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Shannon’s sampling theorem.

If a function of time is limited to the band
from 0 to W cycles per second, it is
completely determined by giving its ordinates
at a series of discrete points spaced 1/2W
seconds apart in the manner indicated by the
following result: If f(t) has no frequencies
over W cycles per second, then

Claude Elwood 0o ; .
Shannon 1916-2001 (=3 f(ZIrA/)W
(W —

nN=—o0

A mathematical theory of comunication, Bell
System Tech. J., 27(1948), 379-423.
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Whittaker-Shannon-Kotel’nikov theorem.

If f(t) is a signal (function) band-limited to
[—o,0],i.e.,

1 (og
f(t)=—=
(1) e )
for some F € L?(—o, ), then it can be

reconstructed from its samples values at the
points t = kr/o, k € Z, via the formula

F(w)e™dw,
Edmund T. Whittaker
1873-1956

(=3 f(tk)w.

k=—o0

with the series being absolutely and

Viadimir A. Kotelnikov uniformly convergent on compact sets )

1908-2005
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Augustin L. Cauchy Siméon D. Poisson Emile Borel
1789-1857 1781-1840 1871-1956

Jacques Hadamard Charles de la Vallée John M. Whittaker
1865-1963 Poussin 1866-1962 1905-1984
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Drawbacks in WSK

it relies on the use of low-pass ideal filters.

the band-limited hypothesis is in contradiction with the idea of a
finite duration signal.

the band-limiting operation generates Gibbs oscillations.

the sinc function has a very slow decay at infinity which makes
computation in the signal domain very inefficient.

the sinc function is well-localized in the frequency domain but it is
bad-localized in the time domain.

in several dimensions it is also inefficient to assume that a
multidimensional signal is band-limited to a d-dimensional
interval
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Generalized sampling problem in shift-invariant subspaces of L?(R).

Assume that ¢ € L2(R); if the sequence {¢(t — n)}nez is a Riesz
sequence for L?(R), then we can define the shift-invariant space Vg

V2 = {Zan o(t—n) : {antnez € e2(2)}

nez
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Generalized sampling problem in shift-invariant subspaces of L%(R).

Assume that ¢ € L2(R); if the sequence {o(t — n)}nez is a Riesz
sequence for L?(R), then we can define the shift-invariant space V§

V2 — {Zan o(t—n) : {an}nes € 4‘2(2)}

nez

A sequence {Xx,}ncz in a separable Hilbert space # is called a Riesz
sequence if there exists constants 0 < ¢ < C < oo such that

o> la?) < H%anxn * < C(H%Ianlz)

nez

for all {an}nez € 3(Z).
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Generalized sampling problem in shift-invariant subspaces of L%(R).

Assume that ¢ € L2(R); if the sequence {p(t — n)}nez is a Riesz
sequence for L?(R), then we can define the shift-invariant space V3

Vé = {Z(}in o(t—n) : {antnez € fz(Z)}

nez

A Riesz basis in a separable Hilbert space H is the image of an
orthonormal basis by means of a bounded invertible operator

Héctor R. Fernandez Morales



If we consider

@ Lif:=fxh; j=1,2,...sare convolutions systems (linear
time-invariant systems) defined on V2.
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If we consider

@ Lif:=fxh; j=1,2,...sare convolutions systems (linear
time-invariant systems) defined on V2.

@ The sequence of samples {(£; f)(rm)}mez;j=1,2,....s Where r € N,
is available for any f in V2.
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If we consider

@ Lif:=fxh;, j=1,2,...5sare convolutions systems (linear
time-invariant systems) defined on V2.

@ The sequence of samples {(L; f)(rm)}mez; j=1,2,....s Where r € N,
is available for any fin V2.

The generalized sampling problem is to obtain sampling formulas in
V2 having the form

f(t) = zs: > (Lif)(rm) S(t—rm), teR,
j=1 meZ

where the reconstruction sequence of functions
{Sj(- — rm)}mez;j=1.2...s is a frame for V2.
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If we consider
@ Lif:=fxh;, j=1,2,...5sare convolutions systems (linear
time-invariant systems) defined on V2.

@ The sequence of samples {(L; f)(rm)}mez; j=1,2,....s Where r € N,
is available for any fin V2.

A sequence {f}3° , is a frame for a separable Hilbert space # if
there exist constants A, B > 0 (frame bounds) such that

AlfIP <D I B2 < BIIfP forall feH
k=1
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Generalize this problem in the following sense:

Let U be an unitary operator in a separable Hilbert space H; for a
fixed a € H, consider the closed subspace given by

Héctor R. Fernandez Morales
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Generalize this problem in the following sense:

Let U be an unitary operator in a separable Hilbert space H; for a
fixed a € H, consider the closed subspace given by

Ag:=span{U"a, nc Z}.
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Generalize this problem in the following sense:

Let U be an unitary operator in a separable Hilbert space H; for a
fixed a € H, consider the closed subspace given by

Ag:=span{U"a, nc Z}.

In case that the sequence {U"a} ¢z is a Riesz sequence in H we

have
Aa={Y anUra: {ankpez € 2(2)}.

nez
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Generalize this problem in the following sense:

Let U be an unitary operator in a separable Hilbert space H; for a
fixed a € H, consider the closed subspace given by

Ag:=span{U"a, nc Z}.

In case that the sequence {U"a} ¢z is a Riesz sequence in H we

have
Aa={Y anUra: {ankpez € 2(2)}.

nez

Examples: Translation and Modulation operator on L3(R)
(Taf)(t) = f(t— a) (Maf)(t) = f(t)e™
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@ The auto-covariance function admits the integral representation

Rulk) = (U@ a)n = 5 / dua(0), kel

—T
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The sequence {U"a} e,

@ The auto-covariance function admits the integral representation

Rulk) = (Ua.aln = 5 [ eMdual®), ke,

—T

@ The positive Borel spectral measure 1, can be decomposed as
dpa(t) = da(0)db + duz(6).
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The sequence {U"a} ¢z

@ The auto-covariance function admits the integral representation

Ralk) = (Ua.aln = 5- [ e¥dual®), ke,

—T

@ The positive Borel spectral measure 1, can be decomposed as
dpa(f) = ¢a(0)db + dpuz(6).

@ The sequence {U"a} ¢z is a Riesz basis for A, if and only if the
singular part 5 = 0 and

0 < essinf ¢4(0) < esssup ¢p,(0) < .
oe(—m,m) oe(—m,m)
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Given the sequence { U b;
challenging problem is:

}keZ,j:umswith beH,j=1,2,...,sa
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Given the sequence {U”‘bj}kez;j:mp_”s with by e H,j=1,2,...,s,a
challenging problem is:
o Characterize the sequence {U™b;}, ;.. ,, . asaframe
(Riesz basis) in A,.

Héctor R. Fernandez Morales
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Given the sequence {Ur"bj}kez_j:t2 AAAAA JWithbeH,j=1,2,...,sa
challenging problem is: -
o Characterize the sequence {U™b;}, ;.. ,, . asaframe
(Riesz basis) in A,.
@ Look for those dual frames having the same form

rk A, ;
{U™Ci} s jm1......s fOr SOME G € Aj,, s0 that, for any x € A, the
expansion

S
x =" "(x,U*b) U%c inH

j=1 kez
holds.
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In the shift-invariant case, U is defined as the shift operator
U: f(u) = f(u—1)in L2(R) and we have

(f, U b)y = /oo f(u)b(u — rk)du = (f« h)(rk), u€eR,

— 00

where h(u) := b(—u).




Forevery j =1,2,...s we have the following representation

(U"a, Unrbj> _ 21_7r/ ei(k—rn)eqsa’bi(eio)de‘
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Forevery j=1,2,...s we have the following representation

<Uka, Unrbl> _ 217/ ei(kim)eﬂsa_bj(em)d().

—Tr

Consider the s x 1 matrices of functions defined on the torus
T:={e%:0¢[-nmn)}

¢a,b1 (el:e)
bab,(€?)

¢3»bs (6/9)

¢a,b(e"9) =

)
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Forevery j=1,2,...s we have the following representation

1

(Uka, U b)) = 271'/ e'k=mP g, n(€”)db.

Consider the s x 1 matrices of functions defined on the torus
T:={€?:0¢c[-mn)}
¢a7b1(el:2)
, ba,b,(€")

Sap(e®) = |
¢3»bs(ei9)
and

ho(€7) = (DS o)), 1=0,1,...,r—1.

Héctor R. Fernandez Morales
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Where D;, S : L3(T) — L3(T) denote the decimation operator and the
(left) shift operator respectively

Z ax ek® ,i Z an ekt Z ax L ,i> Z o ekt

keZ keZ keZ keZ
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Where D;, S : L3(T) — L3(T) denote the decimation operator and the
(left) shift operator respectively

Z ax ek® ,i Z an ekt Z ax L ,i> Z o ekt

keZ keZ keZ keZ

Finally, defining the s x r matrix of functions on the torus T

Wab(e”) i= (W3,(7) Wp(e”) ... Wi (")),

Héctor R. Fernandez Morales
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Where D;, S : L3(T) — L3(T) denote the decimation operator and the
(left) shift operator respectively

Z ace? RN Z ae? Z axe? N Z o ekt
kezZ keZ keZ kezZ
Finally, defining the s x r matrix of functions on the torus T
Wan(e”) = (W5u(e”) Who(e”) ... Wip(e")),
and its related constants,
Ay = escgiTnf Amin [Wa,b™ (O)Wa,b(¢)]:

By := s Amax[Wa,b™(C)Wa,b(C)]
&
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Theorem.

Let bjbein A;forj=1,2,...,sand let W, be the associated
matrix. Then, the following results hold:

Hooo

only if it is a frame and s = r.
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Taking into account the r x s matrix 'y of functions on T

Fu(e?) == Wl () + U(e?) [Is — Wap(e?)W] ()],
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The frame expansion

Taking into account the r x s matrix I'y of functions on T
Fy(e) == Wl () + U(e") [Is — Wap(e”)W] ()],

where U(e!’) is any r x s matrix with entries in L>(T), and W} ,
denotes the Moore-Penrose left-inverse of W, p,

W () = (W3 () Wap(@)] W p(c").

Héctor R. Fernandez Morales
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The frame expansion

Taking into account the r x s matrix I'y of functions on T
Fu(e?) i= Wi (") + U(”)[Is — Wap(e?)W] p(e)],

where U(e'?) is any r x s matrix with entries in L>°(T), and w;’b
denotes the Moore-Penrose left-inverse of W, p,

W () = (W3 () Wap(@)] W p(c").

We can find ¢j € A, such that the sequences {U¥ ¢/} kez: j—1.2,....s and
{U¥ bj}kez; j—1.2,..s are a pair of dual frames for A,. Hence, for any
x € A, we obtain the following recovery formula

S
X= > (x,U"b)U"q inH.

j=1 KkEeZ

Héctor R. Fernandez Morales



We are going to deal with the following problems:



Time-jitter error

We are going to deal with the following problems:

@ Study the perturbed sequence { U b;}, e B
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Time-jitter error study

We are going to deal with the following problems:

@ Study the perturbed sequence {U”‘*ek/bj}kez;j:1 o o

@ Recover x € A, from the perturbed sequence of samples

{<X, Urk+€kjbj>}kez;jznz,..,s'

Héctor R. Fernandez Morales
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Time-jitter error study

We are going to deal with the following problems:

@ Study the perturbed sequence {U”‘*fk/bj}kez;j:1 o o

@ Recover x € A, from the perturbed sequence of samples

{(x, Urk+€kjb/'>}keZ;j:1,2,...,s'

In order to give sense to U™*<m b; we need to introduce a
continuous group of unitary operators {U'};cg, such that U = U".

Héctor R. Fernandez Morales
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A brief walk on continuous groups of unitary operators

{U"}cr is a family of unitary operators in A satisfying:

o ut Ut’ _ Ut+t’ ,

Q U =1y,

© (U'x, y) is a continuous function of t for any x,y € H.

Héctor R. Fernandez Morales
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A brief walk on continuous groups of unitary operators

{U"}cr is a family of unitary operators in A satisfying:

Q UU = Ut

Q U =1y,

@ (U'x,y)4 is a continuous function of t for any x, y € H.

Classical Stone’s theorem assures us the existence of a self-adjoint
operator T (possibly unbounded) such that U' = ¢''". This self-adjoint
operator T, defined on the dense domain Dy of H.

Héctor R. Fernandez Morales
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A brief walk on continuous groups of unitary operators

{U"}cr is a family of unitary operators in A satisfying:

Q UU = Ut

Q U =1y,

@ (U'x,y)4 is a continuous function of t for any x, y € H.

Classical Stone’s theorem assures us the existence of a self-adjoint
operator T (possibly unbounded) such that U' = ¢''". This self-adjoint
operator T, defined on the dense domain Dy of H.

Notice that, whenever the self-adjoint operator T is bounded, Dr = H
and e"T can be defined as the usual exponential series; in any case,
U! = '™ means that

Uxy)= [ emdlEaxy), teR,

o0

where x € Dy and y € H.
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Taking into account the L2(0, 1) functions

g(w) == (a Urb)ye®™ ™ j=12. s,

keZ
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Recover x € A, in a stable way from the perturbed sequence

{{x, Urm+€’"’bj>7-l}kez;jzuz,“.,s :

Taking into account the L2(0, 1) functions
g(w) =) (a Ub)ye®™ j=1,2, .. s,

keZ
we can define the s x r matrix
gi(w) gi(w+1) - gi(w+ )

gs(W) Gs(W+1) - gs(wt 1)

Héctor R. Fernandez Morales
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Recover x € A, in a stable way from the perturbed sequence
{{x, Urm+€mjbf>7'l}kez;j:1,2“ 5"

Taking into account the L2(0, 1) functions

gi(w) == (a Ukby)y e ™™ j=12 s,

kez
we can define the s x r matrix
gi(w) gi(w+1) - gi(w+ =)
G(w) := gz2(w) gg(W+1;) s go(w+ %)
gs(w) gs(w+1) - gs(w+ 1)

and its related the constants ag and (g given by
ag = €ess |nf )\m.n[G*( w)G(w)],

we(0,

g = esssup )\max[G (W)G(w)].
we(0,1/r)
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Assume that we have 0 < ag < 8¢ < oo, then we can find a positive
number ~ such that, if an error sequence € := {emj} mez: j=1.2.....s
satisfies the inequality,

l€lloo == max  supem| <~y
j=1,2,....,8 mez

then there exists a frame {C7, ;}mez j=1,2,...s for A, allowing the
recovery of any x € A, by means of the sampling expansion

S
X=X, UMby C,; inH.

j=1 meZ

Héctor R. Fernandez Morales



THANKS.
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