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Statement of the sampling problem
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Ingredients

» Let (n,h) — U(n,h) be a unitary representation on a separable
Hilbert space H of agroup G = N x4, H (#H = L), i.e.,
homomorphism between G and U(H)

» Fixed a € H, consider the U-invariant subspace in H

Aa:{ Z a(n,h) U(n,h)a {(y(ii,lz)}(,,,ll)ec;GEQ(G)}

(n,h)eG Riesz sequence
» For each x € A, consider the data (samples)
Lix(n) == (x,U(n, lH)bk>H, neN, k=1,2,...,K(>L)

where b, € H are fixed non necessarily in A,
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Goal

|
The stable recovery of any x € A, from the data sequence

{ka(n)}nEN; k=12,...K

» There exist constants 0 < A < B such that

K
AllxlP <Y | Lex(n)]? < Bllx|*,  forallx € A,

k=1 neN
» Recovery by means of a sampling formula like

K

x=3 Y Lx(n) Un, ly)ck  inH

k=1 neN
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Procedure
» Since there exist h, ¢ (*(G), k=1,2,...,K, such that

ﬁkx(n):<oz,T,,h/\,> neN, k=1,2,....K

2(G)>

where T,,hi(m,h) = hy(m —n,h), (m,h) € G, k=1,2,...,K
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Procedure
» Since there exist h, ¢ (*(G), k=1,2,...,K, such that

ﬁkx(n):<oz,T,,hk> neN, k=1,2,....K

2(G)
where T,,hi(m,h) = hy(m —n,h), (m,h) € G, k=1,2,...,K

» Instead of x € A, proceed to the stable recovery of o € (7(G)
from given data
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Procedure
» Since there exist h, ¢ (*(G), k=1,2,...,K, such that

Ckx(n):<04.T,Ihk>&2 neN, k=1,2,....K

(G)?
where T,,h;(m,h) = hy(m —n,h), (m,h) € G,k=1,2,...,K

» Instead of x € A, proceed to the stable recovery of o € (7(G)
from given data

» The sequence {T”h”"}neN;k:l.Z....
characterize these frames

2 .
. should be a frame for £°(G):
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Procedure
» Since there exist h, ¢ (*(G), k=1,2,...,K, such that

Ckx(n):<a.T,lhk>@ neN, k=1,2,....K

(G)?
where T,,h;(m,h) = hy(m —n,h), (m,h) € G,k=1,2,...,K

» Instead of x € A, proceed to the stable recovery of o € (7(G)
from given data

» The sequence {Tnhk}”e/\,;k:l‘zm
characterize these frames

. should be a frame for ¢*(G):

» To find its dual frames { 7,9, } . having the same form

neN; k=1,2,...
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Procedure
» Since there exist h, ¢ (*(G), k=1,2,...,K, such that

£kx(n):<a,T,,lhk>@ neN, k=1,2,....K

(G)?
where T,,hi(m,h) = hy(m —n,h), (m,h) € G, k=1,2,...,K

» Instead of x € A, proceed to the stable recovery of o € (7(G)
from given data

> The sequence {7,h} . . . shouldbe aframe for 2 (G):
characterize these frames

» To find its dual frames { 7,9, }

» Then, in *(G)

K K
o= 30 Yl T 10 = 303 L) T

k=1 neN k=1 neN

nEN: k=12, K having the same form
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Procedure

» Introducing in x = Z a(m, h) U(m, h)a the expansion for o

(m,h)eG

[ZZ&J T,9x(m h)] U(m, h)a =

(m,h)eG k=1 neN

K
;;EM(")[ > gl h) Un, 1g)U(it, h) a

N (7,h)€G U(m,h)=U(n+7,h)

K
— Z Lix(n) U(n, 1g)crg
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Procedure

» Introducing in x = Z a(m, h) U(m, h)a the expansion for o

(m,h)eG

Z [ZZQ&C T, 9k (m h)] U(m,h)a =

(m,h)eG k=1 neN

K
= Lwln)| D aulnh) Uln 1m)UGL R a

k=1 neN (i,h)E€G U AUt i)
K
= Z Z Lix(n) U(n, 1g)crg
k=1 neN

» Next, let'sgotodoit...
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A brief on semi direct product of groups
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The semi-direct product G .= N x, H

Given groups (N, -) and (H, -), and a homomorphism ¢ : H — Aut(N)
(¢(h) := ¢p) their semi-direct product G := N x4 H has, in the
underlying set N x H, the composition law:

(n1,h1) - (n2, ha) i= (n1gn, (n2), mha),  (n1, ), (m2,2) € G,
The homomorphism ¢ is referred as the action of the group H on the
group N. Some basic facts:
(v, 1u), and (n, ) ™" = (¢y-1(n~"), 1)
N~ N x {IH} andH:{lN} X H

v

v

» G = N x, H is not abelian, even for abelian N and H groups.

v

N is a normal subgroup in G.
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Some examples of semi-direct product of groups

1. The dihedral group D,y is the group of symmetries of a regular
N-sided polygon; it is the semi-direct product Doy = Zy 3 Z»
where ¢5 = Idz, and ¢7(n) = —n for each n € Zy.

The infinite dihedral group D defined as 7 x, Z, for the
similar homomorphism ¢ is the group of isometries of Z.

2. The Euclidean motion group E(d) is the semi-direct product
R? %, O(d), where O(d) is the orthogonal group of order d and
$a(x) = Axfor A € O(d) and x € R?. It contains as a subgroup
any crystallographic group Cy r := MZ¢ x, T, where MZ*
denotes a full rank lattice of RY and I" is any finite subgroup of
O(d) such that ¢.,(MZ?) = MZ for each y € T..
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a. Suppose that N is an locally compact abelian (LCA) group with
Haar measure py and H is a locally compact group with Haar
measure py. Then, the semi-direct product G = N x, H endowed
with the product topology becomes also a topological group

b. In our case, we will assume that G = N x4 H where (N, +) is a
countable discrete abelian group and (H, -) is a finite group.
Recall the operational calculus:

> (n,h) - (m 1) = (n+ ¢n(m), hi)
(n,h) ™" = ($-1(—n),h™")

(n,h)™" - (m, 1) = (dy-1 (m —n), k")
(n,h)™" - (m, 1) = (dy-1 (m — n),h™")
(

n,1y)"" - (m,0) = (m—n,l)

v

v

v

v
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The filter banks formalism
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» The convolution a * h of a, h € £2(G) can be expressed as

(axh)(m,l) = > am k) h[(nn)" - (m1)]

(n,h)eG

= Z a(n,h)h(qﬁhfl(m—n),h*ll), (m,l) € G

(n,h)eG

» H-decimation

lu(axh)(m):=(axh)(m, 1) = Z a(n, h) h(p-1(m — n),h_l)

(n,h)€G
= Z aln,h)h[(n —m,h)"], meN
(n,h)eG
bu( (m) Z Zah ) hp(m—n) Z (a/l *p h/l)(m) ,meN
heH neN heH

where oy, (n) := a(n,h) and hy,(n) :== h[(—n, h)""]
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For a function ¢ : N — C, its H-expander tyc: G — Cis

c(n) ifh=1py

(THC)(nvh) = { .
0 |fh7'é 1y .

In case 1 ¢ and g belong to #*(G) we have

(trexa)m =Y (tue)(n,h)g[(n, )" - (m,1)]

(n,h)eG

= Y (tuc)(nh)g(dp-1(m —n),h~"1)
(n,h)€G

—Z m—n,l) (f*Ngl)(m), meN,leH
neN

where g;(n) := g(n, )
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A K-channel filter bank with analysis filters h, and synthesis filters
O, k=1,2,....K

K
¢ i =ly(axhy), k=1,2,...,K, and BZZ(THCk)*gk,
k=1

In polyphase notation

ck(m):Z(ah *N hk’h>(m), meN, k=1,2,....K,

heH

Z k*Nglk m) meN, leH,

k=1
where o, (n) := a(n, k), B,(n) := B(n,1), hiy(n) == hi[(—n,h)~"] and
91k(n) == gk(n, 1) are the polyphase components of «, 3, hy and g,
k=1,2,....K
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Our K-channel filter bank

a(m,l)

D~@—»Q—r
~m~@—‘~r

|0 G-

Figure : The K-channel filter bank scheme
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Denoting H = {h1, ha, ..., h}, assume that hy, g € ?(G) with
hkh,,ghkeL”( Jfork=1,2,...,Kandi=1,2,...,L
Recall, hy . (n) == hy[(=n, b))~ 1 and i k(1) := gr(n, hy)

The N-Fourier transform in

ck(m) - Z (ah *N hk,ll)( ~ Ck Z hk h "/ ah a.e. v e ]/\\7

) heH ) heH
In matrix notation,

C(v) =H(y)A(y) ae. y €N

C(v) = (@), &), &) ",
A() = (@, (7), @y (7), - -, @, (7)) |, and H(y) is the K x L matrix
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K K
Bilm) = (e #n 9re) (m) ~ By(7) = > Gik(y)€(y) ae. y €N

. k=1 . k=1
In matrix notation,

B(7) = (B, (7). Biy(V)s - B, ()
C(y) = (@), &(),....&(")
G(v) is the L x K matrix

1.4 € L>(N) is the Fourier transform of gy, 1 (n) := gx(n, h;) € (*(N)
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Perfect reconstruction

In terms of the polyphase matrices G() and H(~)

B(7) =G(y)H(7)A(y) ae. yeN

A K-channel filter bank with h;, g belong to ¢*(G) and hy s, , G«
belong to L°°(1V) fork=1,2,...,Kandi=1,2,...,L, satisfies the
perfect reconstruction property if and only if G(v) H(y) =1, a.e.

~ € N, where I, denotes the identity matrix of order L.

a € *(G) — A € L}(N) is a unitary operator
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Frame analysis
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For m € N the translation 7, (m € N) and the involution operators are
defined in *(G) as

Tex(n, h) == a((m, 1)~ (n, h)) = a(n —m,h)
a(n,h):=a((n.h)~"), (nh)€G

For a K-channel filter bank we have
ci(m) =L (axhp)(m) = (o, T,nﬁk%z((;) ,
(Th ¢k * Qk) (m, h) ch —n,h) = Z(a, T,lﬁkﬂz((;) T,Qx(m, h)

neN nenN

In the perfect reconstruction setting, for any a € ¢*(G) we have

o = Z Z Q, Tnhk /2 T n9k in KZ(G)

k=1 neN
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Theorem

For fy in /2(G), k = 1,2,..., K, denote f, ;. (n) := fr(n, i), hy € H, and
consider the associated matrix H(). Then,
1. The sequence {T,fi}, y.,_,,._ IS @ Bessel sequence for
62( ) if and only if By < oo (if and only if the function
fkh € L(N)foreachk=1,2,...,Kandi=1,2,...,L)

2. The sequence {7,f; } is a frame for £2(G) if and only

0<Ag < Bg < ©

neN; k=1,2,....K

where H(7) is the K x L matrix (taking analysis filters h; — 1)

H(’V) = (fk,h;('y) )k 12K+ € 1/\\,
i=1, 2,...,L
and its associated constants

Ag = essinf Ayin [H*(7)H(7)] 5 Ba := ess sup Amax [H* (7)H(7)]
~YEN 'yeﬁ
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Theorem

Let {Tufi}ene itk @M {TuGt},cn. 10, x O tWO Bessel
sequences for £*(G) with associated matrices H(v) and G(v). Then,

(a) The sequences {T”fk}neN; - and {T"gk}nEN; i IE

9oy

dual frames for ¢2(G) if and only if condition G(v)H(v) = I, a.e.
~ € N holds.

(b) The sequences {T,lfk}neN;k:Lme and {Tngk}neN; (12, are
dual Riesz bases for £2(G) if and only if K = L and
G(y) =H(y) 'ae.yeN

where the matrices H() and G(~) are:
(taking analysis filters h, = f; and synthesis filters g;)

HO) = () Jicrzas 600 = (@040) a7 EN

1.2,..., i=1,2,....L
12,... k=12,...K

»
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Getting on with sampling
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For each x € A, in the U-invariant subspace in H

Ac={ Y atumyumna : {a(n)}upe € £(6)}

(n,h)eG

we consider its generalized samples

Lix(m) := (x,U(m, 1p) bk>7—t
= Y amn){a,Ul(n,h)~" - (m,14)] by)
(n,h)€G
=lylasxhy)(m), meN, k=1,2,....K

where

he(n.h) = (a,U(n,h)by),, , (n,h) €G

H

belongs to /*(G), k=1,2,...,K
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Suppose that there exists a perfect reconstruction K-channel
filter-bank with analysis filters the above h, and synthesis filters gy,
k=1,2,...,K. Then, we have

K
o = Z Z Iu (a * hk Tng]\ Z Z Ekx T, 9k in EZ(G) .
k=1 neN k=1 neN

We consider the natural isomorphism Ty, : £*(G) — A,
Tva : (5(,1’/1) — U(n,h)a for each (I’l,]’l) €G.

)

Foreach m € N, 7y, possesses the following shifting property

TU,(:(Tmf) - U(iﬂ, lH) (TU,uf) 5 f S gz(G) .
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Applying the isomorphism 7y ,, for each x € A, we get the expansion

x= Ty .0 = Z Zﬁkx TUa ngk)

k=1 neN
K
= Z Z Lix(n) U(n, 1) (Tu.a9k)
k=1 neN
= Z Z Lix(n)U(n, 1g)crg InH,
k=1 neN

where Ckg = TU,agks k= 1, 2, ... ,K
Notice that the sequence {U(n, 1i)cig}, .y > IS @ frame for
A, is a frame for A,.

In fact, the following result holds:
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For hy such that hy(n, i) == (a,U(n,h) by),,, (n,h) € G,
consider the K x L matrix

H(y) = (W)k

where f; := ﬁ/\- and fk,h;(n) = fk(l’l,h,'), k=12,....K,i=1,2,...,L
Consider also its associated constants

An = essinf Ayin [H*(7)H(7)] 5 Ba := ess sup Amax [H* (7)H(7)]
YEN WEN

~

Assume that the matrix H(~) has all its entries in L™ (N)
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The sampling result

The following statements are equivalent:

1. The constant Ay = ess inf Apin [H*(7)H(v)] > 0.
YEN
2. There exist g; in /2(G), k = 1,2,..., K, such that the associated

polyphase matrix G(v) has all its entries in L°(N), and it
satisfies G(7)H(y) =1, a.e. v € N.

3. There exist K elements ¢, € A, such that the sequence

.....
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The sampling result

3. There exist K elements ¢; € A, such that the sequence
{Um, 1u)er},cn 1-10 x I8 @ frame for A, and for each x € A,
we have the sampling formula

K
5= Z Zﬁkx(n) Un,1g)ery  inH

k=1 neN

4. There exists a frame {Cin},cy. 10 ¢
each x € A4, we have the expansion

for A, such that for

K

5= Z Z Lix(n) Cr,, inH

k=1 neN
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Notice that K > L where L is the order of the group H. In case
K = L, we obtain:

Corollary

In the case K = L, assume that the matrix H(y) has all entries in

L*°(N). The following statements are equivalents:

1. The constant Ay = essinf Amin [H*(7)H(7)] > 0.
YEN

2. There exist L unique elements ¢, k = 1,2,...,L, in A, such that
the associated sequence {U(n, lu)ci}, ., , , IS @ Riesz
basis for A,, and for each x € A, we have the sampling formula

X = Z Zﬁkx(n) Un,1g)cy  inH

k=1 neN

Moreover, the interpolation property Licy (n) = g 6n,0y, Where
neNandk k' =1,2,...,L, holds.
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Some examples involving crystallographic groups
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The Euclidean motion group E(d) = R? x, O(d): for the
homomorphism ¢ : O(d) — Aut(R?) given by ¢, (x) = Ax, we have
the composition law (x, A) - (X', A”) = (x + Ax', AA")

We consider the crystallographic group Cyr := M7 x4 T where M
be a non-singular d x d matrix and I" a finite subgroup of O(d) of
order L such that A(MZ®) = MZ¢ for each A € I and its quasi regular
representation on L?(R%): forn € MZ?, A ¢ T and f € L*(R%)

Un,A)f(1) =fIAT (1 = n)], teR?

For a fixed ¢ € L*(RY) such that the sequence {U(n,A)p} (nA)ECr

a Riesz sequence for L?(R?) we consider the U-invariant subspace
in L*(RY)

is

Ao={ Y aA) AT )] ¢ (A} € Ao}

(n,A)ECM’[‘
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Average samples
Choosing K functions b, ¢ L*(RY) we consider the average samples
off e A,

Lif(n) = {f,U(n, Dby = (f. bi(- —n)), neMZ.
Under the hypotheses in our sampling theorem, there exist K > L
sampling functions v, € A, fork =1,2,...,K, such that the

sequence {Yr(- — 1) }uemzd. k=12, x 1S @ frame for A, and we get
the sampling expansion

K
f(f) - Z Z <]C,bk(- — n)>L3(L\f‘;") L;k([ — I’Z) in LZ(R(J)
k=1 neMmzd

If the generator ¢ € C(R?) and the function t — > " [i(r — n)|* is

bounded on R?, then A, is a reproducing kernel Hilbert space
(RKHS) of continuous functions in L*(R¢) ~~ pointwise convergence
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Pointwise samples

{U(n,h)}(unec @ unitary representation of G = N x, H on L*(R?)
If the generator o € L*(R?) of A, satisfies

» For each (n,h) € G, the function U(n, i)y is continuous on R?
2
> sup Z ‘[U(n,h)ap}(tﬂ < 400
1€RY (, nyeG

Then the subspace A, = { > a(n,h)Un,h) 90} is a RKHS of
(n,h)eG
bounded continuous functions in L*(RY).

For K fixed points 7, € RY, k= 1,2,...,K, we consider for each
f € A, the new samples given by

Lif(n) = [U(=n1y)f|(r), neNand k=1,2,...,K.
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Foranyf= Y_ a(mh) U(m,h)pin A, we have
(m,h)eG

Lfm) = | Y almh) Ul(=n, 1) - (m, )] ] (1)

(m,h)€G

= Z a(m, ) [U(m — n,h)p] (1) = (e, Tnfk>£2<c) , mEN
(m,h)eG

where f(m, h) := [U(m, h)¢] (1), (m,h) € G, belongs to £*(G),
k=1,2,--- K. Under the hypotheses in sampling theorem (on the
new hy .= f, € 1*(G), k=1,2,...,K) we will get a sampling formula
for the new data sequence {EU‘ )} en: ket 2. K
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In the particular case of the quasi regular representation of a
crystallographic group Cyr = M7 %, T, for each f € A, these new
samples read

Lif(n) = [U(=n,Df|(x) =f(tx +n), ne MZ%: k=1,2,...,K

Thus, under the hypotheses in our sampling theorem, there exist K
functions ¢ € A,, k=1,2,...,K, such that for each f € A, the
sampling formula

K
S f e, e
k=1 neMz

holds. The convergence of the series in the L?(R?)-norm sense
implies pointwise convergence which is absolute and uniform on R?
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That’s all!
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