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A mathematical motivation
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Average sampling in shift-invariant subspaces in L*(R¢)

» In a classical shift-invariant subspaces in L>(RY) with a stable
generator set ® = {¢1,p2,..., 0N}

For f € V3 we consider average samples { (. ,(- — a))} ez

U, m=1,2,... M, are the average functions (not necessarily in V3)
» Under appropriate hypotheses there exist M(> N) sampling
functions S,, € V3 such that, for each f € V3:

M
f(t) - Z Z <f~ Um( - Oé)> S/n([ - (1) , t& RY

m=1 qeZ74

.....
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Average sampling in shift-invariant-like subspaces of
Hilbert-Schmidt operators on L*(R¢)

» The translation of an operator S : L*(R?) — L*(R?) by z = (x,w)
in the phase space R? x R?(~ R??) is defined by

a,(8) = 1(2)S7()*, zeR!xR?

where 7(z) denotes the time-frequency shift which acts on
feL*(RY) as

m(2)f(t) =™ f(r —x), teR4

» The set of translations {aZ}ZGR,,X@(, is a unitary representation of
the additive group R? x R? on the Hilbert space (HS(R?), (-, -),,5) of
Hilbert-Schmidt operators on L*(RY)
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» Let A be a full rank lattice in R*?, i.e., A = AZ* where A is a
2d x 2d real invertible matrix.
For S, € ’HS(Rd), n=1,2,...,N, we could consider the subspace

Vs—{ZZc” ax(Sy) : {en(N )}/\6\GEQ(A),n:l,Z,...,N}

n=1 AeA

» We define for any T € V3, its average samples at A by
<T,('1;,\(Q,,,)>,H§. ANeA, m=1,2,..., M

from M fixed operators O, 0>, ..., Oy in HS(RY), the average
operators (not necessarily in VS)
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|
Under which hypotheses there exist M(> N) sampling operators
H,, € V3 such that for each T € V3

M
T=23 > (T,a\(Qn)), ar(Hn) in#HS-norm

m=1 X eA

where the sequence {a\(H) }aea;m=1.2....m iS @ frame for the Hilbert
space V3 ?

» The adjoint operatoris 7(z)* = e *™* 1(—z) for z = (x,w) € R*
» The short-time Fourier transform (Gabor transform) V,,¢ of ¢
with window 1, both in L*(R?), is defined by

Vyp(@) = (@, m(@Y) gy, 2 € R¥

Antonio Garcia Garcia Q-Math Seminar 26/10/21 741



A practical motivation
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LTV versus LTI systems

» Linear time-invariant system

) = (1)) = [ hio)xte-sjas = [

—0o0 — 00

o0

~

h(w) X(w)e*™™ dw

o0

» Linear time-varying system

y(t) = (Hx)(t) = / h(t,s) x(t — s)ds = / o (t, w) F(w)eX™ ™ dw
where N
o = JT"Q l’l, i.e., O'(Z, W) = / ]’1(1‘7 S) e*Zﬂ'iwxds

Thus, H is a pseudo-differential operator with symbol o
In particular, Hilbert-Schmidt operators model LTV systems:

Hf (1) = /00 k(t,s)f(s)ds = /00 k(t,t —s)f(t—s)ds

—00 —00
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In Orthogonal frequency-division multiplexing (OFDM) the digital
information, i.e., a sequence of numbers {c, }, A in the lattice

A = aZ? x bZ4 (a,b > 0), is used as the coefficients of the input
signal x(1) = Z c,7(p)g(r) of atime-varying system H producing

BEA
the output y(r) = Hx(r). Then, it is considered the sequence of

numbers

dy = <Ya m(A)g >L2(]R‘1) = Z Cu <H7T(/L)g, m(\)g >L2(]R") , AEA,
HEA
The task is to recover the original data {c,} from the received
data {d,}
The matrix A = [a, |, where a, , = (Hr(j)g. 7T()\>§>L3(R(,) is the
so-called channel matrix associated with H and the functions
(windows) g, g in L2(RY)
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|
The diagonal channel samples of H with respect to g, g are

<H7T(A)g7 W(A)§>L2(Rd) ) )\ € A

They are also known as:

» The lower symbol of the operator H with respect g,z € L*(R%)
and lattice A used in time-frequency analysis

» The samples of the Berezin transform of H
Bg;gH(Z) = <HW(Z)g7W(Z)§>L2(Rd) ) zE RZd

at the lattice A used in quantum physics

» Diagonal channel samples are a particular case of
average samples
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The Weyl and Kohn-Nirenberg transforms
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A brief on Hilbert-Schmidt operators

» For a compact operator S on L*(R?) there exist two orthonormal
sequences {x,},en and {y, }ren in L2(RY) and a bounded sequence

of positive numbers {s,(S) },en (singular values of S) such that

S = an(s> Xn @ Yn
neN

with convergence of the series in the operator norm (SVD)
Here, x, ® v, denotes the rank-one operator

(xn ® }’n> (f) = <f7 }’;1>L2Xn forf € L2<Rd)

» The class of Hilbert-Schmidt operators is HS(R?) := T2
77 is the Schatten-2 class, i.e., singular values in KZ(N)
The space #S(R?) is a Hilbert space with the inner product

(8,T),, ¢ =tu(ST*), S,TeHSR
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Remind that the trace ir(S) = > (Se,. e,);» is a well-defined bounded
neN
linear functional on 7', and independent of the used orthonormal

basis {e, }nen in L2 (RY)
» For the norm of § € #S(RY) we have

ISI3ss = u(SS*) = > I1S™(en)ll72 = D ISCen)llfz = Y sa(S)

neN neN neN

» A Hilbert-Schmidt operator S € #S(R?) can be seen also as a
compact operator on L*(R¢) defined for each f € L*(R?) by

Sf(t) = /Rd rg(t,x)f(x)dx ae.recRY

with kernel r clL’? ( ) Besides, <S., T>H5 <’< Ky >L”(R’<') for
S, T e HS(R")
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The Weyl transform

The Weyl transform 1.>(R*) = f +—— L; € HS(R?) is a unitary
operator where ., : L*(R?) — L?(R) is the Hilbert-Schmidt operator
defined in weak sense by

<Lf(/5: 'U>>L2(RL1) = <fa W(¥, ¢)>L2(R2L/) , e Lz(Rd>

here

W, ¢)(x,w) = '/w Y(x+ %) o (x — %) e g (x,w) € R¥M,

is the cross-Wigner distribution of the functions ¢, ¢ € L*(RY)
For each S, T € HS(R?) with Weyl symbols ay, a, in L*(R*?) we have

(S, T)us = <asa aT>L2(]R3")
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The Kohn-Nirenberg transform

The Kohn-Nirenberg transform L>(R*) 5 o — K, ¢ HS(R?) is a
unitary operator where &, : .°(R?) — 1>(R?) is the Hilbert-Schmidt
operator defined in weak sense by

<KO'¢7 w>L2(Rd) — <O-7R<1r/}7 ¢)>>L2(]R2‘/) Y ¢7 1/) E L2<Rd)

here

R(, ¢)(x,w) = () S(W) e 2R L (x,w) € R¥M

is the Rihaczek distribution of the functions 1, ¢ € L*(RY)
For each S, T € HS(R?) with Kohn-Nirenberg symbols oy, o, in
L*(R*!) we have

(S, T)us = <057 UT>L2(R2‘/)
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A crucial property for both transforms
» There is a transition between Weyl and Kohn-Nirenberg calculus:
0y = Ua,, where Uay(&,u) = ™ ay(&,u), (¢,u) € R

» The Weyl and Kohn-Nirenberg transforms in #S(R¢) respect both
the translations in the sense:

|
For f € L*(R? x R%) and z € R? x R we have:

L(T,f) = a;(Lf)

where £ denotes the Weyl or the Kohn-Nirenberg transform

» In addition to the unitary character we obtain that
Properties of V§ in HS(RY) <— Properties of V__(or V3 ) in L*(R*)
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A-shift-invariant subspaces
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LetS = {S,5,,...,Sv} be a fixed subset of #S(R?) and let A be a
lattice in R?. We are searching for a necessary and sufficient
condition such that {c,\(S,)}xea. =12, v IS @ Riesz sequence for
HS(R"), i.e., a Riesz basis for the cIosed subspace

Ty d
Vé = Span’HS{a/\(S”)}/\EA;n:],2,...,N C HS(R )

In this case, S = {S1, 5>, ...,Sy} is a set of generators for the
A-shift-invariant subspace V3 which can be described by

Vs—{Zch : {ea(X )}meﬁ(A),n:1,2,...,N}

n=1 AeA
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Theorem

Let A be a lattice and S, < B,n=1,2,...,N. Then,
{ax(Sn) }rer;n=12,...n IS @ Riesz sequence for HS(RY) if and only if
there exist two constants 0 < m < M such that

ml, < GY(z) <M1, foranyzec R*,

where G (z) denotes the N x N matrix-valued function

G¥) =3 FwS)z+ ) FuS)z+r)
A°eA°

, zeR¥

and Fy(S) = (Fw(S1), Fw(S2), - - -, Fiw(Sw)) |

where:
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» S € B is the Banach space of continuous operators with Weyl
symbol a, in the Feichtinger’s algebra Sy(R*?). In essence, B
consists of trace class operators on L*(R?) with a
norm-continuous inclusion ¢ : B < 7
Recall that ¢ € Sy(R*) iff V1) € L' (R*)

» A”is the adjoint lattice of the lattice A. Its associated matrix is
A~ TQ,in case A = AZ*, where

O = o I
—-1; O

» Fw(S) denotes the Fourier-Wigner transform of an operator S
defined as the function

Fw(9)(z) == e " tr[n(—z)S], z= (x,w) e R¥
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» Inourcase, Fy(S,) = Fla, ) forn=1,2,... N, where F;
denotes the symplectic Fourier transform of a, defined by

Filay )(2) == / ay (/) 276t |z e RY
]RZd

o(z.7) =w-x —w' - xis the standard symplectic form in R*
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The isomorphism 7

Ts : £2(A) — Vi, CL*R¥)  —  ViCHSRY

N N
(cr,caynen)’ = D Y N Taog, — D> ca(A) ax(Sy)

n=1 AeA n=1 AeA

The isomorphism 7g is the composition of the isomorphism

Tog Ei (A) — V§S which maps the standard orthonormal basis
{81 }ren for £2(A) onto the Riesz basis {Txoy }rea;n=12,...v for V2
and the Kohn-Nirenberg (Weyl) transform transform between V§S
(Va,) and Vg

S!
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An expression for the average samples

N

The average samples of any 7= > ) " ¢, (1) a,(S,) in V3 can be
n=1 peA

expressed as the output of a discrete convolution system in Efv (A):

N
<T7 a)\(Qm)>HS - Z (Clm.n *A Cn) (A) - <C./ T) a;:1>4%/(/\) ) A€EA

n=1

where a}, = (@}, 1. a} o, -, any) | @ n(X) = ama(—X), and being
am,ﬂ(lu') - <U.911 ’ T/LO—QW >L2('R2") - <(l5<” ? T,U an>

- <Sn: (X/L(Q/11)>HS , M€ A

12 (R 2d )

|
The sampling property will depend on the M x N matrix-valued
function A(\) = [a,.,()\)], A\ € A, whose entries are in £2(A)

Antonio Garcia Garcia Q-Math Seminar 26/10/21 24 /41



The diagonal channel samples revisited
For the diagonal channel samples of the operator T
(Ta(N)gm T(NEm)pgay, AEA, m=12,....M

we have

|
<T7r()\)gm, W(A)§M>L2(Rd) - <T) aA(gm ® g’”)>ns b )\ 6 A

We have also
<T7r()\>gm77T(A)§m>L2(Rd) = <O‘f/\(T)gm,§m>L2(Rd) , AEA

For o, € L*(RY), a:(p @) = [1(2)y] ® [n(2)9], z € R*
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The sampling result
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Definition (Generalized stable sampling procedure in V3)

This is @ map Ssamp = Vi — (1 (\) defined as

T = chn W) EVE— s, —A*Acefi(A)
n=1 AeA

where the matrix A = [a,,,| € M, (/*(\)) satisfies the conditions:

~

0 < oy = essinf \pjp[A (5)*A(£)} < B4 1= esssup Amax| (f)*g(f)} < 0
geh ¢en

For average sampling the corresponding matrix A has entries

amp(N) = <an,T,\UQm> = (Sn,ox(Om)) s, AEA,

LZ(RZd)
i.e., the columns of A are the sequences of samples of the
generators of V3
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» The matrix-valued function A(¢) := [ 7 (a,,,)(¢)], a.e. € € A is the
transfer matrix of A where 7 denotes the symplectic Fourier
transform in /2(A)

» The dual group A is identified with 2%/ /A°, where A° is the
annihilator group (adjoint lattice of A)

A =N eRM ;. 27NN =1 forall A € A}

o(z2,d)=w-x —w x forz= (x,w)and 7 = (x,w') in R* is the
standard symplectic form
» The Fourier transform of ¢ € ¢!(A) is the symplectic Fourier series

FM@) =Y eV s e R¥/A°,
AEA

where 7 denotes the image of z under the natural quotient map
RZd N RZd/Ao
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» Since F2 is a Fourier transform it extends to a unitary mapping
Fri(A) = (D)

It satisfies:
» FMcxpd) = FMc) FMd), for c € £1(A) and d € (*(A)
> Ife,d € 2(A) and FA(e) € L(R) = F(cxad) = FMe) FMd)
As usual, the convolution x5 of two sequences c, d is defined by
(cxad)(N) =D c(wdA—p), AeA
HEA

» Finally,
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Theorem

Given a sampling procedure Ssamp in V3, there exist M > N elements
H, € V3, m=1,2,... .M, such that the sampling formula

M
T=> Y s\ axHy,) inHS-norm
m=1 A eA
holds for each T € Vi where {a(H,,)} xeh: m=12....m IS @ frame for V§
The convergence of the series is unconditional in HS-norm, and the
¢2-norm of the samples ||s, H% is an equivalent norm to ||T||,, in V&
Reciprocally, if a sampling formula like above holds in V§ where

8r(A) = (5;,(\)s 870Ny -5, (N) T i= (Axa €)(A), A€A,

where B4 < +oco, and {c\(Hu) }rxen: m=12...m iS @ frame for V3, then
ayg >0
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Scketch of the proof

N
Forany 7= " " c,(1) 0u(Sy) in V§ we have:
n=1 peA
> Forits samples s, ,(\) = (¢, Tray,) . ) AEA, and the
N

sequence {T) a;, is a frame for ¢2(A)

}AEA;m:l,L...,M
> lts dual frames {7y b}, , , _,, ,, areobtained from the

sS ey

left-inverses B € M,,, (L(A)) of the matrix A (for instance,
A©)T = [A(e)*A(¢)] ' A(€)*) obtaining

C—ZZ ¢, Thay,) 2 o) T\b,, foreachceﬁlzv(A)
m=1 AeA

» Finally, applying the isomorphism 7g

T= ZZ Tm A) Ts[Trby] = ZZ Tm Kl\ (Togbm)

m=1 AeA m=1 \€eA
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» That is

M
T: § : z :ST,m( o9\ K/IHI z : E sTm (}/\ /”)

m=1 \ €A m=1 €A

where H,, = K;,, and h,, = T5,(b,,)
We have used that

Tos(Taby) = Tx(Tosbpm) = Tx(hm)

Observe that b, = (b1,u(A), bau(A), -, bym(N)) ' is the m-th
column of B, and

H, Zanm , m=1,2,.... M

n=1 \€A
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» Under the above hypotheses, the average sampling formula
reads

T = ZZ (T, \(Qn)) . _ax(Hy) inHS-norm

m=1 €A

» Since convergence in HS-norm implies convergence in operator
norm, for each f € L?(R) we get the pointwise expansion:

ZZ T,ax(Qn)), . [ax(Ha)](f) in L*-norm

m=1 AeA
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Consequences, comments and a final example
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Some consequences

> Whenever v/ = N the sequence {ax\(H,)},_, ,_,, yisa

Riesz basis for Vé, and the interpolatory property
<Hm77()\)gm W(A)§11> = Omnox0
where A e Aandm,n=1,2,...,N, holds
» Assume that the sequence a = {a(\)} ., satisfies
0 < essinf[F;"(a) ()] < esssup | F;*(a)(§)] < oo
gen N
where a(\) = (ST(\)g. 7(A)g )2 ey, A € A, with g, € L*(RY).
Then, there exists a unique H ¢ Vf such that the sequence
{ax(H)},., is a Riesz basis for V? and the sampling formula
T=>Y (Tr(\Ng.m(\g), 12y OA(H) I HS-norm
AEA
holds for each T € V.
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Some comments

» Incase S = ¢ ® ¢ operators in VZ are Gabor multipliers:

DN an(S)m) = e (7(Np ® T(N)) ()

AEA AEA

= c(\) VynNr(Ne = G&¢(n), n € LP(RY)

AEA
Go¥ s the Gabor multiplier with windows v, ¢ and mask ¢ in
/2(A) used in time-frequency analysis
» The convolution of a function f and an operator S is formally
defined by the operator-valued integral f « S = / f(2) a(S)dz.
R2d

In particular cxy §:= Sy ¢:= > c(A) ax(S). Thus,
NeA
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» Average sampling can be expressed as a convolution of two
operators:

(T.0x(0)), . = ulTax(Q)"] = tr[Tax(Q")]
=Tx Q"N =T, 0(\), A€A
where 0 = O*. Recall that
S*T(z) := tr[So(T)], zeR™

where T = PTP and P denotes the parity operator

(Pp) (1) = p(—1) for ¢ € L*(RY).

Replacing R?? by a lattice A ¢ R* we obtain the convolution of
two operators S, T at the lattice A
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An illustrative example

» Assume V§ with &V stable generators of the form S, = ¢, ® ¢, with
©Ons Pn € So(RY), n=1,2,...,N. In this regard,

Fw(en © @n)(z) = ™ Vi, 00(2), 2= (x,w) € R¥
» Foreach T ¢ V§ we consider the diagonal channel samples
<T7T()\)gmv7T<)\)§m>L2(Rd) , AEA
With g, Zm € So(RY), m = 1,2,..., M. In this case,

amn(N) = <(90n @ SZn)ﬂ'()\)gma W(A)§m>L2(Rd)
= ‘/gmg”()\) VE/!I¢’1<A) ) )\ € A
» Itis known that the sequences {a,,,(\)}, _, belong to ¢'(A) and,

as a consequence, the entries of A are continuous functions on the
compact A
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» Thus, the sampling conditions in the definition of generalized
stable sampling procedure reduce to

det[A()*A(E)] #0 forall&é € A

» Under the above circumstances:
N
Any T = "GZm#" € V§ can be recovered, in a stable way, from its

n=1

diagonal channel samples (77 (\)gn, w(A)’gm>L2(Rd)
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