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Motivation

Generalized sampling problem in shift-invariant subspaces of L2(R).

Assume that ¢ € L2(R); if the sequence {¢(t — n)}nez is a Riesz
sequence for L?(R), then we can define the shift-invariant space V2

V2 = {Zan o(t—n) : {antnes € EZ(Z)}

nez
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Motivation

Generalized sampling problem in shift-invariant subspaces of L2(R).

Assume that ¢ € L2(R); if the sequence {o(t — n)}nez is a Riesz
sequence for L?(R), then we can define the shift-invariant space Vj

V2 — {Zan o(t—n) : {an}nez € 4‘2(2)}

nezZ

A sequence {Xx,}ncz in a separable Hilbert space # is called a Riesz
sequence if there exists constants 0 < ¢ < C < oo such that

(Y 1a) < | H%anxn "< C(nélanlz)

neZ

for all {an}nez € 2(Z).
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Motivation

Generalized sampling problem in shift-invariant subspaces of L2(R).

Assume that ¢ € L2(R); if the sequence {¢(t — n)}nez is a Riesz
sequence for L?(R), then we can define the shift-invariant space Vj

V2 — {Zan o(t—n) : {antnez € e‘?(Z)}

nez

A Riesz basis in a separable Hilbert space H is the image of an
orthonormal basis by means of a bounded invertible operator
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If we consider

@ Lif:=fxh;, j=1,2,...sare convolutions systems (linear
time-invariant systems) defined on V2.
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If we consider

@ Lif:=fxh;, j=1,2,...sare convolutions systems (linear
time-invariant systems) defined on V2.

@ The sequence of samples {(£; f)(rm)}mez; j=1,2,...s Where r € N,
is available for any f in V2.
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If we consider

@ Lif:=fxh;, j=1,2,...5sare convolutions systems (linear
time-invariant systems) defined on V2.

@ The sequence of samples {(L; f)(rm)}mez; j=1,2
is available for any f in V2.

s where r € N,

.....

The generalized sampling problem is to obtain sampling formulas in
V2 having the form

ZZ (£;f)(rm) St — rm), teR,
j=1 meZ

where the reconstruction sequence of functions
{Si(- — rm)}mez;j=1.2.....s is a frame for V2.
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If we consider
@ Lif:=fxh;, j=1,2,...sare convolutions systems (linear
time-invariant systems) defined on Vg .

@ The sequence of samples {(£; f)(rm)}mez;j=1,2,....s Where r € N,
is available for any fin V2.

A sequence {fi};° , is a frame for a separable Hilbert space # if
there exist constants A, B > 0 (frame bounds) such that

AlfIP <D I B2 < BJIfP forall feH
k=1
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Regular case

Generalize this problem in the following sense:

Let U be an unitary operator in a separable Hilbert space H; for a
fixed a € H, consider the closed subspace given by
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Regular case

Generalize this problem in the following sense:

Let U be an unitary operator in a separable Hilbert space H; for a
fixed a € H, consider the closed subspace given by

Az :=span{U"a, nec Z}.
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Regular case

Generalize this problem in the following sense:

Let U be an unitary operator in a separable Hilbert space H; for a
fixed a € H, consider the closed subspace given by

Az :=span{U"a, nec Z}.

In case that the sequence {U"a} <z is a Riesz sequence in H we

have
Ag = {Zan Ua: {an}nez € zZ(Z)}.

nez
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Regular case

The sequence {U"a}

@ The auto-covariance function admits the integral representation

1"
Ralk) = (Uaan = 5- | Mdus(0), ke,
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Regular case

The sequence {U"a}

@ The auto-covariance function admits the integral representation

1"
Ralk) = (Uaan = 5- | Mdus(0), ke,

@ The positive Borel spectral measure 1, can be decomposed as
dpa(f) = ¢a(0)do + dpu3(6).

Héctor R. Fernandez Morales



Regular case

The sequence {U"a}

@ The auto-covariance function admits the integral representation

1"
Ralk) = (Uaan = 5- | Mdus(0), ke,

@ The positive Borel spectral measure 1, can be decomposed as
dpa(f) = ¢a(0)do + dpu3(6).

@ The sequence {U"a} ¢z is a Riesz basis for A, if and only if the
singular part § = 0 and

0 < essinf ¢4(0) < esssup ¢4(0) < 0.
oe(—m,m) oe(—m,m)
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Regular case

Given the sequence { U™ b;
challenging problem is:

}kEZ;/’:1.2 ..... sWith bjet,j=1,2,...,sa
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Regular case

Given the sequence { U™ b;
challenging problem is:
@ Characterize the sequence { U™ b;
(Riesz basis) in A,.

}kEZ;/’:1.2 ..... sWith bjet,j=1,2,...,sa

}kez;j:1,2,...,s as a frame
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Regular case

Given the sequence { U™ b;
challenging problem is:
@ Characterize the sequence { U™ b;
(Riesz basis) in A,.
@ Look for those dual frames having the same form

}kEZ;/’:1.2 ..... sWith bjet,j=1,2,...,sa

}kez;j:1,2,...,s as a frame

{Urkcj}kez_j:1 , ¢ forsome ¢ € Ay, sothat, for any x € A, the
expansion
X = ZZ x, U bj) U*¢; inH
j=1 kez
holds.
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Regular case

In the shift-invariant case, U is defined as the shift operator
U: f(u) = f(u—1)in L2(R) and we have

(f, U™b)y = /Oo f(u)b(u — rk)du = (f x h)(rk), u€eR,

— 00

where h(u) := b(—u).
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Regular case

Procedure

Forevery j=1,2,...s we have the following representation

T ]

<Uka, Unrbj> _ zl/ ei(k—rn)é)(f)a’b (e"’)d&.

—T

Héctor R. Fernandez Morales



Regular case

Procedure

Forevery j=1,2,...s we have the following representation

<Uka, Unrbj> _ zl/ ei(k—rn)é)(f)a’b (e"’)d&.

]
T™J

Consider the s x 1 matrices of functions defined on the torus
T:={e%:0¢[-mmn)}

Pa,by (el:e)
bab,(€)

- bl

®op(e?) =

Gab,(€")
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Regular case

Procedure

Forevery j=1,2,...s we have the following representation

<Uka, Unrbj> _ zl/ ei(k—rn)é)(f)a’b (e"’)d&.

j
u —Tr

Consider the s x 1 matrices of functions defined on the torus
T:={e%:0¢[-mmn)}

Pa,by (el:e)
bab,(€)

- bl

®op(e?) =

Gab,(€")

and ' '
W, (€7) = (DS 'd,p) (%), 1=0,1,...,r—1.
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Regular case

Where D, : L?(T) — L?(T) denotes the decimation operator

Z ax gkt & Z an L

keZ keZ
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Regular case

Where D, : L?(T) — L?(T) denotes the decimation operator

Z ax gkt & Z an L

keZ keZ
and S : L?(T) — L?(T) denotes the (left) shift operator

Z akeike 'i> Z E gkt

KeZ keZ
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Regular case

Where D, : L?(T) — L?(T) denotes the decimation operator

Z ax gkt & Z an L

keZ keZ
and S : L?(T) — L?(T) denotes the (left) shift operator

Z akeike 'i> Z E gkt

KeZ keZ

Finally, defining the s x r matrix of functions on the torus T

Wan(e”) = (W3 u(e”) WLp(e”) ... W (e")),

T — T e
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Regular case

Where D, : L?(T) — L?(T) denotes the decimation operator

Z ax gkt & Z an L

keZ keZ
and S : L?(T) — L?(T) denotes the (left) shift operator

Z akeike 'i> Z E gkt

KeZ keZ

Finally, defining the s x r matrix of functions on the torus T
Wan(e”) = (W3 u(e”) WLp(e”) ... W (e")),
and its related constants,
Ay = escgiTnf Amin [Wa,b™ (O)Wa,b(C)]:

By := sy Amax [Wa,b" (()Wa,b(¢)]
€
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Regular case

Let by bein A;forj=1,2,...,sand let W, be the associated
matrix. Then, the following results hold:

and only if the rank of the matrix W, p(¢) is ra.e. (in T.
ii) The sequence {U™b;}, , ., , isaBessel sequence for A,
if and only if the constant By < oc.

constants Ay and By satisfy 0 < Ay < By < oo. In this case, Ay
and By are the optimal frame bounds for {U™b;}, ;.. .

is a Riesz basis for A, if and

iv) The sequence {Urkbf}kez;j:1.2....s
onlyifitisaframeands=r.
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Regular case

The frame expansion

Taking into account the r x s matrix 'y of functions on T

Fu(e”) == W () + U(e”) [Is — Wap(e”)W] p(e”)],
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Regular case

The frame expansion

Taking into account the r x s matrix 'y of functions on T
Fu(e) i= W] p(e”) + U(e”) [Is — Wap(e”)W] 5(e)],

where U(e'’) is any r x s matrix with entries in L>(T), and W]
denotes the Moore-Penrose left-inverse of W, p,

“’l,b(eie) = (W3 () Wap(e?)] 7 W} ().

Héctor R. Fernandez Morales



Regular case

The frame expansion

Taking into account the r x s matrix 'y of functions on T
rlU( 1()) w| ( 1()) +U( )[ o \ua?b(ei())\u;b(ei()ﬂ7

where U(e'’) is any r x s matrix with entries in L>(T), and W]
denotes the Moore-Penrose left-inverse of W, p,

Wl (e) = (W3 p(e”) Wa ()] W ().

We can find ¢; € A, such that the sequences {UX ¢j}kez: j—1.2,..s and
{UX b} kez: j=1.2....s are a pair of dual frames for A,. Hence, for any
x € A, we obtain the following recovery formula

S
x=>">(x,Ub)U"¢ inH.

j=1 kez

v
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Irregular case

Irregular case

We are going to deal with the following problems:
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Irregular case

We are going to deal with the following problems:

@ Study the perturbed sequence {Urk+6kjbj}kez;j:1 o o

@ Recover x € A, from the perturbed sequence of samples
{<X, Urk+ek,-bj

>}keZ;j=1,2,...,s'
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Irregular case

Irregular case

We are going to deal with the following problems:

@ Study the perturbed sequence {Urk+6kjbj}kez;j:1 o o

@ Recover x € A, from the perturbed sequence of samples
{<X, Urk+ek,-bj

>}keZ;j=1,2,...,s'

In order to give sense to U™*<m b; we need to introduce a
continuous group of unitary operators {U'};cg, such that U = U'.
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Irregular case

A brief walk on continuous groups of unitary operators
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Irregular case

A brief walk on continuous groups of unitary operators

{U%}cr is a family of unitary operators in H satisfying:
Q UU = Uttt
Q U =1y,
© (U'x, y) is a continuous function of t for any x,y € H.
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Irregular case

A brief walk on continuous groups of unitary operators

{U%}cr is a family of unitary operators in H satisfying:
Q UU = Uttt
Q U =1y,
© (U'x, y) is a continuous function of t for any x,y € H.

Classical Stone’s theorem assures us the existence of a self-adjoint
operator T (possibly unbounded) such that U' = ¢'/". This self-adjoint
operator T, defined on the dense domain of H

Dy = {x € H such that / w? d||Ewx|f? < 00}7

admits the spectral representation T = ffcoo w dE,, which means:
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Irregular case

A brief walk on continuous groups of unitary operators

{U%}cr is a family of unitary operators in H satisfying:
Q UU = Uttt
Q U =1y,
© (U'x, y) is a continuous function of t for any x,y € H.

Classical Stone’s theorem assures us the existence of a self-adjoint
operator T (possibly unbounded) such that U' = ¢'/". This self-adjoint
operator T, defined on the dense domain of H

Dy = {x € H such that / w? d||Ewx|f? < 00}7

admits the spectral representation T = ffcoo w dE,, which means:

<Tx,y>:/ wd(Eyx,y) foranyxe Drandye®H,

where {E, }wcr is the corresponding resolution of the identity.
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Irregular case

is a one-parameter family of projection operators E,, in H such that
Q@ E = Ilm E,=04, Eo:= lim E, =y,
W— —00 W—00

Q@ E,- = E, forevery —oo < w < oo,
Q E,E, = E, where w = min{u, v}.
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Irregular case

is a one-parameter family of projection operators E,, in H such that
Q@ E = Ilm E,=04, Eo:= lim E, =y,
W— —00 W—00

Q@ E,- = E, forevery —oo < w < oo,
Q E,E, = E, where w = min{u, v}.
Recall that || E, x||> and (E,x, y), as functions of w, have bounded

variation and define, respectively, a positive and a complex Borel
measure on R.
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Irregular case

is a one-parameter family of projection operators E,, in H such that
Q@ E = lim E,=0y, Eo:= Ilm E,=Ily,
W——o0 wW—o00

Q E, =E,forevery —co < w < o0,
Q E,E, = E, where w = min{u, v}.
Recall that || E, x||> and (E,x, y), as functions of w, have bounded

variation and define, respectively, a positive and a complex Borel
measure on R.

Notice that, whenever the self-adjoint operator T is bounded, Dy = H
and ¢'” can be defined as the usual exponential series; in any case,
Ut = ¢'" means that

<U'x,y>:/ éMd(E,x,y), tER,

— 00

where x € Drand y € H.

V.
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Irregular case

The perturbed sequence {U"*“b;}, , . |

2,...,5"

Assuming that
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Irregular case

The perturbed sequence {U"*“b;}, , . |

2,...,5"

Assuming that
@ s=randbjecDr,j=1,2,...,8.
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Irregular case

The perturbed sequence {U"*“b;}, , . |

2,...,8"

Assuming that
@ s=randbjecDr,j=1,2,...,8.
@ The sequence {Ukrbj}kez;j:1 2....ris a Riesz basis for Aj.
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Irregular case

The perturbed sequence {U"*“b;}, , . |

2,...,8"

Assuming that
@ s=randbjecDr,j=1,2,...,8.
@ The sequence {Ukrbj}kez;j:1 2....ris a Riesz basis for Aj.

If the following constant

oo

. 2 2 12
Ri= e}, max { [ wid|EubP}.

— 00
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Irregular case

Assuming that
@ s=randbjecDr,j=1,2,...,8.
@ The sequence {Ukrbj}kez;j:1 2....ris a Riesz basis for Aj.

If the following constant

oo

. 2 2 12
Ri= e}, max { [ wid|EubP}.

— 00

satisfies R < Ay, then the sequence {UX*“b;}ics. 12, isa
Riesz sequence in .
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Irregular case

Recover x € A, in a stable way from the perturbed sequence
{{x, Um+em b;

>’H}kez;,’:1.2 ..,S
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Irregular case

Recover x € A, in a stable way from the perturbed sequence
{06, U™ enb)pt,

H=1E2 s’

Taking into account the L2(0, 1) functions

g(w) =) (a Uty ™, j=1,2,. s,

kEZ
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Irregular case

Recover x € A, in a stable way from the perturbed sequence
{{x, Urm+€mjbj>’7-l}kez;j:1.2 ..... s

Taking into account the L2(0, 1) functions

g(w) =) (a Uty ™, j=1,2,. s,

keZ
we can define the s x r matrix
gi(w) gi(w+1) - gi(w+21)
G(w) = [92(W) G@(w+71) - go(w+ )
gs(w) gs(w+ 17) s gs(w + %)
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Irregular case

Recover x € A, in a stable way from the perturbed sequence
{< Urm+em/b H}keg

j=12,....,s "

Taking into account the L2(0, 1) functions

gi(w) == (a Urby)y ™™ j=12 s,

kELA
we can define the s x r matrix
gi(w) gi(w+1) - gi(w+21)
G(w) = [92(W) G@(w+71) - go(w+ )
gs(w) gs(w+ 17) s gs(w + %)

and its related the constants ag and Sg given by

ag = essinf Amin[G*(W)G(w)],
we(0,1/r)

Bg = €8S SUP Amax[G™(W)G(w)].
we(0,1/r)
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Irregular case

Assuming that we have 0 < ag < 8¢ < 0.
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Irregular case

Assuming that we have 0 < ag < 8¢ < 0.
We can find a positive number ~ such that, if the constants
v = Sup ‘ij‘
mez

are smallerthan~ forallj=1,2,...,s,
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Irregular case

Assuming that we have 0 < ag < 8¢ < 0.
We can find a positive number ~ such that, if the constants
7 = Sup |€mj]
are smaller than « forall j = 1,2,..., s, then there exists a frame

{Ch I mez; j=1,2,....s for A, allowing the recovery of any x € A, by
means of the sampling expansion

xfzz X, Umtemby)y Cry inH.

j=1 meZ
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Irregular case

THANKS.
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Irregular case

@ It has been proved that the sequence {gj(w) e®™"™} ez i 12 s
is a frame for L2(0,1) if and only if 0 < ag < B¢ < cc.
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Irregular case

@ It has been proved that the sequence {gj(w) e®™"™} ez i 12 s
is a frame for L2(0,1) if and only if 0 < ag < B¢ < cc.

@ Consider the sequence {gm,j(w) ez’“”"""}mez_j:1 o s
perturbation of the above frame in L2(0, 1), where

gmj(w) = (a, Uktemby)y ek j= 12, s.

keZ

as a
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Irregular case

@ It has been proved that the sequence {gj(w) e®™"™} ez i 12 s
is a frame for L2(0,1) if and only if 0 < ag < B¢ < cc.

@ Consider the sequence {gm,j(w) ez’“”"""}mez_j:1 o s
perturbation of the above frame in L2(0, 1), where

gmj(w) = (a, Uktemby)y ek j= 12, s.
keZ

as a

@ Define the functions,

Map (1) =D fnax I(a, Ub)) -~ (a, Uyl
kezZ Y

and
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Irregular case

@ It has been proved that the sequence {gj(w) e®™"™} ez i 12 s
is a frame for L2(0,1) if and only if 0 < ag < B¢ < cc.

@ Consider the sequence {gm,j(w) ez’“”"""}mez_j:1 , casa

perturbation of the above frame in L2(0, 1), where

gmj(w) = (a, Uktemby)y ek j= 12, s.

keZ

@ Define the functions,

Mas(7):= " max |(a U*th) — (a, Ub)],

kez 'S
and
Na,b,(W) =
k:ol:?é?(,,q Z ter[na/x ] ‘< Urm+k+tb/'> - <a~ UmH_kbj}\ .
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Irregular case

@ Notice that Nap, (7) < Map (v) and for r = 1 the equality holds.
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Irregular case

@ Notice that N, p,(7) < Map, () and for r = 1 the equality holds.

@ Assuming that the continuous functions go,(t) (a, U'by), satisfy
a decay condition as ¢;(t) = O(|t|~("+%)) when [t| — oo for
some 7; > 0, we deduce that the functions Ny p,(v) and M, ,(7)
are continuous near to 0.
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Irregular case

@ Notice that N, p,(7) < Map, () and for r = 1 the equality holds.

@ Assuming that the continuous functions go,(t) (a, U'by), satisfy
a decay condition as ¢;(t) = O(|t|~("+%)) when [t| — oo for
some 7; > 0, we deduce that the functions Ny p,(v) and M, ,(7)
are continuous near to 0.

@ Finally the condition involving the constants ~; is

S
Z Ma.b,(7j)Nab, (7)) < ac/r
j=1
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Irregular case

@ Notice that N, p,(7) < Map, () and for r = 1 the equality holds.

@ Assuming that the continuous functions gol(t) (a, U'by), satisfy
a decay condition as ;(t) = O(|t|=(1*")) when [t| — oo for
some 7; > 0, we deduce that the functions Ny p,(v) and M, ,(7)
are continuous near to 0.

@ Finally the condition involving the constants ~; is

S
> Map (4)Nap, (7)) < ac/r

The obtained sampling formula is useless from a practical point of
view: it is impossible to determine the involved frame
{Ch jtmez;j=1,2,....s- As @ consequence, in order to recover x € A,

from the sequence of inner products {(x, U™ mby)y, }
we could implement a frame algorithm in the ¢2(Z) setting.

mez;j=12,...,s
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