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Shannon sampling theorem

Any function f band-limited to the interval [-1/2,1/2], that is,

f(t) = f_lﬁz f(w)eX™ ™ dw for each t € R, may be reconstructed from the

sequence of samples {f(n)},ez as

(¢ ki ) SO
7r(t—n)

n=—0o0
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Shannon sampling theorem

Any function f band-limited to the interval [-1/2,1/2], that is,

f(t) = f_lﬁz f(w)eX™ ™ dw for each t € R, may be reconstructed from the

sequence of samples {f(n)},ez as
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7r(t—n)

n=—0o0

Its d-dimensional counterpart

Any function f band-limited to the d-dimensional cube [~1/2,1/2]7, i.e.,
F(t) = Ji_1/21/20 f(x)e2 " tdx for each t € R may be reconstructed
from the sequence of samples {f(a)},czs as

fy=>_ f(a)Si:rg;Etl_;f‘)l) s";(igt‘i;j)d) , teR9.
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Drawbacks in Shannon's theory

@ It relies on the use of low-pass ideal filters

@ The band-limited hypothesis is in contradiction with the idea of a
finite duration signal

@ The band-limiting operation generates Gibbs oscillations

@ The sinc function has a very slow decay at infinity which makes
computation in the signal domain very inefficient

@ The sinc function is well-localized in the frecuency domain but it is
bad-localized in the time domain

@ In several dimensions it is also inefficient to assume that a
multidimensional signal is band-limited to a d-dimensional interval

Antonio Garcia Garcia



Solution:
To investigate sampling and reconstruction problems in spline spaces,
wavelets spaces, and general shift-invariant spaces

Vé /=5pan 2y {p(t — @) : a € z}
:{ Y anp(t—a) : {a.) € 52(2")} C L2(RY).

a€cZd

where
@ The function ¢ € L2(R?) is the generator of Vg
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Solution:

To investigate sampling and reconstruction problems in spline spaces,
wavelets spaces, and general shift-invariant spaces

Vé /=5pan 2y {p(t — @) : a € z}
:{ Y anp(t—a) : {a.) € z%zd)} C L2(RY).

a€cZd

where
@ The function ¢ € L2(R?) is the generator of Vg

o It is assumed that the sequence {(t — @) },cz4 is a Riesz basis for
V2
©

A Riesz basis in a separable Hilbert space H is the image of an
orthonormal basis by means of a bounded invertible operator
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Statement of the problem

Consider a shift-invariant subspace Vq% in L2(R9) with r stable generators
¢ :={o1,...,0/} in [2(RY), that is,

{Z de ot —a) : dke€2(Zd),k:1,2...,r}

a€Zd k=1

@ Given s convolution systems L;f = f x h; defined on de, where
h; € L2(R9) (average sampling) or linear combination of Dirac deltas
(usual sampling)

e Taking samples at a lattice MZ9 of Z9 where M denotes a d x d
matrix with integer entries and det M > 0.

The generalized regular sampling problem consists of
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The recovery of any function function f € V2 from the sequence of
samples

{(£if)(Ma)}aeze, j=12,...s
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o Intuitively, sampling at MZ9 we are using the sampling rate
1/r(det M), so we will need s > r(det M) convolution systems
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o Intuitively, sampling at MZ9 we are using the sampling rate
1/r(det M), so we will need s > r(det M) convolution systems

@ We should assume a stability condition as: There exist two positive
constants 0 < A < B such that

S
AlFIZ <D N ILf(Ma)? < B|f|? forall fe V3.
Jj=1 aczd

Antonio Garcia Garcia



o Intuitively, sampling at MZ9 we are using the sampling rate
1/r(det M), so we will need s > r(det M) convolution systems

@ We should assume a stability condition as: There exist two positive
constants 0 < A < B such that

S
AlFIZ <D N ILf(Ma)? < B|f|? forall fe V3.
J=1 aczd
@ The recovery will be done by means of a sampling formula
()= 3 (Lif)(Ma)Si(t — Ma), teR?,
Jj=1 aczd

where the reconstruction functions {S;(- — Ma)},ezd j—12. s is a
frame for the shift-invariant space V(g
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The strategy to follow is:

o To identify the sequence of samples {(L;f)(Ma)},czd, j=12,.s as
frame coefficients
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The strategy to follow is:

o To identify the sequence of samples {(L;f)(Ma)} ez, j—1
frame coefficients

)7 ’Sas

A sequence {f,}?2 ; is a frame for a separable Hilbert space H if there
exist constants A, B > 0 (frame bounds) such that

o
Alf|? < Z I(f,f)|? < B||f||> forall fe™X
k=1
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The strategy to follow is:

o To identify the sequence of samples {(L;f)(Ma)},czd, j=12,.s as
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@ To search for the corresponding dual frames
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The strategy to follow is:

o To identify the sequence of samples {(L;f)(Ma)} ez, j—1
frame coefficients

,7 ’Sas

@ To search for the corresponding dual frames

The frames {f,}?2; and {gk}?2, for H are dual frames if the equivalent
expansions in H hold

i f fk i f , 8k fk, feH
k=1 k=1
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The shift-invariant space V2

We assume the following hypotheses on the set of generators
&= {p1,...,0/}:

o The sequence {@i(t — @)} ezd k=12, , is a Riesz basis for V3
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The shift-invariant space V2
We assume the following hypotheses on the set of generators
&= {p1,..., 0}
o The sequence {@i(t — @)} ezd k=12, , is a Riesz basis for V3

@ The functions in the shift-invariant space Vd2> are continuous on RY.
This is equivalent to say that the set of generators ® are continuous
on R? and the series Y ;4 |®(t — a)|? is uniformly bounded on
RY.

Thus, any f € Vq% is defined on RY as the pointwise sum

Zde r(t —a), t € R

acZd k=1
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The shift-invariant space V2

We assume the following hypotheses on the set of generators
&= {p1,...,0/}:

o The sequence {@i(t — @)} ezd k=12, , is a Riesz basis for V3

@ The functions in the shift-invariant space V<12> are continuous on RY.

Thus, the space Vq2> becomes a reproducing kernel Hilbert space

4

Convergence in Vq% in the [2-sense implies pointwise convergence which is
uniform on R
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The isomorphism 7g

The space V2 is the image of L2[0, 1) by means of the isomorphism

To ¢ 12[0,1)¢ — V2
_ o 1T
{e 27 Wek}aezd,kzl,l.uw — {pr(t — a)}aezd,kzl,Z,..~7f

where {ej,...,e,} denotes the canonical basis of R". Then, for any
F=(F,...,F)" €L2[0,1)9 we have

f(t) = ToF(t) = (F,Ke) 2101y, tER?

where K¢(x) := Z®(t,x), and ZP denotes the Zak transform of @, i.e.,

(Z0)(t,w) == > &t +a)e 2mia’w,

aczd
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An expression for the samples

For any f € qu, we have

(Lif)(t) = (F, (ZL;®)(t, ) izj01y¢» Wwhere F =T, f € 12[0,1)°
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An expression for the samples

For any f € qu, we have

(Lif)(t) = (F, (ZL;®)(t, ) izj01y¢» Wwhere F =T, f € 12[0,1)°

In particular:
(Lif)(Ma) = (F,ZL;®(Ma, -)) 20,1

.0 —2mia T MT.
= (F,ZL;®(0,-)e 2 M >L2[0,1)d
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An expression for the samples

For any f € qu, we have

(Lif)(t) = (F, (ZL;®)(t, ) izj01y¢» Wwhere F =T, f € 12[0,1)°

As a consequence,

We have to study when the sequence

— o i T T
{gj(x)e 2o M X}aezd, j=1,2,....s°

where gj(x) := ZL;®(0,x), j=1,2,...,s, is a frame for L2[0,1)?
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By introducing the s x r(det M) matrix of functions

gl (x) g (x+M Th) g1 (x + M Tigerm)

g (x) g (x+M Th) g (x + M~ Tiger m)
G(x):=| ". :

gsT(X) gsT(X + M_Tl'z) g_c,T(X + M_TidetM)

and its related constants

Ag := essinf Anin[G"(X)G(x)],  Bg := esssup Amax[G™(x)G(x)] ,
x€[0,1)d x€[0,1)4

where
{i1 =002, ... igeem} =29 N{M"x: x € [0,1)7},

we obtain that
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7 N iv T MT 0 0
The sequence {gj(x)e 2> M *}aczd, j—10...s 1S frame for L2[0,1)? if
and only if 0 < Ag < Bg < 0. In this case, the optimal frame bounds are

Ag/(det M) and Bg/(det M)
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Moreover, assuming the existence of an r X s matrix
a(x) := [a1(x), . . .,as(x)], with entries in L>°[0,1)?, such that

[a1(x), ..., as(x)] G(x) = [Ir, Oget M—1)rxs] @€ in [0,1)9,

for F = ’Tq:lf we get

F(x) = (det M) Z > (F.ZL;%(0 e 2miaTMT )5 (x)e~2mia MTx
J=1 aezd

= (det M) 3" S~ (L) (Ma)aj(x)e 2" M < in [2[0,1)¢
J=1 aezd
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Finally, by using the isomorphism 74 we obtain

f(t) = (det M) S 37 (L) (Ma)To (aj(x)e ™27 M ) (¢)

Jj=1 aczd
= (det M) >~ > (L) (Ma)(Toaj)(t — Ma)
Jj=1 aczd
= i > (Lif)(Ma)Sja(t — Ma), teR
Jj=1 aeczd

where we have used the shifting property
To[F(-)e 2™ (t) = ToF(t — a),

and that the space Vd2> is a RKHS.
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The main result

Assume that the functions g; € L2°[0,1), j =1,2,...,s
(<= Bg < o0). The following statements are equivalents:
(a) Ag >0

(b) There exists an r x s matrix [a1(x),...,as(x)] with entries
a; € L2°[0,1)? and satisfying

[al(x), -5 a5(X)]G(x) = [, Oget m—1)rxr] 2. in [0, 1)¢

(c) There exists a frame {S;(- — Ma)},ezd, j—12,. s for V2 such that for
any f € V3

F=Y Y (L) (Ma)S;(- — Ma) in L*(R)

J=1 aezd
(d) There exists a frame {S; o(") }aezd, j=12,.s for V2 such that
S
F=3" (L) (Ma)Sja(t), feVE

Jj=1 aczd
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Some final comments

o All the matrices [a1(x),...,as(x)] in the former result correspond to
the first r rows of the matrices of the form

G'(x) + U(x)[Is — G(x)G'(x)],

where U(x) is any r(det M) x s matrix with entries in L>°[0,1)9, and
Gi(x) = [G* ()G G (x)

o If s = r(det M) we are in the Riesz bases setting

@ The reconstruction functions S; o, = (det M)7o(a;), j=1,2,...,s
are determined from the Fourier coefficients of the components of
aj(x):::[ald(x),agJ(x),...,a,JTT,j 221,2,...,5.|f
B1(@) == Jig.1)0 Ak (x)e2™ Xdx,

Sja(t) = (det M) ZZakJ Jor(t —a), teR7.

a€cZd k=1
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A generalized sampling formula as a filter bank:

f(t) =) > (Lif)(Ma)Sa(t — Ma)

J=1 aczd
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A generalized sampling formula as a filter bank:

=3 D (L) (Ma)Sja(t — Ma)
J=1 aeczd
Z Zakj Yer(t — B)

Bezd k=1
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A generalized sampling formula as a filter bank:

F(1) =) ) (Lif)(Ma)S;a(t — Ma)

Jj=1 aeczd

:Z Z { Z Z (Lif)(Ma)ay j(v — Ma)}@k(t =)

k=1~czd * j=1 aczd
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A generalized sampling formula as a filter bank:

=3 ) (L) (Ma)Sja(t — Ma)

Jj=1 aeczd
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A generalized sampling formula as a filter bank:

=3 ) (L) (Ma)Sja(t — Ma)

Jj=1 aeczd

:Z Z { Z Z (Lif)(Ma)ay j(v — Ma)}@k(t =)

k=1l~ezd * j=1 aczd

—szk 7) it =)

k=1~ezd

Oversampling, that is, s > r(det M), allows reconstruction functions S; ,
with prescribed properties
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An illustrative example

Consider the Hermite cubic splines

(t+1)%(1-2t), te[-1,0] (t+1)%t, te[-1,0]
e1(t) =4 (1 —t)*(1+2t), telo,1] , ea(t) =4 (1—t)’t, telo,1]
0, [t] >1 0, [t| > 1

015
MEV\

o5 ot
Y

05 [T}

: 2 2
which are stable generators for the subspace V3, ,, C L“(R)
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Consider the sampling period M = 1 and the systems defined by

t+1/3 1 2
L17(t) ::/ fu)du, Lof(t):=Lif(t+ g), L3f(t) = Lif (t+ §) .

In this case, we have a 3 x 2 matrix G(x) with trigonometric polynomial
entries; we can try to search for a 2 x 3 matrix [a1(x), a2(x), az(x)], with
trigonometric polynomial entries, such that

[a1(x), a2(x), a3(x)] G(x) = [é 2]

Thus, we obtain in V2 _  the following sampling formula

P1,62

ZZE:‘ Sia(t—n), teR,

neZ j=1

where the sampling functions are given by
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85 1 85
S1a(t) == ﬂ‘ﬁl(t) + ﬁsol(t -1)+ Z@z(t) —pa(t—1),
-23 23 23

Salt) = opi(t) = it 1) = 2pa(t) + Depalt 1),
1

85 85
5373(1_') = ﬁ(ﬂl(t) + ﬂcpl(t — 1) + (Pz(t) — Z@Q(t — 1), teR.

44
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