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U-Invariant subspaces
Unitary representaton of Z

neZ— U"cU(H)

where U : H — H is a unitary
operator.

U-Invariant subspaces (finite case)
Unitary representaton of Zy

gEly—n(g) € U(CN)

(finite dim. ca

where 7(g) is a unitary operator.
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Nyauist-Shannon sampling theorem, i in classical ies, is extended to quantum systems supporting a unitary representation of a finite group
G. Two main ideas from the classical theory having natural counterparts in the quantum setting: frames and invariant subspaces, provide the mathematical background for the theory.
‘The main ingredients of classical sampling theorems are discussed and their quantum counterparts are thoroughly analyzed in this simple situation. A few examples illustrating the
obtained results are discussed.
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The Dihedral Group D,
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D, = {e,g,gz,...,g Lorrg,...,Tg" 1t}

| Unitary representation H Hilbert space

h € D, — U(h) e U(H)
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Given a € H such that {U(h)a | h € D,} l.i.,
let
A, = span{U(h)a | h € Dy}



The Dihedral Group D,

n

D,={eg,g°....g" r,7g,..., 78"}
0 Unitary representation H Hilbert space
4 h € D, — U(h) e U(H)

Given a € H such that {U(h)a | h € D,} l.i.,
let
A, = span{U(h)a | h € Dy}

Sampling: b = (b, ba,...,bs) € H*, s > n, Ljx(-) = (U(-)bj, x)

x ——| £

o,

(£x(h) he p,,




The Dihedral Group D,

Sampling result: If b = (b1, by, ..., bs)
verifies (C) then there exists s vectors

¢ €1, 6, ...cs € A, such that for each x € A,
| S

x =Y _[Lix(e)U(e)g + Lix(r)U(r)g]

j=1

-



The Dihedral Group D,

Sampling result: If b = (b1, by, ..., bs)
verifies (C) then there exists s vectors
a1, G, ...cs € A, such that for each x € A,

4 X = [E x(e)U(e)q; + Lix(T)U(7)c]]

j=1
Let Rb a(h) == =1,2,...,s and
Rbl-a(e) Rbl 3( ! 1) Rbl~3(7—) Rblﬁ(Tgn 1)
Rbha(‘ﬁ) Rb] 3(‘gn 1) Rbha(e) Rbl-a(gn 1)
Ros=| 0 - S . S
Rb,a(€) -+ Ry, ( ) Rea(r) o Rea(r8"Y)
Ro,a(T) -+ Ro,a(78"') Reoa(€) -+ Rua(g"")

(C) rankRp, =2n



Mathematical setting

Let G be a finite group (not neccesarily conmmutative)
Unitary representation H Hilbert space

he G~ U(h) € U(H)
Let a € H with {U(h)a | he G} L., let

A, =span{U(h)a| he G}

Main goal
Find K a subgroup of G, b = (b, by, ..., by) € HN and
c=(a,c,...,cy) € AN such that for each x € A



The isomorphism T,°
Cle] ~a: 6 = C, a= (a(g))sec

C[G] ~ L*(G) ~ CI¢



The isomorphism T.¢
Cll~a:G6—=C, a=(a(g))gec
C[G] ~ L2(G) ~ CI®l
Left regular representation G > t — L, € U(L%(G))

Lia(g) = a(t'g)



The isomorphism T.¢
Cll~a:G6—=C, a=(a(g))gec
C[G] ~ L%(G) ~ CI®l
Left regular representation G > t — L; € U(L%(G))

Lia(g) = a(t'g)

The Isomorphism




The isomorphism T,°

The Isomorphism

[*(G) —— A,

TG

a

(277

Shifting property: for any s € G and « € L?(G) we have

7.0 (Lsat) = U(s) T (ex)

a — x=) ,ca(t)U(t)a



The group G
We assume that
e G has two subgroups K and H such that

e K is Abelian
e G=KHy HNK ={e} (His a complement of K).



The group G
We assume that
e G has two subgroups K and H such that

e K is Abelian
e G=KHy HNK ={e} (His a complement of K).

Theorem (Schur-Zassenhaus)
If K is an Abelian normal subgroup of G such that |K| and |G /K]
are coprime then there exists a complement H of K in G. In such

case the group G is the semidirect product of K and H, and
denoted as G = H x K.



The group G
We assume that

e G has two subgroups K and H such that

e K is Abelian
e G=KHy HNK ={e} (His a complement of K).

Notation
o (:=|K|=|G|/|H, K={r0o=eT1, ,To-1}
o G/H={[e=m0],[r], -, [7-1]}

e For any fixed way of writing the elements of H

G = {To_lH,Tl_lH,--- ,TgillH}.



Generalized samples

I

L1 —= [L1x(70), - ., L1x(Te=1)]

K

l

Ly  |— [Lnx(70), ..., Lux(Te—1)]

[ ] b]_,bz,...,bNEH
o Lix(-) = (U()bj; x)



Generalized samples

I

L1 = [Lix(70), ., Lix(7e-1)]
X .
lK
Ly |—[Lnx(70), .- -, Lux(Te-1)]
© by,by,....by €H o {=I|K|, (|H|l =G|

o Lix(-) = (U()bj, x)



Generalized samples

X—Zas slac Ay, a=(as)scq ELQ(G)

seG

Lix(1n) = (x, U(n)bj),, = <Za5 ), U(7n bJ>H

s€G
= (e, GJ'ﬂ'n>L2(G)

o G, = ((U(S)a, Ua)b))sec € L2(G).



Generalized samples

X = ZO&S a S Aa, L; X(Tn) = <Ol, Gj.,Tn>L2(G)

seG

Proposition
Any x € A, can be recovered from its samples

{Lix(1a)} =12 N

n=0,1,....4—

if and only if the set of vectors

{GJTn}J L2, N € L(G)
—1

9oty

form a frame (a spanning set) for L(G).



Generalized samples
G; . }is frame in L?(G) if and only if the (|G| x N¢)-matrix
J5Tn

Gl,To Gl,Tz—1 G27T0 G27T4—1 G/V,‘Fo GN,TzA

has rank |G| = dim L?(G).



Generalized samples
G; . }is frame in L?(G) if and only if the (|G| x N¢)-matrix
J5Tn

Gir  Gury Gy o Gorpy o0 G o G,
has rank |G| = dim L?(G).

Corollary:

N > |H|



An expression for generalized samples

Gj,Tn = (<U(Tn)bj U(5)3>)SGG = (<U(S_lTn)bj7 a>)seG
= (ij’a(T,TIS))sec .

where R, 5(g) = (U(g)b,a)n, g € G.



An expression for generalized samples

Gjr = ((U(Ta)bj, U(5)a)) ..o = ((U(s'7n)bj, a)) .
= (ij’a(T,TIS))SGG .

where R, p(g) := (U(g)b,a)n, g € G. The vectors G; ., can be
written as column matrices as

.
Giira = (Roy.a(7a 76 H), Roya(ra 5 H), ., Ry o7 73 H))



An expression for generalized samples

Foreach j=1,2,..., N let Ry, 5 be the £ x |G| matrix

ijya(’]'o_l’l'o_lH) Rbﬁa(TO_lTl_lH) Rbﬁa(T(J_lTeillH)
R ijya(’]'l_l’]'o_lH) ij’a(Tl_lTl_lH) ij’a(Tl_lTe__llH)
bj,a — . . .

J

ij,a(Tg_,llTo_lH) ij’a(TeillelH) ij,a(TeilngillH)



An expression for generalized samples

Foreach j=1,2,..., N let Ry, 5 be the £ x |G| matrix

ijya(’]'o_l’l'o_lH) Rbﬁa(To_lTl_lH) ij7a(TalTéi11H)

R ijya(’]'l_l’]'o_lH) ij’a(Tl_lTl_lH) ij’a(Tl_lTe__llH)
bj a = . . .

Rbﬁa(Te:llTO_lH) ij’a(TeillelH) ij,a(Tg_,lng_,llH)

Since K is an Abelian subgroup of G the cosets 7,17, 'H and
~1

Tp 7 1H coincide. As a consequence,
ij7a(T(;iT(;iH) Rbha(T;iT(;iH) Rbﬁa(Te:ilTaiH)
R R a(tg 71 "H) Rya(ry 70 H) .. Rya(r, 37 H)
bi,a — . . .

J

Rbﬁa(T(;lTeillH) ij,a(TfngillH) ij,a(TgillTeillH)



An expression for generalized samples

Rb;,a(To 179 *H)  Ruy a(q '7g M H)
Rb;,a(To 'mi 'H)  Ruy a(y 'y M H)

ija—

ijva(To_lTe_—llH) ij,a(Tl_sz__11H)

Se define la N¢ x |G|-matriz

ij’a(Te_—llTo_lH)
Rby.a(m, 471 1H)

R bj,a(Te__ll Te__ll H)



An expression for generalized samples

ijya(To_lTo_lH) ij’a(Tl_lTo_lH) ij’a(Te__llTo_lH)

R ijya(To_lTl_lH) ij’a(Tl_lTl_lH) ij’a(Te__llTl_lH)
bj a— : . .

ij,a(To_ng__llH) ijya(Tl_lTZ__llH) ij’a(Te__lle__llH)

Se define la N¢ x |G|-matriz

RbN,a

1Gjm} J;:Oli27..,éNl frame for L?(G) & rank Ry, = |G|.



An expression for generalized samples

Proposition
For any x =} . as U(s)a € A, consider its samples vector

T
['same = (,C1X(7'0) e [,1X(Tg_1) e ,CNX(T()) e ,CNX(Tg_l))
Then, the matrix relationship
Esame = Rb,aa

holds.



Left inverses

The Moore-Penrose pseudoinverse of Ry, , is the |G| x N{ matrix

R;ia = [RE,aRb,a]il Rz,a

+ _ + + + e +
Rb,a =|R Rlﬂ—é—l RNﬂ'o RNﬂ'e—l

1,79



Left inverses

The Moore-Penrose pseudoinverse of Ry, , is the |G| x N{ matrix

R+a = [Ré,aRbya]_l Rz,a

+ +
RN,TQ e RN JTe—1

R+.

+ _ | Rt
Rb,a* R 1,701

1 »T0

Esame = Rb,aa

!

N (-1

Rba same—ZZEXTn Z (a, Gan L2(G) JT

j=1 n=0 Jj=1ln

T’
L

Il
o



Left inverses

The Moore-Penrose pseudoinverse of Ry, 5 is the |G| x N matrix

R+ - +-

+ _ (Rt ... R ...
Rb,a - Rl ,7T0 Rl ,Te—1 N, 7o RN;Té—l
N (-1 N (-1
_ pt _
a—Rb,aﬁsame—Z g EXTn g E «, GJTn L2(G)Rj’7'n
j=1 n=0 j=1 n=0

{R]LT”} j=1,2,..n is the canonical dual frame of {Gj .} j=12,..n
n=0,1,...,/—1 n=0,1,...,0—1



The sampling result (1)

U(s)a e A,
Z [,_,X(Tn)RJ?tT
J:1 n=0 7—3’6
|7
= Z Lix(7n) 7;G(RJJ-7FTH) A



The sampling result (1)

The sampling function 7;G(ijTn) do not have, in principle, any
special structure since R;ra does not have it.



The sampling result (1)

The sampling function 7;G(ij7n) do not have, in principle, any
special structure since R;ra does not have it.

Structure of frame {G; . }

Gjﬂ'n = (ij,a(T”_ls))sec = L7-" (;ijO



The sampling result (1)

The sampling function EG(ijTn) do not have, in principle, any
special structure since R;ra does not have it.

Structure of frame {G; -}

GJ-v"'n = (ijaa(Tn_ls))seG = LTn GijO
There exists M such that
e MR}, =/ (< the set of columns of M is a dual frame of

{Gjm})
° Mn,Tj = LTJ.M,,’TO?



The sampling result (I)
X=3 ccasU(s)ac A,

= Z Lix(1h)M;
j=1

J>Tn
—1 n=0

I
N -1
X—TG ZZKXT,, (M;) Aa

j=1 n=0

TG

,TaG(Mjﬂ'n) - 7;G(L7—HMJ77—O) - U(Tn)Mjﬂ'o’
j=1,...,N, n=0,...,/—1.



Sampling. G-compatible left-inverses

Let S be the first |H| rows of any left-inverse of the matrix Ry, ,

SRb. = (I OjHix (61— |H))) - (1)



Sampling. G-compatible left-inverses

Let S be the first |H| rows of any left-inverse of the matrix Ry, ,

SRb,o = (11 Ojmix (|- |H]))
We write the |H| x N¢ matrix S
as

S = (S1S>---Sw)

matrix

where each block S; is a |H| x ¢

S; = (805} ... L)

(1)

| |

\
8




Sampling. G-compatible left-inverses

Let S be the first |H| rows of any left-inverse of the matrix Ry, ,

SRb.. = (I1 Ojhix(6|-|H)) -

(1)

N -1 - 0
SO Ry ot tH) = 1, l l l |H|
j=1 n=0
N -1 S=

> > 5 Realri'ry 'H) =0,

Jj=1n=0 L ,

k=1,2,....0-1,




G-compatible left-inverses

From S we form the |G| x N/
matrix

§- (5:5...5)



G-compatible left-inverses
From S we form the |G| x N/
matrix

=

o
§- (5:5,...50)




G-compatible left-inverses
From S we form the |G| x N/
matrix

5 1 iH\
§:(§1§2§) t)
| |
[ 8
510 Sjl sé-1 D I I I
B g0 glt o S'Z—l,l
S, = J: J: J I I I I
59,'@—1 5_1,}5—1 Sg—i,e—l I D I D
J J J |
SJ."’i = Sjk whenever i 7, = T.



The sampling result

Lemma

o S c ClCIXNE js 5 Jeft-inverse of Ry ,, i.e, S Rpa = lig|-

©Si,=L.Si0j=12...,Nn=01,... -1,



The sampling result

Theorem. The following statements are equivalent:

1.
2.
3.

rankRp , = |G|

38 € CIM*NE such that SRy 2 = (I Ojhix(/6|-|H)))

g}, € A, such that {U(T,,)cj}nj 01 2.. e,!1 is a frame for A,,
and for any x € A, the expansion

N (-1

ZZEXT,, (tn)c

Jj=1 n=0
holds.
HGCnt j=12,..n framein A, such that, for each x € A, the
=0,1,...0—1

expansion

~

-1

N
Z Lix(n) Gjn

Jj=1n

Il
o

holds.



Next steps ...

e G countable discrete group

e Unitary representation of G

G —— U(H)

g —— 7(g)



Next steps ...

e G countable discrete group

e Unitary representation of G
G —"— U(H)
g — w(g)

a € H such that {n(g)a| g € G} is
1. A Riesz sequence in H, or

2. A frame sequence in H



Next steps ...

e G countable discrete group

e Unitary representation of G
G —"— U(H)
g — w(g)

a € H such that {w(g)a| g € G} is
1. A Riesz sequence in H,

2. A frame sequence in ‘H



Next steps ...

e G countable discrete group

e Unitary representation of G
G —"— U(H)
g — w(g)

We denote by (eg)gecc the canonical orthornomal basis in ¢2(G).
Let TS be the operator

TG
2(G) —— A,

defined by TS (e,) := m(g)a, for each g € G.



Next steps ...

e G countable discrete group

e Unitary representation of G
G —"— U(H)
g — w(g)

We denote by (eg)gecc the canonical orthornomal basis in ¢2(G).
Let TS be the operator

G
2(6) 2 A,
defined by TS (e,) := m(g)a, for each g € G.

TS is a bounded invertible operator



Next steps ...
Let K < G be a subgroup, and by, ..., by € H. We define

Lix(k) = (x,m(g)bj)n, Jj=1,2,...,N.
Lemma Let x € A, :=3pan{7(g)a| g € G} and TCF = x, then

ﬁjX(k):<F./ Gj,k>€2(G)7 j=12....N ke K
Gk = LG

G > g+ Ly € U(L?(G)) is the left regular representation of G.



Next steps ...

Find G, K < G and by, ..., b, € H such that
1. {Lij}j:1,27...’N is a frame in £2(G)
€K

N {Lk G }J 12 N is a frame in 72(G) then to find a dual
eK

frame of the form {LkHj}j=12,...n
ke



