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Introduction

Claude E. Shannon,
1916-2001.

Shannon’s sampling theorem.

If a function of time is limited to the
band from 0 to W cycles per second, it is
completely determined by giving its
ordinates at a series of discrete points
spaced 1/2W seconds apart in the
manner indicated by the following result:
If f(t) has no frequencies over W cycles
per second, then

o0

n \ sin 7(2Wt — n)
=3 fow) T@Wt —n)

nN=—oc

A mathematical theory of comunication,
Bell System Tech. J., 27(1948), 379-423.
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Edmund T. Whittaker,

1873-1956.

Viadimir A.
Kotelnikov,
1908-2005.

Whittaker-Shannon-Kotel’nikov

theorem.

If f(¢) is a signal (function) band-limited
to [—o, 0], i.e.,

’
Ver ) o

for some F € L?(—o,0), then it can be
reconstructed from its samples values at
the points & = kn/o, k € Z, via the
formula

f(t) = F( w)e™dw, teR

sin o(t — t)
() teR
Z k t—l‘k) ’ =

with the series being absolutely and
uniformly convergent on compact sets.
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Introduction to
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Drawbacks in WSK theorem

» it relies on the use of low-pass ideal filters.

» the band-limited hypothesis is in contradiction with the
idea of a finite duration signal.

» the band-limiting operation generates Gibbs oscillations.
» the sinc function has a very slow decay at infinity which
makes computation in the signal domain very inefficient.

» the sinc function is well-localized in the frequency domain
but it is bad-localized in the time domain.
» in several dimensions it is also inefficient to assume that a

multidimensional signal is band-limited to a d-dimensional
interval.




Chapter 1: Motivation

Paley-Wiener space
The space of band limited functions to the interval [—, 7] can
be written as

PW, = {Z apsinc(t —n) : {an) € EZ(Z)}

nez

Furthermore, the coefficients {a,}ncz of f € PW,. are precisely

the samples of the function at the integers numbers {f(n)},cz.
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Chapter 1: Motivation

Paley-Wiener space

The space of band limited functions to the interval [—, 7] can
be written as

PW, = {Z apsinc(t —n) : {an) € EZ(Z)}

nez

Furthermore, the coefficients {a,}ncz of f € PW,. are precisely

the samples of the function at the integers numbers {f(n)},cz.

Shift-invariant space

V2 — {Zan o(t—n) : {an) € zZ(Z)}

nez
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Generalized sampling in L?(RY) shift-invariant subspaces
with multiple stable generators

On the separable Hilbert L2(RY) we can define the
shift-invariant subspaces V2 in the following way

V3 == span o {ok(t—a) : k=1,2,...,rand a € 2%},

where the functions in ® := {¢1,...,¢,} in L>(RY) are called a
set of generators for V3.
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Generalized sampling in L?(RY) shift-invariant subspaces
with multiple stable generators

On the separable Hilbert L2(RY) we can define the )
shift-invariant subspaces V2 in the following way shiftinvariant

subspaces with
multiple stable
generators

V3 == span o {ok(t—a) : k=1,2,...,rand a € 2%},

shift-invariant sp

pling thi

where the functions in ® := {¢1,...,¢,} in L>(RY) are called a
set of generators for V2. Assuming that the sequence

{ok(t — @)} acze. k=1 2. r IS a Riesz sequence, i.e. a Riesz
basis for its span, this space can be described as

={> de pi(t—a) : dee B2 k=1,2...,r}.

a€eZd k=1
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Generalized sampling problem
If we consider

» Lif:=fxh;, j=1,2,...5are convolutions systems
(linear time-invariant systems) defined on Vg.
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Generalized sampling problem
If we consider

» Lif:=fxh;, j=1,2,...5are convolutions systems
(linear time-invariant systems) defined on Vg.

» The samples {L;f(Ma)},eze. =12, s are taken at a lattice
A= {Ma:a ez cz9.

where M is a nonsingular matrix with integer entries.
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Generalized sampling problem

If we consider

» Lif:=fxh;, j=1,2,...5are convolutions systems
(linear time-invariant systems) defined on Vg.

» The samples {L;f(Ma)},eze. =12, s are taken at a lattice
Ay = {Ma:a ez cz9.
where M is a nonsingular matrix with integer entries.

The generalized sampling problem is to obtain sampling
formulas in Vg having the form

f= i > (Lif)(Ma) Si(- — Ma) i LA(RY),

j=1 aczd

where the reconstruction sequence of functions
{Si(- — Ma)} ez j-12,. s is a frame for V2.
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A sequence {fx}kez is a frame for a separable Hilbert space H
if there exist constants A, B > 0 (frame bounds) such that

AlfI2 < 3" I(f. )P < BIIfI? forall f e H

keZ
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A sequence {fx}kez is a frame for a separable Hilbert space H
if there exist constants A, B > 0 (frame bounds) such that

AlfI2 < 3" I(f. )P < BIIfI? forall f e H
keZ

Two frames sequences {fx }kez and {gk }kez Which satisfy

f=> (fo0) fk=> (f.f) gk, forallfe?.

KEZ kez

are said to be a pair of dual frames.

N
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Our general technique

» Consider an isomorphism T : L? — V2 such that
Samp(f)k = (F, k)12, f=ToF

» Characterize {gx} as a frame for L2
» Find a dual frame {hy}

F=> (F,gK)h
K

» Apply 7o to get the sampling formula

= Y Samp(f)e Toh
k

frame
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Sketch of the procedure

(i) Consider the isomorphism

To : L2[0,1) — V2
[0 e} s {gk(t - a))

Verify the shifting property for F ¢ [2[0,1)? and o € Z¢

To[F(-)e 2™ "] (t) = ToF(t —a), teRC.
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Sketch of the procedure

(i) Consider the isomorphism

To : L2[0,1) — V2
[0 e} s {gk(t - a))

Verify the shifting property for F ¢ [2[0,1)? and o € Z¢
To[F()e 2" )(t) = ToF(t—a), teR9.
(ii) Deduce the expression for the samples
(L) (Ma) = (F,g()e 2™ M ) 210 1y

where F = 7, 'f € [2]0,1)7,
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Sketch of the procedure

(i) Consider the isomorphism

To:  L20,1)¢ — V2
{e?mo we v {o(t—a)}

Verify the shifting property for F ¢ [2[0,1)? and o € Z¢
To[F()e 2" )(t) = ToF(t—a), teR9.
(ii) Deduce the expression for the samples
(L) (Ma) = (F,g()e 2™ M ) 210 1y

where F = 7, 'f € [2]0,1)7,
(iii) Characterize the sequence
{g,-(x)e*z’”O‘T’V’TX}aezd;j:1’2,_“75 as a frame in L2]0,1)?
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(iv) Find a dual frame of the form

{(det M)aj(x)e—2mia "M x1 , wich implies

a€Zd;j=1,2,...,s

F(x) = (@eth) Y Y (Fg e 2 M ja(xge- 20 M

j=1 aczd

in £2]0,1)7.
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(iv) Find a dual frame of the form

{(det M)aj(x)e—2mia "M x1 , wich implies

a€Zd;j=1,2,...,s

S
F(X) — (det M) Z Z <F wef&ﬂry "M ->aj(X)6727ri(v,‘ M x
j=1 aczd
in L2[0,1)7.
(v) Applying the isomorphism 7o to the expansion we get the

desired
S

f=(detM)> " " (£if)(Ma) Sja(- — Ma) in L*(RY),
j=1 aczd

where S; 5 == Toa;forj=1,2,...,s.
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(iv) Find a dual frame of the form

{(det M)aj(x)e—2mia "M x1 wich implies

a€Zd;j=12,...,s’

Generalized sampling

S
— _2xia] T, —oria’ T N ”
= (detM) >~ ™ (F.g;(Je 2™ M ay(x)e 2 M EEEE

subspaces with
multiple stable
generators

Jj=1 aczd

in L2[0,1)7.
(v) Applying the isomorphism 7o to the expansion we get the
desired

— (det M) Z > (£if)(Ma) Sja(- — Ma) in L2(RY),
] 1 G€’7d
where S; 5 == Toa;forj=1,2,...,s
(vi) As V2 is a RKHS, we have

= (det M) ZZ (£;f)(Ma) Sja(t—Ma)  teR?.

=1 aczd




Details of the procedure

Let L be a convolution system. Then, for each f € V2 we have
(‘Cf)(t) = <F7 (Z£¢)(t7 ')>L$[0,1)d , te Rd7

where F = T, 'f.
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Details of the procedure

Let L be a convolution system. Then, for each f € V2 we have
(‘Cf)(t) = <F7 (Z£¢)(t7 ')>L$[0,1)d , te Rd7

where F = T, 'f.

Here ZV denotes the Zak transform of ¥, i.e.,

@ZV)(tw) = Y W(t+a)e 2o,

a€eZd
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Details of the procedure

Let L be a convolution system. Then, for each f € V2 we have

(ﬁf)(t) - <F’ (Z£¢)(t7 .)>l—$[011)d v t € Rd’ subspa‘ceswilh

multiple stable
generators

where F = T, 'f.

Here ZV denotes the Zak transform of ¥, i.e.,

@ZV)(tw) = Y W(t+a)e 2o,

a€eZd

The expression for the samples
2r. .4 —27ia ' M-
(ﬂjf)(MOf) = (F,Z£,¢(O, )e 2 M >L§[0,1)d7

Denote

gj(x) =2L;9(0,x), j=1,2,...,8;




The sequence {me—zm(mwx}

aczd;j=1.2,..,

s in L7[0,1)¢
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The sequence {g;(x)e 27~ M x} .in 2[0,1)°

a€Z;j=1,2,...,

The set
#{Zd N {MTx 1 x €0, 1)”’}} =detM

from now on the elements in this set will be denoted

{i1 = 07i27~~~7idetM} C Zd.
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The sequence {g;(x)e 27~ M x} .in 2[0,1)°

a€Z;j=1,2,...,

The set
#{79N{M"x : x €[0,1)%}} = detM

from now on the elements in this set will be denoted

{i1 = 07i27~~~7idetM} C Zd.

Consider the s x r(det M) matrix of functions

I(X + M_Tig) ce gT(X + M_TidetM)
;—(X —+ M_Tig) g;(X + M_TidetM)

gl (x) ga(x+M"Ti) - gd(x+M Tigetm)

)
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The sequence {gf(x)e_zm(ﬁwx}aezd-/‘:1 2,....8

The set
#{79N{M"x : x €[0,1)%}} = detM

from now on the elements in this set will be denoted

{i1 = 07i27~~~7idetM} C Zd.

in L2]0,1)¢

Consider the s x r(det M) matrix of functions

g{(x) g{(x+MTh) - g (Xx+M Tigerm)

g (X) 93 (x+M Th) g (X + M~ Tigerm)
G(x) := . . )

gl (x) ga(x+M"Ti) - gd(x+M Tigetm)

and its related constants

Ag == essmf Amin[G*(X)G(x)], Be _esssup Amax[G™ (X)G(X)]

x€[0,1 x€l0,1)d
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Lemma

Letg; be in L2[0,1)% forj =1,2,..., s and let G(x) be its

associated matrix. Then, A —
727TiO¢TMTX in LZ(L‘;d)

(a) The sequence {g;(x)e }

IS a shift-invariant

subspaces with

a€Zf;j=1,2,...,s

complete system for L2][0,1)? if and only if the rank of the DS

generators

matrix G(x) is r(det M) a.e. in[0,1)°.

(b) The sequence {g,'(x)e—ZT“O‘T’V’TX}QGZ(,_/.:1 , . isaBessel
sequence for L2[0,1)¢ if and only ifg; € L2°[0,1)? (or
equivalently Bg < o). In this case, the optimal Bessel
bound is Bg /(det M).

(c) The sequence {g,-(x)e—ZT“‘*T"”T’(}aezd_l.:1 -
for L2[0,1)% ifand only if 0 < Az < Bg < co. In this case,
the optimal frame bounds are Ag/(det M) and Bg /(det M).

(d) The sequence {g,-(x)e*ZT“C‘T"”T"}aezd;].:1 , . isaRiesz

basis for L2[0,1)? if and only if it is a frame and
s = r(detM).

s is a frame




The sampling result

Assume that the functions g; belong to L°[0,1)? for each /
j=1,2,...,s. The following statements are equivalents: RS

in 12(RY)

shift-invariant
(a) AG > 0 subspaces with

multiple stable
(b) There exists an r x s matrix a(x) := [a1(X), ..., as(x)] with SFEEE

columns a; € L$°[0,1)9, and satisfying
[a1(x), ..., 8s(X)]C(x) = [I, Owetm—1yrxr] @€ in[0,1)".
(c) There exists a frame for V2 having the form
{Sja(- = M)} o cz9.j—1 2. SUCh that for any f € Vi
s
f=(detM)> > (£;f)(Ma)Sja(- — Ma) in L2(R).
=1 aczd
(d) There exists a frame {S; (- 2d.i10 s for V2 such that
¢B acZ¥j=1,2,...;s

f = (det M)i > (L) (Ma) S in LA(RY).

=1 aczd




Having in mind the Moore-Penrose pseudo inverse

G (x) := [G*(x)G(x)] ' G*(x).

All matrices a(x) with entries in L>°[0, 1)9, and satisfying (b) in
the previous theorem correspond to the first r rows of the
matrices of the form

A =G'(x) + U(x)[Is - G(x)G'(x)],

where U(x) is any r(det M) x s matrix with entries in L>[0,1).
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Reconstruction functions with prescribed properties
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Reconstruction functions with prescribed properties

> If the generators ¢k and the functions L;px have compact
support, then the reconstruction functions S; . have compact
support if and only if

rank G(z) = r(detM) forall z < (C\ {0})?.

> If the generators ¢y and the functions L;px have exponential
decay, then the reconstruction functions S; . have exponential
decay if and only if

rank G(z) = r(detM) forallz e T?.

gk@) =Y LWz ™", g/ (2):=(91(2),92(2),---,9.1(2)) ,

pezd
T 2rim, | 2xim] i
G(z) := [g/- (z1e™™ ™ML 2ge™ M N)] j=1,2,...,8
k=1,2,.0,r; 121.2,... detM
Note also that for the values x = (x,. .., x4) € [0,1)¢ and

z= (¥ .. ) e T we have G(x) = G(2).
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L?-approximation properties
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L?-approximation properties

Consider the scaled version I',’:,7 := oy/nlaon, Where for h > 0 we are
using the notation of(t) := f(ht), t € RY, of the sampling operator I'a

Faf(t) := i > (£if)(Ma)Sa(t — Ma), teRY,

j=1 aczd
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L?-approximation properties

Consider the scaled version I'Q := oy/nlaon, Where for h > 0 we are
using the notation of(t) := f(ht), t € RY, of the sampling operator I'a

Faf(t) := i > (£if)(Ma)Sa(t — Ma), teRY,

j=1 aczd

Under the following conditions:

> The set of generators ® = {¢x}_, satisfies the Strang-Fix
conditions of order /¢

» The decay condition ¢« (t) = O([1 + |t]]79~“~) for some € > 0,

» The impulse responses satisfy 3" _,a |hj(t — a)| € L?[0,1)°

Generalized sampling
in 12(RY)
shift-invariant
subspaces with
multiple stable
generators
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L?-approximation properties

Consider the scaled version I'Q := oy/nlaon, Where for h > 0 we are
using the notation of(t) := f(ht), t € RY, of the sampling operator I'a

Faf(t) := i > (£if)(Ma)Sa(t — Ma), teRY,

j=1 aczd

Under the following conditions:

> The set of generators ® = {¢x}_, satisfies the Strang-Fix
conditions of order /¢

» The decay condition ¢« (t) = O([1 + |t]]79~“~) for some € > 0,

» The impulse responses satisfy 3" _,a |hj(t — a)| € L?[0,1)°

we get
|f —T2flla < C|flezh® forall f e WE(RY),

where the constant C does not depend on h and f.

Generalized sampling
in 12(RY)
shift-invariant
subspaces with
multiple stable
generators

t-invariant
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Irregular sampling in V2: time-jitter error
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Irregular sampling in V2: time-jitter error

> An error sequence ¢ := {&j o faczd: j=1,2,...,s IN R4
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Irregular sampling in V2: time-jitter error

> An error sequence ¢ := {&j o faczd: j=1,2,...,s IN R4

» The sequence of perturbed samples
{(Lif)(Ma + €j.0) Yaeze; j=1.2,....8
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Irregular sampling in V2: time-jitter error

> An error sequence ¢ := {&j o faczd: j=1,2,...,s IN R4

» The sequence of perturbed samples
{(Lif)(Ma + €j.0) Yaeze; j=1.2,....8

T

(Lif)(Ma+ejo) = (F,(ZLi®)(gja, )e 2™ M ) 20 4ya » andJ

Generalized sampling
in L2(rY)
shift-invariant
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multiple stable
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Irregular sampling in V2: time-jitter error

» An error sequence ¢ .= {5/‘704}0‘62(7;/:1727,”,5 in Rd Genzera\ized sampling
in L<(RY)
» The sequence of perturbed samples Shit-mvartant
subspaces with
{(ﬁjf)(Ma + Ej,a)}and;j:LZ,..qs multiple stable

generators

T

(Lif)(Ma+ejo) = (F,(ZLi®)(gja, )e 2™ M ) 20 4ya » andJ

Leads us to study the sequence

Zr.h —2rmia " MT.
{(Z£/¢)(€ja)e 2 M }(162”;]:1,2,...,5




Irregular sampling in V2: time-jitter error

» An error sequence ¢ .= {5/‘704}0‘62(7;/:1727,”,5 in Rd Genzera\ized sampling
in L<(RY)
» The sequence of perturbed samples Shit-mvartant
subspaces with
{(ﬁjf)(Ma + Ej,a)}and;j:LZ,..qs multiple stable

generators

T

(Lif)(Ma+ejo) = (F,(ZLi®)(gja, )e 2™ M ) 20 4ya » andJ

Leads us to study the sequence

—2mia TMT.
{(ZL: q))(“j o) ) 2 M }(162”;]:1,2,...,5
as a perturbation of the previous frame

((ZL;9)(0,-)e 2™ ™M™ | o imr2 s




Theorem

For sufficiently small errors there exists a frame
{S7 . }aczd;j-1.2.....s for V5 such that, for any f € V3

f(=> > (LiN(Ma+ea)S, (1), teR?,

j=1 aczd
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Theorem

For sufficiently small errors there exists a frame
{S7 . }aczd;j-1.2.....s for V5 such that, for any f € V3

ZZ (Lif)(Ma +€,0)So(t), teR?,

j=1 a€zd

Remark

Notice that the frame {5 , }oez9,j=1.2,... s, depends on the error
sequence.

We implemented a frame algorithm in the ¢2(Z9) setting
which approximates the sequence {aka}aezd k=1...r € L2(Z%)

defining f € V2 by a sequence {aka}aezd k=1,
such a way that

Z S adlo(t—a) — ()= akawk(t—a)

k=1 aezd k=1 aczd

.....

shift- |nvananl
subspaces with
multiple stable
generators
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Chapter 2: Motivation

Shift-invariant space

r

V2 ;:{Z 3 di(a) gt —a) : c/,-e£2(zd),k:1,2...,r}

j=1 aczd
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Chapter 2: Motivation

Shift-invariant space

r

V2 ;:{Z 3 di(a) gt —a) : c/,-e£2(zd),k:1,2...,r}

j=1 aczd

Weighted shif-invariant spaces

r

v
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Chapter 2: Motivation

Shift-invariant space

V2 ;:{i 3 di(a) gt —a) : c/,-e£2(zd),k:1,2...,r}

j=1 aczd

Weighted shif-invariant spaces

r

VP(d) = {Z Y aj(a) ¢i(t—a) : g€ (29, ) = 1,2,...,r}

v

Weight functions v control the decay or growth of the signals
fe VP(d).

Uniform average
sampling in frame
generated weighted
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Uniform average sampling in frame generated weighted
shift-invariant spaces
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Uniform average sampling in frame generated weighted
shift-invariant spaces

» f belongs to LA(RY) if vf belongs to LP(RY)

> [fll o ey = [[VF]| o (o) samping i e
0 - . . generated weighted
> We|ght fUI‘]CtIOﬂ 14 SatISerS shift-invariant spaces

0 <v(x+y)<v(x)v(y), forallx,yecR?.




Uniform average sampling in frame generated weighted
shift-invariant spaces

f belongs to LA(RY) if vf belongs to LP(RY)

>
> [1Fll(rey = VFlleo(me) amping n e

. . . g generated weighted
> We|ght fUI‘]CtIOI’l 14 SatISerS shift-invariant spaces

0 <v(x+y)<v(x)v(y), forallx,yecR?.

Subexponential weight v(x) = e**” with o > 0, 3 € [0,1]
Sobolev weight v(x) = (1 + |x|)*, with o > 0.

v

v




For1 <p< o

W(LEY = {f : Iy, = 2 esssup{flx-+ )fv(a)} <es)
Zd XG[O 1]

and for p = oo

W(LY?) : {f Ifllwee) == sup {esssup{|f(x+a)|u )< oo}

aczd  xefo,1]d

Uniform average
sampling in frame
generated weighted
shift-invariant spaces




For1 <p< o
W(LE) = {f : Il p) = 2 esssup {If(x +)Pu(a)’} < oof
aczd xefo, 1)
and for p = oo

W) = {f : Il = sup { esssup{|f(x +a)lv(a)}} < oo}

aczd  xefo,1]d

A collection {¢;(- — a)}aezd;j=1,2,...., IS said to be a p-frame for
VP(®) if there exists a positive constant C (depending on ¢, p

and v) such that for every f € VP(®)

< ClIfll -

0

C il < 1_21 [{ [ romt=aie} _,

A
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Weighted multiply generated shift-invariant space
Given a set of functions ¢ := {¢;}/ 5 1, the weighted multiply

generated shift-invariant space VP(®) is formally defined as

2(0):={ Y Y ala) gyt — ) : {&(@)}aczs € B2}

=1 acz?
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Weighted multiply generated shift-invariant space
Given a set of functions ¢ := {¢;}/ 5 1, the weighted multiply

generated shift-invariant space VP(®) is formally defined as

2(0):={ Y Y ala) gyt — ) : {&(@)}aczs € B2}

=1 acz?

> p-frame condition and & = {¢;}7_, C W(L}) assure the
closedness of VP(®) as a subspace of LP.

Uniform average
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Theorem

There exist functions S, 4 such that for any f € VE(®), 1 < p < oo, the
sampling formula

= Z Z (Lif)(Ma)Spa(- — Ma) ,

I=1 aezd

holds in the L? -sense. The convergence is also uniform on R,
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sampling formula
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I=1 aezd

holds in the L? -sense. The convergence is also uniform on R,

» The s systems L, are obtaining by convolution with functions
h; e W(L!).
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There exist functions S, 4 such that for any f € VE(®), 1 < p < oo, the
sampling formula

= Z Z (Lif)(Ma)Spa(- — Ma) ,

I=1 aezd

holds in the L? -sense. The convergence is also uniform on R,

» The s systems L, are obtaining by convolution with functions
h; e W(L!).
» The weight function must satisfy the GRS-condition:

H 1/n _
nlem v(na) " =1
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Theorem

There exist functions S, 4 such that for any f € VE(®), 1 < p < oo, the
sampling formula

= Z Z (Lif)(Ma)Spa(- — Ma) ,

I=1 qezd

holds in the L -sense. The convergence is also uniform on RY. Uniform average

y sampling in frame
generated weighted
shift-invariant spaces

» The s systems L, are obtaining by convolution with functions
h; e W(L!).
» The weight function must satisfy the GRS-condition:

H 1/n _
nleOO v(na) " =1

If f € A, and f(x) # 0 for every x € RY, the function 1/f is also in A,,
where A, denotes the weighted Wiener algebra of the functions

() =3 a(@)e®™ ™, {a(@)}acz € 4(Z°)

aczd
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Shift-invariant space

V2={S anp(t—n) : {ar} € 2(@)}.

nez
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Chapter 3: Motivation

Shift-invariant space

V2 — {Zan@(t— n) : {an} e 52(2)}.

nez

Shift-invariant space

V2 — {Zan Tro(t) : {an} € 42(2)}.

nez

where T : f(t) — f(t — 1) in L2(R) is the shift operator.
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Chapter 3: Motivation

Shift-invariant space

V2 — {Zango(t— n) : {an} e 52(2)}.

nez

Shift-invariant space

V2 — {Zan Tro(t) : {an} € 42(2)}.

nez

where T : f(t) — f(t — 1) in L2(R) is the shift operator.

U-invariant space
Ag= {Zan Ua: {an}nez € eZ(Z)}.
nez

where U is a unitary operator and a is a fixed vector on a
separable Hilbert space #.
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Generalizing the samples

The samples in the shift-invariant case were obtained by
means of convolution systems £; f := f x h;
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Generalizing the samples

The samples in the shift-invariant case were obtained by
means of convolution systems L, f := f x h;

v

For a fixed b € H and a sampling period r € N the U-samples
are given by
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Generalizing the samples

The samples in the shift-invariant case were obtained by
means of convolution systems L, f := f x h;

v

For a fixed b € H and a sampling period r € N the U-samples
are given by

Lpx(rk) .= (x,U™b)y,, kelZ.

In the shift-invariant case, U is defined as the shift operator
f(u) — f(u—1)in L2(R) and we have

o0

(f, UkbYy, = / f(u)b(u — rk)du = (f % h)(rk), uE€R,

— 00

where h(u) := b(—u).
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Sampling theory in U-invariant spaces

Let U be an unitary operator in a separable Hilbert space H;
for a fixed a € H, consider the closed subspace given by

Az :=span{U"a, ne€ Z}.
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Sampling theory in U-invariant spaces

Let U be an unitary operator in a separable Hilbert space H;
for a fixed a € H, consider the closed subspace given by

Az :=span{U"a, ne€ Z}.

In case that the sequence {U"a} ¢z is a Riesz sequence in —
we have U-invariant spaces

Ag = {Z apU"a: {antnez € é’z(Z)} .

nez




Sampling theory in U-invariant spaces

Let U be an unitary operator in a separable Hilbert space H;
for a fixed a € H, consider the closed subspace given by

Az :=span{U"a, ne€ Z}.

In case that the sequence {U"a} ¢z is a Riesz sequence in H e

U-invariant spaces

we have

Ay = {Z anU"a: {an}ner € 42(2)} .

nez

(Ta )( ) =f(t—a) (Maf)(t):f(t)eiat




The sequence {U"a} ey,
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The sequence {U"a} ey,

» The auto-covariance function admits the integral
representation

Ra(k) := (Uka, a)y = 217/ e dual0), keZ.

—T
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The sequence {U"a} ey,

» The auto-covariance function admits the integral
representation

Ra(k) := (Uka, a)y = 217/ e dual0), keZ.

—T

» The positive Borel spectral measure 4 can be
decomposed as dpa(0) = ¢a(0)do + dui(6).
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The sequence {U"a} ey,

» The auto-covariance function admits the integral
representation

Ra(k) := (Uka, a)y = 217/ e dual0), keZ.

—T

» The positive Borel spectral measure 4 can be
decomposed as dpa(0) = ¢a(0)do + dui(6).

The sequence {U"a} ¢y is a Riesz basis for A, if and only if
the singular part i = 0 and

shift-invarian

Sampling theory in
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0 < essinf ¢4(0) < esssup p,(0) < .
o€ (—m,m) 0e(—m,m)

If {bk }kez € ?(Z) are the Fourier coefficients of the function
1/¢a(0) € L2(—n, ) then the vector b= 3", , by Uka € A,
generates the dual Riesz basis {U"b} ez with spectral
measure ¢p(0) = 1/¢a(6).




We define.the isomorphism 7Ty 5 which maps the orthonormal
basis {e2™™} .7 for L2(0,1) onto the Riesz basis {U"a} 7, for
Ajg, that is,

Tua: L?(0,1) — Az
F:Zanezmnw — X:Zan U'a.
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We define.the isomorphism 7Ty 5 which maps the orthonormal
basis {e2™™} .7 for L2(0,1) onto the Riesz basis {U"a} 7, for
Ajg, that is,

Tua: L?(0,1) — Az
F:Zanezmnw — X:Zan U'a.
nezZ nezZ Sampling theory in

U-invariant spaces

The following U-shift property holds: For any F € [?(0,1) and
N € Z, we have

Tu,a(Fe%NW) = UN(Tu4F) .




An expression for the generalized samples

For x € A, let F € L2(0, 1) such that 7y oF = x;
Lix(rm) = (F, gj(w) 2””’”W>L2(01) formeZ and j=1,2,...,s,

where the function

gi(w) = Zﬁja(k) o2mikw

keZ

belongs to L2(0,1) foreachj=1,2,...,s
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An expression for the generalized samples

For x € A, let F € L2(0, 1) such that 7y oF = x;
Lix(rm) = (F, gj(w) 2’Ti"”W>L2(O1) formeZ and j=1,2,...,s,

where the function

gi(w) = Zﬁja(k) o2mikw

keZ

belongs to L2(0,1) foreachj=1,2,...,s

As a consequence, the stable recovery of any x € A, depends
on whether the sequence
27rirmw}

{gi(w)e

forms a frame for L?(0, 1).

mez;j=12,...s
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The matrix G(w)

g(w) g(w+1) - gi(w+1)

B(w) gw+7) - gw+ )
oy = [F ;

gs(.W) gs(w + 1?) o gs(w+ %)
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The matrix G(w)

g(w) gi(w+1) - g(w+51)

G(w) gw+1) - gw+)
oy = | Bl el

gs(.W) gs(w + 1?) o gs(w+ %)

= f Amin[G*
agG weeS(E:? min[G™(W)G(w)],

B := €SS SUp Amax[G*(W)G(w)],
we(0,1/r)
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Assume that the function g;, j = 1,2, ..., s belongs to L*°(0, 1). The
following statements are equivalent:

(@) agc >0
(b) There exists a vector [hy(w), ho(w), . .., hs(w)] with entries in
L°>°(0, 1) satisfying
[h(w), ha(w),..., hs(w)]G(w) =[1,0,...,0] a.e.in(0,1).

(c) Thereexistci € As, j=1,2,...,s, such that the sequence
{U%Ci} ey js 0. I8 @ frame for Aa, and for any x € A we have

the expansion

S

x=>">"Lix(rk)U%¢ inH,

j=1 keZ

(d) There exists a frame {C,;k}kez_j:1 » s for Aa such that, for each
x € Az we have the expansion

S

X = ZZEIX(I’I() Cj,k in H,

j=1 keZ
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Another approach

1 T .
(Uka, Umbj> _ Z/ Cl(k_m)e(ba’bj(elg)de-

—T

» The left-shift operator S defined as

S: L2(T) —  L%(T)
ZkeZ akeike — Zkez ak+1eik9 ,
Sampling theory in
or equivalently, by (Sf)(e'?) = f(e!?)e. grnverintspaces
» The decimation operator D,, r a positive integer, defined
o D, : L2(T) —  L%(T)
EkeZ akeike — ZkeZ arkeiko ,

which can equivalently be written as

—_

O+2km

r—1
(D)) = 3 f(e*
k=0

r




Samples taken on real numbers

The U-systems
For any fixed b € ‘H we define the U-system L, as the linear
operator between H and the set C(R) of the continuous
functions on R given by

Sampling theory in
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X — LpX,

where Lpx(t) := (x,U!b)y, tecR.




Samples taken on real numbers

The U-systems

For any fixed b € ‘H we define the U-system L, as the linear
operator between H and the set C(R) of the continuous
functions on R given by

Sampling theory in

Eb . H — C(R) U-invariant spaces
X — LpX,

where Lpx(t) := (x,U!b)y, tecR.

In this case U should coincide with U' on a continuous group
of unitary operators {U'};ck.




A brief walk on continuous groups of unitary operators
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A brief walk on continuous groups of unitary operators

{U" cr is a family of unitary operators in A satisfying:
1. UtUY = Ut
2. U0 =1y,

3. (U'x, y)y is a continuous function of ¢ for any x, y € H.
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{U" cr is a family of unitary operators in A satisfying:
1. UtUY = Ut
2. U0 =1y,

3. (U'x, y)y is a continuous function of ¢ for any x, y € H.

Classical Stone’s theorem assures us the existence of a
self-adjoint operator T (possibly unbounded) such that Sampling theory in
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U = &7, This self-adjoint operator T is defined on the dense
domain Dt of H.




A brief walk on continuous groups of unitary operators

{U" cr is a family of unitary operators in A satisfying:
1. UtUY = Uttt
2. U0 =1y,
3. (U'x, y)y is a continuous function of ¢ for any x, y € H.

Classical Stone’s theorem assures us the existence of a
self-adjoint operator T (possibly unbounded) such that

U' = €T, This self-adjoint operator T is defined on the dense
domain Dt of H.

Notice that, whenever the self-adjoint operator T is bounded,
D7 = H and ¢''" can be defined as the usual exponential
series; in any case, U' = ¢! means that

oo

(U'x,y) = / e"d(Eyx,y), teER,

J —00

where x € Drand y € H.

Sampling theory in
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Asymmetric sampling

We have at our disposal the asymmetric samples

{EIX(U/ + r/'m)}meZ;j:1 2,...8

where gj € Rand r; € N.
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Asymmetric sampling

We have at our disposal the asymmetric samples

{EIX(U/ + r/'m)}meZ;j:1 2,...8

where oj € Rand r; € N.
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The recovery formula

r
T

S i
X = ZZZ.C/X(O’] + rk + f)(ll = 1)) UrkCNj

j=1 =1 keZ

where r :=lem{rj}j—1, s




Time-jitter error: irregular sampling in A,
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Time-jitter error: irregular sampling in A,
The perturbed samples

{(Lx)(rm + emj) }
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Time-jitter error: irregular sampling in A,
The perturbed samples

R (e R W S

where

S ling th i
Iy (W) = 3 Lia(k + ey) 200 Samph ey b
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Time-jitter error: irregular sampling in A,
The perturbed samples

{(‘C]X)(rm + EI'I'I].)} = {<F’m627ﬂrmw>L2(O 1)}m€Z'j:1 2.8

where

S ling th i
Iy (W) = 3 Lia(k + ey) 200 Samph ey b
kEZ

We can study

{gm,j(w) ezﬂirmw}mez;jﬂ 2.8

as a perturbation of the frame

{gj(W) ezﬂirmw}mez;jﬂ 2.8




Theorem

For sufficiently small errors € := {ey;} mez; j=1,... s there exists
aframe {Cf,}mez j=1,2,...,s for Aa such that, for any x € Aj,, the
sampling expansion

)

X=>""Lix(rm+em) Cpy  inH,

j=1 meZ

holds.
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How small should be the errors?
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How small should be the errors?

Mo, (7) = max_[£;a(n -+ 1) = Lia(n)],

[_

i\vla,bj(fy) ‘= max max |£, (rn+k+1t) -

k=0,1,...,r—1 te[—,
n

Lia(rn+ k)| .
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How small should be the errors?

Ma,p,(v) = S [Lja(n+ t) — L;a(n)],
Nap, (7) == k:()’rp’ﬁa?(’ri1 2 terglax |Lia(rn+ k + t) — Lia(rn + K)| .

Given an error sequence € := {emj tmez j=1,...,s, define the constant
7 = SUPcz |€mj| for each j=1,2,...,s. The condition

Sampling theory in
U-invariant spaces

S
~ ~ e
Z Ma,bj (’Y/) Na,bj(’Yj) < TG

ensures that reconstruction is possible.

b€ Dr = L;a(t) € C'(R) and condition (£;a)’(t) = O([t|(+))
implies that N5, () and M, () are continuous near to 0.




The perturbed sequence { U™ by}, .. .,

Theorem

Assume that for certain b; € Dy, j =1,2,...,r, the sequence
{U"’bj}kez;,:mw, is a Riesz basis for 4, with Riesz bounds
0 < Ay < By < 0. For a sequence € := {ex}kez; j—1,2,...,r Of
errors, let R be the constant given by

JEIByocodl?

Ri=lel? max { [ widlEub|?}.

where ||e|| denotes the ¢2-norm of the sequence e.
If R < Ay, then the perturbed sequence

{UkH—Ekjbj}keZ;jﬂ 125l

is a Riesz sequence in # with Riesz bounds

Aw(1 = /R/Ay)? and By (1 + /R/Bu)°.
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The case of multiple generators

Sampling in multiple generated U- invariant subspaces can be
analogously derived, A, := span{U"ah nez,l=1,2,..., L} .

The sequence {U"a}nez =1 2,..... can be thought as an L-dimensionall
stationary sequence. lts covariance matrix Ra(k) is the L x L matrix

1 T
Ra(K) = [(U*am, an)n] _ Z/ Mdu(0), keZ.

m,n=1,2,..., L

Sampling theory in
U-invariant spaces

Theorem

Let{U"a}ncz: 1-1,2,....L be a sequence obtained from an unitary
operator with spectral measure du,(0) = ®a(0)d0 + du3(0), and let
Aa be the closed subspace spanned by {U"a}nez; 1=1,2,...... Then the
sequence {U"a}nez; 1-1,2,....1 iS a Riesz basis for Aa if and only if the
singular part p3 = 0 and

0 < essinf Amin[®a(0)] < €sSSUP Amax [®a(0)] < co.
0e(—m,m) oe(—m,m)




Summarizing:

Reconstruction formula

Time-jitter error

prescribed properties

Other results

approximation
properties

Dirac
sampling
case

Asymmetric
sampling
Urk+ekjbj}

{U"a}
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Future Work

» To carry out a deeper study of the weigthed sampling framework

» U-irregular sampling: the general case. Consider a
non-uniform sampling set of points {#:}rcz in R, and try to
recover any x € A, from the sequence of non-uniform samples

{£;x(ta) == (x,U"b;)}

nez; j=1,2,...s°

where {b;}j-1.2,...,s are s fixed vectors in .
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Future Work

» To carry out a deeper study of the weigthed sampling framework
» U-irregular sampling: the general case. Consider a
non-uniform sampling set of points {#:}rcz in R, and try to
recover any x € A, from the sequence of non-uniform samples
{L',,'X(tn) = (X, Ut"bj>}

nez; j=1,2,...s’
where {b;}j-1.2,...,s are s fixed vectors in .

» Sampling in finite U-invariant subspaces with multiple
generators. We have assumed that the stationary sequence
{U"a}nez in H has infinite different elements. It could happen
that for some a € H. there exists N € N such that UNa = a.
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where {b;}j-1.2,...,s are s fixed vectors in .

» Sampling in finite U-invariant subspaces with multiple
generators. We have assumed that the stationary sequence
{U"a}nez in H has infinite different elements. It could happen
that for some a € H. there exists N € N such that UNa = a.

» Looking for relevance of our work in other fields.
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where {b;}j-1.2,...,s are s fixed vectors in .

» Sampling in finite U-invariant subspaces with multiple
generators. We have assumed that the stationary sequence
{U"a}nez in H has infinite different elements. It could happen
that for some a € H. there exists N € N such that UNa = a.

» Looking for relevance of our work in other fields.
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