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Statement of the problem
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|
Given a generador ¢ € L?(R) with good properties there exists a
Shannon-type sampling formula in the shift-invariant subspace:

2={ D melt—n) : {a} € 4@)} c IXR),
nez
which reads as

ZfaJrn W(t—n), teR,

nez

where S, € Vfg and the sequence {S,(r — n)},cz is a Riesz basis for
the shift-invariant subspace V.

» 30 <A< BsuchthatAlf|* <> |f(a+n)] <B|f|]*, feV]
nez
> Syla+n)=96,, neZ

Antonio Garcia Garcia Q-Math Seminar 24/04/17 4/42



|
Goal: To investigate the existence of stable sampling formulas in Vi
involving the data

flatpn)},eys {A5fla+pn)}, s andior {Aff(a+pn)},,,
where
Al f(a+pn) == A fla+pn+1) — AT (a+ pn)

Alf(a+pn) = A f(a+pn) - A fla+pn—1), AL =1
denote forward/backward differences.

(We could also use central differences Af(a + pn) or averages
pef (a+ pn), p—f(a + pn) or pigf (a + pn))
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An easy example

Adding and subtracting f(a + 2n) S,(t — 2n — 1) in each summand of

= {fla+2n)Sa(t —2n) + fla+2n+ 1) Sy(t —2n — 1)}
nez
yields
= {f(a+2n) [Sa(t—2n)+Sa(t—2n—1)]+ A f (a+2n) Sq(t—2n—1)}

nez

Stable recovery of any f € Vf, from the new samples turns out to be
{Sa(t =2n) + Su(t =2n = 1)}, U{Sult =20 = 1)}

a Riesz basis for Vf,, or equivalently, there exist constants 0 < A < B
such that for any f € V

AlFIP <) _A{lf(a+2n)P +|ALf(a + 20)]*} < BIIf|?

nez
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The mathematical setting
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The shift-invariant subspace V.
|

V3 i=span{e(t — ez = { Y anglt =) : {a} € A(@)} c P®R),
nez

We are assuming that:
» The sequence {¢(t — n)},cz is a Riesz basis for Vf,
»  is continuous on R

> The series ) _ |o(t — n)[* is bounded on R
nez
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The isomorphism 7,

The space V is the image L*(0, 1) by means of the isomorphism:
|

Tp : L*(0,1) — V

{e ™Y pez — {o(t — n) }nez

» For each f € V, we have

ft) = <F7Kt>L3(0,1), teR
where F = 7:0_1f and

Ki(x) =) ot —n)e ™™ = Zyp(t, x)
neZ

(Zy is the Zak transform of ¢)
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The isomorphism 7,

The space V is the image L*(0, 1) by means of the isomorphism:

To : L*(0,1) — V

{7 ez — {0t = n)}nez

> Kiim(x) = e ™™ K (x),tER, meZ
> Tole M E@)| (1) =f(t—m), t€R (f = T,(F))
> Vfo is a RKHS of continuous functions
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The sampling formula in Vi
For afixed a € [0,1) and n € Z we have
fla+n)=(F, Ka+n>L2(0,1) = (F, e72mmKa>L2(0,1)

{0 := e 7K, (x)}, _, Riesz basis <= 0 < [|Kullo < [|Kalloo < 00,

where ||K,||o := essinf|K,(x)| and ||K,|oc := esssup |[K4(x)]|.
x€(0,1 x€(0,1)

lts dual Riesz basis is {y, := ¢ """ /K,(x)}
For each F € L*(0, 1)

nez

—27rmx —2minx

F =Y (Fe™K,) —— _Zf X5 in L2(0,1).

nez nez

Applying the isomorphism 7, and its shifting property we obtain
ZfaJrn W(t—n), teER,

nez

where S, .= T, (1/K,) € V2.
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Some well-known examples

» The Paley-Wiener space PW, coincides with V. whose
generator is the sine cardinal function. For any a € [0, 1), the
following sampling formula holds:

w(t—n—a)

1) =Y fn+ @)

teR
w(t—n—a) ’ ’
ne”Z

» Consider ¢ := N,, where N,, is the B-spline of order m — 1, i.e.,
Ny = Ny # Ny - % Ny (m times) where Ny := xo,11-
It is known that the sequence {N,,(r — n)}nEZ is a Riesz basis
for vy, .
For quadratic and cubic splines the following sampling formulas
hold:
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» Quadratic Spline N;. Here, takinga = 1/2, forany f € VI%,3 we
obtain the sampling formula

anJr )Sipp(t—n), teR,

nez

where S, (1) = V2 (2v2 = 3)" 1 N3 (t — n).
nez
For a = 0 the sampling result fails since ||Ky|lo = 0.

» Cubic Spline N,. Here, taking a = 0, forany f € VJZv4 we obtain
the sampling formula

}{:]? So [4, n teR,

nez

where So() = V3 (-1 V)M Nyt —n +2).

nez
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Figure: Sine cardinal funtion

T |

Figure: Quadratic S, /, and cubic Sy sampling funtions
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Generalized finite differences
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Forward, backward or central difference operators:

Af(@) :=f(t+1) =f(), Af() :=f(1) —flr=1)
Aof (1) :=f(t+1) = f(t = 1)

Average operators:

1 1
e f(0) =3+ 1) + O], nof(0) = S0 +£( = D)
1
paf (1) =5 f (14 1) + (1 = 1)]
and their iterates are a particular case of the generalized finite
N

difference A3y yf(£) == Y arf(t+ k), where a = () C C and
k=—M
M,N€EZ
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In particular, for forward/backward differences in V,é:
ALf(t) = (F, K11 — K,>L2(O’1) = (F, (™2™ — 1) Kt>L2(071) , teR
A,f(l‘) — <F, Kt - Kt—1>L2(071) = <F7 (1 - eZm'x) Kt>L2(0’1) ’ reR
and iterating

ASF() = (F (€7 — 1F K g,y TER
(0,1)

ALf(n) = (F,(1 =™V Kp)popy» tER

Similar expressions can be obtained for other differences or
averages
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Going back to the initial example, for the samples f(a + 2n) and
Aif(a+2n),neZ:
fla+2n) = <F, e_zm(Z”)xKa>L2(O i

AJrf(a + 211) _ <F, e—27ri(2n+1)xKa _ e—27ri(2n)xKa>L2(O "

Denoting x, := ¢ "™ K,(x), n € Z, the questions are:
» whether the sequence {xy, },cz U {—x2, + x2,11 }nez IS @ Riesz
basis for L2(0, 1), and
» how to obtain, in the affirmative case, its dual basis in terms of
Vo= e "™ /K,(x), n € Z, the dual Riesz basis of {x,}.cz
Here, itis {y2, + yout1tnez U {yoni1 fnez
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|
Let {x,}.cz and {y,}.cz be a pair of dual Riesz bases for . For a
fixed p € N, consider a partition {xi,},cz U {x21}nez U - - - U {xpn }nez
of {x,},cz and let M = (a;) € CP*P be a matrix of scalars. Then, the
new sequence defined by using the rows of M as

p p p
{ Zalkxkn}nez ) { Zakak”}nEZ UeeolJ { Z apkxkn}nez
fie=ll =1l k=1

is a Riesz basis for # if and only if det M = 0. In this case, its dual
Riesz basis is given by

p p p
{ ngl}’lm}nez U { ngzylm}”ez Ueoold { Zkaykn}nez
k=1 k=1 k=1

where (bix by ... by)  denotes the k-th column of the inverse
matrix M~ ', k=1,2,....,p.
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Some sampling results
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Using first and second forward differences

fla+3n) = <F, e_27”.(3”)xKa>L2(071)

Afla+3n) = (F, e 2mCmg, e—27ri(3n)xKa>L2(0’1)
A2 f(a+3n) = (F, e 2miCmdsg o =2milntlsg, | e’z’”'(3")xKa>L2(071)
The sequence

{30 }nez U {x3n1 — X3n ez U {X3n12 — 23041 + X3 bnez

is a Riesz basis for LZ(O, 1) and its dual Riesz basis is

{y3n + Y3n+1 + Y3nt2tnez U {3341 + 293042 tnez U {y3nt2}nez

since B
1 0 0 1 00
-1 1 0 =111 0
1 -2 1 1 2 1
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Expanding F with respect to the above dual basis we obtain

F= Z { f(a+3n)[y3n + Yant1 + yans2] + Apf(a+3n) [yane1 + 2y3n12]
nez

A% f(a+3n) )’3n+2} in £2(0, 1)
Using 7, and its shifting property 7., (yju«) = Sa (1 — (pn + k)) we get
in v, the sampling formula:
|

1) = Z{f(a +3n)[Sul(t = 3n) + Su(t — 3n— 1) + Sa(t — 3n — 2)]

nez
+ A f(a+3n)[Sa(t —3n — 1) +25,(1 = 3n — 2)]

Aif(a+3n)sa(r—3n—2)}, reR.
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Using backward and forward differences

A_f(a —+ 4n) = <F’ e*Zﬂl’(4l’l)XKa _ 6727'”.(41171)XK(1>L2(0 1)
fla+4n) = (F, e_ZWi(4n)xKa>L2(o,1) ’
Af(a+4n) = (F,e 2 mDxg, — o=2mlig) o
Aif(a +4n) = <F7 e*27ri(4n+2)xKa _ 28—27ri(4n+1)xKa + 8727Ti(4n)xKa>L2(071)

The sequence
{—Xan—14+x41 bnezI{xan bnezU{ —Xan+Xan11 tnezU{xan—2%an11+X4n42 tnez
is a Riesz basis for L?(0, 1) and its dual Riesz basis is

{=Yan—1}nezU{yan—1+Yan+Yant1FYan12 tnez O an+1+2Van42 YU{Yant2 tnez

since
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-1 1 0 0 110 0
0o 1 0 ol |0 100
o -1 1 0ol o 110
0o 1 -2 1 0 1 21

The resulting sampling formula in Vi reads:
|

=3 { — A_f(a+4n)S.(t —4n+ 1)

nez
+f(a+4n)[Sa(t —4n+ 1) + Sa(r — 4n)
+ Sa(t — 4n — 1) + S4(t — 4n — 2)]
+ Aif(a+4n)[Sa(t —4n — 1) + 28,(t — 4n — 2)]
A f(a+4n) S, (t—4n—2)}, reR.
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Using central averages and differences

1 . .
puof (a + 3n) = (F, 5(3_2”’(3"“)”% + 6_2”’(3"_1)xKa>Lz(0,1)

fla+3n) = (F,e ™K 5 0 )
A(}f(a + 3]’1) — <F, e—27ri(3n+1)xKa - e—27ri(3n—1)xKa>L2(O,l)

The sequence

1 1
{X3n}nez U{5X30—1 + 5X3041 bnez U { —X30—1 + X311 fnez
2 2

is a Riesz basis for L*(0, 1) and its dual Riesz basis is

1 1
{V3ntnez U {y3n—1 + ¥3n+1 tnez U {_§y3n—1 + §y3n+1}n€Z

since
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0 1 0 01 —1/)2
12 0 12| =10 o0
-1 0 1 01 1)2

The resulting sampling formula in Vj reads:

£(6) = 3 [fla+ 3n) 4t — 3n)

nez
+ paf (@ +3n) [Sa(t = 3n+ 1) + Sa(t — 3n — 1]

+A0f(a+3n)%[—sa(z—3n+1)+sa(;—3n—1)]], reR
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Many other formulas

v

Using p — 1 forward differences with sampling period p
» Using p — 1 backward differences with sampling period p

v

Using p forward and ¢ — 1 backward differences with sampling
period p + ¢

» efc.
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The two-dimensional case
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The sampling formula: general case

Vi = { Z Ay (t —n,s —m) = {apm} € EZ(ZZ)}

n,mez

The isomorphism 75, : L7(0,1)> — V2 mapping the orthonormal
basis {e~ 2" ¢~2™m} <7 onto the Riesz basis
{®(r — n,s —m)}, mez satisfies the shifting property

To[e 2™ e MM F(x,y)](t,5) = To[F](t—n,s—m), t,s€R,nme L.

Any f = ToF € Vi can be expressed as

Fo,9) = (Fooy) Kislwn) oo 65 ER,

where K (x,y) = Y @(t—n,s —m) e 2™ € [2(0,1)?
n,me”Z
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For fixed a,b € [0,1) and n,m € Z we get
fla+nb+m)= <F, Ka+”7b+m>L2(O,1)2 = <F, e_zmnxe_zm'"yKuﬁ(x, y)>

The sequence {x,,, :=¢ e "MK, (x, 3’)}”,"1 _, is a Riesz
basis for L7(0,1)* <= 0 < ||Kapllo < ||Kaplloo < 00
lts dual Riesz basis is {y,,, :=¢ e ™" /K, ,(x,y)}

For any f € V3 we obtain the sampling formula

nme”

ft.s) =Y flatnb+mSy(t—ns—m), t,s€R

n,me”z

where S, = 7o (1/K.5) € Vg
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The sampling formula: separable variables

Consider a generator ®(x,y) := ¢(x)u(y) in L*(R?) with (x) and
() in L(R)

lts associated shift-invariant subspace Vfo =Vi= Vfg ® Vf
Straightforward, 7., := 7o = 7, © T, holds and, consequently, for
H,G € L*(0,1) and n, m € Z, the shifting property

Tow[e 2™ e ™™ H(x)G(y)] (t,5) = To[H](t — n)Ty[G)(s — m), t,s € R.
Any f = TyuF € V2 -y €an be expressed as
flt5) = <F(x7)’)7Kr(X)K\~(y)>L2 ot SER,

where K;(x) = Y " o(t —n)e ™ and K,(y) = > _ (s — m) e 2™

nez meZ
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For fixed a,b € [0,1) and n,m € Z we get
flatnbtm) = (F Kavn Rorm) gy = (Fre " Kalx) e R ()

0 < [|Kallo < ||Kalloo < o0 @and 0 < ||Kplo < ||Kp|lee < o0, the
sequence {e "¢ K, (x)K,(y)}, , -, is a Riesz basis for
L?(0,1)* with dual Riesz basis {e *"""¢ 2" /(K,(x)K)(y ))}n.mEZ
In tensor notation, {x, ®%,}, ., and {y, ®n}, .., form a pair of
dual Riesz bases in L*(0, 1)*

For any f € V2, the sampling formula

§) = Zf(a—i—n,b—&-m)Sa(t—n)Eb(s—m), t,s € R,

n,me”

where S, .= 7,,(1/K,) € V2 and S, := Ts(1/K,) € V5
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Now we will use forward differences defined as:
K, 1,0 k—1,k 0,1 k' —1
A= A0 (AY ) = AL (AT
where
ALf(s) =f(t+1,5) = f(t,s) and  AL'f(t,s) =f(t,s+1) = f(1,5)

We adopt the convention A%° =1
For any f € V2, (such that 7,,F = f) or f € V3 (such that To F = f),
we respectively get

A f(e,5) = (. (7 = D (72— 1F K () K (0)) 2 0

or

A F(t,s) = (F, (e72™ = 1) (e72™ — 1)¥ K 4(x, Y)>L2(0,1>2
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Using AY f(a +2n,b+3m), (k=0,1; K =0,1,2) in V2,

AR f(a+2n,b +3m) =
<F, (6—27rix o l)k(e—Zm'y _ 1)k’e—27ri(2n)xKa (x)e—Zm'(3m)yI?b(y)>

where n,m € Zandk=0,1; k' =0,1,2.
Consider the Riesz basis {x, © %}, _, for L%(0,1)%, where

Xp = efzml’”Ka(x) andx,, := eiZWim}'I?/,(y), n,m € 7.
For the partition

{x20 @ X3 } U {20 @ X3pmp1} U {x20 @ X342}
U {x2n41 @ X3m } U {x2041 @ X3mp1 } U {X2041 @ X3mya},

the matrix of the Riesz basis associated with the above samples will
be the Kronecker product of the corresponding matrices derived
for the one-dimensional case. That is:
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Its inverse is

000O00©O

1
1

1 00 00O

1 2

1 00O
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Thus we obtain the sampling formula:

1 2
{ZZ Akk (a+2n, b—|—3m) (t 2n,s— 3m)}, t,s eR
nmeZ k=0 k'=0

where

001, 5) = Salt) Sp(s) + Salt) Sp(s = 1) + Salt) Sp(s = 2) + Sa(t — 1) Sy(s)
Sat = 1) Sp(s — 1) + Sa(t = 1) Sp(s — 2)
T (1, s) Sa(£) Sp(s — 1) + 284(8) Sp(s — 2) + Sa(t — 1) Sp(s — 1)
+284(1 = 1) S(s —2)
T (1.5) = Sa(t) Sp(s — 2) + Salt — 1) Sp(s — 2)
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~
=
—
\.N
1

5) = Sa(t — 1) Sp(s) + Sa(t — 1) Sp(s — 1) + Sa(t — 1) Sp(s — 2)
T, (t.5) = Sa(t — 1) Sp(s — 1) +284(t — 1) Sy(s — 2)
Ty (ts)=Sa(t—1)Sp(s —2), t,s€R

Observe that

7:0131 (y2n+l< ® §3171+k’) — Su<t - (21/1 + k) )gb(s - (3171 + k/))

where y, := ¢ ™" /K, (x) and 3, == e "™ /K, (y), n,m € Z
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Using A" f(a+ 3n,b + 3m), (k, K =0,1,2) in V2

A f(a+3n,b +3m) =
(F (e e 1o 2miOne e 2mimg (v, y) )

where n,m € Z and k, k' = 0,1, 2.
Consider the Riesz basis {x,,.},  , for L%(0,1)%, where
e—27rinx e—27rim)‘KaJ (X, y), n,me 7.

Xnm =

For the partition

{x3n,3m} U {x3n,3m+1} U {x3n,3m+2}
U {23n41,3m } U {3041 3m41 U {33041 3m42 }
U {x3042,3m } U {x3n42,3m+1} U {X30423m+2}

the matrix of the associate Riesz basis with the given samples is the
Kronecker product:
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Its inverse is:

1 000 0O0O0O0ODO

1

1 00 00O0O0O

000O0O0O

1

1 001 000O0O00O0

01 1000O00O0
1121000

1
2

1
1

0

002 001
1 022011
1 212 42 1 2

1

0

1

0
0| =
1

S — A

— oy p—

S O -

S — A

— v
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Thus we obtain the sampling formula:
|

f(t,s) = Z { Z Akk (a+3n, b+3m) (t—3n s— 3m)},t,s€]R

nm€eZ  kk'=0

T (t.5) = Sap(t,s) + Sap(t,s — 1) + Sap(t,s — 2)

+ Sup(t—1,8) + Sap(t — 1,5 — 1) + Sy p(t — 1,5 — 2)

+ Sap(t—2,8) + Sap(t —2,5 = 1) + Sy p(t —2,5 —2)

T3 (t.5) = Sap(t,s — 1) + 28ap(t;5 = 2) + Sap(t — 1,5 — 1)
+280p(t — 1,5 —2) + Sap(t — 2,5 — 1) +28,5(1 — 2,5 — 2)

T (1.5) = Sap(t,s = 2) + Sap(t — 1,5 = 2) + Sap(t — 2,5 — 2)

Antonio Garcia Garcia Q-Math Seminar 24/04/17 40/ 42



Tab(t s) =Sap(t—1,8)+Sap(t—1,5s = 1)+ S p(t — 1,5 —2)

+ ZSa,b(t —2,s—2)+ ZSaJ,(t —2,s—1)+ ZS%b(t —2,5—2)

Tab(t s) =Sap(t—1,5—1)+28,,(t—1,5—2)
+ 28, p(t —2,5 — 1) + 4S8, 5(t — 2,5 — 2)

T, (ts) = Sap(t — 1,5 = 2) + 2845t — 2,5 — 2)

T2 (1.5) = Sap(t = 2,8) + Sap(t — 2,5 — 1) + Sap(t — 2,5 — 2)
ijzi(fa 5) = Sap(t —2,5 —1) +28,,(t — 2,5 — 2)

Tj_j,f(t, s)=Sup(t—2,5—2), tseR

Observe that
Ib (ySnJrk,SnH»k’) - Sa,b([ - (31”1 + k)~ s = (3’n + k/)) ’

where y, , == e " e M K L (x.y), n,m €L
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That’s all!
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