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Statement of the problem

Let Vq% be a shift-invariant subspace of L?(R%) with a stable set of
generators & := {1 ...} € L2(RY), i.e,

-
ng = { S: S:dk(()f%pk(t — O{) ; dk - fz(Zd>, k=1,2,... ,7“}
acZd k=1

Consider s linear-time invariant systems L;, j = 1,2,..., s defined on

2
V@.

The problem: Recover any function f € Vq% from the
sequence of samples {(L;f)(Ma)},eza j—1 9. s taken at

the sub-lattice MZ? of 74 by means of a sampling formula
as

F(t) = (det M)S‘ N (Lif)(Ma)S;(t—Ma),  teR

where the sequence {S;(t — Ma)},ezd j—1 9. 5 isaframe

for V(g (The sampling rate 1/r(det M) necessarily satisfies
r(det M) < s)

Assume that {(L;f)(Ma)},eczi j—1 2. s satisfy the following stability
condition: There exist two positive constants 0 < A < B such that

AIFIP <D Y ILif(Ma)lP < B|f|* forall feVg.

J=1 qezd

A fresh approach to the problem

e We define a Fourier—type duality 73 between L%[O, 1)d and V(%

e \We express the generalized samples of f in terms of a suitable frame
for L2[0,1)% and F := 7;1)_1(][) e L20,1)¢

e We obtain its dual frames in L2[0, 1)¢

e Finally, a generalized sampling expansion for f € Vg comes out by
using J¢ in the frame expansion for F

The working hypotheses

Hypotheses on V;

Assume the following hypotheses on the generador O :
e The sequence {px(t — O‘>}and 1_19 . isa Riesz basis for Vq?

Recall that the sequence {wp(- — @)}, c7d =19, is a Riesz basis

for ng if and only if M, m > 0 such that ml, < Gg(w) < M, a.e.
w € [0,1)% where

T

Go(w) = Z O(w + a)b(w + )
acZd
Is the Gramian matrix-function

e [he generators ;. are continuous on R4

o The series >_ 74| ®(t — a)|* is uniformly bounded on RY
Thus, the pointwise sum f(¢) = > 11 > ezddp(a)pr(t —a) defines
a continuous function on R?

As a consequence, V(g becomes a RKHS (reproducing kernel Hilbert space)
and, in particular, the L?(R%)-norm convergence in ng implies uniform
convergence on R4

Hypotheses on the systems L;

We consider two types of linear-time invariant systems:
1. The impulse response h € LQ(Rd)

2. The impulse response h; is a linear combination of partial derivatives
of shifted delta functionals, i.e.,

(L)) = Y ci gD f(t+d;z), teR”.
|B|<N;

(If there is a system of this type, we also assume that
D ez IDPy(t — a)|? is uniformly bounded on RY for |3] < N;.)

Lattices in Z¢

Given a matrix M with integer entries and det M > 0, we consider the
lattice in Z¢ generated by M, i.e.,

Ay = {Ma:aez2% cz?,

The set N(M ") := 29N {M" "z : 2 € [0,1)?} has det M elements .
One of these elements is zero, say 71 = 0; we denote the rest of elements
by 29, ..., %40t A7 Ordered in any form
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An expression for the samples

The isomorphism 7

Let Tg : L2[0,1)% — ch be the isomorphism defined by

T

Tole 2™ Yo ) = o (t —a), o€ 7k =1,2,...r

Then:
e Forany f € ng we have

f(t) = (F.Ke) oo 10, t €RY,
where ' = 7&)_1(f) and
Ki(z) = ZD(t, x)
(Z® is the Zak transform of @)
e To[F()e 2™ (1) = ToF(t —a), teR?,

An expression for the samples {(L;f)(Ma)}oezi j=19...

Let £ be a system as those considered here. For any f € Vq? we have

(Lf)(t) = (F, (ZLD)(L, ")) r210.1)0 »
where F = 7&)—1f. In particular, foreach j =1,2,....s:

(,ij)(MOé) — <F7 (Z‘qu)) (MCE’ )> T gT
(R, (ZL58) (0, )2

Denoting by g;(z) == ZL;®(0,z) j = 1,2,...,s, we consider the
s X r(det M) matrix

91 () g1 (w+ M~ "ig) -+ g
G(z) = 92T<37) 92T($ + M_TZQ) gQT(x + M_TidetM)

99 () gg (x+ M~ "ig) -+ g (& + M Viger ar)

(We are considering Zd-periodic extensions of the functions gj) and its
related constants

Ag = essinf A\yin[G™(2)G(x)], Bg = esssup Anax|G™ () G(z)],
ze(0,1) z€[0,1)

Amin (Amax) the smallest (the largest) eigenvalue of the positive semide-
finite matrix G*(z)G(x)

Two problems to solve:

_ —— o TayT
e To characterize when the sequence {gj(a;)e 2mia M x}

is a frame for L2[0,1)¢

acZd j=12,....s

The sequence { g (x)e aeZd, j=19..5 153
frame for L2[0,1)% if and only if 0 < Ag < Bg < .
In this case, the optimal frame bounds are Ag/(det M)

and B /(det M).

—27m'ozTMT:L‘}

e [o find its dual frames

If there exists an r X s matrix a(z) := |aj(x), ..., as(x)],
with entries in L°°[0,1)%, such that

aj(z),...,as(x)] G(z) = [L, O(det M=1)rxr] a-e.in [0, )4

then the sequence {(det M)aj(a:)e_QmaTMTx}
—QWi&TMTZC}

acZd j=12,....s

is a dual frame of {g;(z)e 0E€Zl =12 .5

Thus, for F = 7:1)_1(]‘) the following expansion holds:

F(z) = (det M)S N (Lif)(Ma) aj(z)e 2™ M= iq 120, 1)
Jj=1 aezd

The generalized regular sampling result

The main result: Assume that g; € L0, 1)4 for each

j=1,2,...,5 (& Bg < o). The following statements are
equivalent:

1. AG > ()

2. There exists a vector |a)(z), ..., as(z)| with entries

a; € L0, 1)? satisfying

[al(x)a e 738(37)]6(33) — [HTv @(det M—l)?“xr] a.e. in [Oa 1>d

3. There exists a frame for Vq% having the form
{5j(+ = Ma)}tyeza jo19.. s such that forany f € Vq?,

f=det M) Y (Lif)(Ma)S;(-—Ma) in L*R%

j=1 qez7d

In case the equivalent conditions are satisfied:
ona:%(aj), j: 1,2,...,8
e Convergence of the sampling series is absolute and uniform on R4
o If r(det M) = s then {S;(- — M)} ecza j—1 2 4 is a Riesz basis for
V2
@-
The functions a; form the first 1 rows of the matrix G|
In this case, the following interpolation property holds:

(£ZS-75)(M04): j,léaﬁv Oz,ﬂEZd 1, 0=1,2,...,5

Some remarks:

e The first r rows of the pseudo-inverse matrix
G(z) = [G*(#)G(2)] "' G*(x)

gives the a,; functions defining the canonical frame dual of

— T

{gj<x)€—27ma M x}aEZd, j=1,2,...,s

e Other suitable a; functions are given by the first row of the matrix
Gl(z) + U(z)[Is — G(z)GT(z)], where U(z) is any r(det M) x s
matrix function with entries in L°°[0, 1)¢

e We can take advantage of the oversampling setting s > r(det M).
There exist many solutions for the a; functions: One may use this
flexibility to obtain appropriate sampling functions 5 . For instance,
if the generators ¢}, and the impulse responses of the filters L; have
compact support we could choose the a; functions in order to obtain
sampling functions S5 , with compact support

Generalized irregular sampling

Assume that we have at our disposal the sequence of irregular samples
{(Lif)(Ma+¢eja)tqezd j—12.. s Ourstarting point is:
e T he expression of the irregular samples

(L) (Ma+ej4)) = (F, (L) (g)0, e 2™ M) aez,

foreach y =1,2,--- | s.
e The sequence {(Zﬁj@)(@,ai)e_zﬂiaTMTx}aezd)j:1727m’8 is a frame
for L2[0,1)% if and only if 0 < Aq < Bg < o0

A suitable approach is to consider the sequence

{(Z»qu))(gj,aa x>6—27riozTMTa}}

acZd j=12,....s

as a perturbation of the frame { (Z.L;®)(0, :E)G_ZMO‘TMTx}
for the error sequence € := {&; o} qeze j=12. 5
We define on E%(Zd) the linear operator D: := |D.1, ..., Dzs| where

acZd j=12,....s

D jc:= {S: y [ﬁjsﬁk(M@—ﬁ+8j,a)—Ejs%(MOé—ﬁ)]Ck,ﬁ}
k=1 peZ?

aeZd

for each ¢ = ({c18}geza, - -  {ergtgezd) € 02(Z%), and consider the

norm

S
D= s STID- el
lell gz =1 \ 5=

By using a standard result on perturbation of frames we get:

Let € := {¢, o} be a sequence error such that

ID:||? < Ag/det M.  Then, there exists a frame
{S](c?a}OZEZd,jZLQ,---,S for V, such that, for any f € V(%

FO =" (Lif)i(Ma+eja)S,t), teR

J=1 aezd

Two practical problems:

e To estimate Z§:1 ||D(,,_:JH2 in terms of 0 := sup, , |€j o] This can be
done, for instance, in Spline spaces.

e The sampling functions Sj?& are impossible to determine: They de-
pend on the error sequence. However, a frame algorithm can be
implemented in K%(Zd) to approximate f € ch from the samples

{<£jf)<Ma + 5j,04)}04€Zd,j:1,2,...,8

Acknowledgements

This work has been supported by the grant MTM2009-08345 from the
Spanish Ministerio de Ciencia e Innovacién (MICINN).

References

The proofs of the results above exhibited can be found in the references

below. See also references therein for previous and related works.

[1] A.G. Garcia and G. Pérez-Villalén (2006). Dual frames in L*(0, 1) connected with generalized sampling
in shift-invariant spaces. Appl. Comput. Harmon. Anal. 20, 422-433.

[2] A.G. Garcia and G. Pérez-Villalén (2007). Generalized irregular sampling in shift-invariant spaces. Int.
J. Wavelets Multiresolut. Inform. Process. 5, 369-387.

[3] H.R. Ferndndez-Morales, A.G. Garcia and G. Pérez-Villalén (2011). Generalized sampling in L?(R?)
shift-invariant subspaces with multiple stable generators. To appear in Multiscale Signal Analysis and
Modeling, LNEE, Springer.



