]), i.e., a measurable set  such that

r—1
H=J@t+9) and (4 +9) N0 (uh+Q) =0, forn#n.

n=0

Notice that mz(£2) = 1/r. Besides, the sequence {Xm }men is an orthogonal basis for
L3(9).

For f; € LQ(fI), j =1,2,...,s, we consider the associated s x r matrix-valued
function defined by

RO = (H(s+m)) L, o feo (22)

n=0,1,...,r—1

and the related constants

ap = ess inf Apin [F*(§)F(£)]; Br := esssup Amax[F* (§)F(E)] -
£en £eq

Thus we have ([26, Proposition 2]):

The sequence {fj Xm fmeM: j=1,2,..s @5 a frame for L2(ﬁ1) if and only if 0 < ap <
Br < 0. In this case, the optimal frame bounds are ap/r and Bg/r.

We also need to characterize its dual frames having the same structure. This is
done in [26, Proposition 4]:

~

Assume that the functions hj € L>*(H), j =1,2,...,s, satisfy
(h(€),ha(€), - hs(€) F(€) = (1,0,...,0), ae. E€H.

Then, the sequences {f] Xm fmeM; j=1,2,..s and {rhj Xm}mem; j=1,2,..s form a pair of
dual frames for L*(H).
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All the possible vector-functions h(¢) := (hi(€),h2(&), ..., hs(§)) satisfying the
above condition, and with entries in L>°(H) are given by the first row of the r x s
matrices

H(¢) == F(¢) + U(¢) [I, — F(E)F(9)]

where FT(&) = [F*(§)F(¢)]~ 115‘*(5) denotes the Moore-Penrose pseudo-inverse of F(E),
and U(€) denotes any r X s matrix with entries in L (H).

A regular sampling formula in A,

For z € A, let f € L2( ) be such that Ty ,f = =. Expanding f with respect to the

pair of dual frames {f Xm fmeM; j=1.2,...s and {Thj Xm tmeM; j=12,....s, Where f; is given
n (21), we obtain

= Z Z (f, f]Xm>L2 ""h;Xm—Z Z Lijx(m)rhj xXm in L(H).

j=1meM j=1meM

The isomorphism Tp, and the II-shifting property (19) give, for any = € A,, the
sampling formula

ZZﬁx ’THa 'rhjxm :ZZ£$ THa(rh)

j=1meM j=1meM
s
=Y D Liz(m)I(m)c .
j=1 meM

where ¢jn = Tha(rh;) € Aq, j = 1,2,...,5. Besides, {H(
frame for A,. In fact, the following result holds:

cjh}mEMj 1,2 1S a

34yeeeyS

Theorem 3. For x € A, consider the sequence of samples {L;x(m)}menr; j=12,.. s
defined in (20). Assume that the functions fj, j =1,2,...,s, in (21) belong to L>=(H),
and consider the associated F(§) matriz-valued function given in (22). The following
statements are equivalent:

(a) The constant ag > 0.
(b) There exist functions hj(§) in L®(H), j=1,2,...,s, satisfying
(h1(€), h2(E), ..., hs(&)) F(€) = (1,0,...,0) a.e. & in H.

(c) There exist c; € Aq, j =1,2,...,s, such that the sequence {H(m
is a frame for Aq, and for each x € A, the expansion

xr = Z Z Liz(m)II(m)c; inH, (23)

)Cj}mEM;jzl,Q,...,s

j=1meM
holds.
(d) There ezists a frame {ijm}meM;jzl,z...s for A, such that, for each x € A, the
expansion
= Z Z Liz(m)Cjm inH,
j=1meM
holds.
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In case the equivalent conditions are satisfied, for the elements cj in (c) we have ¢; =
TH,a(rhj), for some functions hj in L>°(H), j =1,2,...,s, and satisfying the condition
in (b).

Proof. We have already proved that (a) implies (b), and that (b) implies (¢). Obviously,
(c) implies (d). Finally, we prove that condition (d) implies condition (a). Indeed,
applying the isomorphism 7, (11 to the expansion in (d), and taking into account (21)
we obtain 7

F=Tapr=>Y_ > Liz(m)Ty(Cim)

j=1meM

~

=3 > (o Fixm) o Tia(Cim) - in LP(H),
j=1meM

where the sequence {’TI;}L (me)}meMlj:lz _, Is a frame for Lz(ﬁl). The sequence

{fj Xm}meM;j:LanS is a Bessel sequence in Lz(ﬁl) since g < oo, and it satisfies
the above expansion in L?(H). As a consequence, according to [13, Lemma 6.3.2]
the sequences ifj Xm}meM;jzl,Z,‘..s and {T}Zi(ij)}meM;j:szs form a pair of dual
frames in L?(H). In particular, by using ([26, Proposition 2]) we obtain that ap > 0
which concludes the proof. O

Notes and remarks

Some specific comments for this general case treated here are the following:

1. The LCA group approach is not just a unified way of dealing with the four classi-
cal groups R,Z, T, Zy: signal processing often involves products of these groups
which are also LCA groups. For example, multichannel video signal involves the
group Z% x Zy, where d is the number of channels and N the number of pixels of
each image. The availability of an abstract sampling theory for unitary invariant
spaces becomes a useful tool to handle these problems in a unified way. Moreover,
any notational complication is avoided especially in the multidimensional setting.

2. Notice that the case exhibited in this section is more general than those in the
former sections. Indeed, let G be an LCA group and let H := {ng},ez the
(infinite) cyclic group generated by some fix element g € G. Then, the subspace

A, :=span{ll(ng)a : n € Z} =span{[ll(g)]"a : n € Z},
is obtained from 7' := II(g).

3. The cyclid case in Section 3 involving the group Zy may be a particular case of
this section. Although there we have used the canonical basis of CV to define the
isomorphism 7Ty, instead of the Fourier basis of the characters used here. So in
the finite case we have not used, explicitly, Fourier analysis as in [5, Proposition
3.1]; just linear algebra.

4. In case the operator T' = U is unitary, a necessary and sufficient condition for
{T'(h)a}nem to be a Riesz sequence in ‘H can be found in [7].

17



5. In the overcomplete setting we have that s > r. In case r = s, the frame condition
in Theorem 3 becomes a Riesz basis condition: There exist r unique elements c; €
Aa, 7=1,2,...,7, such that the sequence {H(m)cj}meM;jzl,Z,“.r is a Riesz basis
for A,, and the sampling expansion (23) holds. Moreover, due to the uniqueness of
the coeflicients in a Riesz basis expansion, the interpolation property L cj(m) =
d; i/ Om,0, where m € M (0 denotes the null element in G) and j,;' =1,2,...,r,
holds (for a similar result, see [26, Corollary 2]).

6. Concerning pointwise sampling, whenever # = L?(G), instead, we formally con-
sider the samples of any z € A, == { > ,cgon(h)a : {an} € (2(H)} as

Lijz(m) := [II(-m)z]|(g;), me€ M and j =1,2,...,s,

where g;, j = 1,2,...,s, denote s fixed points in the group G. Under mild
hypotheses: the functions II(h)a, h € H, are continuous in G, and

sup > [[(h)a] (9)]* < o0,
9€C hen

one can prove that the subspace A, is a RKHS (reproducing kernel Hilbert space)
of bounded continuous functions in L?(G) (see [27, Lemma 4.2]). Moreover, for
any © = Taaf = D pemanll(h)a in A,, we easily obtain the expression for the
samples

[T1(—m)a] (g;) = <f, ( > mm)x%

) = <fa?ij>L2(ﬁ) )
keH

(H

where f; = >, cy[(k)al(g;)x—r € L2(H), j = 1,2,...,s; thus, the above
samples are well defined. Under the hypotheses on the corresponding matrix-
valued function F(§) in Theorem 3, a sampling formula like (23) holds in A, for
these new samples.

In particular, for [II(m)z](g) := Lmz(g9) = x(g —m), i.e., the left regular unitary
representation g € G +— Ly of the group G in L?(G), the above sample £;z(m) is
nothing but the pointwise sample z(m + g;). In this case, the sampling formula
(23) in Ag = { > e on Lua(g) : {an} € (?(H)} reads

2(g)=>_ > x(m+g)cilg—g)), g€G,

j=1meM

for some functions ¢; € Aq, j = 1,2,...,s5. The convergence of the series in
the L?(G)-norm sense implies pointwise convergence which is absolute (due to
the unconditional character of a frame expansion) and uniform on G. Thus,
a generalization of Kluvanek’s sampling theorem in 4, can be deduced from
Theorem 3; see [26, Theorem 3] for the details. See also Ref. [17].
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