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U-INVARIANT
SUBSPACES

U-Invariant subspaces
Unitary representaton of Z

n ∈ Z 7→ Un ∈ U(H)

where U : H → H is a unitary
operator.

U-Invariant subspaces (finite case)
Unitary representaton of ZN

g ∈ ZN 7→ π(g) ∈ U(CN)

where π(g) is a unitary operator.
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The Dihedral Group Dn

τ

2π
n

Dn = {e, g , g2, . . . , gn−1, τ, τg , . . . , τgn−1}

Unitary representation H Hilbert space

h ∈ Dn 7→ U(h) ∈ U(H)

Given a ∈ H such that {U(h)a | h ∈ Dn} l.i.,
let

Aa = span{U(h)a | h ∈ Dn}

Sampling: b = (b1, b2, . . . , bs) ∈ Hs , s ≥ n, Ljx(·) = 〈U(·)bj , x〉

(
Lj x(h)

)
h∈Dn

x Lj

Dn
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The Dihedral Group Dn

τ

2π
n

Sampling result: If b = (b1, b2, . . . , bs)
verifies (C) then there exists s vectors
c1, c2, . . . cs ∈ Aa such that for each x ∈ Aa

x =
s∑

j=1

[Ljx(e)U(e)cj + Ljx(τ)U(τ)cj ]

Let Rbj ,a(h) := 〈U(h)bj , a〉, j = 1, 2, . . . , s and

Rb,a =


Rb1,a(e) · · · Rb1,a(gn−1) Rb1,a(τ) · · · Rb1,a(τgn−1)
Rb1,a(τ) · · · Rb1,a(τgn−1) Rb1,a(e) · · · Rb1,a(gn−1)

...
...

...
...

...
...

Rbs ,a(e) · · · Rbs ,a(gn−1) Rbs ,a(τ) · · · Rbs ,a(τgn−1)
Rbs ,a(τ) · · · Rbs ,a(τgn−1) Rbs ,a(e) · · · Rbs ,a(gn−1)

 ∈ C2s×2n

(C) rank Rb,a = 2n



Mathematical setting

Let G be a finite group (not neccesarily conmmutative)
Unitary representation H Hilbert space

h ∈ G 7→ U(h) ∈ U(H)

Let a ∈ H with {U(h)a | h ∈ G} l.i., let

Aa = span{U(h)a | h ∈ G}

Main goal
Find K a subgroup of G , b = (b1, b2, . . . , bN) ∈ HN and
c = (c1, c2, . . . , cN) ∈ AN such that for each x ∈ A

x =
N∑
j=1

∑
t∈K
Ljx(t)U(t)cj
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Left regular representation G 3 t 7→ Lt ∈ U(L2(G ))

Ltα(g) = α(t−1g)
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T G
a−−−−→ Aa

α −−−−→ x =
∑

t∈G α(t)U(t)a



The isomorphism T G
a

The Isomorphism

L2(G)

Aa

T G
a

L2(G )
T G
a−−−−→ Aa

α −−−−→ x =
∑

t∈G α(t)U(t)a

Shifting property: for any s ∈ G and α ∈ L2(G ) we have

T G
a

(
Lsα

)
= U(s) T G

a (α)
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Theorem (Schur-Zassenhaus)

If K is an Abelian normal subgroup of G such that |K | and |G/K |
are coprime then there exists a complement H of K in G. In such
case the group G is the semidirect product of K and H, and
denoted as G = H o K.



The group G
We assume that

• G has two subgroups K and H such that
• K is Abelian
• G = KH y H ∩ K = {e} (H is a complement of K ).

Notation

• ` := |K | = |G |/|H|, K =
{
τ0 = e, τ1, · · · , τ`−1

}
• G/H =

{
[e = τ0], [τ1], · · · , [τ`−1]

}
• For any fixed way of writing the elements of H

G =
{
τ−1

0 H, τ−1
1 H, · · · , τ−1

`−1H
}
.
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Generalized samples

[LNx(τ0), . . . ,LNx(τ`−1)]LN

K

L1

K

x

[L1x(τ0), . . . ,L1x(τ`−1)]

• b1, b2, . . . , bN ∈ H
• Ljx(·) = 〈U(·)bj , x〉

• ` = |K |, `|H| = |G |.



Generalized samples

x =
∑
s∈G

αs U(s)a ∈ Aa, α = (αs)s∈G ∈ L2(G )

Ljx(τn) =
〈
x ,U(τn)bj

〉
H =

〈∑
s∈G

αs U(s)a,U(τn)bj

〉
H

=
〈
α,Gj ,τn

〉
L2(G)

• Gj ,τn = (〈U(s)a,U(τn)bj〉)s∈G ∈ L2(G ).



Generalized samples

x =
∑
s∈G

αs U(s)a ∈ Aa, Ljx(τn) =
〈
α,Gj ,τn

〉
L2(G)

Proposition

Any x ∈ Aa can be recovered from its samples{
Ljx(τn)

}
j=1,2,...,N

n=0,1,...,`−1

if and only if the set of vectors

{Gj ,τn} j=1,2,...,N
n=0,1,...,`−1

∈ L2(G )

form a frame (a spanning set) for L2(G ).



Generalized samples

{Gj ,τn} is frame in L2(G ) if and only if the (|G | × N`)-matrix
...

...
...

...
...

...
...

...
...

...
G1,τ0 · · · G1,τ`−1

G2,τ0 · · · G2,τ`−1
· · · GN,τ0 · · · GN,τ`−1

...
...

...
...

...
...

...
...

...
...
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has rank |G | = dim L2(G ).



Generalized samples

{Gj ,τn} is frame in L2(G ) if and only if the (|G | × N`)-matrix
...

...
...

...
...

...
...

...
...

...
G1,τ0 · · · G1,τ`−1

G2,τ0 · · · G2,τ`−1
· · · GN,τ0 · · · GN,τ`−1

...
...

...
...

...
...

...
...

...
...


has rank |G | = dim L2(G ).

Corollary:

N ≥ |H |
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An expression for generalized samples

Gj ,τn =
(
〈U(τn)bj ,U(s)a〉

)
s∈G =

(
〈U(s−1τn)bj , a〉

)
s∈G

=
(
Rbj ,a(τ−1

n s)
)
s∈G .

where Ra,b(g) := 〈U(g)b, a〉H, g ∈ G . The vectors Gj ,τn can be
written as column matrices as

Gj ,τn =
(
Rbj ,a(τ−1

n τ−1
0 H),Rbj ,a(τ−1

n τ−1
1 H), . . . ,Rbj ,a(τ−1

n τ−1
`−1H)

)>



An expression for generalized samples

For each j = 1, 2, . . . ,N let Rbj ,a be the `× |G | matrix

Rbj ,a =


Rbj ,a(τ−1

0 τ−1
0 H) Rbj ,a(τ−1

0 τ−1
1 H) . . . Rbj ,a(τ−1

0 τ−1
`−1H)

Rbj ,a(τ−1
1 τ−1

0 H) Rbj ,a(τ−1
1 τ−1

1 H) . . . Rbj ,a(τ−1
1 τ−1

`−1H)
...

... · · ·
...

Rbj ,a(τ−1
`−1τ

−1
0 H) Rbj ,a(τ−1

`−1τ
−1
1 H) . . . Rbj ,a(τ−1

`−1τ
−1
`−1H)





An expression for generalized samples

For each j = 1, 2, . . . ,N let Rbj ,a be the `× |G | matrix

Rbj ,a =


Rbj ,a(τ−1

0 τ−1
0 H) Rbj ,a(τ−1

0 τ−1
1 H) . . . Rbj ,a(τ−1

0 τ−1
`−1H)

Rbj ,a(τ−1
1 τ−1

0 H) Rbj ,a(τ−1
1 τ−1

1 H) . . . Rbj ,a(τ−1
1 τ−1

`−1H)
...

... · · ·
...

Rbj ,a(τ−1
`−1τ

−1
0 H) Rbj ,a(τ−1

`−1τ
−1
1 H) . . . Rbj ,a(τ−1

`−1τ
−1
`−1H)


Since K is an Abelian subgroup of G the cosets τ−1

n τ−1
p H and

τ−1
p τ−1

n H coincide. As a consequence,

Rbj ,a =


Rbj ,a(τ−1

0 τ−1
0 H) Rbj ,a(τ−1

1 τ−1
0 H) . . . Rbj ,a(τ−1

`−1τ
−1
0 H)

Rbj ,a(τ−1
0 τ−1

1 H) Rbj ,a(τ−1
1 τ−1

1 H) . . . Rbj ,a(τ−1
`−1τ

−1
1 H)

...
... · · ·

...

Rbj ,a(τ−1
0 τ−1

`−1H) Rbj ,a(τ−1
1 τ−1

`−1H) . . . Rbj ,a(τ−1
`−1τ

−1
`−1H)





An expression for generalized samples

Rbj ,a =


Rbj ,a(τ−1

0 τ−1
0 H) Rbj ,a(τ−1

1 τ−1
0 H) . . . Rbj ,a(τ−1

`−1τ
−1
0 H)

Rbj ,a(τ−1
0 τ−1

1 H) Rbj ,a(τ−1
1 τ−1

1 H) . . . Rbj ,a(τ−1
`−1τ

−1
1 H)

...
... · · ·

...

Rbj ,a(τ−1
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Se define la N`× |G |-matriz

Rb,a :=


Rb1,a

Rb2,a
...

RbN ,a

 .



An expression for generalized samples

Rbj ,a =


Rbj ,a(τ−1

0 τ−1
0 H) Rbj ,a(τ−1

1 τ−1
0 H) . . . Rbj ,a(τ−1

`−1τ
−1
0 H)

Rbj ,a(τ−1
0 τ−1

1 H) Rbj ,a(τ−1
1 τ−1

1 H) . . . Rbj ,a(τ−1
`−1τ

−1
1 H)

...
... · · ·

...

Rbj ,a(τ−1
0 τ−1

`−1H) Rbj ,a(τ−1
1 τ−1

`−1H) . . . Rbj ,a(τ−1
`−1τ

−1
`−1H)


Se define la N`× |G |-matriz

Rb,a :=


Rb1,a

Rb2,a
...

RbN ,a

 .

{Gj ,τn} j=1,2,...,N
n=0,1,...,`−1

frame for L2(G ) ⇔ rank Rb,a = |G |.



An expression for generalized samples

Proposition

For any x =
∑

s∈G αs U(s)a ∈ Aa consider its samples vector

Lsampx =
(
L1x(τ0) . . .L1x(τ`−1) · · · LNx(τ0) . . .LNx(τ`−1)

)>
.

Then, the matrix relationship

Lsampx = Rb,a α

holds.



Left inverses

The Moore-Penrose pseudoinverse of Rb,a is the |G | × N` matrix

R+
b,a = [R∗b,aRb,a]−1R∗b,a

R+
b,a =


...

...
...

...
...

...
...

R+
1,τ0

· · · R+
1,τ`−1

· · · R+
N,τ0

· · · R+
N,τ`−1

...
...

...
...

...
...

...





Left inverses

The Moore-Penrose pseudoinverse of Rb,a is the |G | × N` matrix

R+
b,a = [R∗b,aRb,a]−1R∗b,a

R+
b,a =


...

...
...

...
...

...
...

R+
1,τ0

· · · R+
1,τ`−1

· · · R+
N,τ0

· · · R+
N,τ`−1

...
...

...
...

...
...

...



Lsampx = Rb,a α

l

α = R+
b,a Lsampx =

N∑
j=1

`−1∑
n=0

Ljx(τn)R+
j ,τn

=
N∑
j=1

`−1∑
n=0

〈α,Gj ,τn〉L2(G)R
+
j ,τn



Left inverses

The Moore-Penrose pseudoinverse of Rb,a is the |G | × N` matrix

R+
b,a =


...

...
...

...
...

...
...

R+
1,τ0

· · · R+
1,τ`−1

· · · R+
N,τ0

· · · R+
N,τ`−1

...
...

...
...

...
...

...



α = R+
b,a Lsampx =

N∑
j=1

`−1∑
n=0

Ljx(τn)R+
j ,τn

=
N∑
j=1

`−1∑
n=0

〈α,Gj ,τn〉L2(G)R
+
j ,τn

{R+
j ,τn
} j=1,2,...,N
n=0,1,...,`−1

is the canonical dual frame of {Gj ,τn} j=1,2,...,N
n=0,1,...,`−1



The sampling result (I)

x =
∑

s∈G αs U(s)a ∈ Aa

α =
N∑
j=1

`−1∑
n=0

Ljx(τn)R+
j ,τnyT G

a

x = T G
a (α) =

N∑
j=1

`−1∑
n=0

Ljx(τn) T G
a (R+

j ,τn
)

L2(G)

Aa

T G
a
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T G
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a (R+

j ,τn
) do not have, in principle, any
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The sampling result (I)

The sampling function T G
a (R+

j ,τn
) do not have, in principle, any

special structure since R+
b,a does not have it.

Structure of frame {Gj ,τn}

Gj ,τn =
(
Rbj ,a(τ−1

n s)
)
s∈G = LτnGj ,τ0

There exists M such that

• MRb,a = I (⇔ the set of columns of M is a dual frame of
{Gj ,τn})

• Mn,τj = Lτj Mn,τ0?

M =


...

...
...

...
...

...
...

M1,τ0 · · · M1,τ`−1
· · · MN,τ0 · · · MN,τ`−1

...
...

...
...

...
...

...





The sampling result (I)

x =
∑

s∈G αs U(s)a ∈ Aa

α =
N∑
j=1

`−1∑
n=0

Ljx(τn)Mj ,τnyT G
a

x = T G
a (α) =

N∑
j=1

`−1∑
n=0

Ljx(τn) T G
a (Mj ,τn)

L2(G)

Aa

T G
a

T G
a (Mj ,τn) = T G

a (LτnMj ,τ0) = U(τn)Mj ,τ0 ,

j = 1, . . . ,N , n = 0, . . . , `− 1.



Sampling. G -compatible left-inverses

Let S be the first |H| rows of any left-inverse of the matrix Rb,a

S Rb,a =
(
I|H| O|H|×(|G |−|H|)

)
. (1)



Sampling. G -compatible left-inverses

Let S be the first |H| rows of any left-inverse of the matrix Rb,a

S Rb,a =
(
I|H| O|H|×(|G |−|H|)

)
. (1)

We write the |H| × N` matrix S
as

S =
(
S1 S2 · · ·SN

)
where each block Sj is a |H| × `
matrix

Sj =
(
S0
j S

1
j . . . S

`−1
j

)
`

S1 SNS2

S0
2 S

`−1
2

|H|

S =



Sampling. G -compatible left-inverses

Let S be the first |H| rows of any left-inverse of the matrix Rb,a

S Rb,a =
(
I|H| O|H|×(|G |−|H|)

)
. (1)

N∑
j=1

`−1∑
n=0

Sn
j Rbj ,a(τ−1

0 τ−1
n H) = I,

N∑
j=1

`−1∑
n=0

Sn
j Rbj ,a(τ−1

k τ−1
n H) = O,

k = 1, 2, . . . , `− 1 , `

S1 SNS2

S0
2 S

`−1
2

|H|

S =



G -compatible left-inverses

From S we form the |G | × N`
matrix

S̃ =
(
S̃1 S̃2 . . . S̃N

)



G -compatible left-inverses

From S we form the |G | × N`
matrix

S̃ =
(
S̃1 S̃2 . . . S̃N

)

S̃j :=


S0
j S1

j · · · S`−1
j

S0,1
j S1,1

j · · · S`−1,1
j

...
... · · ·

...

S0,`−1
j S1,`−1

j · · · S`−1,`−1
j



?

S1
j Skj S

`−1
j |H|S0

j



G -compatible left-inverses

From S we form the |G | × N`
matrix

S̃ =
(
S̃1 S̃2 . . . S̃N

)

S̃j :=


S0
j S1

j · · · S`−1
j

S0,1
j S1,1

j · · · S`−1,1
j

...
... · · ·

...

S0,`−1
j S1,`−1

j · · · S`−1,`−1
j


Sn,i
j := Sk

j whenever τi τn = τk .

?

S1
j Skj S

`−1
j |H|S0

j

S1
j Skj S

`−1
j |H|S0

j



The sampling result

Lemma

• S̃ ∈ C|G |×N` is a left-inverse of Rb,a, i.e, S̃ Rb,a = I|G |.

• S̃j ,n = Lτn S̃j ,0, j = 1, 2, . . . ,N, n = 0, 1, . . . , `− 1 .



The sampling result

Theorem. The following statements are equivalent:

1. rank Rb,a = |G |

2. ∃S ∈ C|H|×N` such that S Rb,a =
(
I|H|O|H|×(|G |−|H|)

)
3. ∃{cj}Nj=1 ∈ Aa, such that {U(τn)cj} j=1,2,...,N

n=0,1,...,`−1
is a frame for Aa,

and for any x ∈ Aa the expansion

x =
N∑
j=1

`−1∑
n=0

Ljx(τn)U(τn)cj

holds.

4. ∃{Cj,n} j=1,2,...,N
n=0,1,...,`−1

frame in Aa such that, for each x ∈ Aa the

expansion

x =
N∑
j=1

`−1∑
n=0

Ljx(τn)Cj,n

holds.
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We denote by (eg )g∈G the canonical orthornomal basis in `2(G ).
Let TG

a be the operator

`2(G )
TG
a−−−−→ Aa

defined by TG
a (eg ) := π(g)a, for each g ∈ G .

TG
a is a bounded invertible operator



Next steps ...

Let K < G be a subgroup, and b1, . . . , bN ∈ H. We define

Ljx(k) := 〈x , π(g)bj〉H, j = 1, 2, . . . ,N.

Lemma Let x ∈ Aa := span{π(g)a | g ∈ G} and TG
a F = x , then

Ljx(k) = 〈F ,Gj ,k〉`2(G), j = 1, 2, . . . ,N , k ∈ K

Gj ,k = LkGj

G 3 g 7→ Lg ∈ U(`2(G )) is the left regular representation of G .



Next steps ...

Find G , K < G and b1, . . . , bn ∈ H such that

1. {LkGj}j=1,2,...,N
k∈K

is a frame in `2(G )

2. If {LkGj}j=1,2,...,N
k∈K

is a frame in `2(G ) then to find a dual

frame of the form {LkHj}j=1,2,...,N
k∈K


