Generalized sampling in U-invariant spaces
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Motivation

Let Vg be a shift-invariant subspace of L?(IR) with a (stable) generator
p € L*(R), ie.,

Consider s linear-time invariant systems £;, 7 = 1,2,..., s defined on

2
V@

The generalized sampling problem: Recover
any function f € Vg from the sequence of samples
{(L;f)(kr)}rez: j=12... s by means of a sampling formula
as

Y;‘ﬁf kr) S

1=1 keZ

i(t—Fkr), teR,

where the sequence {S;(t —kr)}rez. j—12,.. s is a frame for

Vg (the sampling period r necessarily satisfies r < s).

Generalization

Given a Hilbert space H and a continuous group of unitary operators

{UYeg in H such that U = U,
o {U'},cp is family of unitary operators in H satisfying:
1. Ut Ut/ _ Ut—Hf’,
2.UY = Iy,
3. (U'w, )4 is a continuous function of ¢ for any =,y € H.

e For a fixed a € H, in case that the sequence {U"a}, 7 is a Riesz
sequence in ‘H we have

Ag = { Z apU"a : {an} € EQ(Z)} .
nez

e On the other hand, for b; € H, j =1,2...,s we consider the linear
operators z € H +— Ljz € C(R) defined on R as

(Lz)(t) = (x,U'b;)q, teER.

The generalized U-sampling problem: Given
bj € Ag, j=1,2...,5, our aim is to recover any = € A,
in a stable way, by means of the sequence of generalized sam-

ples
{ (ij) (kr)}kEZ;jzl,Q,...,s ’

In other words, to obtain a sampling formula like

N

keZ 1=1

)(kr)UMc; inH.

. is a frame for A,.

where {Ukrcj}kez j=1.2..

(Here r denotes a flxed number in N).

The sequence {U"a}, <z

e The auto-covariance function admits the integral representation

1
/ g 0), kel.

Ry(k) = {Uka,a>7_[ .

e [ he positive Borel spectral measure i, can be decomposed as
dpia(0) = ¢a(0)db + dpig(6).

e The sequence {U"a}, 7 is a Riesz basis for A, if and only if the
singular part i, = 0 and

0 < essinf ¢q(0) < esssup ¢q(f) < 00
96(_7T77T) (96(—77',7'(')

The study of the sequence {(f]“““bj},{éz.j:1 5> g

If for every j = 1,2,...5s the spectral measure in the integral represen-
tation of the (cross)-covariance function of the sequences {Uka}kez,
{Ukbj}kez has no singular part, we have the following representation

1 [T . .
<Uk Unrb]> / (k—rn)9¢a7bj(629>d9.

27
where ¢ ;. stands for the cross spectral density of the stationary corre-

lated sequences {U¥a} ey and {U"b; }keZ Consider the s x 1 matrices
of functions defined on the torus T := {e¢!? : 0 € [—7, 1)}

A\ |
a,p(") = (G0 (€ Gap(€?) - Sunle?)
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and

W () = (DS R p)(e”), 1=0,1,...,r—1,

where D, : L*(T) — L?(T) denotes the decimation operator

Z a (ko & Z ap oikO

keZ kel
and S : L?(T) — L?(T) denotes the (left) shift operator

Z ar k0 S Z Qg kO

ke, keZ

Finally, defining the s X r matrix of functions on the torus T
0 0 1 0 —1, 10
U p(e?) = (10 () WLy () . h(e)),
and its related constants,

Ag = e%seiqu}f Amin [\Ila,,b*@)qla,b(gﬂ :

By := esssup Apax [\Ila,b*(g")\Ila,b(C)}.
CeT

Two problems to solve:

. kzr ‘ .
e Characterize the sequence {U b]}kEZ;jzl,Z,...,s in A,

Theorem. Let b;j be in Ag for j =1,2,...,s, Wqp
be the associated matrix and Ay, By its related constants.
Then, the following results hold:

i) The sequence {Urkbj}kez;j:m,...s Is a complete system

in Ag if and only if the rank of the matrix W, (C) is 7
a.e. (in'T.

ii) The sequence {Urkbj}kez;jzl,z...s

Is a Bessel sequence
for A, if and only if the constant By < 00.

iii) The sequence {Urkbj}kez;j:m,...s
and only if constants Ay and By satisfy 0 < Ag <
By < o0. In this case, Ay and By are the optimal

frame bounds for {l]rl’gl)]-}kez,j:1 5 4

iv) The sequence {Urkbj}kez;jzl,z...s
A, if and only if it is a frame and s = 7.

is a frame for A, if

is a Riesz basis for

e To find its dual frames.
Define the 7 X s matrix I' of functions on T as

= Tpe™ = (g 5 (€)W g p(e”) T, b ().
keZ,

Note that \Ila,bT(ew) = [Wa,p (€ Z9)\116,,,1,(61'9)]_1\116,”1,*(63@'9) stands
for the Moore-Penrose Ieft—lnverse In the frame case we can define,

-
Uy = (Um“a7 Um“+1a7 — Um“+7“—1a)

and

((31, co, . .. ,cS)T = Z F];rak

ke,

Note that, under condition iii) in the Theorem, the matrix I'(¢?) has
entries in L°°(T).

Then, the sequences {U""¢;} ez jm12. s and {Ubi}kez j=19. s
are a pair of dual frames for A,. Hence we obtain the following recovery
formula in A,:

For any x € A, the following sampling expansion holds

=YY

1=1 keZ

UMb AU e;in A,

Some remarks:

e The analysis done provides a whole family of dual frames; in fact, ev-
erything works if we choose a matrix of the form

Py(e) = Wg 3 T(e?) + U(e) [Is — T g p(e) Ty pT ()],

where U(e') denotes any r x s matrix with entries in L°°(T).

e Notice that if s =7, W, b]L = W,, » 1 which implies that I is unique
and we are in presence of a pair of dual Riesz basis.

e In the Theorem we have assumed that b; belongs to A, for each
3 = 1,2,...
to be contained in A,. In case that some b; ¢ A, the sequence

rky .
{U b]}kEZ;jzl,Q,...s
- rky, .
be reformulated in terms of { P4 (U bJ)}keZ;jzl,Q,...s
onal projection onto A,.

: rky, .
,s since we want the sequence {U bj}keZ;jzl,Z,...s

is a pseudoframe for A, and the Theorem can

, the orthog-

The study of the time-jitter error

Next, we deal with the problem of the recovery of any x € A, in a stable
way from the perturbed sequence

{(Ljz)(kr + €)Y kez: j=1.2....5

where € := {€}.; }Lez: j—12.. s denotes a sequence of real errors.
Taking into account the L?(0,1) functions

gj(w) ==Y (a, UMb 3™ j=1,2,... s,
ke,

we can define the s X r matrix

G(w) = [g]- (w+ i 1)] |

r 1,2,...,s
1,2

J
k=1,2,....,r

and its related constants ag and g are given by
ac = essinf Ayin[GH(w)G(w)],
G wel(0.1/r) mln[ ( ) ( )]

B = esssup Amax|GH(w)G(w)] .
we(0,1/7)

The sequence {g;(w) eZWirnw}nEZ;j:LQ’“.’S is a frame for (0, 1) if and
only if 0 < ag < g < o0.

The idea is to consider the sequence { g, ;(w) GZWirmw}mez;jzl,Z,...s as
a perturbation of the above frame in L%(0, 1), where
I, j(w) = Z(a, Uk+€mjbj>7_[ 2MRW 519 .5,
kel
For |v| < 1/2, define the functions,
M) = 32 s [(a, UM by) — (o, UFD)]
L7 E[_fyafy]
and
Na,bj(fY) —
max max _|(a, UrmijHbj} — (a, Urm+kbj>| .
/C—O,l,...,?“—lmez tel—v,7]
Notice that N p, (7) < M, p,(7) and for r =1 the equality holds.
Consider now:
o the continuous functions ¢;(t) := (a,U%;), j = 1,2,...,s, satisfy

a decay condition as ¢;(t) = O([t|” H”ﬂ')) when |t| — oo for some
1; > 0 (this implies the continuity of N, 3 () and M3 (7) at 0).

e the functions g;, satisty 0 < ag < fg < 0.

e for an error sequence € =
V5 = SUPmez |€mj|-

Then we have the following perturbation result:

{€mjtmez: j=1.... s define the constant

Theorem. The condition ijl Ma b; (WJ)NQ b, (V])

ag/r implies that there exists a frame {C° }mEZ,] 1.2,...,8
for A, such that, for any z € A, the sampllng expansion

S
. Sj S: (, U enih g, Cf.; inH,

Jj=1meZ

holds. Moreover, when r = s the sequence
{Ofn]’}mEZ;j:LQ,. s is a Riesz basis for Ay, and the in-
terpolation property <C’€ Urm+€mlbl>H = 0 1 On,m holds.

ny’

The preceding sampling formula is useless from a practical point of view:
it is impossible to determine the involved frame {CF }meZ,] 12,5
As a consequence, in order to recover x € A, from the sequence of inner
products { ,Urm“mﬂb H} we could implement a frame

algorithm in ¢%(Z).

The proofs of the results above exhibited can be found in the references
below. See also references therein for previous and related works.

mel; 1=1,2,...,8
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