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Statement of the problem
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» (G, +) is a countable discrete abelian group

» G > g+~ Ulg) € U(H) a unitary representation of G on a
separable Hilbert space ‘H

» Givenaset ® = {©, 9. .... 0y} inH, consider the U-invariant
subspace of H

N
Vo = {ZZx”(g)U(g)tpn . x, € 2(G), n= 1,27...,N}

n=1 geG

where the sequence {U(g), |
for H

» We define an average sampling in Vg as follows:

2€Gin=12,..N is a Riesz sequence
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Given M elements ¢, € H,m = 1,2,...,M, which do not belong
necessarily to Vg, for any f € Vg we define form=1,2,... .M

ﬁmf(g) = <f/ U(g)¢m>7_l7 geG

Motivating fact

These samples can be expressed as the output of a convolution
system defined in (3,(G).

N
Indeed, for any f = > ) " x,(h)U(h)g, in Ve one gets
n=1 heG

N

»Cmf(g) = Z(am,n *xn)(g>> geqG

n=1

where a,,,(g) = (2., Ulg)in)w, g € G, belongs to /2(G)
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In general, we can describe a sampling procedure in Vg as a
convolution system

A 13(G) — 2,(G)
X:(X17X27...,XN)T — A(X):A*X:(ﬁlfaz’zfa"'aﬁMf)T

with an associated matrix A = [a,,,| € M, (/7(G))

Definition

The above sampling procedure Vo = f — Lf = A(x) € E?V[(G) is
stable if there exist two positive constants 0 < o < 8 such that

allfIB, < IEFI% o) < BIIFIR, forall f e Ve
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Goal

» To characterize the stable sampling procedures in Vg obtained
by means of a convolution system A

» To obtain the reconstruction formulas in V4 associated with the
sampling procedure A, i.e., sampling formulas having the form

M
F=Y> Laf(@U(@)Sn inH

m=1geG

for some elements Sy, 5,, . .., Sy € Ve such that the sequence
{U(®)Sn} gegimer ...y 18 @ frame for Vo

|
This is done by linking the convolution system A « x defined in £2,(G)
with a frame of translates {7y} ;.15 4 i 2,(G), where
Teen(h) = eu(h—g), h € G, for ¢,, € £3(G)
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A brief on discrete frames
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A sequence {x,},2, is a frame for a separable Hilbert space # if
there exist constants 0 < A < B (frame bounds) such that

(0.)
Allx|* <) |, xa)* < Bllx||*  forallx € H

n=1

Preframe operator 7 (synthesis) and its adjoint 7* (analysis)
T: (N
N — T H — A(N)
{anhiZy — chxn x o {lx) hE
n=1

Frame operator S

o
S:H—H, Sx:=TT*x=Z(x,x,,>xn, xeH

n=1
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Some properties

» T is bounded if and only if {x,}.,~, is a Bessel sequence

S is a bounded, invertible, positive, self-adjoint operator and the
sequence {5 'x,}°, is a frame for H (canonical dual frame)

v

v

For each x € H we have,

o [e.o]

x= Z(x,xn> S x, = Z(x, S x,) x,

n=1 n=1

v

{xn};2, isaframe <= T is bounded and onto <= T"is
injective with a closed range <= S is bounded and invertible

v

The sequences {x,},=, and {y,},=, are dual frames if for each
x € H we have

[e.e]

0o
Z X xn Yn = Z(X,)W Xn
n=1

n=1
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Some properties

> {x,},2; and {y,},=, Bessel sequences and 7, T} = T\ Tj =1y
< {x},2; and {y,},2, dual frames

» {x,},2, is an exact frame <= {x,},2, is a Riesz basis (a
unique dual)
Overcomplete (inexact) frames have an infinity of duals

» In finite dimension:  frame <= spanning set
The set {x;,x2,...,xp} In CVis a frame <= rankM = N,
where M := (x1,x,...,xum)
lts frame operator is S = MM* and A,,, = o7 ; B,y = o
(o1 and oy are the smallest and largest singular value of M
respectively)
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Some applications of frames

1. In Sampling theory by identifying the data samples as frame
coefficients {(x,x,)} and looking for appropriate duals {y, }
This is the aim of this talk

2. In Signal processing as a noise suppressing method:

(o) o0
Z X, Xp) +6n S xn—x—i—S (Zenxn)
n=1 n=1

In case of Riesz or orthonormal bases, error o ||{¢,}|> > 0
For frames, it can be suppressed whenever {¢,} € ker
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3. In Quantum mechanics: Gleason functions for Parseval frames

A Gleason function g of weight W is a function g : B; C Hy — K

such that Z g(x;) = W for all {x;};c; Parseval frame for H,
j€J

e For instance, g(x) = (Ax,x), x € B4, with A self-adjoint is a
Gleason function of weight W = tr A

e Positive operator valued measurements: {E,} C £(H) such
that I = ZEn +— Parseval frames for H

E € E(H)rif E is a self-adjoint operator with 0 < E <1

e To obtain generalized probability measures v : E(H) — R =
v(E) =tr(pE), E € E(H), for a density operator p
(Busch/Gleason theorem)
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4. In Numerical analysis to computing the best approximation

» Let Q c (—1,1)? be a compact domain; the orthonormal basis
{27d/%eimy oo for L*(—1,1)9 restricted to Q is a tight,
linearly-independent frame with bounds A=B=1forL*(Q)

» The augmented Fourier basis {\[ e ez U{Vk +1/2P K
with K Legendre polynomials is a tight, linearly-independent
frame with bounds A = 1 and B = 2 for L*(—1, 1)

» A basis of (Legendre, Chebysev) polynomials plus modified
polynomials to approximate functions f () = w(r)g(¢) + h(z),

€ [—1, 1], where g, h are smooth and w € L*°(—1, 1) may be
singular, oscillatory, etc. Indeed, {¢, (1) }en U {w(1)p,(1),cn is @
frame for L°(—1. 1) with bounds

A =1+ essinf |w(t)]> and B =1+ esssup |w(t)|?
re(=1,1) re(—1,1)
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» To compute the best approximation of f from Hy := span{¢, }rci,

PNf:an(s‘bn@GNX:ya (PNf’d)n>:<f’¢n>7n€IN

Ilel,\:

Gy = {(¢m, o)} € CVY 5 x={x,} € CV; y = {{f, )} € C¥
» lll-conditioned problem = To regularize by using the SVD of
Gy = VX V™ to construct a truncated SVD projection

€ r fa TNVn *
Pyf = Z <()'>TNVII (TNTNVn = Gyv, = Unvn)

n
op>€

{Twnv,} orthogonal basis for Hy: (TnVa, TnVim) = Ombnm

» Finally, to give an estimation for ||f — Py f]|

IF = PafIl < IIf = Twell + Vele]
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» Ejemplo 1. Let Q ¢ (-1, 1)¢ be a compact Lipschitz domain. If
f e H*(—1,1)¢, there exists a constant C > 0, independent of f
and N, such that

I1f = PySfllrzi) < CINT* + Ve ) 1 fllmma—1,1ye

» Ejemplo 2. Let K € N be fixed. If f € H*(—1,1) for 0 < k <K,
there exists a constant C > 0, independent of f and N, such that

1f =Py Sfll2=1, <c(N* + V) I fllmr 11
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Discrete convolution systems and frames
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Discrete convolution systems: some needed properties

Let
A:3(G) — 13(G)
X — A(X) = Axx

be a convolution system with matrix A = [a,,,,| € M, (¢*(G))

» Ais a well defined bounded operator if and only if
Ae M, (L¥(G)), where A(€) = [am,(€)] (transfer matrix)
» Its adjoint operator A* : £3,(G) — £%(G) is also a (bounded)
convolution operator with matrix A* = [a,*”,nf € My, (£(G))

where a;, ,(¢) := an,(—g), g€ G. Its transfer matrix is A*(¢) is
the transpose conjugate of A(¢), i.e., A(€)*, a.e. £ € G

» A (bounded) is injective with closed range <= A" A invertible
= 4= essipfdet[g(a*g(g)] >0
¢eG
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When discrete convolution systems meets frames

» Let a;, denote the m-th column of the matrix A*, then

[AM)]n(8) = A *xlu(g) = (x. Tea) p g

In other words, the operator A is the analysis operator of the

sequence {Tja;, } . ., in £3,(G). Consequently:

> {Tetn} cgimein |saframefor€,2V(G) = 54 >0

» Assume that A € MMXN( *(G)) and B € M, (L*(G)), and let
b,, denote the m-th column of the matrix B. Then the sequences
{T a’”}gGG;m:l,Z ..... M and {Tgbm}gEG; m=12,..M form a pair of dual
frames for £ (G) if and only if

~

BE)A(E) =1, ae.£€CG (= BA=Tp )
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When discrete convolution systems meets frames and
sampling

> {T.a;} frame <= 04 > 0, and there exist a dual frame {7,b,, }
via the Moore-Penrose pseudo inverse A(¢)" = [A(¢)*A(¢)] ' A(¢)*
» Thus, for each x € £2(G) we have

M
X—ZZ<X Tam>€2(G Toby ZZEmf(g)Tgb

m=1geG m=1geG
» Applying the natural isomorphism 7y ¢ : Ef,(G) — Vg which maps
the standard orthonormal basis {d,.,}¢cG;n=1,2,...v for £2(G) onto the
Riesz basis {U(g)¢n} for Vs, for each f = Ty ox € Vo
we get

m=1geG m=1geG >
U(g) (7—lr’.<l>bm) m

geG;n=1,2,....N
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The resulting sampling theory
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Theorem

LetA = [a,,] € M, ({*(G)) be the matrix defining the sampling
vector Lf for eachf € Vs, and assume that A ¢ M, (L*(G)).
The following statements are equivalent:

(a) The constant 5, := essinfdet[A(¢)*A(€)] > 0
£eG

(b) There exist constants 0 < o < 3 such that
M
allf 1P < YD ILaf(@)? <BIFIP, fE€Va
m=1geG

(c) There exists B € M, ,, (L°(G)) such that B(¢) A(¢) = 1, a.e.
ceC
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(d) There exists a matrix B € M,_,,((*(G)) withB € M, , (L™(G)),
such that

N
x=BxLf and f:Zan(g)U(g)cpn, feEVs

n=1 geG
That is, the bounded convolution system B : £ (G) — £2(G)
satisfies 5 A — If@(C)
(e) There exist M elements S,, € Vg such that the sequence

{U(g)S,,,}gGG_m:1 , .y is aframe for V, and the formula

M

f - Z Z ‘C’”f(g) U(g)Sm inH

m=1 geG

holds in Vg
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Theorem

(f) There exists a frame {Sgm} o .y 5. 07 Voo SUCh that for each
f € Vs we have the expansion

M
f= Z Z »Cmf(g) Sg,m inH

m=1 geqG

The reconstruction elements {S,,},,=12,..m in Vo are necessarily
obtained from the columns by, bs, ..., by of a matrix B satisfying (c)

N
Sm = TU,<I’bm = Z an,m U<g)99n , m=12,....M
n=1 geG

If /7 = N and ess inf | det[ A(¢)]| > 0 we are in the Riesz bases setting
£eG
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Sampling results as particular cases
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Average sampling in a shift-invariant subspace V3 of L*(R")
H =L (RY), G:=2"and [U(p)f] (1) = f(t—p),t e R’ and p € Z*
The average samples

Lnf(p) = <f U (- *P)>,;<R>d)~, p e z

have the matrix A = [ay,,], with a,,,,(p) = <59,,,, U (- —}7)>L2(1§if/)- Under
the hypotheses in the sampling theorem, for the classical
shift-invariant subspace V3 of L*(R?) described as

Vq)—{Zan on(t — ):xneéz(Zd),n:l,Z,...,N}

we obtain
M
- Z Z <f’ wm(' _p)>L2(Rf/) Sm(t —[7) in LZ(Rd)
m=1pe7d

As V2 is a RKHS, we have also pointwise convergence
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Sampling associated with a crystallographic group

P is a non-singular d x d matrix, I' = {y; = 1,72, ...,y} a finite
subgroup of O(d) of order N such that v(PZ?) = PZ? for each v € I.
Consider the crystallographic group is Cp - := P74 x4, T (Recall
that (x,v) - (x',7) = (x + 92, v/)) and its quasi regular
representation on L2(R?)

Up,f (1) =fly"(t=p)l, pePZ, yeT andf € L*(RY)
Consider the U-invariant subspace in L*(R¢)

Vo={ 3 2 e (=p)] : a0} € CCrr)

(P 7)€Crr Upy)e(0)

N
_ {Z 3" 5(p) Up. 1) U0, 7,)¢ : xn € (PZY), n = 1,2,...,N}

= d
n=1 pePZ on

®n (f*[’)
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Choosing M functions 1, € L>(RY), m = 1,2,..., M, we consider the
average sampling in V,,

ﬁmf([)) = <f U(]), ])Um> = <f Um(' *1’)> , P& PZd .

Here, the matrix A = [4,, ,| has entries

amn(P) = <~P(r) Y (Ynt — p)>L3(]%;</)

Under the hypotheses in the sampling theorem, there exist M > N
sampling functions S,, € V,, form = 1,2, ..., M, such that the
sequence {Su(- —p)},epzd.m=1.2. m is @ frame for V, and, for each
f€V,, we have

f([) - Z Z <f wm(' _p)>L3(R’1) Sm(t _p) in Lz(Rd)

m=1 peP7d
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The case of pointwise sampling

G is a countable discrete subgroup of a LCA group G

t € G U(t) € U(L*(G)) a unitary representation of G on H = L*(G)
Let Vs be the corresponding U-invariant subspace of L>(G ) for any
f € Vg we define, from M fixed points ¢, € G, m=12,...,M,its
samples as

‘Cmf(g) = [U(*g)f} (lm)’ g c G7 m= 1727 s ’M

The associated matrix A has entries a,,,(g) = [U(—g)¢.|(1,1), g € G.
If the functions [U(g)y,|(7), g € Gandn =1,2,...,N, are continuous
on G, and the condition

2
sup > |[U(g)ul(1)]” < 400, n=1,2,...,N
1€G geG

holds, then the subspace Vs is a reproducing kernel Hilbert space of
continuous bounded functions in L?(G)
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» Whenever # — L*(RY) and [U(p)f|(1) == f(t — p), t e R, p e Z4,
the samples read

Lof(p)=1Up)f|(t) =Ffp+1n), peZ' and m=1,2,....M

Under hypotheses in the sampling theorem on the matrix A = [, ],
where a,, ,(p) = v,(1,, + p), we obtain in the shift-invariant subspace
V2 of L*(RY) the sampling formula

f) = Z Zf(PJF tm) Sm(t—p), te€ R4

m=1 I)EZ(/

holds, for some functions S,, € Vé, m=1,2,...,M. The
convergence of the series in L?(R?)-norm implies pointwise
convergence which is absolute and uniform on R?

Antonio Garcia Garcia Q-Math Seminar 04/03/20 30/35



» In the example of the quasi regular representation of the
crystallographic group Cp = PZ" x, I, for each f € V,, the defined
samples read

Lnf(p) = [U(f/). l)f} (tw) =f(p+1tm), p € r7¢ and m = 1,2,....M

Under hypotheses in the sampling theorem on the matrix A = [, ],
where a,, ,(p) = ©|v, (1, — p)], there exist M functions S, € V,,,
m=1,2,...,M, such that, for each f € V,,, the sampling formula

M
FO=Y"> fp+tn)Sult—p), teR
m=1 peP74

holds. The convergence of the series in the L2(R?)-norm sense
implies pointwise convergence which is absolute and uniform on R¢.

Antonio Garcia Garcia Q-Math Seminar 04/03/20 31/35



Sampling in a subgroup H of G
Let H be a subgroup of G with finite index L. Then,

G=(g1+H)U(g2+H)U---U(gL+H)

with (g, + H) N (g + H) = @,1# 1, for afix set {g, g1,....g.} of
representatives of the cosets of H. For Vg we have

V¢={22xn g)pn : xn€€2(G)}

n= 1g€G

{Zzzxn g1 +h) gl+h>99n}

n=l I=1 heH w0 Uel)on
——

Pnl

(k11 (h), . xin(R), a1 (h), - xan(h), - xa (B), - xac () | € 62 (H)

(here we consider a new index nl, from 11 to NL)
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> InH = LX(RY), G:= 7" and [U(p)f| (1) == f(r —p),t € R? and

p €74, consider H :— PZ‘ a sublattice in Z¢ where P denotes a d x d
matrix of integer entries with positive determinant L := det P.
Average sampling in the shift-invariant subspace V3 has the matrix
A = [aym ], Wwhere a, ,/(p) = <p,,(r), Yt —p + g/)>[‘3(ﬁi[/), pE prz¢
The corresponding sampling formula reads

M
f(t) = Z Z (fs Um(- _p)>L2(RL’) Sm(t—p), te€ R?

m=1 peP7d

for some sampling functions S,, € V3, m = 1,2,..., M. Moreover, the
sampling sequence {S,,(t — p)}pepzt; m=1.,..m 1S @ frame for V3.
Convergence in the L*(R%)-norm sense implies pointwise
convergence which is absolute and uniform on R?
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» Whenever 7 = L*(R?) G := 7" and [U(p)f|(1) == f(t —p),t € RY
and p € Z¢, for M fixed points 1,, € R?, we consider in the
shift-invariant subspace V2 the samples

Lnf(p):= [U(fp)f} (tw) =f(p+1in),pE PZ! m=1,2,....M

This pointwise sampling has matrix A = [a,, ;|, where
amn(p) = pn(tw +p —81), P € PZ4 form=1,2,...,M,
n=12,....,Nandl=1,2,... L.

The corresponding sampling formula reads

M
f(t) = Z Z f(p+tm)Su(t—p), te RY.
m=1 pep74
for some sampling functions S, € V%, m=1,2,...,M. Moreover, the
sampling sequence {S,,(t — p)}pepzt; m=1.,... m 1S @ frame for V3.
Convergence of the series in the L?(R?)-norm sense implies
pointwise convergence which is absolute and uniform on R¢
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