FIRST ORDER EIGENVALUE PERTURBATION THEORY AND THE NEWTON DIAGRAM

Julio Moro

Departamento de Matemáticas Universidad Carlos III de Madrid, Spain jmoro@math.uc3m.es

Froilán M. Dopico

Departamento de Matemáticas Universidad Carlos III de Madrid, Spain dopico@math.uc3m.es

Abstract First order perturbation theory for eigenvalues of arbitrary matrices is systematically developed in all its generality with the aid of the Newton diagram, an elementary geometric construction first proposed by Isaac Newton. In its simplest form, a square matrix A with known Jordan canonical form is linearly perturbed to A(ε) = A + ε B for an arbitrary perturbation matrix B, and one is interested in the leading term in the ε-expansion of the eigenvalues of A(ε). The perturbation of singular values and of generalized eigenvalues is also covered.

Keywords: eigenvalues, singular values, generalized eigenvalue problems, perturbation theory, asymptotic expansions, Newton diagram, Jordan canonical form.

1. Introduction

Eigenvalue perturbation theory has been an issue in applied mathematics since Lord Rayleigh laid its foundations in [25]. One of his calculations aimed at determining both the eigenfrequencies and eigenmodes of an oscillatory string with constant elasticity modulus and whose mass density was a small deviation of a constant value. This particular problem illustrates perfectly the typical setting of eigenvalue perturbation theory: the matrix or operator under study is assumed to be a slight deviation from some close, simpler matrix or operator for which the spectral problem is completely (and, in most cases, easily) solved. The given operator ~A is replaced by a neighboring operator

143

A whose eigenvalues and eigenvectors are known. Then, the influence of the difference B = ~A − A on the spectral objects is analyzed using an appropriate perturbation theory. The usual approach is introducing a perturbation parameter ε and considering the (matrix or) operator

A(ε) = A + ε B. (1)

Its eigenvalues and eigenvectors depend on ε and are assumed to converge to the corresponding eigenvalues and eigenvectors as ε goes to zero. In a first stage of the analysis the leading terms of the ε-expansions of the spectral objects of A(ε) are determined (hence the name of first order perturbation theory). In a second stage the convergence of these expansions is justified up to ε = 1. This paper shall be mainly focused on the first stage, although some mention will be made of the appropriate convergence results.

This general framework owes much to the formalism proposed by Schrödinger [33] in his approach to quantum mechanics. He described any observable of a quantum mechanical system as a selfadjoint operator H (the Hamiltonian in the case of the energy) defined in a certain Hilbert space. An isolated eigenvalue λ_0 and its corresponding normalized eigenvector x_0 are interpreted as a bound state x_0 with energy level λ_0. If the system is influenced by some external field, or if some previously neglected interaction has to be taken into account, a perturbation H_1 must be added to the operator H. The question arises of whether there is at least one bound state in the neighborhood of the unperturbed one. One also wants to calculate the bound states and energy levels of H + H_1 in the neighborhood of x_0, λ_0. Schrödinger was one of the first to take the approach (1), considering H + ε H_1 and postulating the analytic dependence of the perturbed spectral objects on the perturbation parameter ε. The explicit formulas he obtained for eigenvalues and eigenvectors are known as perturbation series in quantum mechanics. Even the splitting of multiple eigenvalues was studied in the first order approximation.

Schrödinger, however, did not prove the convergence of such expansions. That issue was finally settled for isolated eigenvalues of selfadjoint operators in Hilbert space by Rellich in a series of papers [26, 27, 28, 29, 30] which stimulated further advances in similar problems. On one hand, Sz.-Nagy [38] translated Rellich’s arguments into the complex domain using the Cauchy- Riesz integral method. This led, in particular, to the extension of Rellich’s results to the case of nonselfadjoint operators. On the other hand, Friedrichs [4] developed the perturbation theory of continuous spectra, which turned out to be extremely useful in scattering theory and quantum field theory. Meanwhile, the perturbation theory for one-parameter semigroups was developed by Hille and Phillips [23, 6], and a general framework for the perturbation theory of linear operators was presented by Kato in his well-known treatise [9].

As can be seen from this discussion of the early history of the subject, a great deal of effort was invested in developing eigenvalue perturbation theory for infinite-dimensional operators. In other words, first order eigenvalue perturbation theory began with a strong flavor of functional analysis. The essential ingredients, however, are purely finite-dimensional and can be presented in a strictly finite-dimensional setting without losing any of the mathematical subtleties of the original problem^1. This is precisely the main goal of the present paper: presenting, in an accessible way and without much technical apparatus, the essentials of first order eigenvalue perturbation theory. It is also our intention to show in §3.2 that the general problem of determining the leading term of the ε-expansion of the eigenvalues of (1) as a function of B is far from being completely solved, even in the finite-dimensional case.

We choose not to present eigenvector perturbation results for two main reasons: the first one is to keep the presentation relatively concise. The second, and more important one, is that the techniques we will employ are able to produce such kind of results only indirectly, and under quite restrictive assumptions.

Making use of a powerful algebraic tool like the Newton diagram method will allow us to present a systematic development of the relevant results by means of purely matrix-analytic techniques. The results we will present are chiefly those obtained by Vishik and Lyusternik [41] and Lidskii [14], together with some consequences and extensions which, to our knowledge, are new (see §3.2.1 and §4 below). The results in [41], intended to be applied on differential operators, were generalized by Lidskii [14] for the finite-dimensional case. He obtained simple explicit formulas for the perturbation coefficients and provided, at the same time, a much more elementary proof. The results in both [41] and [14] were later refined by Baumgärtel (see [1] § 7.4), in the sense of dealing not only with perturbation series for eigenvalues and eigenvectors, but also with the corresponding eigenprojections as functions of ε. Vainberg and Trenogin ( [39] § 32), on the other hand, offer a fairly thorough account of similar results, obtained for Fredholm operators by applying the techniques of branching theory. Langer and Najman [10, 11, 12] generalized Lidskii’s results to analytic matrix functions A(λ) + B(λ, ε), using the local Smith normal form of parameterdependent matrices (see section 5 for more references).

From the functional analytic bias mentioned above one might get the impression that first order eigenvalue perturbation theory is suited mostly for dealing with infinite-dimensional operators, the finite-dimensional results being just a simple by-product of the former. Also, numerical analysts have not been very keen on first order eigenvalue perturbation results or, as they are also known, on perturbation expansions. That is partly true, mainly because perturbation

1Actually, the original problem can be reduced to a purely finite-dimensional one via the resolvent integration method (see [1, chapter 10])

bounds, as opposed to perturbation expansions, are more amenable to backward rounding-error analysis, the most widespread tool for analyzing the numerical stability of algorithms for spectral problems. However, first order eigenvalue perturbation results are still extremely useful for the numerical analyst whenever some qualitative information is needed, e.g. on the splitting directions of a multiple eigenvalue, even if perturbation bounds are available (which is not always the case). Borrowing the very words of Stewart and Sun in their book [35, p. 292],

Although these [perturbation] expansions are usually corollaries of more general results, in many cases the general results themselves were conjectured by looking at first order expansions. The reason is that the expansions often tell ninety percent of the story and yet are free of the clutter that accompanies rigorous upper bounds.

Thus, first order eigenvalue perturbation theory has a role to play in applied mathematics, as well as a definite place among the many different tools-of-the-trade of the applied mathematician.

The paper is organized as follows: the Newton diagram technique is presented in detail in section 2, together with some elementary examples. Section 3 contains the results on perturbation of the standard eigenvalue problem: after setting the stage for using the Newton diagram in this context, the main result (Theorem 2) is proved and discussed in § 3.1. The cases outside the scope of Theorem 2 (what we call the nongeneric case) are analyzed in §3.2. Particular attention is given in §3.2.1 to the case when the perturbation B has small rank. Section4 presents first order perturbation results for singular values, which can be easily recovered from the results in section3. The final section5 is devoted to a brief review of some of the available results for the perturbation of generalized eigenvalue problems.

2. The Newton Diagram

Although the Newton diagram (also called Newton polygon, or Newton- Puiseux diagram) can be applied in much more general settings (including analytic perturbation of infinite-dimensional operators, see [2, § III.8.3], [39, § 1.2] or [1, Appendix A7]), we strictly confine our presentation to the particular context we are dealing with, namely eigenvalues as roots of the characteristic polynomial of a parameter-dependent matrix A(ε) = A + εB. Therefore, consider a complex polynomial equation

P (λ, ε) = λ^n + α_1(ε)λ^{n−1} + . . . + α_{n−1}(ε)λ + α_n(ε) = 0 (2)

in λ, with analytic coefficients α_k(ε) = α̂_kε^{ak} + . . . , k = 1, . . . , n, (3) where a_k is the leading exponent and α̂_k the leading coefficient of α_k(ε) (i.e. α̂_k ≠ 0 and no term of order lower than a_k appears in the expansion of α_k(·)). For our convenience we set α_0(ε) ≡ 1, i.e. α̂_0 = 1 and a_0 = 0.

It is well known [1, 9] that the roots λ of (2) are given by expansions in fractional powers of ε. Our goal is to determine both the leading exponents and the leading coefficients of these ε-expansions. To do that, we make the Ansatz λ(ε) = με^β + . . . , (4)

with μ, β to be determined. Substituting the Ansatz into (2), each α_k(ε)λ^{n−k} produces a term of order ε^{ak +(n−k)β} plus higher order terms. Hence, P (λ, ε) is an infinite sum of powers of ε, each of them multiplied by an ε-independent coefficient. If, as we assume, λ(ε) is a root of (2), then all the coefficients must be zero. In particular, the lowest order in ε must be present at least twice among the exponents {a_k + (n − k)β}^n_{k=0}, i.e. there exist at least two indices i, j ∈ {0, 1, . . . , n} such that a_i + (n − i)β = a_j + (n − j)β ≤ a_k + (n − k)β, k = 0, 1, . . . , n. In order to interpret geometrically this inequality, we plot the values a_k versus k for k = 0, 1, . . . , n on a cartesian grid. Then, the segment S joining (i, a_i) with (j, a_j ) has slope β, and, since ε^{ai+(n−i)β} is the term with the lowest order, no other point (k, a_k) lies below the straight line containing S. Therefore, if we draw the lower boundary of the convex hull of all the points {(k, a_k)}^n_{k=0}, it is clear that S must be on that boundary. Thus, the slopes of the segments on the lower boundary are just the exponents β appearing in (4). By imposing for each β that the coefficient of ε^{ai+(n−i)β} be zero we obtain that the leading coefficients μ of the eigenvalues of order ε^β are the solutions of ∑ k∈I_s μ^{n−k}α̂_k = 0, (5)

where the set I_s = {k : (k, a_k) ∈ S} may contain indices other than i, j (e.g. see Fig. 1(a) below, where three points (k, a_k) lie on S). If we denote k_{max} = max I_s and k_{min} = min I_s, then the polynomial equation (5) has n − k_{max} zero roots, corresponding to the roots of order higher than β, and k_{max} − k_{min} nonzero roots which are the leading coefficients we are looking for. As a consequence, the number of roots of (2) with leading exponent β is given by the length of the projection on the horizontal axis of the segment S. Notice that the total sum of the lengths of these projections is n.

Thus, we have derived a quite simple geometrical construction, going back to Newton, which very simply provides us with all the leading powers and leading coefficients we were looking for. The crucial ingredient is the so-called Newton diagram or Newton polygon.

Definition of the Newton diagram: Given a polynomial equation of the form (2) with analytic coefficients given by (3), plot a_k versus k for k = 0, 1, . . . , n (if α_k(·) ≡ 0, the corresponding point is disregarded). Denote each of these points by π_k = (k, a_k) and let

Π = {π_k : α_k ≢ 0}

be the set of all plotted points. Then, the Newton diagram associated with P (λ, ε) is the lower boundary of the convex hull of the set Π.

With this terminology, the procedure outlined above for determining the leading terms of the asymptotic expansions (4) goes as follows:

Newton diagram procedure: Given a polynomial (2) with analytic coefficients given by (3),

1) draw the associated Newton diagram.

2) The leading exponents β of the roots of (2) are the different slopes of the segments forming the Newton diagram.

3) The number of roots of order ε^β is given by the length of the projection on the horizontal axis of the segment with slope β.

4) The leading coefficients μ for each root of order ε^β are the nonzero roots of equation (5), where S is the segment of the Newton diagram with slope β.

We illustrate the procedure with two specific examples, depicted in Figure 1 below.

Figure 1. Newton diagrams associated with the polynomials: a) λ^5 + (2ε^2 − ε^3)λ^4 − ελ^3 + (−6ε^2 + 3ε^5)λ + ε^3 − ε^4; and b) λ^4 − (ε + 2ε^2)λ^3 + (ε^2 − 1)λ^2 + (ε^2 − ε^3)λ + 2ε^2

Example 1. Let P_1(λ, ε) = λ^5 +(2ε^2 −ε^3)λ^4 −ελ^3 +(−6ε^2 +3ε^5)λ+ε^3 −ε^4. Then, Π = {π_0, π_1, π_2, π_4, π_5} and the Newton diagram associated with P_1 is the one in Figure1(a). It consists of two segments, one of slope 1/2 connecting the points π_0, π_2, π_4, and one of slope 1 connecting π_4 with π_5. Therefore, P_1 has roots of orders √ ε and ε. More precisely, there are four roots of order √ ε whose leading coefficients are the nonzero roots of

α̂_0μ^5 + α̂_2μ^3 + α̂_4μ = μ^5 − μ^3 − 6μ = μ(μ^2 − 3)(μ^2 + 2),

i.e ± √ 3 and ± i √ 2. Finally, there is one root of order ε whose leading coefficient is 1/6, the only root of

α̂_4μ + α̂_5 = −6μ + 1.

Example 2: Let P_2(λ, ε) = λ^4 −(ε+2ε^2)λ^3 +(ε^2 −1)λ^2 +(ε^2 −ε^3)λ+2ε^2. Now Π = {π_i}^4_{i=0}. The corresponding Newton diagram is drawn in Figure 1(b). Hence, there are two roots of O(1) with leading coefficients ±1, the nonzero roots of μ^4 + α̂_2μ^2 = μ^4 − μ^2,

and two roots of O(ε), whose leading coefficients ± √ 2 solve

α̂_2μ^2 + α̂_4 = −μ^2 + 2 = 0.

We stress that the whole argument above, leading to the Newton diagram technique relies completely on the initial assumption that a convergent asymptotic expansion (4) exists. Otherwise, we might be computing the leading term of a nonexisting quantity. Of course, that was not a concern for Newton: he proposed this method in letters to Leibniz and Oldenburg (see [2, pp. 372- 375], [21, pp. 20-42]), and developed it later in his treatises [22], handling infinite series but saying nothing as to their convergence. Only in the 19th century, Puiseux [24] proved, in the course of his investigations on singularities, that the expansions obtained through the Newton diagram converge in a neighborhood of ε = 0. Hence the name of Newton-Puiseux diagram.

Once this tool is at our disposal, we set to the task of obtaining first order results on perturbation of matrix eigenvalues

3. First order perturbation bounds for the standard eigenvalue problem

Let λ_0 be an eigenvalue of algebraic multiplicity a of the complex matrix A ∈ C^{n×n} , and consider a perturbation A(ε) = A + ε B for arbitrary B ∈ C^{n×n} . It is a well known fact [1, 9] that, for sufficiently small ε, the matrix A(ε) has a eigenvalues λ_j (ε) with λ_j (0) = λ_0, each of them admitting an expansion in fractional powers of ε. Our goal is to determine the leading term of each expansion applying the Newton diagram technique to the characteristic polynomial P (λ, ε) = det(λI − A − ε B) of A(ε).

In order to prove our main perturbation result (Theorem2 below), it is crucial to carefully determine which points (k, a_k) may appear on the Newton diagram for a particular given Jordan structure of the unperturbed matrix A: let J ^J = Q ^Q A [ P ^P ] (6) be a Jordan decomposition of A, i.e. Q ^Q [ P ^P ] = I. (7)

The matrix J contains all Jordan blocks associated with the eigenvalue of interest λ_0, while ^J is the part of the Jordan form containing the other eigenvalues. Let J = Γ^1 ⊕ . . . ⊕ Γ^{r1}_1 ⊕ . . . ⊕ Γ^1_q ⊕ . . . ⊕ Γ^{rq}_q , (8)

where, for j = 1, . . . , q,

Γ^1_j = . . . = Γ^{rj}_j = λ_0 1 · · · · · 1 λ_0

is a Jordan block of dimension n_j, repeated r_j times, and ordered so that n_1 > n_2 > . . . > n_q. The n_j are called the partial multiplicities for λ_0. The eigenvalue λ_0 is semisimple (nondefective) if q = n_1 = 1 and nonderogatory if q = r_1 = 1. The algebraic and geometric multiplicities of λ_0 are, respectively, a = q∑ j=1 r_jn_j and g = q∑ j=1 r_j. (9)

We further partition P = P^1_1 . . . P^{r1}_1 . . . P^1_q . . . P^{rq}_q conformally with (8). The columns of each P^k_j form a right Jordan chain of A with length n_j corresponding to λ_0. If we denote by x^k_j the first column of P^k_j , each x^k_j is a right eigenvector of A associated with λ_0. Analogously, we split

Q =

Q^1 . . Q^{r1}_1 . . Q^1_q . . Q^{rq}_q

,

also conformally with (8). The rows of each Q^k_j form a left Jordan chain of A of length n_j corresponding to λ_0. Hence, if we denote by y^k_j the last (i.e. n_j−th) row of Q^k_j , each y^k_j is a left eigenvector corresponding to λ_0. With these eigenvectors we build up matrices

Y_j = y^1_j . . y^{rj}_j , Xj = [x^1_j , . . . , x^{rj}_j ],

for j = 1, . . . , q,

W_s =

Y_1 . . Y_s , Zs = [X1, . . . , Xs],

for s = 1, . . . , q, and define square matrices Φ_s and E_s of dimension

f_s = s∑ j=1 r_j (10) by Φ_s = W_sBZ_s, s = 1, . . . , q, E_1 = I, E_s = [ 0 0 0 I ] for s = 2, . . . , q, where the identity block in E_s has dimension r_s. Note that, due to the cumulative definitions of W_s and Z_s, every Φ_{s−1}, s = 2, . . . , q, is the upper left block of Φ_s.

An important observation to be made at this point is that, although the Jordan decomposition of A has been presented in its full generality, and all results presented below are valid for the general case (6), we may assume with no loss of generality that λ_0 is the only eigenvalue of A, i.e that ^J is empty. The reason is that, since we are only interested in first order results, we may disregard quadratic terms in ε. More precisely, if we write the characteristic polynomial of A(ε) as P (λ, ε) = det(λI − diag(J, ^J) − ε ~B), with ~B = Q ^Q B [ P ^P ] (11)

then one can use Schur’s formula to factorize P as

P (λ, ε) = det ([ λI − J − ε ~B_{11} −ε ~B_{12} −ε ~B_{21} λI − ^J − ε ~B_{22} ]) = ^π(λ, ε) π(λ, ε), with ^π(λ, ε) = det(λI − ^J − ε ~B_{22}) π(λ, ε) = det(λI − J − ε ~B_{11} − ε^2 ^S(λ, ε)), where ^S is the matrix ^S(λ, ε) = ~B_{12}(λI − ^J − ε ~B_{22})^{−1} ~B_{21}. If λ is an eigenvalue of A(ε) close to λ_0, then it cannot be a root of the polynomial ^π(·, ε), so it must be a root of the rational function π(·, ε), which depends on ^J only through terms of the second order in ε. Hence, ^J has no influence whatsoever on the first order terms and it is sufficient to study det(λI − J − ε ~B_{11}) to characterize the first order behavior. For a rigorous proof, more formal than this plausibility argument, see Lidskii’s original paper [14, pp. 83-84] , or [1, § 3.9.1], where spectral projections on the appropriate invariant subspaces are used to completely decouple J from the influence of ^J up to first order.

A second important simplification is that we may take λ_0 = 0 at our convenience, since the shift A → A − λ_0 I does not change either the Jordan block structure or the Jordan chains of A. Hence, all results below are invariant under that transformation and λ_0 may be set to zero.

With these simplifying assumptions, one can easily see that the particular form of the leading terms of the eigenvalue expansions will depend mainly on the Jordan structure of A. To see it for the leading exponents, let J = P^{−1}AP be a Jordan form of A, where we assume, as explained above, that A has no eigenvalue other than λ_0 = 0. In that case, the characteristic polynomial P (λ, ε) = det(λI − J − ε ~B) of A(ε), with ~B = P^{−1}BP, is a polynomial of the form (2). If the eigenvalue is semisimple, then J is zero and each α_k(ε) equals ε^k multiplied by a certain sum of k-dimensional principal minors of ~B. In this case, the Newton diagram is formed by one single segment of slope s = 1. If the eigenvalue is not semisimple, some nontrivial Jordan block appears in J, so, besides the O(ε^k) terms, each α_k(ε) contains lower order terms produced by the −1s appearing above the diagonal of J. This clearly shows that the effect of nontrivial Jordan blocks is to introduce in the Newton diagram line segments with slopes less than 1. The smallest possible slope corresponds to a nonderogatory eigenvalue (i.e. one single segment of slope 1/n) and the largest possible one to the semisimple case. All possible Newton diagrams for the given multiplicity n lie between these two extremal segments.

This said, we are going to determine the lowest possible Newton diagram compatible with the given Jordan structure (8). We do it by fixing on the vertical axis an arbitrary height l, ranging between 1 and f_q = g. For each height l we look for the rightmost possible point (k(l), l) which may be in the generating set Π of the Newton diagram for some suitable perturbation B. In other words, we are interested in

k(l) = max{k : ∃B ∈ C^{n×n} such that a_k = l}

as a function of l ∈ {1, . . . , f_q}. The following theorem gives us the values of k(l) for the exponents l which are relevant to our argument (recall that f_j is given by formula (10)).

Theorem 1. For every l ∈ {1, . . . , f_q} the corresponding k(l) is equal to the sum of the dimensions of the l largest Jordan blocks of J. More precisely, write f_0 = 0 and suppose l = f_{j−1} + ρ, for some j = 1, . . . , q and 0 < ρ ≤ r_j . Then, k(l) = r_1n_1 + . . . + r_{j−1}n_{j−1} + ρ n_j

and the coefficient of ε^l in α_{k(l)} is equal to (−1)^l multiplied by the sum of all principal minors of Φ_j corresponding to submatrices of dimension l containing the upper left block Φ_{j−1} of Φ_j (if j = 1, all principal minors of dimension l are to be considered). If, in particular, l = f_j for some j ∈ {1, . . . , q}, then the coefficient of ε^{fj} in α_{k(fj )} is (−1)^{fj} det Φ_j.

Proof: As explained above, we may assume that λ_0 = 0 is the only eigenvalue of the matrix A ∈ C^{n×n} . First, recall that given a n by n matrix, the coefficient of λ^{n−k} in its characteristic polynomial is, except for a sign, the sum of all k-dimensional principal minors of the matrix. In our case P (λ, ε) = det(λI − A(ε)) and each α_k(ε) in (3) is, up to a sign factor, the sum of all k-dimensional principal minors of J + ε ~B. Notice that the only elements of this matrix which are not of order ε are the ones occupying the positions of the 1s above the diagonal of J.

Now, given l ∈ {1, . . . , f_q}, we must determine the largest possible k such that the sum of all k-dimensional principal minors is exactly of order ε^l.

In particular, the minor with the least order must be precisely of that order, implying that the corresponding principal submatrix must contain k − l of the supradiagonal 1s. In other words, maximizing k for the given l is equivalent to including as many 1s as possible in the principal submatrices, while still keeping the order ε^l. Clearly, this is achieved by choosing the rows and columns where the 1s are from the l largest Jordan blocks in J.

If l = f_j for some j = 1, . . . , q, then there is only one way of choosing these blocks. Furthermore, one can easily check our claim on the coefficient of ε^{fj} in α_{k(fj )}, since the leading term of α_{k(fj )} is just the determinant of what is left from the k by k principal submatrix once the rows and columns of the chosen k(f_j ) − f_j supradiagonal 1s have been removed. The remaining matrix f_j × f_j matrix is precisely εΦ_j.

Finally, if l = f_j +ρ with ρ < r_{j+1}, there is more than one way of choosing the l blocks: once the largest f_j Jordan blocks have been exhausted, each one corresponds to a different choice of ρ blocks among the r_{j+1} Jordan blocks of dimension n_{j+1}. As to the coefficient of ε^l, the argument goes much in the same way as above.

As a consequence of Theorem 1, we conclude that the lowest possible Newton diagram compatible with the Jordan structure (8) is the concatenation of the segments S_j, j = 1, . . . , q connecting the points P_{j−1} and P_j , where P_j = (k(f_j ), f_j ) for each j = 1, . . . , q. This diagram, which has been called [16] the Newton envelope associated with the Jordan structure (8), is not only the lowest possible, but also the most likely diagram, since the actual diagram corresponding to a specific perturbation B will coincide with the Newton envelope unless some of the det Φ_j vanishes, i.e. unless B satisfies an algebraic condition which confines it to an algebraic manifold (i.e. to a set of zero Lebesgue measure) in the set of matrices. In other words, the Newton envelope displays the generic behavior of the eigenvalues of A under perturbation, in the sense that it coincides with the Newton diagram in all situations except in those nongeneric cases in which the perturbation B causes one of the Φ_j to be singular. The next subsection is devoted to describe in detail this generic behavior.

3.1 The generic case: Lidskii’s Theorem

We begin with the main result for generic perturbations, due to Lidskii [14] and, in a more restrictive version, to Vishik and Lyusternik [41].

Theorem 2 (Lidskii [14]). Let j ∈ {1, . . . , q} be given, and assume that, if j > 1, Φ_{j−1} is nonsingular. Then there are r_j n_j eigenvalues of the perturbed matrix A + εB admitting a first-order expansion

λ^{kl}_j (ε) = λ_0 + (ξ^k_j )^{1/nj} ε^{1/nj} + o(ε^{1/nj} ) (12) for k = 1, . . . , r_j , l = 1, . . . , n_j , where

(i) the ξ^k_j , k = 1, . . . , r_j, are the roots of equation

det (Φ_j − ξ E_j) = 0 (13)

or, equivalently, the eigenvalues of the Schur complement of Φ_{j−1} in Φ_j (if j = 1, the ξ^k_1 are just the r_1 eigenvalues of Φ_1);

(ii) the different values λ^{kl}_j (ε) for l = 1, . . . , n_j are defined by taking the n_j distinct n_j-th roots of ξ^k_j .

If, in addition, the r_j solutions ξ^k_j of (13) are all distinct, then the eigenvalues (12) can be expanded locally in power series of the form

λ^{kl}_j (ε) = λ_0 + (ξ^k_j )^{1/nj} ε^{1/nj} + ∞∑ s=2 a^{kl}_{js} ε^{s/nj} , (14) k = 1, . . . , r_j , l = 1, . . . , n_j. Proof: Once the Newton diagram technique is at hand, the proof is a consequence of Theorem 1. First, suppose that both Φ_{j−1} and Φ_j are nonsingular. Then, both P_{j−1} and P_j are in the set Π generating the Newton diagram, i.e. the segment S_j of slope 1/n_j connecting both points is one of the segments in the diagram (recall that no point (k, a_k) can lie below S_j). This gives us the leading exponent of expansion (12). The leading coefficient comes from carefully examining equation (5). One can check that ∑ (k,a_k)∈S_j μ^{n−k}α̂_k

= μ^{n−k(fj )} [ μ^{nj rj} α̂_{k(fj−1)} + ∑ t∈T α̂_{k(fj −t)}μ^{t nj} + α̂_{k(fj )} ] = 0, (15)

where T = {t ∈ {1, . . . , r_j − 1} : Q_t = (k(f_j − t), f_j − t) ∈ Π}, (16) i.e. T is the set of indices corresponding to the intermediate points Q_t ∈ Π eventually lying on S_j . Notice that bracketed expression in (15) depends on μ only through μ^{nj} . Now, recall from Theorem 1 that for each l = f_j − t with t ∈ T, the corresponding α̂_{k(l)} is (up to the sign) the sum of all principal minors of Φ_j of dimension l containing Φ_{j−1}. This is precisely the way the coefficients of the powers of ξ are obtained in det(Φ_j − ξE_j). Hence, the nonzero solutions of (15) are solutions of det(Φ_j − μ^{nj} E_j ) = 0 as well.

Now, suppose that Φ_j is singular. Then, the corresponding point P_j no longer belongs to the diagram, implying the loss of some of the expansions (12) or, equivalently, the loss of part of the segment S_j. Let β be either β = r_j if no point Q_t = (k(f_j − t), f_j − t) is in Π or β = min T for T defined as in (16). In either case Q_β = (k(f_j − β), f_j − β) is the rightmost point of Π on S_j. Then, the part of S_j which remains on the Newton diagram is the segment connecting P_{j−1} with Q_β . This accounts for (r_j − β)n_j expansions (12), whose leading coefficients are, reasoning as above, the n_j-th roots of the r_j −β nonzero solutions of equation (13). As to the βn_j remaining eigenvalues, they correspond to segments whose slope is strictly larger than 1/n_j . Hence, expansion (12) is still valid, since they correspond to the β null solutions of equation (13).

As to expansion (14), one can check (see the original reference [14] or [16, § 2]) that, after the change of variables z = ε^{1/nj} μ = λ z and an appropriate scaling in z, the polynomial equation P (λ, ε) = det(λI − A − εB) = P (μ, z) = 0 has, for any given z ≠ 0, the same roots as a new polynomial equation Q(μ, z) = 0 with

Q(μ, 0) = ±μ^α det(Φ_j − μ^{nj} E_j)

for some suitable α ≥ 0. Hence, if all r_j roots of equation (13) are known to be distinct, the implicit function theorem can be applied to Q(μ, z) = 0, implying that the r_jn_j roots

μ^{kl}_j (z) = (ξ^k_j )^{1/nj} + o(1), k = 1, . . . , r_j ; l = 1, . . . , n_j,

of Q(μ(z), z) = 0 for small enough z are analytic functions of z = ε^{1/nj} .

Two special cases of Theorem 2 are well known. If λ_0 is semisimple, i.e. q = n_1 = 1 with multiplicity r_1, equation (12) reduces to

λ^{k1}_1 (ε) = λ_0 + ξ^k_1 ε + o(ε), (17)

where the ξ^k_1 are the eigenvalues of the r_1 by r_1 matrix Y_1BX_1 (cf. [9, § II.2.3]). On the other hand, if λ is nonderogatory, i.e. q = r_1 = 1 with multiplicity n_1, equation (12) reduces to

λ^{1l}_j (ε) = λ_0 + (ξ^1 )^{1/n1} ε^{1/n1} + o(ε^{1/n1} ),

where ξ^1 = y^1Bx^1. These two cases coincide when λ is simple.

Theorem 2 does not address either the convergence or the ultimate form of the o(ε^{1/nj} ) term in expansion (12), since these issues are beyond the reach of a purely algebraic tool like the Newton diagram. One can show by other means (see [1, § 9.3.1], [9, § II.1.2]) that whenever both Φ_{j−1} and Φ_j are nonsingular, the r_jn_j eigenvalues (12) acn be written as convergent power series in the variable ε^{1/nj} . This is no longer true if only Φ_{j−1} is nonsingular, unless some additional information, as in the last part of Theorem2, is available (see, for instance, the perturbation matrix (18) in Example 3 below, for which det Φ_2 = 0 and two out of the four eigenvalues corresponding to Φ_2 are of order ε^{2/3})

However, one important special case deserves to be mentioned: if both the unperturbed matrix A and the perturbation matrix B are normal, then all eigenvalues of A + ε B are analytic functions of ε [1, § 7.2], i.e. they have a convergent representation (14) with n_j = 1. This property will be crucial in Section 4, when dealing with the perturbation of singular values.

We conclude this subsection by referring the reader interested in eigenvector perturbation results to [14, Theorem 2], the eigenvector perturbation theorem in [14] analogous to the eigenvalue result above, which essentially amounts to replacing (14) in the eigenvalue-eigenvector equation A(ε)v(ε) = λ(ε)v(ε) (the same result appears in [16] as Theorem 2.2).

3.2 Nongeneric perturbations

If the perturbation is nongeneric, i.e. when the matrix B is such that Φ_{j−1} is singular, Theorem 2 does not apply. The question is what can we say about the eigenvalues of A + ε B in this case. The answer is: not much, at least in such a systematic way as in Theorem 2. Although the Newton diagram is still a powerful instrument which allows us to deal with each particular case, it is not easy to give a clear, global picture of the wide variety of different possible behaviors. To give an idea of the difficulties, consider the following example:

Example 3: Let A ∈ R^{8×8} be already in Jordan form,

A = J = Γ^1 ⊕ Γ^1_2 ⊕ Γ^2 ⊕ Γ^1_3

with n_1 = 3, n_2 = 2, n_3 = 1 and r_1 = r_3 = 1, r_2 = 2, i.e.

A =

0 1 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0

.

According to Theorem 2, a generic perturbation, i.e. any 8 by 8 matrix

B =

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗□ ∗ ∗ ♣ ∗ ♣ ∗ ♥ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ♣ ∗ ∗ ♣ ∗ ♣ ∗ ♥ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ♣ ∗ ∗ ♣ ∗ ♣ ∗ ♥ ♥ ∗ ∗ ♥ ∗ ♥ ∗ ♥ with all three submatrices

Φ_1 = [ □ ] , Φ_2 = □ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ , Φ_3 = □ ♣ ♣ ♥ ♣ ♣ ♣ ♥ ♣ ♣ ♣ ♥ ♥ ♥ ♥ ♥ nonsingular gives rise to a Newton diagram coinciding with the Newton envelope. In that case, Π contains the points P_0, P_1, P_2 and P_3, with P_0 = (0, 0), P_1 = (3, 1), P_2 = (7, 3) and P_3 = (8, 4) (see Figure 2a below). Hence, the eigenvalues of A split typically into three eigenvalues of order ε^{1/3}, four eigenvalues of order ε^{1/2} and one eigenvalue of order ε.

A good number of different possibilities arises whenever some of the matrices Φ_j turn out to be singular. As a first example, consider the perturbation matrix

B_1 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0

, (18)

for which

Φ_3 =

1 0 1 0 0 0 1 0 1 0 0 1 0 1 0 0 .

Both Φ_1 and Φ_3 are invertible, but Φ_2 is singular. In this case, the set Π contains the points P_0, P_1 and P_3, together with the point Q_1 = (5, 2). According to the Newton diagram, shown in Figure 2b, the matrix A + εB_1

Figure 2a. Newton diagram associated with the matrix A + ε B for generic B in Example 3.

Figure 2b. Newton diagrams associated with the matrix A + ε B1 for the matrix B1 in (18). The Newton envelope is shown as a dashed line, the Newton diagram as a solid one

has three eigenvalues of order ε^{1/3}, two eigenvalues of order ε^{1/2} and three eigenvalues of order ε^{2/3}.

Now, take the perturbation

B_2 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0

, (19)

producing

Φ_3 =

1 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 .

Again, both Φ_1 and Φ_3 are invertible, but now neither P_2 nor Q_1 are on the Newton diagram (see Figure 3a). Thus, the matrix A + εB_2 has three eigenvalues of order ε^{1/3} and five eigenvalues of order ε^{3/5}.

If we take as our next nongeneric perturbation

B_3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1

, (20)

so that

Φ_3 =

0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 ,

then both Φ_2 and Φ_3 are invertible, but Φ_1 is singular and the set Π contains {P_0, Q_1, P_2, P_3}. The corresponding Newton diagram is the one in Figure3b, and A + εB_3 has five eigenvalues of order ε^{2/5}, two eigenvalues of order ε^{1/2} and one eigenvalue of order ε.

Figure 3a. Newton diagram associated with A + ε B2 for the matrix B2 in (19). The Newton envelope is shown as a thin solid line, the Newton diagram as a thick one

Figure 3b. Newton diagram associated with A + ε B3 for the matrix B3 in (20). The Newton envelope is shown as a thin solid line, the Newton diagram as a thick one

Now, consider

B_4 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 −1 0 0 1 0 1 0 0 2 0 0 0 0 1 0 0

, (21)

with

Φ_3 =

0 1 1 0 1 0 1 1 −1 1 1 0 2 0 1 0 .

In this case, Φ_1 is singular, while Φ_2 and Φ_3 are not. The point Q_1 is not in the set Π and the Newton diagram is the one in Figure 4a, so A + εB_4 has seven eigenvalues of order ε^{3/7} and one eigenvalue of order ε.

Finally, consider

B_5 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0

, (22)

with

Φ_3 =

0 1 1 0 0 0 0 1 0 1 0 0 1 0 1 0 .

In this case, both Φ_1 and Φ_2 are singular and Π contains P_0 and P_3. Again, the point Q_1 does not belong to Π, so the Newton diagram is a single segment of slope 1/2 (see Figure4b) and A + εB_5 has eight eigenvalues of order ε^{1/2}.

We conclude the example here, although the five instances above do not exhaust all possible behaviors: notice that Φ_3 has been assumed to be invertible in all four cases. Other possibilities arise if Φ_3 becomes singular, but we do not pursue the matter further for the sake of brevity. In any case, the example above

Figure 4a. Newton diagram associated with A + ε B4 for the matrix B4 in (21). The Newton envelope is shown as a thin solid line, the Newton diagram as a thick one

Figure 4b. Newton diagram associated with A + ε B5 for the matrix B5 in (22). The Newton envelope is shown as a thin solid line, the Newton diagram as a thick one displays the richness of different behaviors to be expected from nongeneric perturbations to matrices with nontrivial Jordan forms.

In fact, the nongeneric case presents a very important additional difficulty which is absent for the generic case: namely that one can no longer make the simplifying assumption of disregarding the part ^J of the Jordan canonical form corresponding to eigenvalues other than λ_0. The following example illustrates this:

Example 4: Consider the matrix

A = 0 0 1 ∈ R^{3×3} , (23)

which is already in Jordan form, but having two different eigenvalues, and take the perturbation B = 0 1 0 0 0 1 1 0 0 . (24) Obviously, if we disregard the part corresponding to the nonzero eigenvalue

1, the perturbed matrix would reduce to [ 0 ε 0 0 ] which still has two zero

eigenvalues. However, the characteristic polynomial of the 3 by 3 matrix A + ε B is P (λ, ε) = λ^3 − λ^2 − ε^3. The corresponding Newton diagram, in Figure 6 below, shows that A + ε B has one eigenvalues of the order of unity, and two eigenvalues of order ε^{3/2}.

Some attempts have been made to analyze the behavior for certain specific classes of nongeneric perturbations. Some preliminary results may be found

Figure 6. Newton diagram associated with the matrix A + ε B for the matrices defined in (23) and (24).

in [16, § 3], but the first systematic description of structured perturbations is obtained in Ma and Edelman [15] for upper k-Hessenberg perturbations of Jordan blocks. Following the ideas both in [3] and [16], they show that if a n by n Jordan block is perturbed by an upper k-Hessenberg matrix (i.e. a matrix having the k subdiagonals closest to the main diagonal not zero), then the eigenvalue splits typically into ⌊n/k⌋ eigenvalues of order ε^{1/k} and, if k does not divide n, into r additional eigenvalues of order ε^{1/r}, where r ≡ n mod k. The leading coefficients are also characterized. Again, as in Lidskii’s theorem, the typical behavior (in this non-typical situation) is given by certain algebraic conditions which in this case depend only on the elements of the k-th subdiagonal of B.

More recently, Jeannerod [8] has extended Lidskii’s results by obtaining explicit formulas for both the leading exponents and leading coefficients of the Puiseux expansions of the eigenvalues of analytic perturbations J + B(ε) of a Jordan matrix J, provided the powers of ε in the perturbation matrix B(ε) conform in a certain way to the Jordan structure given by J. To be more precise, the least power of ε in either of any two columns of B corresponding to a same Jordan block of J must be the same. Lidskii’s Theorem 2 is recovered when that least power is ε for all blocks, but certain nongeneric cases are covered in this more general setting.

Nonetheless, in both cases [15, 8] the particular structure of the perturbations to the Jordan blocks is not preserved by undoing the change of basis leading to the Jordan form. Hence, not much information is provided for nongeneric perturbations of arbitrary matrices. Therefore, it is safe to say that, so far, the problem of categorizing all possible behaviors of the eigenvalues of A + ε B as a function of the perturbation matrix B is a very difficult open problem, which is still quite far from being solved.

However, there is still another specific class of nongeneric perturbations for which quite some information can be obtained

3.2.1 Low rank perturbations. A relevant class of nongeneric perturbations are perturbations of low rank, which frequently arise when a system has to be controlled using less parameters than the number of degrees of freedom defining the system [40]. We focus on how do the eigenvalues and the Jordan structure of a matrix change when it is perturbed by a matrix of low rank, with particular attention to how many Jordan blocks are destroyed for each eigenvalue.

Although some of the used techniques have a similar flavor to the Newton diagram technique, an important difference with the rest of the paper has to be highlighted: the perturbations studied here are not infinitesimal. Thus we will be able to obtain absolute, instead of first order, results holding for perturbations of any magnitude. This said, we begin with an example which illustrates how a small rank perturbation typically behaves.

Example 5: Let us denote by J_s(λ_0) a Jordan block of dimension s corresponding to the eigenvalue λ_0. Consider the following matrix

J = J_3(1) ⊕ J_3(1) ⊕ J_3(1) ⊕ J_1(1) ⊕ J_3(−1) ⊕ J_2(−1) ⊕ J_2(−1) ⊕ J_3(2) ⊕ J_3(2).

We have generated 200 random matrices B with rank 2 and computed the Jordan canonical form^2 of A + B. The maximum and minimum values obtained for the ratios ‖B‖/‖J‖ have been 305 and 130, i.e. the matrices A + B are not by any means small perturbations of A. Surprisingly enough, in 171 out of the 200 cases analysed the Jordan canonical form of A + B had one block J_3(1), one block J_1(1) and one block J_2 (−1). The rest of the blocks were one-dimensional blocks corresponding to eigenvalues different from 1, −1, 2. This experiment suggests the following generic behavior: If λ_0 is an eigenvalue of A having g (geometric multiplicity) Jordan blocks and B is a matrix with rank m < g, then λ_0 is also an eigenvalue of A + B having exactly g − m Jordan blocks equal to the g − m smallest Jordan blocks of λ_0 in A, i.e., when perturbing a matrix by a generic rank m perturbation, the m largest Jordan blocks for each eigenvalue dissapear and the rest of the Jordan blocks remain. This “usual" behavior has been observed in many other experiments, but notice that it is easy to build

2This was done with the command ’jordan’ of the Symbolic Math Toolbox in MATLAB 5.3. To work properly this command requires the elements of the matrix argument to be integers or ratios of small integers. Therefore, the random matrices B had moderately large integer elements, and are not as random as one might think. This is the reason why about 15% of the generated matrices did not follow the generic behavior described in the example.

m-rank perturbations which do not follow this rule. If m ≥ g, the eigenvalue λ_0 is typicaly no longer an eigenvalue of A + B, as expected.

Now we will try to understand this generic behavior. The next Lemma gives necessary and sufficient algebraic conditions for it.

Lemma 1. Let A be a matrix with Jordan form (6), i.e. having an eigenvalue λ_0 with Jordan blocks of dimensions n_1 > n_2 > . . . > n_q repeated r_1, r_2, . . . , r_q times. Let m ∈ {1, . . . , g} be an integer number, where g is the geometric multiplicity (9). Suppose m = f_{j−1} + ρ for some j = 1, . . . , q, 0 < ρ ≤ r_j with f_0 = 0. Then λ_0 is an eigenvalue of the matrix A+B with Jordan blocks of dimensions n_j > n_{j+1} . . . > n_q repeated r_j − ρ, r_{j+1}, . . . , r_q times (if ρ = r_j there are no blocks of dimension n_j) if and only if

a) rank(A + B − λ_0I)^k = rank(A − λ_0I)^k + k m, for all k = 1, 2, . . . , n_j, and b) rank(A + B − λ_0I)^k = rank(A + B − λ_0I)^{nj} for all k ≥ n_j.

Proof: Just remember [7, pag. 127] that for an arbitrary matrix C the number d_k(C, λ) = rank(C − λI)^{k−1} − rank(C − λI)^k is the total number of Jordan blocks of C of dimensions greater than or equal to k associated with the eigenvalue λ. Therefore d_k(C, λ) − d_{k+1}(C, λ) is the number of Jordan blocks of C associated to λ with dimension equal to k. Thus Conditions a) and b) of the Lemma are equivalent to d_k(A + B, λ_0) = d_k(A, λ_0) − m for k = 1, . . . , n_j and d_k(A + B, λ_0) = 0 for k > n_j. The rest is trivial.

Notice that Lemma 1 does not force B to be a matrix of rank m. In fact, our goal is to justify why most matrices of rank m fulfill the previous equations a) and b) on the ranks. The following plausibility argument shows, under mild restrictions on a matrix B with rank m = f_{j−1} +ρ, that something very unlikely has to happen for conditions a) and b) not to be fulfilled. In the first place, notice that for any k the matrix (A−λ_0 I +B)^k can be expanded as a sum of (A−λ_0I)^k plus products of two matrices, with the left factor being of the form (A−λ_0 I)^sB with s ranging from 0 to k − 1. Secondly, elementary linear algebra results show that if col(B) ∩ ker(A − λ_0I)^{nj −1} = {0} (here col and ker stand for column and null spaces respectively) then rank(A − λ_0I)^sB = rank(B) = m for all s = 0, 1, . . . , n_j −1. Therefore, the equalities of item a) in Lemma 1 hold unless some “rank cancellation” occurs. It is well known that rank cancellations are very uncommon when the involved matrices have small rank, as in our case. With regard to the assumption col(B) ∩ ker(A − λ_0I)^{nj −1} = {0}, it is really very mild, since dim col(B) = m and dim ker(A−λ_0I)^{nj −1} ≤ a−m. Hence, it follows that the set of matrices B of rank m not satisfying this condition has zero Lebesgue measure.

No need to say that the previous argument does not prove any rigorous result, but it sugests that the problem of understanding why the behavior described in

Example 5 is the most likely one is a problem of determining the Lebesgue measure of the set of matrices B of rank m not fulfilling the conditions of Lemma 1. The most convenient way to deal with this problem is to rewrite conditions a), b) in a simpler but equivalent form. All of these questions are beyond the scope of this survey because different techniques than the ones used here are required. However an argument much in the same spirit of the Newton diagram approach allows us to prove the following theorem which is an important step towards the complete solution of this question. More on this will be said in [17].

Theorem 3. Let A be a n × n matrix with Jordan form (6), i.e. having an eigenvalue λ_0 with Jordan blocks of dimensions n_1 > n_2 > . . . > n_q repeated r_1, r_2, . . . , r_q times, and algebraic and geometric multiplicities given by (9). Let B be a n × n matrix with rank m = f_{j−1} + ρ for some j = 1, . . . , q, 0 < ρ ≤ r_j with f_0 = 0. Then the characteristic polynomial of A + B is of the form p(λ) = (λ − λ_0)^ã t(λ − λ_0),

where ã = (r_j − ρ)n_j + r_{j+1}n_{j+1} + . . . + r_qn_q (25)

and t(λ − λ_0) is a monic polynomial of degree n − ã. Moreover the constant coefficient of t is

t(0) = (−1)^{m+n−a} C_0 det( ^Q(A + B) ^P − λ_0I), (26)

where ^Q, ^P are as in (6) and C_0 is the sum of all principal minors of Φ_j corresponding to submatrices of dimension m containing the upper left block Φ_{j−1} of Φ_j (if j = 1, all principal minors of dimension m are to be considered). If, in particular, m = f_j for some j ∈ {1, . . . , q}, then C_0 is simply det Φ_j.

Proof: This proof resembles that of Theorem 1, but is more involved, since B is not a small perturbation of A. Thus, the simplifying assumption that A has only one eigenvalue cannot be made and the block ^J of the Jordan canonical form of A containing the eigenvalues different from λ_0 plays also a role. Similarly, all four blocks of the matrix ~B defined in (11) have to be taken into account.

We begin by writing the characteristic polynomial of A + B as

p(λ) = det((λ − λ_0)I − diag(J − λ_0I, ^J − λ_0I) − ~B).

For the sake of simplicity we define λ̃ ≡ λ − λ_0 and p_0(λ̃) ≡ p(λ), so the coefficient of λ̃^{n−k} in p_0(λ̃) is (−1)^k times the sum of all k-dimensional principal minors of diag(J − λ_0I, ^J − λ_0I) + ~B. Notice that all principal minors having more than m rows containing only elements of ~B are zero because rank( ~B) = rank(B) = m. This simple remark is the key to prove the Theorem. The next step is to find the largest dimension of principal minors having m rows which contain only elements of ~B. If the dimension of these minors is denoted by k_{max} then p_0(λ̃) = λ̃^{n−kmax} t(λ̃),

with t a monic polynomial of degree k_{max}.

Let α be an index set included in {1, 2, . . . , n} and denote by (diag(J − λ_0I, ^J − λ_0I) + ~B)(α, α) the principal matrix of diag(J − λ_0I, ^J − λ_0I) + ~B that lies in the rows and columns indexed by α. In order to construct the largest principal minors having m rows with only elements of ~B, the set α has to be of the form α = {i_1, . . . , i_s, a + 1, a + 2, . . . , n} with 1 ≤ i_1 < i_2 < . . . < i_s ≤ a, because the diagonal elements of ^J − λ_0I + ~B_{22}, which have indices a + 1, a + 2, . . . , n, are all of them different from the diagonal elements of ~B_{22} and the largest admissible size is desired. Suppose now that i_1, . . . , i_s are chosen among the indices corresponding to r Jordan blocks of J − λ_0I. The row with the largest index chosen from a given block, say the i_b-th row, contributes to the principal minor only with elements of ~B, either because it is the bottom row of the block or because i_b + 1 does not belong to α, and thus the element in the position (i_b, i_b + 1) where J − λ_0I has a superdiagonal 1 is not in the minor. This imposes the restriction r ≤ m on r. Hence, to obtain the maximum number of elements in α, i.e k_{max}, the indices i_1 < . . . < i_s have to correspond to a set of m complete largest Jordan blocks of J −λ_0I. The number of possible choices is r_j !/(ρ!(r_j − ρ)!), which is simply one when m = f_j. In any case

k_{max} = r_1n_1 + . . . + r_{j−1}n_{j−1} + ρn_j + n − a,

ã = n − k_{max} which is equation (25).

Now we prove (26). Remember that t(0) is (−1)^{kmax} times the sum of all k_{max}-dimensional principal minors of diag(J − λ_0I, ^J − λ_0I) + ~B. Moreover the only non-zero k_{max}-dimensional principal minors are of the kind described in the previous paragraph. Consider one of these minors and call it M. Let us denote by 1 = j_1 < j_2 < . . . < j_h (h = k_{max} − (n − a) − m) the indices of the rows of this minor where J − λ_0I has superdiagonal 1s. The j_k-th row of this minor is the sum of two rows: one is the j_k + 1-th row e_{jk+1} of the identity matrix, the other a piece of a row of ~B. Using this fact, we can expand M as a sum of determinants whose j_k-th row is either e_{jk+1} or a row with only elements of ~B. With the exception of the determinant with all the vectors e_{j1+1}, e_{j2+1}, . . . , e_{jh+1}, the rest of these determinants are zero because each contains more than m rows with elements of ~B. The cofactor expansion of the remaining determinant along the rows 1 = j_1 < j_2 < . . . < j_h leads to a value for M equal to (−1)^h det( ^J − λ_0I + ~B_{22}) times a minor of Φ_j corresponding to a submatrix of dimension m containing the upper left block Φ_{j−1}. Extending this argument to all non-zero k_{max}-dimensional principal minors of diag(J − λ_0I, ^J − λ_0I) + ~B leads to (26).

Notice that Theorem 3 is valid for any matrix B of rank m. If the following two additional restrictions are imposed on B: t(0) ≠ 0 and rank(A − λ_0I + B) = rank(A − λ_0I) + m, then A + B has m Jordan blocks less than A for λ_0, and the sum of the dimensions of the remaining blocks is precisely the sum of the dimensions of the g −m smallest Jordan blocks of A for λ_0. It only remains to prove that changes between the dimensions of theses smallest blocks do not happen. This seems intuitively clear because the rank of B has already been used in imposing t(0) ≠ 0. More on this will be said in [17].

In any case, the question raised in this section is, as far as we know, a new one in the literature. The only two references we are aware of [31, 32] are still unpublished work. In [31] the problem of rank one perturbations is adressed and it is proved that the condition t(0) ≠ 0 is necessary and sufficient for A + B to have one Jordan block less than A for λ_0, and for the dimensions of the remaining blocks to be precisely the dimensions of the g −1 smallest Jordan blocks of A for λ_0. A similar behavior appears when adding one new row and one new column to a given matrix. This has been studied in [32, Section 2].

4. First order perturbation bounds for singular values

Given an arbitrary matrix A ∈ C^{m×n} , one can take advantage of its singular values being eigenvalues of an associated Hermitian matrix in order to obtain first order singular value perturbation results via Theorem 2. The key is using the so-called Jordan-Wielandt matrix C = [ 0 A A^∗ 0 ] ∈ C^{(m+n)×(m+n)} (27)

associated with A. One can easily check [35, § I.4.1] that if m ≥ n and A = UΣV^∗ is a singular value decomposition with Σ = diag(σ_1, . . . , σ_n) ∈ R^{m×n} , then the Hermitian matrix C has 2n eigenvalues ±σ_1, . . . , ±σ_n with corresponding normalized eigenvectors 1 √ 2 [ u_i ±v_i ] , where u_i is the i-th column of U and v_i the i-th column of V. In addition, C has m−n zero eigenvalues with eigenvectors [ u^T_i 0 ]_T , i = n+1, . . . , m.

If the matrix A is perturbed to A(ε) = A + ε B as in section 3, the Jordan- Wielandt matrix C is correspondingly perturbed to C(ε) = C + ε D with D = [ 0 B B^∗ 0 ] , (28)

i.e. to the Jordan-Wielandt matrix of A(ε) provided the perturbation parameter ε is real. Recall that both C and D are Hermitian and, consequently, normal, so according to our remark right after the proof of Theorem 2, the eigenvalues of C(ε) are analytic expansions of ε of the form (14) with n_j = 1. Of course, this is not necessarily true for the singular values of A(ε), due to the nonnegativity restriction. However, the loss of analyticity can only be caused by some transversal crossing σ(0) = 0 of the two eigenvalues λ(ε) = ±σ(ε) of C(ε) through the ε-axis at ε = 0. Thus, to recover the singular values all we have to do is to take the nonnegative branch. In other words, to obtain the leading term of a singular value expansion of A(ε) we compute the expansion of the eigenvalue λ(ε) = ξ ε + O(ε^2) of C(ε). Then, the corresponding singular value of A(ε) is just σ(ε) = |ξ|ε + O(ε^2).

Some results on singular value perturbation expansions have been obtained by Stewart [34] via the ε-expansions for the eigenvalues σ(ε)^2 of A(ε)^∗A(ε). Sun, on the other hand, deals in [36] with the case of simple nonzero singular values, while the case of zero and multiple singular values is treated in [37]. Both cases are completely described in the following theorem, which, to our knowledge, is new.

Theorem 4. Let A ∈ C^{m×n} , m ≥ n be a matrix of rank r, and let σ_0 be a singular value of A.

If σ_0 > 0, let U_0 ∈ C^{m×k} and V_0 ∈ C^{n×k} be matrices whose columns span simultaneous bases of the respective left and right singular subspaces of A associated with σ_0. Then, for any B ∈ C^{m×n} , the matrix A(ε) = A + ε B has k singular values analytic in ε which can be expanded as

σ_j(ε) = σ_0 + ξ_j ε + O(ε^2), (29)

where the ξ_j , j = 1, . . . , k are the eigenvalues of the matrix 1 2 (U^∗_0 BV_0 + V^∗_0 B^∗U_0).

If σ_0 = 0 let

A = U_r U_0 U_z Σ_r 0 0 0 0 0 [ V^∗_r V^∗_0 ] be a singular value decomposition of A with U_r ∈ C^{m×r} , U_0 ∈ C^{m×(n−r)} , U_z ∈ C^{m×(m−n)} , V_r ∈ C^{n×r} and V_0 ∈ C^{n×(n−r)} . Then, for any B ∈ C^{m×n} , the matrix A(ε) = A + ε B has n − r singular values analytic in ε which can be expanded as σ_j (ε) = ξ_j ε + O(ε^2), (30) where the ξ_j, j = 1, . . . , k are the singular values of the (m − r) × (n − r) matrix [ U^∗_0 U^∗_z ] B V_0. Proof: As previously observed, we view the singular values of A(ε) = A + ε B as the nonnegative eigenvalues of its Jordan-Wielandt matrix C(ε) = C + εD with C and D given, respectively, by (27) and (28).

In the simplest case when the singular value σ_0 is not zero, the columns of 1 √ 2 [ U_0 V_0 ] ∈ C^{(m+n)×k} form an orthonormal basis of the space of eigenvectors associated with the semisimple eigenvalue σ_0 of the Hermitian matrix C. Hence, formula (17) with Y_1 = X^∗_1 applied to the perturbed matrix C + ε D leads to expansion (29).

The situation is slightly more complicated when σ_0 = 0, since one has to keep track of the m − n additional null eigenvalues of C: the multiplicity of zero as an eigenvalue of C is now m − n + 2(n − r) = m + n − 2r, and the columns of Z = 1 √ 2 [ U_0 U_0 √ 2U_z V_0 −V_0 0 ] ∈ C^{(m+n)×(m+n−2r)} form an orthonormal basis of the null space of C. Again, applying Theorem 2 to the perturbation C + εD leads to the expansion (30), where the ξ_j are the nonnegative eigenvalues of the matrix M = Z^∗ [ 0 B B^∗ 0 ] Z = 1 2 M_0 + M^∗_0 M_0 − M^∗_0 √ 2M_z M^∗_0 − M_0 −(M_0 + M^∗_0 ) − √ 2M_z √ 2M^∗_z − √ 2M^∗_z 0 , (31)

with M_0 = V^∗_0 B^∗U_0 ∈ C^{(n−r)×(n−r)} and M_z = V^∗_0 B^∗U_z ∈ C^{(n−r)×(m−n)} . The proof is completed once we realize that the matrix M in (31) is unitarily similar to the Jordan-Wielandt matrix of

~M = [ M_0 M_z ] = V^∗_0 B^∗ [ U_0 U_z ] .

One can easily check that the unitary matrix

Q = 1 √ 2 I_{n−r} I_{n−r} 0 −I_{n−r} I_{n−r} 0 0 0 √ 2I_{m−n} satisfies that Q^∗MQ = [ 0 ~M ~M ∗ 0 ] , i.e. m − n eigenvalues of M are zero, and the remaining 2(n − r) ones are plus/minus the n − r singular values of ~M.

5. First order perturbation bounds for generalized eigenvalue problems

In this final section we will just hint the close connections of the results in section 3 with their natural extension for generalized eigenvalue problems obtained by Najman [18, 19], and Langer and Najman [10, 11, 12] in a series of papers devoted to first order eigenvalue perturbation theory for perturbed analytic matrix functions. We focus on these results not only because of their great generality, but also because the main tool in their proofs is the Newton diagram technique, the common umbrella for most of the results in the present survey. This reinforces the resemblance of both the content of the results and the leading ideas in their proofs.

Following the presentation of Langer and Najman, we will analyze the behavior of the eigenvalues λ(ε) of a square n × n matrix function

A(λ) + B(λ, ε) (32)

for small ε in the neighborhood of an eigenvalue λ_0 of the unperturbed matrix function A(λ), i.e. a value such that det A(λ_0) = 0. The matrix function is assumed to be analytic around λ_0 with det A(λ) ≢ 0. The perturbation B(λ, ε) is assumed to be analytic in a neighborhood of (λ_0, 0) with B(λ, 0) = 0 for every λ.

This general framework includes most of the usual spectral problems: taking A(λ) = A − λI, B(λ, ε) = εB leads to the standard eigenvalue problem, the choice A(λ) = λ^2M + λC + K with Hermitian positive definite matrices M, K and positive semidefinite C corresponding to perturbed quadratic matrix polynomials appearing in vibrational systems. Many other perturbed generalized eigenvalue problems can be fitted into this framework.

Najman began studying in [18] the case when A(λ) is Hermitian and B(λ, ε) = εB(λ), not necessarily Hermitian. His results were an extension of those in Gohberg, Lancaster and Rodman [5] for the case when both A(λ) and

B(λ) are Hermitian and B(λ) is positive definite. The results in [18] were precised and improved in [10], which already dealt with the general formulation (32). Reference [10] describes the generic behavior of the eigenvalues of (32) in the sense of Theorem 2 above, i.e. the behavior which is to be expected unless the perturbation lies on a certain algebraic manifold of zero measure related both with the perturbation and the spectral structure of A. Further work was devoted to exploring nongeneric cases [11, 12], as well as to the study of certain specific quadratic matrix polynomials appearing in damped vibrational systems [13, 19].

We will only state the analogous of Lidskii’s Theorem2 as stated in [11]. As in section 3, this requires some preliminary notations. Also as in section 3 we simplify the presentation by assuming henceforth that λ_0 = 0 : let A(λ) be an analytic n × n matrix function with det A(0) = 0 and det A(λ) ≢ 0. The geometric multiplicity of λ_0 = 0 is

g = dim ker A(0).

To define its partial multiplicities we make use of the Smith local form: one can show (see [20]) that there exist n × n matrix functions E(λ), F (λ) analytic and invertible close to λ_0 = 0 such that A(λ) = E(λ)D(λ)F (λ), (33) with D(λ) = diag(λ^{ν1} , . . . , λ^{νn} ). Notice that since the ranks of A(0) and D(0) coincide, n − g exponents ν_i must be zero. With no loss of generality we may assume that D(λ) = diag(λ^{n1} , . . . , λ^{n1} , λ^{n2} , . . . , λ^{n2} , . . . , λ^{nq} , . . . , λ^{nq} , 1, . . . , 1), where n_1 < n_2 < . . . < n_q, each exponent n_j is repeated r_j times for j = 1, . . . , q, and r_1 + . . . + r_q = g, the geometric multiplicity of λ_0 = 0. The exponents n_j are called the partial multiplicities for λ_0 = 0 and a = q∑ j=1 r_j n_j is its algebraic multiplicity as an eigenvalue of A(λ). As in section3, we define the auxiliary quantities

f_j = r_1 + . . . + r_j , j = 1, . . . , q.

Now, consider the perturbed matrix function A(λ) + B(λ, ε), with B(λ, ε) analytic around (0, 0) and B(λ, 0) ≡ 0. Then , using (33), λ(ε) is an eigenvalue of A(λ) + B(λ, ε) if and only if it is an eigenvalue of D(λ) + ^B(λ, ε) for ^B(λ, ε) = E(λ)^{−1}B(λ, ε)F (λ)^{−1}. Now, partition D(λ) = [ D_1(λ) 0 0 I ] , ^B(λ, ε) = [ ^ B_{11}(λ, ε) ^B_{12}(λ, ε) ^B_{21}(λ, ε) ^B_{22}(λ, ε) ] , where both D_1(λ) and ^B_{11}(λ, ε) are g × g, and denote H = ∂ ^B_{11} ∂ε (0, 0). (34)

For each j = 1, . . . , q, k = 1, . . . , r_j − 1 we define Δ_{jk} as the sum of all the (g − f_j + k)-dimensional principal minors of the submatrix H(α_{j−1}, α_{j−1}) of H which contain the submatrix H(α_j , α_j ), where α_{j−1} = {f_{j−1} + 1, f_{j−1} + 2, . . . , g}, α_j = {f_j + 1, f_j + 2, . . . , g} and we have used the same notation as in the proof of Theorem 3 to represent submatrices. We also define

Δ_j = det H(α_{j−1}, α_{j−1})

for each j = 1, . . . , q, and for convenience we set Δ_{q+1} = 1.

Theorem 5 (Langer & Najman [11]). If for some j ∈ {1, . . . , q} both Δ_j and Δ_{j+1} do not vanish, then there are r_j n_j eigenvalues of the perturbed matrix polynomial A(λ) + B(λ, ε) near λ_0 = 0 admitting a first-order expansion

λ^{kl}_j (ε) = (ξ^k_j )^{1/nj} ε^{1/nj} + o(ε^{1/nj} ) (35)

for k = 1, . . . , r_j , l = 1, . . . , n_j, where the ξ^k_j , k = 1, . . . , r_j , are the roots of the equation

Δ_j + r_j −1∑

k=1 Δ_{jk}ξ^k + Δ_{j+1}ξ^{rj} = 0. (36)

The resemblance of Theorems 2 and 5 is obvious. Disregarding some notational changes, like the partial multiplicities n_j being ordered increasingly, or the shift of one in the subindex j, it is clear that the quantities Δ_j play exactly the same role in this case as det Φ_{j−1} in section 3. In particular, the generic behavior corresponds to nonvanishing Δ_j, j = 1, . . . , q. The expansion (35) is exactly the same as (12), and the equation (36) determining the leading coefficients is the analogue of (15) or, equivalently, of (13) in this more general context. The surprising thing is that essentially the same result is obtained in this much more general context without much additional complication, just by replacing the Jordan canonical form with the Smith local form.

174 APPLIED MATHEMATICS AND SCIENTIFIC COMPUTING

References

[1] H. Baumgärtel, Analytic Perturbation Theory for Matrices and Operators, Birkhäuser, Basel, 1985.

[2] E. Brieskorna and H. Knörrer, Plane Algebraic Curves, Birkhäuser, Basel, 1986.

[3] J. V. Burke and M. L. Overton, Stable perturbations of nonsymmetric matrices, Linear Algebra Appl., 171 (1992), pp. 249–273.

[4] K. O. Friedrichs, On the perturbation of continuous spectra, Comm. Pure Appl.

Math. 1 (1948), pp. 361–406.

[5] I. Gohberg, P. Lancaster and L. Rodman, Perturbations of analytic Hermitian matrix functions, Applicable Analysis 20 (1985), pp. 23–48.

[6] E. Hille and R. S. Phillips, Functional Analysis and Semigroups, Am. Math. Soc.

Colloq. Publ. vol. 31, Providence, 1957.

[7] R. Horn and C. R. Johnson, Matrix Analysis, Cambridge University Press, Cambridge, 1990.

[8] C.-P. Jeannerod, On some nongeneric perturbations of an arbitrary Jordan structure, preprint.

[9] T. Kato, Perturbation Theory for Linear Operators, Springer, Berlin, 1980. [10] H. Langer and B. Najman, Remarks on the perturbation of analytic matrix functions II, Integr. Equat. Oper. Th., 12 (1989), pp. 392–407.

[11] H. Langer and B. Najman, Remarks on the perturbation of analytic matrix functions III, Integr. Equat. Oper. Th., 15 (1992), pp. 796–806.

[12] H. Langer and B. Najman, Leading coefficients of the eigenvalues of perturbed analytic matrix functions, Integr. Equat. Oper. Th., 16 (1993), pp. 600–604.

[13] H. Langer, B. Najman and K. Veselić, Perturbation of the eigenvalues of matrix polynomials, SIAM J. Matrix Anal. Appl. 13 (1992) pp. 474–489.

[14] V. B. Lidskii, Perturbation theory of non-conjugate operators, U.S.S.R. Comput.

Maths. Math. Phys., 1 (1965), pp. 73–85 (Zh. vychisl. Mat. mat. Fiz., 6 (1965) pp. 52– 60).

[15] Y. Ma and A. Edelman, Nongeneric Eigenvalue Perturbations of Jordan Blocks, Linear Algebra Appl., 273, (1998) pp. 45-6-3 [16] J. Moro, J. V. Burke and M. L. Overton, On the Lidskii–Vishik–Lyusternik perturbation theory for eigenvalues of matrices with arbitrary Jordan structure, SIAM J. Matrix Anal. Appl., 18 (1997), pp. 793–817.

[17] J. Moro and F. M. Dopico, Low rank perturbation of eigenvalues of matrices with arbitrary Jordan canonical form, in preparation.

[18] B. Najman, Remarks on the perturbation of analytic matrix functions, Integr. Equat.

Oper. Th., 9 (1986), pp. 592–599.

[19] B. Najman, The asymptotic behavior of the eigenvalues of a singularly perturbed linear pencil, SIAM J. Matrix Anal. Appl., 20 (1998), pp. 420–427.

[20] M. Newman, The Smith normal form, Linear Algebra Appl. 254 (1997), pp. 367–381. [21] I. Newton, The correspondence of Isaac Newton vol. 2 (1676-1687), Cambridge University Press, 1960.

First Order Eigenvalue Perturbation Theory and the Newton Diagram 175

[22] I. Newton, Methodus fluxionum et serierum infinitorum. In The mathematical works of Isaac Newton, D. T. Whiteside (ed.), Johnson Reprint Corp., New York, 1964.

[23] R. S. Phillips, Perturbation theory for semi-groups of linear operators, Trans. Am.

Math. Soc. 74 (1954), pp. 199–221.

[24] V. Puiseux, Recherches sur les fonctions algébriques, J. Math Pures Appl., 15 (1850). [25] L. Rayleigh, The Theory of Sound, vol. I, London 1894.

[26] F. Rellich, Störungstheorie der Spektralzerlegung, I. Mitteilung. Analytische Störung der isolierten Punkteigenwerte eines beschränkten Operators, Math. Ann. 113 (1937), pp. 600-619.

[27] F. Rellich, Störungstheorie der Spektralzerlegung, II, Math. Ann. 113 (1937), pp. 677- 685.

[28] F. Rellich, Störungstheorie der Spektralzerlegung, III, Math. Ann. 116 (1939), pp. 555-570.

[29] F. Rellich, Störungstheorie der Spektralzerlegung, IV, Math. Ann. 117 (1940), pp. 356-382.

[30] F. Rellich, Störungstheorie der Spektralzerlegung, V, Math. Ann. 118 (1942), pp. 462- 484.

[31] S. Savchenko, The typical change of the spectral properties of a fixed eigenvalue under a rank one perturbation, preprint (private communication).

[32] S. Savchenko, The Perron root of a principal submatrix of co-order one as an eigenvalue of the original nonnegative irreducible matrix and the submatrix itself, preprint.

[33] E. Schrödinger, Quantisierung als Eigenwertproblem III. Störungstheorie, mit Anwendung auf den Starkeffekt der Balmer-Linien, Ann. Phys. 80 (1926), pp. 437–490.

[34] G. W. Stewart, A note on the perturbation of singular values, Linear Algebra Appl.

28 (1979), pp. 213-216.

[35] G. W. Stewart and J.-G. Sun, Matrix Perturbation Theory, Academic Press, New York, 1990.

[36] J.-G. Sun, A note on simple non-zero singular values, Journal of Computational Mathematics 6 (1988), pp. 258-266.

[37] J.-G. Sun, Sensitivity analysis of zero singular values and multiple singular values, Journal of Computational Mathematics 6 (1988), pp. 325-335.

[38] B. v. Sz.-Nagy, Perturbations des transformations autoadjointes dans l’espace de Hilbert, Comment. Math. Helv. 19 (1946/47), pp. 347-366.

[39] M. M. Vainberg and V. A. Trenogin, Theory of Branching of Solutions of Non-linear Equations, Noordhoff, Leyden, 1974.

[40] K. Veselić, On linear vibrational systems with one dimensional damping, Integr.

Equat. Oper. Th., 13 (1990), pp. 883–897.

[41] M. I. Vishik and L. A. Lyusternik, The solution of some perturbation problems for matrices and selfadjoint or non-selfadjoint differential equations I, Russian Math. Surveys, 15 (1960), pp. 1–74 (Uspekhi Mat. Nauk, 15 (1960), pp. 3–80).