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Statement of the problem
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Given a generador ϕ ∈ L2(R) with good properties there exists a
Shannon-type sampling formula in the shift-invariant subspace:

V2
ϕ =

{∑
n∈Z

an ϕ(t − n) : {an} ∈ `2(Z)
}
⊂ L2(R) ,

which reads as

f (t) =
∑
n∈Z

f (a + n) Sa(t − n) , t ∈ R ,

where Sa ∈ V2
ϕ and the sequence {Sa(t − n)}n∈Z is a Riesz basis for

the shift-invariant subspace V2
ϕ.

I ∃ 0 < A ≤ B such that A‖f‖2 ≤
∑
n∈Z
|f (a + n)|2 ≤ B‖f‖2, f ∈ V2

ϕ

I Sa(a + n) = δn, n ∈ Z
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Goal: To investigate the existence of stable sampling formulas in V2
ϕ

involving the data{
f (a + pn)

}
n∈Z ;

{
∆k

+f (a + pn)
}

n∈Z ; and/or
{

∆k
−f (a + pn)

}
n∈Z ,

where

∆k
+f (a + pn) := ∆k−1

+ f (a + pn + 1)−∆k−1
+ f (a + pn)

∆k
−f (a + pn) := ∆k−1

− f (a + pn)−∆k−1
− f (a + pn− 1) , ∆0

± = I

denote forward/backward differences.

(We could also use central differences ∆0f (a + pn) or averages
µ+f (a + pn), µ−f (a + pn) or µ0f (a + pn))
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An easy example

Adding and subtracting f (a + 2n) Sa(t − 2n− 1) in each summand of

f (t) =
∑
n∈Z

{
f (a + 2n) Sa(t − 2n) + f (a + 2n + 1) Sa(t − 2n− 1)

}
yields

f (t) =
∑
n∈Z

{
f (a+2n)

[
Sa(t−2n)+Sa(t−2n−1)

]
+∆+f (a+2n) Sa(t−2n−1)

}
Stable recovery of any f ∈ V2

ϕ from the new samples turns out to be{
Sa(t − 2n) + Sa(t − 2n− 1)

}
n∈Z ∪

{
Sa(t − 2n− 1)

}
n∈Z

a Riesz basis for V2
ϕ, or equivalently, there exist constants 0 < A ≤ B

such that for any f ∈ V2
ϕ

A‖f‖2 ≤
∑
n∈Z

{
|f (a + 2n)|2 + |∆+f (a + 2n)|2

}
≤ B‖f‖2
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The mathematical setting
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The shift-invariant subspace V2
ϕ

V2
ϕ := span{ϕ(t − n)}n∈Z =

{∑
n∈Z

an ϕ(t − n) : {an} ∈ `2(Z)
}
⊂ L2(R) ,

We are assuming that:

I The sequence {ϕ(t − n)}n∈Z is a Riesz basis for V2
ϕ

I ϕ is continuous on R
I The series

∑
n∈Z
|ϕ(t − n)|2 is bounded on R
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The isomorphism Tϕ

The space V2
ϕ is the image L2(0, 1) by means of the isomorphism:

Tϕ : L2(0, 1) −→ V2
ϕ

{e−2πinx}n∈Z 7−→ {ϕ(t − n)}n∈Z

I For each f ∈ V2
ϕ we have

f (t) = 〈F,Kt〉L2(0,1) , t ∈ R

where F = T −1
ϕ f and

Kt(x) =
∑
n∈Z

ϕ(t − n)e−2πinx = Zϕ(t, x)

(Zϕ is the Zak transform of ϕ)
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The isomorphism Tϕ

The space V2
ϕ is the image L2(0, 1) by means of the isomorphism:

Tϕ : L2(0, 1) −→ V2
ϕ

{e−2πinx}n∈Z 7−→ {ϕ(t − n)}n∈Z

I Kt+m(x) = e−2πimxKt(x) , t ∈ R , m ∈ Z
I Tϕ

[
e−2πimxF(x)

]
(t) = f (t − m) , t ∈ R (f = Tϕ(F))

I V2
ϕ is a RKHS of continuous functions
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The sampling formula in V2
ϕ

For a fixed a ∈ [0, 1) and n ∈ Z we have

f (a + n) = 〈F,Ka+n〉L2(0,1) = 〈F, e−2πinxKa〉L2(0,1){
xn := e−2πinxKa(x)

}
n∈Z Riesz basis ⇐⇒ 0 < ‖Ka‖0 ≤ ‖Ka‖∞ <∞,

where ‖Ka‖0 := ess inf
x∈(0,1)

|Ka(x)| and ‖Ka‖∞ := ess sup
x∈(0,1)

|Ka(x)|.

Its dual Riesz basis is
{

yn := e−2πinx/Ka(x)
}

n∈Z
For each F ∈ L2(0, 1)

F =
∑
n∈Z
〈F, e−2πinxKa〉

e−2πinx

Ka(x)
=
∑
n∈Z

f (a + n)
e−2πinx

Ka(x)
in L2(0, 1) .

Applying the isomorphism Tϕ and its shifting property we obtain

f (t) =
∑
n∈Z

f (a + n) Sa(t − n) , t ∈ R ,

where Sa := Tϕ
(
1/Ka

)
∈ V2

ϕ.
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Some well-known examples

I The Paley-Wiener space PWπ coincides with V2
sinc whose

generator is the sine cardinal function. For any a ∈ [0, 1), the
following sampling formula holds:

f (t) =
∑
n∈Z

f (n + a)
sinπ(t − n− a)

π(t − n− a)
, t ∈ R ,

I Consider ϕ := Nm where Nm is the B-spline of order m− 1, i.e.,
Nm := N1 ∗ N1 ∗ · · · ∗ N1 (m times) where N1 := χ[0,1].
It is known that the sequence

{
Nm(t − n)

}
n∈Z is a Riesz basis

for V2
Nm

.
For quadratic and cubic splines the following sampling formulas
hold:
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I Quadratic Spline N3. Here, taking a = 1/2, for any f ∈ V2
N3

we
obtain the sampling formula

f (t) =
∑
n∈Z

f (n +
1
2

) S1/2(t − n) , t ∈ R ,

where S1/2(t) =
√

2
∑
n∈Z

(2
√

2− 3)|n+1| N3(t − n).

For a = 0 the sampling result fails since ‖K0‖0 = 0.

I Cubic Spline N4. Here, taking a = 0, for any f ∈ V2
N4

we obtain
the sampling formula

f (t) =
∑
n∈Z

f (n) S0(t − n) , t ∈ R ,

where S0(t) =
√

3
∑
n∈Z

(−1)n(2−
√

3)|n| N4(t − n + 2).
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Figure: Sine cardinal funtion

Figure: Quadratic S1/2 and cubic S0 sampling funtions
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Generalized finite differences
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Forward, backward or central difference operators:

∆+f (t) :=f (t + 1)− f (t) , ∆−f (t) := f (t)− f (t − 1)

∆0f (t) :=f (t + 1)− f (t − 1)

Average operators:

µ+f (t) :=
1
2

[f (t + 1) + f (t)] , µ−f (t) :=
1
2

[f (t) + f (t − 1)]

µ0f (t) :=
1
2

[f (t + 1) + f (t − 1)]

and their iterates are a particular case of the generalized finite

difference ∆a
M,N f (t) :=

N∑
k=−M

ak f (t + k), where a = (ak) ⊂ C and

M,N ∈ Z
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In particular, for forward/backward differences in V2
ϕ:

∆+f (t) =
〈
F,Kt+1 − Kt

〉
L2(0,1)

=
〈
F, (e−2πix − 1) Kt

〉
L2(0,1)

, t ∈ R

∆−f (t) =
〈
F,Kt − Kt−1

〉
L2(0,1)

=
〈
F, (1− e2πix) Kt

〉
L2(0,1)

, t ∈ R

and iterating

∆k
+f (t) =

〈
F, (e−2πix − 1)k Kt

〉
L2(0,1)

, t ∈ R

∆k
−f (t) =

〈
F, (1− e2πix)k Kt

〉
L2(0,1)

, t ∈ R

Similar expressions can be obtained for other differences or
averages
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Going back to the initial example, for the samples f (a + 2n) and
∆+f (a + 2n), n ∈ Z:

f (a + 2n) =
〈
F, e−2πi(2n)xKa

〉
L2(0,1)

,

∆+f (a + 2n) =
〈
F, e−2πi(2n+1)xKa − e−2πi(2n)xKa

〉
L2(0,1)

.

Denoting xn := e−2πinxKa(x), n ∈ Z, the questions are:

I whether the sequence {x2n}n∈Z ∪ {−x2n + x2n+1}n∈Z is a Riesz
basis for L2(0, 1), and

I how to obtain, in the affirmative case, its dual basis in terms of
yn := e−2πinx/Ka(x), n ∈ Z, the dual Riesz basis of {xn}n∈Z

Here, it is {y2n + y2n+1}n∈Z ∪ {y2n+1}n∈Z
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Let {xn}n∈Z and {yn}n∈Z be a pair of dual Riesz bases for H. For a
fixed p ∈ N, consider a partition {x1n}n∈Z ∪ {x2n}n∈Z ∪ · · · ∪ {xpn}n∈Z

of {xn}n∈Z and let M =
(
ajk
)
∈ Cp×p be a matrix of scalars. Then, the

new sequence defined by using the rows of M as

{ p∑
k=1

a1kxkn
}

n∈Z ∪
{ p∑

k=1

a2kxkn
}

n∈Z ∪ · · · ∪
{ p∑

k=1

apkxkn
}

n∈Z

is a Riesz basis for H if and only if det M 6= 0. In this case, its dual
Riesz basis is given by

{ p∑
k=1

bk1ykn
}

n∈Z ∪
{ p∑

k=1

bk2ykn
}

n∈Z ∪ · · · ∪
{ p∑

k=1

bkpykn
}

n∈Z

where
(
b1k b2k . . . bpk

)> denotes the k-th column of the inverse
matrix M−1, k = 1, 2, . . . , p.
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Some sampling results
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Using first and second forward differences

f (a + 3n) =
〈
F, e−2πi(3n)xKa

〉
L2(0,1)

∆+f (a + 3n) =
〈
F, e−2πi(3n+1)xKa − e−2πi(3n)xKa

〉
L2(0,1)

∆2
+f (a + 3n) =

〈
F, e−2πi(3n+2)xKa − 2e−2πi(3n+1)xKa + e−2πi(3n)xKa

〉
L2(0,1)

The sequence

{x3n}n∈Z ∪ {x3n+1 − x3n}n∈Z ∪ {x3n+2 − 2x3n+1 + x3n}n∈Z

is a Riesz basis for L2(0, 1) and its dual Riesz basis is

{y3n + y3n+1 + y3n+2}n∈Z ∪ {y3n+1 + 2y3n+2}n∈Z ∪ {y3n+2}n∈Z

since  1 0 0
−1 1 0
1 −2 1


−1

=

1 0 0
1 1 0
1 2 1


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Expanding F with respect to the above dual basis we obtain

F =
∑
n∈Z

{
f (a + 3n)

[
y3n + y3n+1 + y3n+2

]
+ ∆+f (a + 3n)

[
y3n+1 + 2y3n+2

]
+ ∆2

+f (a + 3n) y3n+2

}
in L2(0, 1)

Using Tϕ and its shifting property Tϕ
(
ypn+k

)
= Sa

(
t− (pn + k)

)
we get

in V2
ϕ the sampling formula:

f (t) =
∑
n∈Z

{
f (a + 3n)

[
Sa(t − 3n) + Sa(t − 3n− 1) + Sa(t − 3n− 2)

]
+ ∆+f (a + 3n)

[
Sa(t − 3n− 1) + 2Sa(t − 3n− 2)

]
+ ∆2

+f (a + 3n) Sa(t − 3n− 2)
}
, t ∈ R .
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Using backward and forward differences

∆−f (a + 4n) =
〈
F, e−2πi(4n)xKa − e−2πi(4n−1)xKa

〉
L2(0,1)

f (a + 4n) =
〈
F, e−2πi(4n)xKa

〉
L2(0,1)

,

∆+f (a + 4n) =
〈
F, e−2πi(4n+1)xKa − e−2πi(4n)xKa

〉
L2(0,1)

∆2
+f (a + 4n) =

〈
F, e−2πi(4n+2)xKa − 2e−2πi(4n+1)xKa + e−2πi(4n)xKa

〉
L2(0,1)

The sequence

{−x4n−1+x4n}n∈Z∪{x4n}n∈Z∪{−x4n+x4n+1}n∈Z∪{x4n−2x4n+1+x4n+2}n∈Z

is a Riesz basis for L2(0, 1) and its dual Riesz basis is

{−y4n−1}n∈Z∪{y4n−1+y4n+y4n+1+y4n+2}n∈Z∪{y4n+1+2y4n+2}∪{y4n+2}n∈Z

since
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
−1 1 0 0
0 1 0 0
0 −1 1 0
0 1 −2 1


−1

=


−1 1 0 0
0 1 0 0
0 1 1 0
0 1 2 1


The resulting sampling formula in V2

ϕ reads:

f (t) =
∑
n∈Z

{
−∆−f (a + 4n)Sa(t − 4n + 1)

+ f (a + 4n)
[
Sa(t − 4n + 1) + Sa(t − 4n)

+ Sa(t − 4n− 1) + Sa(t − 4n− 2)
]

+ ∆+f (a + 4n)
[
Sa(t − 4n− 1) + 2Sa(t − 4n− 2)

]
+ ∆2

+f (a + 4n) Sa(t − 4n− 2)
}
, t ∈ R .
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Using central averages and differences

µ0f (a + 3n) =
〈
F,

1
2

(e−2πi(3n+1)xKa + e−2πi(3n−1)xKa
〉

L2(0,1)

f (a + 3n) =
〈
F, e−2πi(3n)xKa

〉
L2(0,1)

∆0f (a + 3n) =
〈
F, e−2πi(3n+1)xKa − e−2πi(3n−1)xKa

〉
L2(0,1)

The sequence

{x3n}n∈Z ∪ {
1
2

x3n−1 +
1
2

x3n+1}n∈Z ∪ {−x3n−1 + x3n+1}n∈Z

is a Riesz basis for L2(0, 1) and its dual Riesz basis is

{y3n}n∈Z ∪ {y3n−1 + y3n+1}n∈Z ∪ {−
1
2

y3n−1 +
1
2

y3n+1}n∈Z

since
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 0 1 0
1/2 0 1/2
−1 0 1


−1

=

0 1 −1/2
1 0 0
0 1 1/2


The resulting sampling formula in V2

ϕ reads:

f (t) =
∑
n∈Z

[
f (a + 3n) Sa(t − 3n)

+ µ0f (a + 3n)
[
Sa(t − 3n + 1) + Sa(t − 3n− 1)

]
+ ∆0f (a + 3n)

1
2
[
− Sa(t − 3n + 1) + Sa(t − 3n− 1)

]]
, t ∈ R
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Many other formulas

I Using p− 1 forward differences with sampling period p

I Using p− 1 backward differences with sampling period p

I Using p forward and q− 1 backward differences with sampling
period p + q

I etc.
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The two-dimensional case

Antonio Garcı́a Garcı́a Q-Math Seminar 24/04/17 27 / 42



The sampling formula: general case

V2
Φ =

{ ∑
n,m∈Z

anm Φ(t − n, s− m) : {anm} ∈ `2(Z2)
}

The isomorphism TΦ : L2(0, 1)2 −→ V2
Φ mapping the orthonormal

basis {e−2πinx e−2πimy}n,m∈Z onto the Riesz basis
{Φ(t − n, s− m)}n,m∈Z satisfies the shifting property

TΦ

[
e−2πinxe−2πimyF(x, y)

]
(t, s) = TΦ[F](t−n, s−m) , t, s ∈ R , n,m ∈ Z .

Any f = TΦF ∈ V2
ϕ can be expressed as

f (t, s) =
〈

F(x, y),Kt,s(x, y)
〉

L2(0,1)2
, t, s ∈ R ,

where Kt,s(x, y) =
∑

n,m∈Z
Φ(t − n, s− m) e−2πinxe−2πimy ∈ L2(0, 1)2
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For fixed a, b ∈ [0, 1) and n,m ∈ Z we get

f (a + n, b + m) =
〈
F,Ka+n,b+m

〉
L2(0,1)2 =

〈
F, e−2πinxe−2πimyKa,b(x, y)

〉
The sequence

{
xn,m := e−2πinx e−2πimyKa,b(x, y)

}
n,m∈Z is a Riesz

basis for L2(0, 1)2 ⇐⇒ 0 < ‖Ka,b‖0 ≤ ‖Ka,b‖∞ <∞
Its dual Riesz basis is

{
yn,m := e−2πinx e−2πimy/Ka,b(x, y)

}
n,m∈Z

For any f ∈ V2
Φ we obtain the sampling formula

f (t, s) =
∑

n,m∈Z
f (a + n, b + m) Sa,b(t − n, s− m) , t, s ∈ R

where Sa,b = TΦ

(
1/Ka,b

)
∈ V2

Φ
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The sampling formula: separable variables

Consider a generator Φ(x, y) := ϕ(x)ψ(y) in L2(R2) with ϕ(x) and
ψ(y) in L2(R)

Its associated shift-invariant subspace V2
ϕψ := V2

Φ = V2
ϕ ⊗ V2

ψ

Straightforward, Tϕψ := TΦ = Tϕ ⊗ Tψ holds and, consequently, for
H,G ∈ L2(0, 1) and n,m ∈ Z, the shifting property

Tϕψ
[
e−2πinxe−2πimyH(x)G(y)

]
(t, s) = Tϕ[H](t− n)Tψ[G](s−m), t, s ∈ R .

Any f = TϕψF ∈ V2
ϕψ can be expressed as

f (t, s) =
〈

F(x, y),Kt(x)K̃s(y)
〉

L2(0,1)2
, t, s ∈ R ,

where Kt(x) =
∑
n∈Z

ϕ(t − n) e−2πinx and K̃s(y) =
∑
m∈Z

ψ(s− m) e−2πimy
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For fixed a, b ∈ [0, 1) and n,m ∈ Z we get

f (a+n, b+m) =
〈
F,Ka+n K̃b+m

〉
L2(0,1)2 =

〈
F, e−2πinxKa(x) e−2πimyK̃b(y)

〉
If 0 < ‖Ka‖0 ≤ ‖Ka‖∞ <∞ and 0 < ‖K̃b‖0 ≤ ‖K̃b‖∞ <∞, the
sequence

{
e−2πinxe−2πimyKa(x)K̃b(y)

}
n,m∈Z is a Riesz basis for

L2(0, 1)2 with dual Riesz basis
{

e−2πinxe−2πimy/(Ka(x)K̃b(y))
}

n,m∈Z
In tensor notation,

{
xn ⊗ x̃m

}
n,m∈Z and

{
yn ⊗ ỹm

}
n,m∈Z form a pair of

dual Riesz bases in L2(0, 1)2

For any f ∈ V2
ϕψ the sampling formula

f (t, s) =
∑

n,m∈Z
f (a + n, b + m) Sa(t − n) S̃b(s− m) , t, s ∈ R ,

where Sa := Tϕ
(
1/Ka

)
∈ V2

ϕ and S̃b := Tψ
(
1/K̃b

)
∈ V2

ψ
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Now we will use forward differences defined as:

∆k,k′
+ f = ∆1,0

+

(
∆k−1,k′

+ f
)

= ∆0,1
+

(
∆k,k′−1

+ f
)

where

∆1,0
+ f (t, s) = f (t + 1, s)− f (t, s) and ∆0,1

+ f (t, s) = f (t, s + 1)− f (t, s)

We adopt the convention ∆0,0
+ = I

For any f ∈ V2
ϕψ (such that TϕψF = f ) or f ∈ V2

Φ (such that TΦF = f ),
we respectively get

∆k,k′
+ f (t, s) =

〈
F, (e−2πix − 1)k (e−2πiy − 1)k′ Kt(x) K̃s(y)

〉
L2(0,1)2

or

∆k,k′
+ f (t, s) =

〈
F, (e−2πix − 1)k (e−2πiy − 1)k′ Kt,s(x, y)

〉
L2(0,1)2
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Using ∆k,k′
+ f (a + 2n, b + 3m), (k = 0, 1 ; k′ = 0, 1, 2) in V2

ϕψ

∆k,k′
+ f (a + 2n, b + 3m) =〈

F, (e−2πix − 1)k(e−2πiy − 1)k′e−2πi(2n)xKa(x)e−2πi(3m)yK̃b(y)
〉

where n,m ∈ Z and k = 0, 1 ; k′ = 0, 1, 2.
Consider the Riesz basis

{
xn ⊗ x̃m

}
n,m∈Z for L2(0, 1)2, where

xn := e−2πinxKa(x) and x̃m := e−2πimyK̃b(y), n,m ∈ Z.
For the partition

{x2n ⊗ x̃3m} ∪ {x2n ⊗ x̃3m+1} ∪ {x2n ⊗ x̃3m+2}

∪ {x2n+1 ⊗ x̃3m} ∪ {x2n+1 ⊗ x̃3m+1} ∪ {x2n+1 ⊗ x̃3m+2} ,

the matrix of the Riesz basis associated with the above samples will
be the Kronecker product of the corresponding matrices derived
for the one-dimensional case. That is:
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(
1 0
−1 1

)
⊗

 1 0 0
−1 1 0
1 −2 1

 =



1 0 0 0 0 0
−1 1 0 0 0 0
1 −2 1 0 0 0
−1 0 0 1 0 0
1 −1 0 −1 1 0
−1 2 −1 1 −2 1


Its inverse is

(
1 0
1 1

)
⊗

1 0 0
1 1 0
1 2 1

 =



1 0 0 0 0 0
1 1 0 0 0 0
1 2 1 0 0 0
1 0 0 1 0 0
1 1 0 1 1 0
1 2 1 1 2 1


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Thus we obtain the sampling formula:

f (t, s) =
∑

n,m∈Z

{ 1∑
k=0

2∑
k′=0

∆k,k′
+ f (a+2n, b+3m) T̃k,k′

a,b (t−2n, s−3m)
}
, t, s ∈ R

where

T̃0,0
a,b (t, s) = Sa(t) S̃b(s) + Sa(t) S̃b(s− 1) + Sa(t) S̃b(s− 2) + Sa(t − 1) S̃b(s)

+ Sa(t − 1) S̃b(s− 1) + Sa(t − 1) S̃b(s− 2)

T̃0,1
a,b (t, s) = Sa(t) S̃b(s− 1) + 2Sa(t) S̃b(s− 2) + Sa(t − 1) S̃b(s− 1)

+ 2Sa(t − 1) S̃b(s− 2)

T̃0,2
a,b (t, s) = Sa(t) S̃b(s− 2) + Sa(t − 1) S̃b(s− 2)
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T̃1,0
a,b (t, s) = Sa(t − 1) S̃b(s) + Sa(t − 1) S̃b(s− 1) + Sa(t − 1) S̃b(s− 2)

T̃1,1
a,b (t, s) = Sa(t − 1) S̃b(s− 1) + 2Sa(t − 1) S̃b(s− 2)

T̃1,2
a,b (t, s) = Sa(t − 1) S̃b(s− 2) , t, s ∈ R

Observe that

Tϕψ
(
y2n+k ⊗ ỹ3m+k′

)
= Sa(t − (2n + k))S̃b(s− (3m + k′))

where yn := e−2πinx/Ka(x) and ỹm := e−2πimy/K̃b(y), n,m ∈ Z

Antonio Garcı́a Garcı́a Q-Math Seminar 24/04/17 36 / 42



Using ∆k,k′
+ f (a + 3n, b + 3m), (k, k′ = 0, 1, 2) in V2

Φ

∆k,k′
+ f (a + 3n, b + 3m) =〈

F, (e−2πix − 1)k(e−2πiy − 1)k′e−2πi(3n)x e−2πi(3m)yKa,b(x, y)
〉

where n,m ∈ Z and k, k′ = 0, 1, 2.
Consider the Riesz basis

{
xn,m

}
n,m∈Z for L2(0, 1)2, where

xn,m := e−2πinx e−2πimyKa,b(x, y), n,m ∈ Z.
For the partition

{x3n,3m} ∪ {x3n,3m+1} ∪ {x3n,3m+2}

∪ {x3n+1,3m} ∪ {x3n+1,3m+1} ∪ {x3n+1,3m+2}

∪ {x3n+2,3m} ∪ {x3n+2,3m+1} ∪ {x3n+2,3m+2}

the matrix of the associate Riesz basis with the given samples is the
Kronecker product:
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 1 0 0
−1 1 0
1 −2 1

⊗
 1 0 0
−1 1 0
1 −2 1

 =

=



1 0 0 0 0 0 0 0 0
−1 1 0 0 0 0 0 0 0
1 −2 1 0 0 0 0 0 0
−1 0 0 1 0 0 0 0 0
1 −1 0 −1 1 0 0 0 0
−1 2 −1 1 −2 1 0 0 0
1 0 0 −2 0 0 1 0 0
−1 1 0 2 −2 0 −1 1 0
1 −2 1 −2 4 −2 1 −2 1


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Its inverse is:

1 0 0
1 1 0
1 2 1

⊗
1 0 0

1 1 0
1 2 1

 =



1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 2 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 1 0 1 1 0 0 0 0
1 2 1 1 2 1 0 0 0
1 0 0 2 0 0 1 0 0
1 1 0 2 2 0 1 1 0
1 2 1 2 4 2 1 2 1


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Thus we obtain the sampling formula:

f (t, s) =
∑

n,m∈Z

{ 2∑
k,k′=0

∆k,k′
+ f (a+3n, b+3m) Tk,k′

a,b (t−3n, s−3m)
}
, t, s ∈ R

where

T0,0
a,b (t, s) = Sa,b(t, s) + Sa,b(t, s− 1) + Sa,b(t, s− 2)

+ Sa,b(t − 1, s) + Sa,b(t − 1, s− 1) + Sa,b(t − 1, s− 2)

+ Sa,b(t − 2, s) + Sa,b(t − 2, s− 1) + Sa,b(t − 2, s− 2)

T0,1
a,b (t, s) = Sa,b(t, s− 1) + 2Sa,b(t, s− 2) + Sa,b(t − 1, s− 1)

+ 2Sa,b(t − 1, s− 2) + Sa,b(t − 2, s− 1) + 2Sa,b(t − 2, s− 2)

T0,2
a,b (t, s) = Sa,b(t, s− 2) + Sa,b(t − 1, s− 2) + Sa,b(t − 2, s− 2)
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T1,0
a,b (t, s) = Sa,b(t − 1, s) + Sa,b(t − 1, s− 1) + Sa,b(t − 1, s− 2)

+ 2Sa,b(t − 2, s− 2) + 2Sa,b(t − 2, s− 1) + 2Sa,b(t − 2, s− 2)

T1,1
a,b (t, s) = Sa,b(t − 1, s− 1) + 2Sa,b(t − 1, s− 2)

+ 2Sa,b(t − 2, s− 1) + 4Sa,b(t − 2, s− 2)

T1,2
a,b (t, s) = Sa,b(t − 1, s− 2) + 2Sa,b(t − 2, s− 2)

T2,0
a,b (t, s) = Sa,b(t − 2, s) + Sa,b(t − 2, s− 1) + Sa,b(t − 2, s− 2)

T2,1
a,b (t, s) = Sa,b(t − 2, s− 1) + 2Sa,b(t − 2, s− 2)

T2,2
a,b (t, s) = Sa,b(t − 2, s− 2) , t, s ∈ R

Observe that

TΦ

(
y3n+k,3m+k′

)
= Sa,b(t − (3n + k), s− (3m + k′)) ,

where yn,m := e−2πinx e−2πimy/Ka,b(x, y), n,m ∈ Z
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That’s all!
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