Regular and Irregular generalized sampling in Wavelet

Statement of the problem

Let Vi, be a shift-invariant subspace of L*(R) with a (stable) generator
p € L’(R), ie.,

Vi = { Z anp(t —n) : {ap} € KZ(Z)} c L*(R)

nez

Consider s linear-time invariant systems L;, j = 1,2,...,s defined on

Ve

The problem: Recover any function f € V, from the
sequence of samples {(L;f)(rn)}pcz j=12,.. s by means of
a sampling formula as

£ty =33 rm)S(t — ), tER.

nez j=1

where the sequence {S;(t —rn)},cz =12, s is a frame for
Vi, (The sampling period r necessarily satisfies 7 < s)

A fresh approach to the problem

o We define a Fourier duality-type 7., between L%(0,1) and Vo

e \We express the generalized samples of f in terms of a suitable frame

for L2(0,1) and F := ’T@_l(f) c L*(0,1)
e We obtain its dual frames in L?(0, 1)

e Finally, a generalized sampling expansion for f € V,, comes out by
using 7, in the frame expansion for F

The working hypotheses

Hypotheses on V,,

Assume the following hypotheses on the generador ¢ :

e The sequence {(t — n)}pez is a Riesz basis for V,

Recall that the sequence {¢(- — n)},c7 is a Riesz basis for V,, if and
only if 0 < ||®||p < ||P||oc < 00 , where |||y denotes the essential
infimum of the function ®(w) = > ;.7 |P(w + k)| in (0,1), and
|®||c its essential supremum

e [ he generator ¢ is continuous on R

o The series >°° ___|o(t —n)|? is uniformly bounded on R

Thus, the pointwise sum f(t) = ), -7 anp(t—n) defines a continuous
function on R

As a consequence, V, becomes a RKHS (reproducing kernel Hilbert space)
and, in particular, the LQ(]R)—norm convergence in Vi, implies uniform
convergence on R

Hypotheses on the systems L;

We consider two types of linear-time invariant systems:
1. The impulse response h € LY(R) N L*(R)

2. The impulse response h has the form:
N
h = Z Ck5<k>(t + dk)
k=0

(In this case we assume that o) exists on R, and > neZ pF (t—n)|%is
uniformly bounded on R for each £ =10.1, ... ,N)

An expression for the samples

The isomorphism 7,

Let 7, : L%(0,1) — V., be the isomorphism defined by Tsp(e_%mw) =
o(t —n) for each n € Z. Then:

e For any f € Vi, we have

f(t) = (F, Kt>L2(071> , teR

where F' = T¢_1(f) and

Ki(w)= > ot —n)e” ™™ = Zo(t, w)

n=—00
(Z is the Zak transform of )

o Kipm(w) = e Ky (w)

o7, [e_QmmwF(w)} = f(t —m) where f = T,(F)
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An expression for the samples {(L;f)(rn)}nez.j=12...5

Let £ be a system as those considered here. For any j € Vi, we have
(LH)E) = (F. ZLo(t, ")) 12(0.1)

where F' = T¢_1f. In particular, for each j =1,2,....s:

(£3)(rm) = {F. ZE5a(rm. 20,1
= (F, Zﬁj@(oy ,)6—2m'rn->L2<071> ., nel

tER,

Denoting by g; := (Zﬁjgp) (0,-), 7 =1,2,...,s, we consider the s x r
matrix

Gl — |20 2w +3) - golw + 75

-gs(.w) gs(w.—F %) T gs(w ‘|‘ 7“70;1)

(We are considering 1-periodic extensions of the functions gj) and its
related constants

ag = essinf A\ [GH(w)G(w)], Bag = esssup Anax|G(w)G(w)]
we(0,1/7) we(0,1/r)

Amin (Amax) the smallest (the largest) eigenvalue of the positive semidef-
inite matrix G*(w)G(w)

Two problems to solve:

: — —2mIrnw -
e To characterize when the sequence {g]w)e }nEZ,jzl,Q,...,s IS
a frame for L%(0,1)
The sequence {7 -w)e_%imw} is a frame
9 9j neZ.i=12....5

for L*(0,1) if and only if 0 < ag < Bg < oo. In this
case, the optimal frame bounds are o /7 and B¢ /r

\ y

As a consequence, for any f € V|, we have the inequalities

0 <SG P < 3 ST < L 1P

< < = Tl

e To find its dual frames
( N

—2mrnw} where

Any sequence {fraj(w)e n€Zj=12....5
the functions a; € L°°(0, 1) satisfy

ay(w), ... as(w)] G(w) =1,0,...,0] ae.

is a dual frame of {ij)e_mnw}nez j=12.....5

\. J

Thus, for F' = ’T@_l(f) the following expansion holds:

F(w) = Sj Sj(ﬁjf) (rm) raj(w)e_Qmmw in L2(0,1)

nez j=1

The generalized regular sampling result

The main result: Assume that g; € L%(0,1) for each
j=12,...,5 (& Bg < o0). The following statements are
equivalent:

1.04(;>O

2. There exists a frame for V, having the form {S5;(t —
rn)}nez j=12,...s such that for any f €V,

f=22D (Lif)(rn) Sj(- —rn) in LX(R)

nes j=1

3. There exist functions a; € L>(0,1), j = 1,2, ..
that

., S, such

ay(w),. ..
a.e. in (0,1)

In case the equivalent conditions are satisfied:
’S] :TTSQ(G/]'), j: 1,2,...,8
e Convergence of the sampling series is absolute and uniform on R
o If r = s then {S;(t — sn)},cz j—12.. s is a Riesz basis for V.
The functions a; form the first row of the matrix G—!
In this case, the following interpolation property holds:

(,CZS]')(STL) = j,l5n,0 1,0=1,2,...,8s:n €/

Some remarks:

e The first row of the pseudo-inverse matriz
Gl(w) = [G*(w)G(w)] "G (w)

gives the a; functions defining the canonical frame dual of
{gjw)e—ernw}
e Other suitable a; functions are given by the first row of the matrix

Gl(w) + U(w)[Is — G(w)GT(w)], where U(w) is any r X s matrix
function with entries in L°°(0,1)

nes.,j=1,2,...,s

e \We can take advantage of the oversampling setting s > 7. There exist
many solutions for the a; functions: One may use this flexibility to ob-
tain appropriate sampling functions 5;. For instance, if the generator
o and the impulse responses of the filters £, have compact support we
could choose the a; functions in order to obtain sampling functions 5
with compact support

Generalized irregular sampling

Assume that we have at our disposal the sequence of irregular samples
{(Lif)rn+¢ejn)tnez j=12...s Our starting point is:

e [ he expression of the irregular samples

(Lif)rn+ejy) =(F.(ZL;p)(ejn, Je ™), neL,

foreach 7 =1,2,--- ,s.

e The sequence {(Zﬁjgp)((),w)e_mew}nez i=19..5 153 frame for
L2(0,1) if and only if 0 < g < fg < 00

A suitable approach is to consider the sequence

{ZLjp)(ejn, w)e mmw}nez,jzl,z,...,s

as a perturbation of the frame {(Zﬁjcp)(O,w)e_Qmmw}
for the error sequence € := {¢; , } ez i=12.

nes,j=1,2,...,s

For each j = 1,2,--- , s, define on ¢*(Z) the linear operator

D ;c:= { Z [Ejgp(rn — k + 5]-771) — [,jgp(frn — k)} ck}
keZ

nez

for each ¢ = {¢}cz € 2(Z), and consider the norm

S
D= s | SID- el
lellzzy=1 '\ =1

By using a standard result on perturbation of frames we get:

Let € := {&;,,} be a sequence error such that 1D:||? < ag/r.
Then, there exists a frame {Sin}nEZ,jzl,Q,...,s for Vi, such
that, for any f € Vi,

f) =)D (Lifrn+ejn)S;,(t), teR

nes j=1

Two practical problems:

2 . This can be

o To estimate > ., || D¢ ;|| in terms of 0 := sup; ,, [

done, for instance, in Spline spaces.

e The sampling functions S%_ are impossible to determine: They de-

J,T _
pend on the error sequence. However, a frame algorithm can be

implemented in (*(Z) to approximate f € V, from the samples
{(L; 1) +en)tnez.j=12....5
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