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Abstract The aim of the present paper is to analyze the behavior of Fiedler
companion matrices in the polynomial root-finding problem from the point of
view of conditioning of eigenvalues. More precisely, we compare: (a) the condition
number of a given root A of a monic polynomial p(z) with the condition number of
A as an eigenvalue of any Fiedler matrix of p(z), (b) the condition number of A as
an eigenvalue of an arbitrary Fiedler matrix with the condition number of A\ as an
eigenvalue of the classical Frobenius companion matrices, and (c) the pseudozero
sets of p(z) and the pseudospectra of any Fiedler matrix of p(z). We prove that, if
the coefficients of the polynomial p(z) are not too large and not all close to zero,
then the conditioning of any root A of p(z) is similar to the conditioning of A as an
eigenvalue of any Fiedler matrix of p(z). On the contrary, when p(z) has some large
coefficients, or they are all close to zero, the conditioning of A as an eigenvalue
of any Fiedler matrix can be arbitrarily much larger than its conditioning as a
root of p(z) and, moreover, when p(z) has some large coefficients there can be two
different Fiedler matrices such that the ratio between the condition numbers of A
as an eigenvalue of these two matrices can be arbitrarily large. Finally, we relate
asymptotically the pseudozero sets of p(z) with the pseudospectra of any given
Fiedler matrix of p(z), and the pseudospectra of any two Fiedler matrices of p(z).
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1 Introduction

The computation of roots of scalar polynomials, that we term as the polynomial
root-finding problem, is one of the oldest mathematical problems [7,34]. In addi-
tion, computing roots of polynomials has important recent applications in many
areas. Low-degree polynomial equations appear in physics, chemistry, engineering,
business management and statistics and they are solved very often using tools of
numerical linear algebra [34]. These tools are sufficiently effective in most cases.
Polynomial equations with large degree (typically 100 and sometimes of order
of several thousands) arise in computer algebra, computational algebraic geome-
try, control theory and signal processing (see [27-29,33,34] and the bibliography
therein), and, until the 1980’s, they were a challenge for the available software.

Nowadays we are aware of many algorithms for computing roots of polynomials,
together with their numerical analysis and applications. These algorithms can be
classified into two categories. The first category comprises algorithms that are
implemented using the standard machine floating point arithmetic. Some of these
algorithms are the Madsen—Reid [25], Jenkins—Traub [21], Aberth-Ehrlich [1,15],
Durand-Kerner [23], Laguerre [37], QR~algorithm applied to companion matrices,
and QZ-algorithm applied to companion pencils (we refer to [30,31] for thorough
surveys on numerical methods for computing the roots of polynomials, and to [19]
for the QR and QZ-algorithms). In the second category we have algorithms that
work using different levels of working machine precision with an increasing number
of bits. In this second category we have the algorithm MPSolve [5,6], which can
compute roots of polynomials with any number of digits of precision.

Among the algorithms that work with a fixed floating point arithmetic pre-
cision, the most widely used are the ones that compute the roots of polynomials
as the eigenvalues of companion matrices. The main advantages of this approach
are: (a) the methods are easy to implement (assuming available any algorithm
to compute the eigenvalues of a matrix), (b) there are standard backward stable
eigenvalue algorithms, like the QR~algorithm, that can be used to compute the
eigenvalues of the companion matrix, and (c) the convergence is guaranteed in
practice. This is the approach followed by the MATLAB command roots, which
uses the QR-algorithm on the balanced Frobenius companion matrix (2.4) to com-
pute its eigenvalues, though this method requires order n? storage and order n®
floating point operations [32], and is not backward stable in the polynomial sense
[13,14]. In the last decades, much effort has been devoted to devise a fast, memory
efficient, and backward-stable algorithm for the polynomial root-finding problem
using eigenvalue solvers. In the recent work [2], that contains many references on
this issue, it is presented an algorithm with order n storage and order n? floating
point operations that is backward stable in the matrix sense, that is, the computed
roots are the exact eigenvalues of a small perturbation of the Frobenius companion
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matrix. However, it is known that small perturbations of the companion matrix
might not correspond to small perturbations of the polynomial (see, for example,
[13,14]), so the problem of devising a fast, memory efficient, and backward-stable
(in the polynomial sense) root-finding method via the computation of eigenval-
ues of companion matrices remains open. However, it is worth to emphasize that
backward stability in the polynomial sense can be achieved via the computation
of eigenvalues of companion pencils [42], though it considerably increases the com-
putational cost.

On a different but related line of research, a new family of companion ma-
trices was introduced in 2003 [16]. This family of matrices is now known as the
Fiedler companion matrices [9], or Fiedler matrices for brevity, and it includes
the classical Frobenius companion matrices. Also, among Fiedler matrices, we find
pentadiagonal matrices, which have potential numerical advantages since their
small bandwidth could be exploited by some eigenvalue solvers to devise fast al-
gorithms for computing roots of polynomials [3]. For this reason, it makes sense
to analyze the numerical performance of this family, in order to conclude whether
or not there are other Fiedler matrices than the Frobenius ones that can be used
in the polynomial root-finding problem with better (or similar) reliability.

When computing a root A of a polynomial p(z) using a backward stable al-
gorithm on any companion matrix A, the relative (forward) error of A can be
bounded as R

A=Al
Al

< k(M A)-O(u), (1.1)

where A is the computed (approximate) eigenvalue (root), u is the unit roundoff
and k(\, A) is the relative condition number of A as an eigenvalue of A with respect
to perturbations A+ E of A such that || E||2 = O(u)||A||2. However, it is natural to
look for a bound in terms of the original polynomial root-finding problem, instead
of the eigenvalue problem. Then, in order to get a bound for the forward error
in terms of the relative condition number, (X, p), of A as a root of p(z), one can
rewrite (1.1) as

A=A _ (A4
Al &(Ap)

Hence, the ratio k(\, A)/k (A, p) measures how far is the error obtained after solving
the polynomial root-finding problem as an eigenvalue problem from the ideal error
expected when considering it just as a polynomial root-finding problem, that is,
from the ideal error corresponding to the sensitivity of the original input p(z).

As mentioned above, the standard approach to solve the polynomial root-
finding problem as an eigenvalue problem uses the Frobenius companion matrices
(2.4) or some variants of them. The behavior of these matrices in the polynomial
root-finding problem, from the point of view of conditioning, was studied in [39].
In that reference the authors compare the conditioning of the polynomial root-
finding problem with the conditioning of the eigenvalue problem by two means.
The first one is by measuring the ratio x(\, C')/x(\,p), with C being a Frobenius
companion matrix. The second one is by comparing the pseudozero sets of the
polynomial with the pseudospectra of C'. The numerical experiments carried out
in that paper show that, once the companion matrix is balanced, the conditioning
of these two problems tend to be equivalent. However, no proof of this fact is
provided.

k(A p) - O(u). (1.2)
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Following the approach in [39], and motivated also by (1.2), in this paper
we compare: (a) the condition number of a given root of a monic polynomial
p(2) = 2" + an—12""' + -+ + a1z + ap with the condition number of this root as
an eigenvalue of any Fiedler matrix, and (b) the pseudozero sets of p(z) with the
pseudospectra of the associated Fiedler matrices.

Regarding (a), we present explicit expressions for k(\, My ), with M, being any
Fiedler matrix, and then we analyze the ratio k(\, Ms)/k(\, p), as well as the ratios
kA, C) /(A My) and (X, Ms)/k(X, C), with C' being a Frobenius companion
matrix. The conclusions of this analysis can be roughly summarized as follows:

1. There is a quantity a(p), depending on the coefficients of p(z), satisfying

1 < k(A Mo ) < ns/za(p%
n = KAp)
and such that (see Theorem 6.1 for complete details):
(i) if max{|an—1],...,|a1],|ao|} is not much larger or much smaller than 1
(that is, of order ©(1)), then a(p) is not much larger than 1, and
(ii) if max{|an—1],...,|a1],|ao|} is much larger or much smaller than 1, then
a(p) can be much larger than 1.

2. If C is a Frobenius companion matrix, then

K«()‘a Mcr) K«()\a C) 5/2
< max <n
1< { H()\,C) ’ n()\, MU) - ||p||2

(see Theorem 6.2), where ||p[l2 = /> _, lar|?.

From 1 and 2 we get the following conclusions:

(C1) When max{|an—1],...,|a1],|ao|} is of order ©(1), then the eigenvalues of any
Fiedler matrix are as well conditioned as the roots of the monic polynomial
p(z). In this case, from the point of view of condition numbers, any Fiedler
matrix is a good tool for solving the root-finding problem for p(z).

(C2) When max{|an—1],...,|a1|,|ao|} is much larger than 1 or close to zero, the
eigenvalues of any Fiedler companion matrix may be potentially much more
ill conditioned than the roots of the monic polynomial p(z).

(C3) From the point of view of condition numbers, when max{|an—1/,...,|a1],|ao|}
is not large, any Fiedler matrix can be used for solving the root-finding prob-
lem for p(z) with the same reliability as Frobenius companion matrices.

(C4) The ratio (A, Ms)/k(A,C) may be potentially large (or small) for monic
polynomials with large coefficients. In this case, for some polynomials there
can be other Fiedler matrices than the Frobenius ones which are more con-
venient from the point of view of conditioning, and viceversa.

Despite (C4), we will show in Theorem 6.3 that, from the point of view of
condition numbers, Frobenius companion matrices are better suited than the rest
of Fiedler matrices in the polynomial root-finding problem only for monic poly-
nomials for which it is not recommended to compute their roots as eigenvalues
of any Fiedler matrix (including the Frobenius ones). Finally, we show that there
are monic polynomials for which one should avoid computing their roots as the
eigenvalues of Frobenius companion matrices and to use, instead, another Fiedler
matrix. However, the problem of identifying these polynomials in advance and
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knowing which is the most convenient Fiedler matrix one might use are still on-
going works.

Notice that there is a difference in the conditions of (C1)—(C2) and the ones in
(C3)—(C4) regarding the size of the coefficients of p(z). In particular, it may happen

that max{|an—1],...,|a1],|ao|} is not large, so that max {%7 %} is not
large, but max{|an—1|,...,|a1],|ao|} is close to zero, so that k(A, Ms)/k(X,p) can
be large.

This work is related to the recent paper [13], where the authors have analyzed
the backward error of the polynomial root-finding problem solved via Fiedler com-
panion matrices and a backward stable eigenvalue algorithm. It is shown there that
only for polynomials having coefficients with absolute values much larger than 1 the
solution of the polynomial root-finding problem using Fiedler companion matrices
is not normwise backward stable. However, to guarantee coefficient-wise backward
stability we need to impose that the coefficients do not have small absolute values
as well. As a consequence, we can say that, when the coefficients of the polyno-
mial are of order ©(1), all Fiedler matrices have a similar (good) behavior in the
polynomial root-finding problem, from the point of view of both conditioning and
backward error.

Regarding pseudozero sets and pseudospectra, we first present an asymptotic
formula for the norm of the resolvent of any Fiedler matrix M,. This formula
provides a fast method to approximate the level curves of the pseudospectra of
M. Then, we present asymptotic relationships between: (i) the pseudozero sets of
p(z) and the pseudospectra of My, and (ii) the pseudospectra of any two Fiedler
matrices. Regarding (i), we conclude that the e-pseudozero set of p(z) coincides
asymptotically with the ¢-pseudospectrum of M., with ¢ = ex(\, p)/k(A, My).
As for (ii), we conclude that, for a given couple of Fiedler matrices My, and M.,
the e-pseudospectrum of M,, coincides asymptotically with the ¢’-pseudospectrum
of My,, with ¢ = ex(\, My,)/rk(A\, Msy,). This means that the e-pseudozero sets
of p(z) and the e-pseudospectra of M, tend to coincide, but for different val-
ues of e, related through the ratio x(\,p)/k(A\, Ms). The same happens with
the e-pseudospectra of two different Fiedler matrices My,, M, and the ratio
k(A Mo,) /(N Ms,).

The paper is organized as follows. In Section 2 we introduce the basic notation
and definitions, and we review the basic facts about Fiedler matrices that are used
along the paper. In Section 3 we present expressions for the condition numbers of
the roots of a monic polynomial p(z). In Section 4 we give new explicit formulas
for the right and left eigenvectors of Fiedler matrices, which are simpler than the
ones already present in the literature. These formulas are used in Section 5 to get
expressions for the eigenvalue condition numbers of Fiedler matrices associated
with p(z). In Section 6 we compare the eigenvalue condition numbers of Fiedler
matrices with the condition numbers of the roots of p(z), and we also compare
the eigenvalue condition numbers of the Frobenius companion matrices with the
eigenvalue condition numbers of Fiedler matrices other than Frobenius ones. Sec-
tion 7 is devoted to the study of pseudospectra of Fiedler matrices, and to compare
them with the pseudozero sets of p(z). Finally, in Section 8 we present numerical
experiments to illustrate our theoretical results, and to study the effect of balanc-
ing Fiedler matrices from the point of view of eigenvalue condition numbers and
pseudospectra. We summarize the main contributions of the paper in Section 9.
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The contents of this paper are part of the PhD. Thesis of the third author, and
the reader is referred to this work for further details [36].

2 Basic notation and definitions

The symbol I,, stands for the n x n identity matrix. For a given variable x, by
O(x) we mean a quantity bounded, in absolute value, by a|z| as = approaches 0,
with a being a nonzero constant.

In this work, the right and left eigenvectors of a matrix A € C**" associated
with the eigenvalue A are two nonzero vectors z,y € C™, respectively, satisfying
Az = Az and yT A = \yT. The definition of left eigenvector differs from the usual
definition, which is a nonzero vector y € C™ such that y* A = Ay*. However, it will
be more convenient for our developments.

In order to better express our results, we need to distinguish between norms
on the vector space of polynomials of degree less than or equal to n and norms
on the vector space of nontrivial coefficients of monic polynomials (i. e., excluding
the leading coefficient a, = 1) of degree equal to n. In particular, for a polynomial

p(z) = arz*,  ar€C, (2.1)
k=0

non necessarily monic, ||p||2 is the norm on the vector space of polynomials of
degree less than or equal to n, defined as

Ipll2 =

In addition, for a monic polynomial of degree n,
n—1
p(z) =2" + Z arz", (2.2)
k=0
we define [||pl]l, as

lelly =

Notice that [||p[||, is not a norm on the vector space of polynomials of degree less
than or equal to n. Note also that when p(z) is monic, then [|p||2 > 1.

By ||Al|» we denote the Frobenius norm of the matrix A = [a;;] € C™*™, that
is:

n

> lasl>.

i,j=1

[AllF :=

Similarly, ||A||2 denotes the 2-norm of A, namely, the largest singular value of A.
Given p(z) as in (2.1) and d = 0,1, ..., n, the degree d Horner shift of p(z) is
the polynomial

d—1

pa(2) = anz® + an—12Y7 4 an—ariz + an—a.
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The Horner shifts of p(z) satisfy the following recurrence relation:

po(z) =an, and (2.3)
pd(z) = zpa—1(2) + an—a, for d=1,2,...,n. ’

For a general polynomial p(z) as in (2.1), the reversal polynomial of p(z) is
obtained by reversing the order of its coefficients, that is, p™"(2) := Sp_, arz" ",

2.1 A brief introduction to Fiedler companion matrices

Fiedler matrices first appeared in the context of companion matrices of monic
polynomials in [16]. We present in Definition 2.1 what we mean by a companion
matrix of a monic polynomial as in (2.2). This definition is a particular case of the
more general definition presented in [11] of companion forms of grade ¢ for matrix
polynomials.

Definition 2.1 Given a monic polynomial p(z) of degree n > 2, a companion
matrix of p(z) is a matrix A € C™*" satisfying the following two properties:

(i) Each entry of the matrix A is either a constant o € C, or a constant times one
of the coefficients of p(z), i.e., Ba; for some f € Cand 0 < j <n—1, and

(ii) det(zI — A) = p(z), so the eigenvalues of A, counting algebraic multiplicities,
are equal to the roots of p(z), counting multiplicities.

The best well-known examples of companion matrices of a monic polynomial (2.2)
are the matrices

—0n—1 —anp—2 *++ —a1 —aop —An—1 10 ---0
1 o --- 0 O
—an_QO 1 .
Cr:=| 0 1 .0 0 and Ch:= Cot ol (2.4)
: Lo —a1 00 -1
0 0o 1 0 —ap 00 ---0

known as the first and second Frobenius companion matrices of p(z), respectively.
Notice that Cy and C3 can be constructed directly from the coefficients of the
polynomial p(z). The use of companion matrices goes back at least to Frobenius
(1879) in his “rational canonical form” of a matrix [17]. Other similar Frobenius
companion matrices that appear in the literature are obtained by transposition
and/or by reversing the order of rows and columns of Cy or Cs (see, for instance,
[20, pp. 194-200] and [24, p. 105]).

Frobenius companion matrices are important in theory, in numerical computa-
tions, and in applications. For instance, MATLAB command roots computes all
the roots of a polynomial by applying the Francis’ implicitly-shifted QR-algorithm,
or QR-algorithm for short, to a balanced Frobenius companion matrix [26]. Frobe-
nius companion matrices are also widely used in control theory and signal process-
ing, for example, in the observable and the controllable canonical forms (see [22]
and [24, Section 10.4] and the references therein).

In 2003, Fiedler expanded significantly the family of companion matrices asso-
ciated with a monic polynomial [16]. These matrices were named Fiedler matrices
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in [9]. The family of Fiedler matrices includes C7 and C2 and, provided that n > 3,
it contains some other different matrices and, in fact, many others when n is large.
Next, we are going to recall the main notions and notation regarding Fiedler
matrices, where we essentially follow [13].
For the monic polynomial p(z) in (2.2), we define the n x n matrices

In—k—1
My = {Ino_l _(;0} and My := _fké , k=1,....n—1
Ti—1
(2.5)
The matrices (2.5) are the basic factors used to build all Fiedler matrices. To
be precise, let 0 = (i1, 42,...,in) be a permutation of the n-tuple (0,1,...,n—1).

Then, the Fiedler matriz of p(z) associated with o is defined as the product

My = M;, M, - M; (2.6)

Note that the Frobenius companion matrices are particular Fiedler matrices. More
precisely: Cl = Mnfl e M1M0 and Cg = MOM1 e Mnfl.

It is shown in [16] that given a monic polynomial p(z), all Fiedler matrices Mo
associated with p(z) are similar to each other. Since Frobenius companion matrices
are particular examples of Fiedler matrices and the characteristic polynomial of a
matrix is invariant under similarity, we conclude that the characteristic polynomial
of all Fiedler matrices of p(z) is the same p(z).

The identity (2.6) allows us to get all nonzero entries of any Fiedler matrix
M. These are: (a) (n — 1) entries identically equal to 1, and (b) n entries equal
to a;, for i = 0,...,n — 1, with exactly one copy of each. According to Definition
2.1, this justifies that Fiedler matrices are also called Fiedler companion matrices.
Moreover, this implies the following identity:

1Mol p = /(n = 1) + laof? + [a1[? + - + Jan—1[2. (2.7)

The positions of the (2n — 1) nonzero entries of M, depend on the particular
permutation o. However, Fiedler matrices are constructible from the polynomial
p(2), without performing any arithmetic operation, by means of uniform templates
valid for all polynomials [10, Algorithm 1].

Due to the identities

MiMj:MjMi, fOl” |i—j|751,

some Fiedler matrices associated with different permutations o are always equal,
regardless of the values of the coefficients of p(z). This fact motivates us to intro-
duce some key notions. In the following, and according to the notation in [9,10,
12,13], we will also see the permutation ¢ as a bijection o : {0,1,...,n — 1} —
{1,...,n}, such that o(j) denotes the position of j in the list (i1,42,...,n).

Definition 2.2 Let o : {0,1,...,n — 1} — {1,...,n} be a bijection.

(a) Fori=0,1...,n— 2, we say that ¢ has a consecution at ¢ if o(i) < o(i + 1)
and that o has an inversion at ¢ if o(i) > o(i + 1).
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b) The positional consecution-inversion sequence of o, denoted by PCIS(0), is the
p q Yy s
(n — 1)-tuple (vo,...,vp—2) such that v; = 1 if o has a consecution at j and
v; = 0 otherwise.

Note that ¢ has a consecution at i, that is v; = 1, if and only if M; is to the
left of M;4+1 in the product (2.6), while ¢ has an inversion at ¢, that is v; = 0, if
and only if M; is to the right of M;41 in (2.6).

The relevance of the PCIS relies on the following fact: two Fiedler matrices
M, and M,, are symbolically equal (that is, they are equal for any polyno-
mial p(z) as in (2.1), regardless of the values of its coefficients) if and only if
PCIS(01)=PCIS(o2) [36, Prop. 2.7].

We will also use the following notions.

Definition 2.3 Leto :{0,1,...,n—1} — {1,...,n} be a bijection with PCIS(o) =
(vo,v1,...,vn—2). Then:

(a) The extended positional consecution-inversion sequence of o, denoted by
EPCIS(0), is the n-tuple (vo, v1,...,vn—1), where vn—1 = Vp—2.
(b) For 0 <i<j<n-—2, weset

ip(i:j)=> (1-wvp) and o (i:f):=) v
k=1

k=1

for, respectively, the number of inversions and consecutions of o from 7 to j.
We also set i5(i: j) :=¢o(i:7) := 0 for i > j.

3 Condition numbers of roots of monic polynomials

The condition number (X, p) of a nonzero simple root A of a monic polynomial
p(z) is defined as

k(A p) = EIE)I(I) sup {% : X is the closest root to A of

B(2) = 2" + 32320 awz" with [|5— plll, < ellipll,} -

The condition number (A, p) measures the relative sensitivity of the simple root
A with respect to relative normwise perturbations of p(z) that preserve the monic
character of the polynomial. It is also possible to introduce an appropriate def-
inition of coefficientwise condition number to measure the relative sensitivity of
the simple root A with respect to relative coefficientwise perturbations of p(z). For
more information on this we refer the reader to [36, Ch. 8].

Note that the condition number (A, p) in (3.1) is defined only for perturba-
tions of the coefficients a,—1,...,a1,ao, in order to preserve the monic character
of the polynomial p(z). The reason for doing this is twofold. In the first place, we
follow the same approach as Toh and Trefethen in [39], since our aim is to extend
their results from Frobenius companion matrices to arbitrary Fiedler companion
matrices. In the second place, it is natural to keep the monic property of p(z)
because we are considering the polynomial root-finding problem as an standard
eigenvalue problem using companion matrices, and companion matrices are as-
sociated to monic polynomials. Allowing perturbations of the leading coefficient
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would lead to a generalized eigenvalue problem instead. However, it is possible to
carry out a similar analysis to the one developed in further sections, by introduc-
ing the appropriate condition number, if we allow for perturbations of the leading
coefficient as well.

In Theorem 3.1 we present a practical formula for the condition number (A, p).
This formula can be found in [39, Prop. 2.2] and also in [38, Th. 5], after taking
IE;ll2 = Iplly, for all j =0,1,...,n — 1.

Theorem 3.1 Let p(z) = 2" + ZZ;& arz" be a monic polynomial of degree n, let
A be a simple nonzero root of p(z), let A(z) be the vector

Alz)=[z""" 0 2 I]T, (3.2)
and let k(\, p) be the condition number defined in (3.1). Then
liplllo 1A [l2
k(A p) = T As T (3:3)
AL 1 (V]

where ||[A(N)]|2 denotes the usual Fuclidean vector norm of A(N).

4 Explicit formulas for the eigenvectors of Fiedler matrices

In Theorem 4.1, we present explicit expressions, in terms of A and the coefficients
of p(z), of the right and left eigenvectors of any Fiedler matrix associated with an
eigenvalue \. Formulas for the left and right eigenvectors of Fiedler matrices are
already known (see [8, Th. 3.1] or [9, Lemma 5.3], for example), but the ones we
present here are simpler. We obtain them with a new technique that makes use
of the expressions for adj(zI — M) in [13, Th. 3.3]. Note that, since any Fiedler
matrix M, is a non-derogatory matriz®, the right and left eigenvectors of My
associated with an eigenvalue A\ are unique, up to a multiplicative factor.

Theorem 4.1 Let p(z) = 2" + ZZ;S arz® be a monic polynomial of degree
n > 2, leto: {0,1,...,n—1} — {1,...,n} be a bijection with EPCIS(c)=
(v0,V1,...,Vn—-1), and let M, be the Fiedler matriz of p(z) associated with o. Let
2o (2), Yo (2), vo(2), and ws(2) be the rational vectors whose kth entry is:
*) ;) = 2Ok D 1 (2) if vak =1,
o Z) - zig(O:nfkfl) Zf A 07 5
k ch(O:nfkfl)pkil P va _r =0,
yc(r )(Z) = {ch(Oznfkfl) ( ) "

’Lf Un—k = 17 ’
o2y = { O DT (T if g =1,
o T i (0m—k—1) if Uk =0,

) (2) = — g (Om=k=)=dprey 1) if g = 0,
We (2) = 2% (0mn—k—1) if ok =1,

1 The first and second Frobenius companion matrices, C1 and Cs, of a monic polynomial
p(z) are non-derogatory matrices [20], that is, the geometric multiplicity of each eigenvalue is
equal to 1. Since Fiedler matrices of p(z) are similar to each other, and since the geometric mul-
tiplicities of eigenvalues do not change under similarity, all Fiedler matrices are non-derogatory
matrices.
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for k= 1,2,...,n, and where p;(z),p;""(z) denote the degree j Horner shifts of
p(z) and p*®¥(z), respectively. If X is a root of p(z), then xs(\) and ys(\) are
right and left eigenvectors of My, respectively, associated with \. Moreover, if X is
nonzero, then rs(\) = vy (A) and yo(A) = ws(A).

Proof From adj(zl, — My )(2I, — Ms) = (21, — My )adj(zl, — Ms) = p(z) I (see
[18, Ch. 4, §4]), it follows that any nonzero row of adj(A\l, — M) is the transpose of
a left eigenvector of M, associated with the eigenvalue A, and any nonzero column
of adj(Al, — M,) is a right eigenvector of M, associated with the eigenvalue
A. Moreover, using p(A) = 0 and [13, Th. 3.3] we get that adj(Al,, — M,) =
e (T (V).

We are now going to prove that both z, () and y»(A) have an entry identically
equal to 1, and, therefore, the matrix adj(Al,, — M) will have a nonzero column
equal to z,(\) and a nonzero row equal to yZ ().

To prove that both z,(\) and y-(A) have an entry identically equal to 1 we
distinguish two cases: when M, = Ci,C2 and when M, # C1,C2. The Frobe-
nius companion matrices C1 and C2 are Fiedler matrices associated with bi-
jections o1 and o2, respectively, such that EPCIS(o1) = (0,0,...,0) € R™ and
EPCIS(02) = (1,1, ...,1) € R™. Therefore, 7o, (2) = yo, (2) = [2" 7" ... 2 1]T and
Yo, (2) = To,(2) = [po(2) p1(2) ... pn_l(z)]T. The result follows by inspection of
the entries of these two vectors (notice that po(z) = 1).

If M, # C1,C5, suppose that vg = 1, that is, o has a consecution at 0 (the
case vg = 0 is similar and we omit it), and let ¢ € {0,1,...,n — 3} be such that
vi+1 = 0 and v; = 1 for any j < ¢ (note that a number ¢ satisfying those conditions
always exists when M, # C1,C2). Then, from the expression of the kth entry of
Zo(z) and ys(2z) in the statement, we get m((,"ftfl)(z) =2 — 1 and y((,")(z) =
26 (0:-1) — 1,

Finally, the fact that z,(\) and y- () are equal to v, (A) and we (), respec-
tively, when A # 0, follows from the expressions for the entries of the vectors z,(2),
Yo (2), vo(2), and wey(z) in the statement, together with the following relation be-
tween the Horner shifts of p(z) and the Horner shifts of the reversal polynomial
p"®V(z) evaluated at A:

pr-1(A) = AT (AT,
for k =1,2,...,n, which may be easily obtained from the identity p(A\) =0. O

Theorem 4.1 provides us two different couples of rational vectors, namely
(6(2),y0(2)) and (vs(2),ws(2)), that, when evaluated at an eigenvalue A of M,
provide right and left eigenvectors associated with A. The expressions z,(A) and
Yo (A\) will be used thoroughly along the manuscript for these eigenvectors. By con-
trast, v (%) and we (2) will not be used until Section 7.2, where they are employed
to get asymptotic expressions for the resolvent (21 — M)~ " for |z| > 1.

Remark 4.1 For the sake of simplicity, we will frequently use the notation x, :=
Zo(AN), Yo = Yo (), With 25(2),ys (%) as in Theorem 4.1.

Theorem 4.1 allows us to easily get explicit expressions for the right and left
eigenvectors of any Fiedler matrix of p(z) associated with an eigenvalue A. These
expressions depend on the eigenvalue A and the Horner shifts of p(z) evaluated at
A. To illustrate Theorem 4.1 we provide the following examples.
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Ezample 4.1 Let p(z) = 2" + ZZ;& arz" be a monic polynomial of degree n > 2,
let C1 and C2 be the first and second Frobenius companion matrices of p(z),
respectively, and let A be a root of p(z). Recall that C7 is a Fiedler matrix My,
associated with any bijection o1 such that PCIS(o1) = (0,0,...,0) and that Cs
is a Fiedler matrix My, associated with any bijection o2 such that PCIS(o2) =
(1,1,...,1). Then, from Theorem 4.1 we get the following expressions for the right
and left eigenvectors of €'y and Cq associated with \:

Toy = Yoy = (A1 A 1] and o, = 20, = [po(A) p1(A) -+ pac1 (V)]

Remark 4.2 Note that the right and left eigenvectors of Cy (resp. the left and right
eigenvectors of C2) associated with an eigenvalue A are equal to the vectors A(z)
in (3.2) and
T
II(z) := [po(2) p1(2) .- Pn-1(2)] ", (4.1)

evaluated at z = .

Ezample 4.2 Let p(z) = 2" + ZZ;& arz" be a monic polynomial of degree n > 2,
let A be a root of p(z), and let M, be the Fiedler matrix of p(z) associated with
any bijection o such that PCIS(c) = (0,1,...,1), namely:

—an_1 1
—an_20 1

Then, from Theorem 4.1 we get the following expressions for the right and left
eigenvectors of M, associated with \:

zo = [Apo(A) Ap1(A) -+ Apn_2(}) I]T and yo =[N - A1 pnfl()\)]T.

Ezample 4.3 Let p(z) = 2" + ZZ;S arz" be a monic polynomial of degree n > 2,
let A be a root of p(z), and let M, be the pentadiagonal Fiedler matrix of p(z) as-
sociated with any bijection o such that PCIS(¢) = (1,0,1,0,1,0,...). Then, from
Theorem 4.1 we get the following expressions for the right and left eigenvectors of
M, associated with A:

n—2 n—2 n—4 n—4 T

To = [)\TPO()\)a AT pi(A), Az, A ps(A), - L pnfl()\)} and
n n—2 n—2 T

Yo = A3, AT AT (N, - A Ap2 (W), 1]

if n is even, and

n

no1l  n-3  n-3 n5 | n-5 T
Lo = |:A 2 7>‘ 2 7A 2 pQ(A)vA 2 7>‘ 2 p4()‘)7 17pn—1(A):| and

n—3

n—1 n—3 : T
) ATpl()‘)a )‘Ta A2 p3(A)7 e >‘7 Apn—Q(A)g 1i| ’

n—1

ycr:[/\ 2

if n is odd.
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5 Eigenvalue condition numbers of Fiedler matrices

The condition number of a simple nonzero eigenvalue A of a matrix A € C"*" is
defined as

k(A A) :== lim sup DAL X is the eigenvalue of A + E closest to A,
e—0 €[]

(5.1)
with || B2 < €| All2}
This condition number, which measures the relative sensitivity of the simple eigen-
value A with respect to relative normwise perturbations of A, was introduced in
[4] and it is a slight modification of the Wilkinson condition number [44], which
measures the absolute sensitivity of a simple eigenvalue with respect to absolute
normwise perturbations of the matrix.

The condition number (A, A) can be computed explicitly through the formula
(see [19])

lellzlyllz 1Al
PO =TT T

(5.2)

where z,y € C" are the right and left eigenvectors of A, respectively, associated
with the simple eigenvalue .

As a direct consequence of (5.2) and Theorem 4.1 we get, for any Fiedler matrix
M, an explicit formula for the condition number (X, My).

Corollary 5.1 Letp(z) = z”—!—zz;& arz" be a monic polynomial of degree n > 2,
let o : {0,1,...,n — 1} — {1,...,n} be a bijection, and let M, be the Fiedler
companion matriz of p(z) associated to the bijection o. If X is a simple nonzero
eigenvalue of My, then

2o (M2 [[ye NIz [|Mo]|2

w Mo) = ) o

(5.3)

where the vectors xs(\),ys(N) are defined in Theorem 4.1.
Proof From (5.2) and Theorem 4.1 we get

[Zoll2 1yoll2 [|Mo]|2

|
)\Mg— = bl
fAMo) = T

where we follow Remark 4.1 for the notation. Hence, we just need to check that
2y, = p'(\). Indeed, from Theorem 4.1 we get

Z_" yc(rk:)xg_k) _ Z )\ia(O:n—k—l)-‘rca(O:n—k—l)pkil()\)
k=1

N Fp 1 () =D kap X T =p'(V),
k=1

hE

Lo =

>
Il
-

[
M=

>
Il
-

where a,, = 1, and where we have used that i, (0 : n—k—1)+¢x(0: n—k—1) = n—k.
O
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Remark 5.1 There are no explicit known formulas for the 2-norm [|Ms||2, except
for the case M, = C1,C5. Nevertheless, in [12] we have obtained explicit expres-
sions for the 1-,00-, and Frobenius norms of any Fiedler matrix M., and, since the
2-norm is equivalent to any of those norms, there exist constants ¢, and ¢, (that
only depend on n) such that cp||Ms||s < ||[Mell2 < n||Ms||i, for i = 1,00, F [20,
p. 314].

As a particular case of Corollary 5.1, if C' denotes the first or the second
Frobenius companion matrix of the polynomial (2.2), we recover the expression
for k(\, C) given in [39]:

1Ol AN ol T V) 2
AN =TT o (5:4)

where the vectors A(z) and I1(z) are defined in (3.2) and (4.1), respectively.

6 Comparing condition numbers

Ideally, given a monic polynomial p(z), for solving the root-finding problem for
p(z) by using a backward stable eigenvalue algorithm on a Fiedler companion
matrix of p(z), one would like the eigenvalues of the Fiedler matrix to be as well
conditioned as the roots of the original polynomial. Since relative forward errors
of computed eigenvalues are bounded by (1.2), in order for the roots of p(z) to
be computed with the forward errors expected from the sensitivity of the original
data, i.e., from p(z), one would like

H()‘a MU)
—— <K,
k(A p) ~

with K a moderate constant, and where, from (5.3) and (3.3), this ratio is equal
to
KA Mo) _ [[Moll2 [|zol2lyoll2
k(A p) izl 1A |2

with z,, vy, being the right and left eigenvectors of M, associated with the eigen-
value A (see Theorem 4.1). In particular, if C' denotes the first or the second
Frobenius companion matrix of p(z), one gets, according to Remark 4.2,

(6.1)

FAC) _[C]l2
sOvp) ol

where the vector I1(z) is defined in (4.1).

The ratio of condition numbers (6.1) is a function of A and of the coefficients
of the polynomial p(z). Theorem 6.1 provides simple upper and lower bounds
for this ratio in terms of the absolute values of the coefficients of p(z). To prove
that the bounds in Theorem 6.1 hold we need Lemmas 6.1 and 6.2. Lemma 6.1
gives a simple upper bound for the absolute value of any Horner shift of a monic
polynomial p(z) evaluated at a root of p(z).

IHI(M)][2, (6.2)
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Lemma 6.1 Let p(z) = 2" + EZ;& arz® be a monic polynomial of degree n, let
A € C be a root of p(z), and let {pi(z) Z;Ol be the Horner shifts of p(z). Then,

pe(N] < Valpll2,
fork=0,1,...,n—1.

Proof First, suppose that [A\| < 1. Then, from |pr(\)| = |A* + an_1A*71 +
ot kN + k| < 14 |an—1| + - 4 |ao] < V/nllpll2, we get the re-
sult. Second, suppose that |A] > 1. Recall that the Horner shifts of p(z) sat-
isfy pr(z) = Apr—1(2) + an—x, for k = 1,2,...,n — 1, where po(\) = 1. Since
p(A) = Apn—1(N)+ao = 0, we have that p,—1(\) = —ao/A. With the previous equa-
tion, the recurrence relation px—1(A) = px(A) /A — an—k /A, for k=1,2,...,n—1,

implies that pr(\) = —ao/)\"fk — al/)\"fkfl — -+« — ap—k—1/A. Then, from
(N = lao/A" % + a1 /A" F 4ot an k1 /A < 1 Jan—a| 4+ -+ lao] <
Vn||pll2, we get the result. O

Lemma 6.2 shows that Fiedler matrices associated with a polynomial p(z) have,
up to dimensional constants, a norm equal to the norm of the polynomial p(z), and
it also gives lower and upper bounds for the ratios ||C||2/|[p|l, and || Ms||2/|l[pll,
in terms of the coefficients of the monic polynomial p(z).

Lemma 6.2 Let p(z) = 2" + ZZ;& arz® be a monic polynomial of degree n > 2,
let C be the first or the second Frobenius companion matriz of p(z), let My be a
Fiedler matriz of p(z) other than the Frobenius ones, and let p(p) be defined as

1
pp) = |1+ —s. (6.3)
m lak|
0<k<n—1

Then,

L _ [ICl 1 _ || Mo]2

— < <plp), —=< < Vnp(p),

2 7 el n el

and

Proof The lower and upper bounds for ||C||2/||p|l|, and [|C]|2/||p||2 are immediate
consequences of the formula for ||C||2 in [24, Section 10.4]. Also, using that, for
any matrix A € C™*" ||Al|lr > ||All2 > n~Y/2||A| r [20, pp. 314], the lower and
upper bounds for || Mo ||2/|||p[l|y and || Me|2/]/p||2 follow from (2.7). O

Remark 6.1 Notice that to bound || Mos|l2/||plly and [[Me|2/|/pll2 we have used
the Frobenius norm || M, || r instead of || M ||2 because explicit expressions for the
2-norm of Fiedler matrices are not known when M, # Ci, Cs.

Remark 6.2 Notice that p(p) in (6.3) is always greater than 1, and that there are
polynomials for which p(p), and therefore the upper bounds for ||C||2/]||p|l|, and
[|Ms|l2/llpll, in Lemma 6.2, may be as large as desired.
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Theorem 6.1 Let p(z) = z"—i—zz;é arz" be a monic polynomial of degree n > 2,
leto:40,1,...,n—1} = {1,...,n} be a bijection, and let M, be the Fiedler matrix
of p(2) associated with o. If X is a simple nonzero root of p(z), then

1 k(A My)
7 < “eOup) < np(p)llpll2 (6.4)

Zf Mg‘ = 01, CQ, and

n= k(Ap) T
if My # C1,Ca2, where p(p) is defined in (6.3).

1 k(\, Mo
< BAMo) st 12 (6.5)

Proof We prove first (6.4), that is, we have to bound (6.2). Since x(\,C1) =
k(A C2) we will focus only on Cp. From Example 4.1 and Lemma 6.1, we have
that the modulus of all the entries of y, = IT()\) are bounded by +/n||p||2, and,
therefore, ||ys||2 = [[II(A)]]2 < n||p|l2. With the previous inequality, the upper
bound in (6.4) follows from Lemma 6.2. Finally, the lower bound in (6.4) follows
from Lemma 6.2 and from |[I7(\)]|2 > 1, since po(\) = 1.

Next, we prove (6.5), that is, we have to bound (6.1) when M, # C1, Cs. From
Lemma 6.2 we have that ||Ms|2/|plly < /np(p). So, to prove that the upper
bound in (6.5) holds, we need to show that |zo||2yo|l2/]|AN)||2 < n?|p|3. In
order to do this, we have to distinguish two cases: |A\| <1 and |\ > 1.

When |A| < 1, from Theorem 4.1 it follows that, for k = 1,2,...,n, the mod-
ulus of the kth entry of z, and of y, is bounded by max{1, |px—1(\)|}, so, using
Lemma 6.1 we get that the modulus of these entries are bounded by /n||pl|2, and,
therefore, ||z, ||2||lyoll2 < n?||p||3. With the previous inequality and using that
[[A(N)||2 > 1, the result follows.

When |A| > 1, using |[A(A) |2 > (A" and n—1=1i,(0:n—2)+¢x(0:n—2),
we get

[zoll2llyallz _ lzoll2llyollz _ _ llzoll2 1Yo l2
ANz = A1 [Nie (0:n=2)[ | xeo (0:n=2)|"

Hence, we need to bound the modulus of the entries of z /A" (%"~2) and y,/
Ao (0:n=2) “Since [N > 1, and, for k =1,2,...,m,ic(0:n —2) >i,(0:n—k—1)
and ¢;(0 : n —2) > ¢;(0 : n — k — 1), from Theorem 4.1 it follows that the
modulus of the kth entry of 25 /A" (%"=2) and of y, /A (%"~2) is upper bounded
by max{1,|pr—1(\)|}, so, using Lemma 6.1 we get that the modulus of these entries
is bounded by /n||p||2, and, therefore, |2+ |2 ||y ||2/[[AN)|]2 < n?||p||3. With the
last inequality, the result follows.

Finally, we prove that the lower bound in (6.5) holds. From Lemma 6.2, we have
that | My |l2/llpll, > 1/, s0, we only need to show that [z lzllye 2/ | AN 2 >
1/4/n. In order to prove the previous inequality, first notice that ||x¢||2||ys|l2 >
max{1, |w((,1)y((,1)|} = max{1,|A\|" "'}, where we have used that the vectors z, and
Yo have, at least, an entry equal to 1 (see the proof of Theorem 4.1), and that

gy = a1 (see Theorem 4.1). Also notice that [|[A(N)[2 = /S0, [A* <

vnmax{1,|A|""'}. Then, from the two precedent observations, it follows that
lzoll2llyoll2/I1AN) 2 = 1/v/n. 0
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Remark 6.3 Probably, if explicit expressions for the 2-norm of Fiedler matrices
other than the Frobenius ones were available, upper and lower bounds sharper
than the ones in (6.5) could be found. Although, in Example 6.1, we will show
that the presence of ||p||3 is necessary in the upper bound in (6.5).

The presence of ||p||2 and p(p) in the upper bounds in (6.4) and (6.5) shows
that these bounds are large if and only if max{|an—1/,...,|a1], |ao|} is either large
or close to zero.

It is evident that there exist polynomials for which the upper bounds in (6.4)
and (6.5) can be as large as desired, but this does not necessarily mean that the
ratio (6.1) is large for these polynomials. Nevertheless, Example 6.1 shows that
there exist polynomials for which a large upper bound in (6.4) or in (6.5) implies
that the ratio (6.1) is also large.

Ezample 6.1 Let a > 2 be a constant and consider the monic polynomial p(z) =
2" + (a —1)2""" — a. It may be checked that A\ = 1 is a root of p(z), and that
the Horner shifts of p(z), evaluated at z = 1, satisfy po(1) = 1, and, for k =
1,2,...,n—1, pr(1) = a. Now, given a Fiedler matrix M, of p(z), we are going to
prove that, for A = 1, the ratio between (6.1) and the upper bounds in Theorem
6.1 is larger than a quantity that depends only on n.

First, suppose that M, = C1,C2. From (6.2) and Lemma 6.2 we get

R(laMU) _ ||M0'||2 n—1

T
- Itaa-d" |2
L)~ Mol L ]

Qa.

Also, the upper bound in (6.4) is equal to n(1+1/a?)'/2|| [la—10---0 —a]T |2
wich is less than or equal to v/6na. From this, we get that the ratio between (6.2)
and the upper bound in (6.4) is larger than or equal to (n — 1)*/2/(2v/3n). So,
taking A large enough and n not too large, we have a polynomial p(z) for which
a large upper bound in (6.4) implies that the ratio (6.2) is large.

Second, suppose that M, # C1,C2. Observe that, since M, is not one of the
Frobenius companion matrices, if PCIS(¢) = (vo,v1,...,vn—2), then there exist
1,7 € {2,3,...,n} such that vp—; # vn—;. Suppose that v,—; = 1 and vp,—; =0
(when vy,—; = 0 and v,—; = 1 the argument is similar, so we omit it). If v,—; =1
and v,—; = 0, and if z, and y, are the right and left eigenvectors of M, associated
with A = 1, respectively, then Theorem 4.1 implies ||zo||2]|ys|]2 > |m((f)| . |y((,j)| =
Ipi—1(1)| - |pj—1(1)| = a?, and, therefore,

K(LMo) _ ||Moll2 zoll2llyoll2 o a®
k(L p) lipllly A2~ »’

where we have used Lemma 6.2 and [|A(1)||2 = n'/2. Also, the upper bound in

(6.5) is equal to n®/2(1 4 1/a?)/?|| [la—10---0 —a]T |3 which is less than or
equal to 3v/2n°/2a%. From this, we get that the ratio between (6.1) and the upper
bound in (6.5) is larger than or equal to 1/(3\/§n7/2). So, again, taking a large
enough and n not too large, we have a polynomial p(z) for which a large upper
bound in (6.5) implies that the ratio (6.1) is large.
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Notice that the upper bound in (6.5) is larger than the upper bound in (6.4).
This suggests that the eigenvalues of Fiedler companion matrices other than the
Frobenius ones may be potentially more ill conditioned than the eigenvalues of
the Frobenius companion matrices. For solving the polynomial root-finding prob-
lem using Fiedler companion matrices is important to know whether or not the
eigenvalue condition numbers of Fiedler companion matrices other than the Frobe-
nius ones are much larger (or smaller) than the eigenvalue condition numbers of
Frobenius companion matrices. For this, we study the ratio

rAMo) _ [Mollz [lzol|2]|yo]l2
(A C) IC2 AN [l (A) |27

where C = C1,C2 and M, # Ci,C3, that we obtain from (5.3) and (5.4). In
Theorem 6.2 we give upper bounds for (6.6) in terms of the norm of the vector
IT1()\) and, also, in terms of the absolute values of the coefficients of p(z). Lemma
6.3 will be useful in establishing these bounds.

(6.6)

Lemma 6.3 Let p(z) = 2" + ZZ;S arz" be a monic polynomial of degree n > 2,
let C be the first or the second Frobenius companion matriz, let o : {0,1,...,n —
1} = {1,...,n} be a bijection, and let M, be the Fiedler matriz of p(z) associated
with o. Then, n~ 2| My, |2 < ||Cl]2 < n*/?|| My ||2.

Proof The result follows from n~Y2||Al|p < ||A]l2 < ||A|lF, valid for any matrix
A e C™*™, |20, pp. 314] and the identity | Ms||r = ||C||F (see (2.7)). O

Theorem 6.2 Let p(z) = 2" + 22;01 arpz"® be a monic polynomial of degree n >
2, let C' denote the first or the second Frobenius companion matriz of p(z), let
c:{0,1,...,n—1} = {1,...,n} be a bijection, and let M, be the Fiedler matriz
of p(z) associated with o. Assume that My # C. If X is a simple nonzero root of
p(z), then,

I‘Q(}\, Mg‘) 3/2 5/2
< ——2= < < .
if k(\, My) > k(X\,C), and
K()\, C) 2
< M < < )
1< o S POl < el (6.8)

if K(A,C) > k(\, M), where IT(\) is the vector defined in (4.1).
Proof First, we prove (6.7). From (6.6) and Lemma 6.3, we get

k(A Mo) 172 llzoll2llysl2
1< ———L<pn/"——7 =
- k(A\,C) ~ A)[2[1T(N)]]2

Therefore, to get the second inequality in (6.7) we need to check that
[zoll2llyell2/ (A 2T (M) [|2) < nl[TT(N)]]2

holds. In order to do this we distinguish two cases: |A] < 1 and |A| > 1.
If A\ <1, using [|A(N)||2 > 1, we get

KA Mo) 1y [oll2]lyollz
k(A C) — 1T(N)]]2
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So, we need to bound the norm of the vectors z,/|II()\)||2 and y,. For k =
1,2,...,n, Theorem 4.1 implies

I e T O [T YO\ |
[ZRVE IZIE = 1IN =
if v,_p =1, or
k i m—k—
280 _ D) 1
O PR O PR 17OV ] Pl

if v, = 0. Also
| = IO TE D ] < k-1 (V)] < T2,

if vy =0, or
9] = @D <1< )

if vp—r = 1. We have used that |[IT(N)|2 > |pk—1(N)|, for & = 1,2,...,n, (in
particular, for k& = 1, we have that |[II(\)||]2 > 1, since po(A) = 1). From the
previous bounds, we get ||zo||2/[|[II(N)]|2 < n'/? and ||yo||2 < n'/?||IT()\)]|2, and
from this, the second inequality in (6.7) follows. The rightmost bound in (6.7)
follows from Lemma 6.1.

If [A| > 1, then

KA Mo) 12 loll2llyollz - a/e [EZAIE: l[yoll2
r(AC) T ATV 2 T [T (A)[[2| At (O =2) [ Aco (Om=2) ]

where we have used Lemma 6.3 together with the fact that [[A()\)||2 > [A" |, and
also that n — 1 = ix(0 : n — 2) + cUgO : n — 2). So we need to bound the norm
of the vectors zo /(|[IT(N)][2/A©"=2)|) and yo /|A =2 For k = 1,2,...,n,
Theorem 4.1 implies

|25 _ O ] e V)]
TN [|2[ X =] = I [l2 A= = TN =
if vp,_p =1, or
(k) ig(0:n—k—1)
25" B | 1

: = : < ,
HT(N)||2| At On=2 ] [[IT(A)||2| Al Q=2 = [[IT(A)]|l2 —
if v,_r =0, and

k n—k—
e T Py S €0
|/\c(,(0:n—2)| - |Aca(0:n—2)|

< pe—1 (N < A2

if v, =0, or

<(7k)| |)\ca(0:n—k—1)|

|y _
|)\ca(0:n—2)| - |)\ca(0:n—2)| S 1 S ||H(A)||2’

if vk = 1, where we have used [[IT(A)||2 > [pr—1(N)], and ix(0: n —2) > i,(0:
n—k—1)and ¢s(0:n—2) > ¢,(0: n—k—1),for k =1,2,...,n. From the previous
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bounds, we have [|zo||2/(|[ZI(A)[|2/A7@"=2 ) < /2 and ||yo[|2/[A“ "2 <
n/2||IT(N)||2, and from this, the second inequality in (6.7) follows. The rightmost
bound follows from Lemma 6.1.

Next, we prove (6.8). From (6.6) and Lemma 6.3, we get

rAC) _ ICll2 [[AN[ TN l2 - 1/2 [A)[[2 T [l2
KA M) ([Mollz lzoll2llyellz 2o ll2llyoll2

Therefore, to get the second inequality in (6.8) we need to check that

A 2T N ll2/(lzollz2lyoll2) < n'/2(IT(A)]|2

holds. In order to do this, again, we distinguish the cases: |A] < 1 and |A| > 1.

If |A] <1 then, using ||z+||2, ||ys|l2 > 1 (since both z, and y, have at least one
entry equal to 1, see the proof of Theorem 4.1), and ||[A(A)||2 < n'/? when || < 1,
we get

k(A C)
— K .
ooy S Ol
If |A| > 1, then, using ||zo[2]|yo |2 > [57yS" | = (A1), and [|[AN)[|/|A Y] <
n/? when |\ > 1, we get

rAC) 12 [[A) |2

k(A My) = 1] [I(M)]l2 < nf[IT(N)]|2.

The rightmost bound in (6.8) follows from Lemma 6.1. O

The presence of ||p||2 in the rightmost upper bounds in (6.7) and (6.8) shows
that these bounds are large if and only if max{|an—1|,...,|a1],|ao|} is large.

It is evident that there exist polynomials for which the rightmost upper bounds
in (6.7) and (6.8) can be as large as desired, but this does not imply necessarily
that the ratio of eigenvalue condition numbers is also large for these polynomials.
In Example 6.2, given any Fiedler matrix M, # C1,C2, we show that there exist
polynomials such that a large upper bound in Theorem 6.2 implies a large ratio
between the eigenvalue condition numbers of M, and C7 or Cs, or viceversa. In
fact, we show that for these polynomials, up to a constant that depends only on
the size of the problem, the rightmost bounds in Theorem 6.2 correctly predict
the ratio k(\, Ms)/k(X, C) or k(\,C)/k(A\, Ms).

Ezample 6.2 We first focus on the rightmost bound in (6.7). Given a > 2, consider
the polynomial p(z) = 2™ + (a — 1)2" ! — a. Recall from Example 6.1 that A = 1
is a root of p(z), and that the Horner shifts of p(z), evaluated at z = 1, satisfy
po(l) =1,and, for k =1,2,...,n—1, pr(1) = a. If C denotes one of the Frobenius
companion matrices of p(z) and M, denotes a Fiedler matrix of p(z) other than
the Frobenius ones, we are going to show that the ratio between (1, M,)/k(1,C)
and the rightmost bound in (6.7) are both larger than a quantity that depends
only on n. Therefore, if n is fixed and a is very large, both are very large.

First, we need to get a lower bound on (1, Ms)/k(1,C). This may be done
using the following inequalities. From Lemma 6.3 we get ||[My||2/||C|l2 > n~'/2,
also, from Example 6.1, recall that if z, and y, are the right and left eigenvectors
of M., respectively, associated with A = 1, then ||zo||2||yo|l2 > @?, and, finally,
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A ||2]| I (1)]|]2 = n'/?|] la-- a]T l2 < na. From these three inequalities we
get

(L Mo) _ [Mollz _lol2llysllz o —3/2
A(LC)  IClz A2l ()]l2

a.

Also, the rightmost bound in (6.7) is equal ton®/?|| [La — 10 -+ 0 —a]T [l2, which
is larger than or equal to n®/2q and smaller than or equal to V3n5/2a. Hence, the
ratio between k(1,M,)/k(1,C) and the rightmost bound in (6.7) is larger than
n4 / V/3. Therefore, taking a large enough and n not too large compared to a,
for the polynomial p(z) a large rightmost bound in (6.7) implies that the ratio
k(1,Ms)/k(1,C) is also large.

Next, we focus on the rightmost bound in (6.8). Given a bijection o : {0, 1,. ..,
n—1} — {1,...,n} with PCIS(¢) = (vo,v1,...,vn—2) # (0,...,0),(1,...,1},
then, it may be checked that there are 7,5 € {2,3,...,n} with ¢ > j such that
Un—; = 1 and vp—j = 0 or v,—; = 0 and v,—; = 1. Suppose that v,—; = 1 and
Upn—j = 0 (if vp—; = 0 and v,—; = 1 the argument is completely similar, so we
omit it). Let @ > 1 and € < 1 such that ea < 1, and consider the monic polynomial
q(z) = 2"+ (a—€)2z" —eaz" "% if j =2, 0r q(2) = 2" —e2"  faz" I —eqz™ I
if j > 2. It may be easily checked that A\ = € is a root of ¢(z) and that the Horner
shifts of ¢(z) satisfy go(e) =1, ¢j—1(€) = a, and gx—1(¢) = 0 when k # 0, j.

Now, let C' denote the first or the second Frobenius companion matrix of ¢(z),
and let M, be the Fiedler matrix of ¢(z) associated with the bijection o. If 2,
and y, denote the right and left eigenvector of M, respectively, associated with
A = ¢, from the values of the Horner shifts of ¢(z) in €, Theorem 4.1, and ea < 1
it can be proved that ||z« 2]|ys]l2 < n. Hence

£(6,C) _ ICll2 [lAI2llTT(e)ll2 o a
a6, My)  |Mollz llzoll2llyslla = n?/2

Also the rightmost upper bound in (6.8) is less than or equal to 2n2a. So, the
ratio between k(e,C)/k(e, M,) and the rightmost bound in (6.8) is larger than
n_7/2/2. Therefore, taking a large enough and e small enough, for the polynomial
q(z) a large rightmost bound in (6.8) implies a large ratio x(e, C')/k(e, M) when
n is not too large.

The bound (6.7) in Theorem 6.2 and Example 6.2 suggest that for some poly-
nomials and some roots one should avoid using a Fiedler matrix M, other than the
Frobenius ones, and to use, instead, the Frobenius companion matrices. However,
Theorem 6.3 shows that this could only happen for a polynomial p(z) whose roots
are very ill-conditioned both as eigenvalues of the Frobenius companion matrices
and as eigenvalues of the Fiedler matrix M, compared to the conditioning of the
roots of p(z). In other words:

k(A Ms) > k(A C) implies “k(A, Ms) > k(A p) and k(A C) > k(A p)”.

By contrast, if the roots of a polynomial p(z) are much more ill-conditioned as
eigenvalues of one of the Frobenius companion matrices than they are as eigenval-
ues of another Fiedler matrix M, (that is, the situation corresponding to bound
(6.8) and the second part of Example 6.2), then, Theorem 6.3 implies that the roots
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of p(z) are very ill-conditioned as eigenvalues of the Frobenius matrices compared
to their conditioning as a roots of p(z). In other words:

kA, C) > k(A My) implies k(X C) > k(A p).
But (A, C) > k(\, Ms) does not imply x(\, Ms) > k(A, p).

Theorem 6.3 Letp(z) = z"—i—zz;ol arz" be a monic polynomial, let C denote the
first or the second Frobenius companion matrix of p(z), let o : {0,1,...,n—1} —
{1,...,n} be a bijection such that PCIS(c) # (0,...,0),(1,...,1), and let M, be
the Fiedler matriz of p(z) associated with o. If A is a simple nonzero root of p(z),
then the following results hold.

(a) If k(A\,My) > k(A C), then
k(A M) 1 k(A M) k(A C) 1 k(A M)

W B TW k(A p) 2 n3/22 k(\,C) (6.9)
(b) If k(X,C) > k(\, My), then
K“(Av C) > 1 K()\, C) (6'10)

:‘i()\,p) T nv2 K()‘a MU) '
Proof First, we prove part (a). From Lemma 6.2 and using [|[II(\)|2 > 1, we have

rAMo) Moz Nlzoll2llyoll:  _ [Moll2 2o l2]lysl2

(A C)Cl2 [AN T2 = NIC2 - [JAM)]2

_ Mol Jzollllyalla AL 'L Hlelly 5 500 Mo)
Al P lpllly A2 1C12 = 7 ~(Ap)

Also, from Lemma 6.2 and using the upper bound in (6.7), we have

G832 1C02 [TV 214N 12 M '] el
Al (M li2llly 1Az 1C]]2

ST <Ol =

372 k(A C)
= V2 k(A p)

Next, we prove part (b). From Lemma 6.2 and using the upper bound in (6.8), we
have

KAC) Gl I AN: M )] el
mx ) < "Nl = n s e T ol T4 = 1€
k(A C)
< nv2 k(A p)

O

From Theorem 6.2, Example 6.2, and Theorem 6.3 we conclude the following:

— From the point of view of condition numbers, there are polynomials for which
Frobenius companion matrices may be better suited than the rest of Fiedler
matrices in the problem of computing their roots, but only in situations where
it is not recommended to compute them as eigenvalues of any Fiedler matrix.
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— From the point of view of condition numbers, there are polynomials for which
one should avoid computing their roots as the eigenvalues of Frobenius com-
panion matrices and to use, instead, another Fiedler matrix. However, neither
Theorem 6.2 nor Theorem 6.3 show how to identify these polynomials and how
to know in advance which Fiedler matrix might be used.

The difference between the statements of parts (a) and (b) in Theorem 6.3 is
striking, but the next example shows that if the ratio x(\, C)/k(X, M) is large,
then the ratio k(\, Mo )/k(A, p) is not necessarily large.

Ezample 6.3 Consider the following cubic polynomial: p(z) = 2% — 2%(e +1/€) + 2,
with € < 1, whose roots are €, e 1, 0. Let C denote the first or the second Frobenius
companion matrix of p(z), and let M, be the Fiedler matrix of p(z) associated
with a bijection ¢ such that PCIS(o) = (0,1). It may be checked that

w(6.C) _ ICIa 1€ 1]l [L =" 0] " |z
ke, Mo) — IMollz | [e10]7 [lof [e =1 1] |2

v

1

3€’

and - -
wleMy) _ M 1T 10 el fe ~1 1] s _

k(ep) ol e e1]” [l B

I

where to get the first inequality we have used Lemma 6.3, and to get the last
inequality we have used that || Ms|2/[plly < [[Mo|7/llpll, < V3. So, taking e
small enough, k(A,C)/k(\, Ms) may be as large as desired, but (A, M,)/k(\,p)
is bounded by a constant that is independent of e.

7 Pseudospectra of Fiedler matrices

In this section we establish several mathematical relationships between the pseu-
dozero sets of a monic polynomial p(z) and the pseudospectra of the associated
Fiedler matrices, and we also show how to estimate accurately pseudospectra of
Fiedler matrices in a fast way. These results are generalizations of the results in
[39], valid only for the Frobenius companion matrices, to all Fiedler matrices. The
information obtained from pseudospectra and pseudozero sets expands the one
coming from condition numbers to perturbations of finite magnitudes.

Given a monic polynomial p(z) as in (2.2), the e-pseudozero set of p(z), denoted
by Ze(p), is the set

n—1
Zc(p) = {z €C:zisaroot of pz) = 2" + »_axz" with [|p—pll, < e|||p|||2} .
k=0

The pseudozero set Z.(p) can be characterized in terms of the level curves of a
certain function [39, Proposition 2.1]:

e g &L
Ze(p) ‘{ €C: V) = BILIAGT < } 1)

where the vector A(z) is defined in (3.2).
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For a given Fiedler companion matrix M, of p(z), the e-pseudospectrum of
Mo, denoted by Ac(Ms), is the set

Ae(Ms) :={z € C: z is an eigenvalue of Ms+FE for some E with ||E|2 < €||Ms||2}.

The e-pseudospectrum A.(M,) can be characterized in terms of the level curves
of the norm of the resolvent [41, Theorem 2.2] as:

Ae(Mo) = {= +I(=1 = Ma) 2 > (el Moll) ™} (7.2)

where by convention ||(2I — M) !||2 takes the value oo in the spectrum of M,.
Based on (7.2) and the explicit expression of (2I — M,)~ " given in [36, Th. 8.21]
for any Fiedler matrix, we show how to compute Ac(My) in a fast way in Section
7.1.

7.1 Fast computation of pseudospectra of Fiedler matrices

Since ||(zI — My,)™ |2 is equal to the inverse of the minimum singular value of
zI — M, one obvious way to determine A.(M,) numerically is to compute the
minimum singular value of zI — M, via the SVD, on a grid in the complex plane
and, then, generate a contour plot from this data. The problem with this approach
is that computing the whole SVD of an n x n matrix on a m x m grid requires a
number of floating point operations (flops) of order m?n®, which is highly expen-
sive. Different techniques have been introduced to make the computation of the
norm of the resolvent matrix as efficient as possible. With these techniques the
overall complexity can be reduced to a number of order n® + n?m? [40]. Never-
theless, we will show that Ac(My) can be accurately estimated on a m x m grid
in only a number of flops of order m?n. This result relies on Theorem 7.1, which
shows that the e-pseudospectrum of a Fiedler matrix M, is the region bounded
by the e-level curve of a certain function (denoted by ¢«(z)), that is easy and
fast to compute, defined over the complex plane when e is sufficiently small. This
result was proved in [39, Proposition 6.2] only when M, is one of the Frobenius
companion matrices and it is extended here to any Fiedler matrix via the result in
[36, Thm. 8.21], which relies on the expression for the adjugate matrix of zI — M,
in [13, Th. 3.3]. Hence, though the proof of Theorem 7.1 we provide here is rather
short, we emphasize that it is based on strong technical results on Fiedler matrices
presented in [13,36].

Theorem 7.1 Let p(z) = Zn"'ZZ;S arz" be a monic polynomial of degree n > 2,
leto:{0,1,...,n—1} — {1,...,n} be a bijection, let My be the Fiedler companion
matriz of p(z) associated with o, and let x5(2), Yo(2), vo(2) and ws(z) be the
vectors defined in Theorem 4.1. Then,

1
o (2)

(=1 = Mo)~" |2
b0 (2)

:1—|—O< ) as  ¢o(z) — 0, (7.3)
where 2o (2)ollvo (2) 12/ 1p(2)] i |2] d
. To(2)|2]|ye(2)]|2/|P(2 if |z| <1, an

9o (2) = { 0o (2)lallwo (2/ [p(2)] if 2] > 1. (74)
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Proof From [36, Thm. 8.21] we get

L T = Lv wr z
S (e () = Ao(2) = —rsvow] + Bo(2).

where A, (z), B5(z) are the matrices introduced in [36, Th. 5.3] (see also [13, Th.
3.3] for Ay (2)). Therefore:

(21 = My)~' =

Vo (2)wg (2)

o(2)ys (2) 4 (.
Ar(2) p(2)

p(2)

From [13, Th. 3.3] we know that the entries of As(z) are polynomials in z. In a
similar way, it can be proved that the entries of B, (z) are polynomials in 2" (see
[36, Lemma 5.8]). Therefore, there exist finite constants 0 < mi,ma < oo, such
that

(21 = My)™H|2 = + B, (2)|| . (7.5)

2 2

[Ac(2)]]2 <mi if |2/ <1 and ||Bs(2)]]2 <me if |z]>1. (7.6)

Finally, to prove the result, we have to distinguish two cases: when |z| < 1 and
when |z| > 1.

(a) If |z| <1, from (7.5) and (7.6) we get

et e @l )l
(0= Me) e PG

(b) If |z > 1, from (7.5) and (7.6) we get

< Ao (2)[l2 < ma.

1= M) o = A2 e < 3o ) <
Therefore,
(=1 = M)~ 2 1' o max{my, ma}
bo(2) T ¢e(z)
which implies (7.3). O

Note that the only information that we need in the proof of Theorem 7.1 about
the matrices A,(z) and By (z) is that their entries are, respectively, polynomials
in z and 27 .

Remark 7.1 The entries of the vectors o (%), yo(2), vo(2), and ws(z) are either
powers of z or powers of z times a Horner shift of p(z) or p™"(z~!). This observa-
tion, together with the recurrence relation (2.3) to compute the Horner shifts of
a polynomial and with the Horner’s rule for evaluating polynomials, implies that
¢ (z) can be computed in a number of flops of order n.

Notice that in the neighborhood of a root of p(z) we have ¢,(z) > 1. In
this setting, Theorem 7.1 shows that ¢,(z) provides an accurate estimate of
(21 — My)~"||2. Therefore, in the limit e — 0, the pseudospectrum A.(M,)
agrees with the region bounded by the (€||M,||2) " *—level curve of ¢,(z). This
result has practical applications since pseudospectra, as we said in the paragraph
before Theorem 7.1, are expensive to compute. As it is stated in Remark 7.1, only
order n flops are needed to calculate ¢« (2), as compared with the order n® flops
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needed to calculate |(2I — My)""||2 by the SVD. Therefore, the function ¢, (z)
can be evaluated on a m x m grid in a number of flops of order only m?n.

We illustrate how the e-pseudospectrum of a Fiedler matrix is accurately esti-
mated by the (e|| My||2) "' —level curve of the function ¢, (z) with three examples.
In Figure 7.1, we plot, for e = 1072, 1073,10735, in (a) the e—pseudospectra and
in (b) the (]| My||2) "' —level curves of the function ¢, (z) of the Fiedler matrix
M, = C of the Bernoulli polynomial of degree 10: 210 —52°+(15/2)28 —725452% —
(3/2)22 4+ 5/66. In Figure 7.2, we plot, for e = 1075%°,107*,107%7°, in (a) the
e—pseudospectra and in (b) the (e||My||2) "' —level curves of the function ¢, (z),
for the Fiedler matrix M, from Example 4.3 of the polynomial z'®+ 2%+ .. 4+2+1.
In Figure 7.3, we plot, for e = 10716, 10715, 1071 in (a) the e—pseudospectra and
in (b) the (e||[M,|l2) ' —level curves of the function ¢, (z), for the Fiedler matrix

My fom Example 4.2 of the monic polynomial with zeros in 1,2, ..., 10.

15 15
1 1
05 05
0 0
-05 -05
-1 -1

R 0 1 2 3 R 0 1 2 3

(a) (b)

Fig. 7.1 For the Bernoulli polynomial of degree 10, 210 —529 +(15/2)28 — 726 +524 — (3/2)22 +
5/66, and for ¢ = 1073:> 1073,1072:5, we plot in (a) the e—pseudospectra of C3 and in (b)
the (e]|Call2) ™" — level curves of the function ¢ (z) defined in (7.4), in green, magenta and
brown, respectively.

15
1 1
05 05
or 0
05 -05
At -1

15 = 3 T 2 3

Fig. 7.2 For the monic polynomial 210 + 29 +... 4+ 2+ 1, and for e = 10-1-25,10—1,10- 075,
we plot in (a) the e—pseudospectra of M, with PCIS(c) = (1,0,1,0,...) and in (b) the
(€][My]]2) ™t = level curves of the function ¢, (z) defined in (7.4), in green, magenta and brown,
respectively.

Notice that Figures 7.1-(a) and 7.1-(b), and 7.3-(a) and 7.3-(b) are almost
indistinguishable. Note also that, by contrast with Figures 7.1 and 7.3, there are
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o N OB~ O

-2

-4

-6

(@) ‘ (b)

Fig. 7.3 For the monic polynomial with zeros in 1,2, ..., 10, and for e = 10=6, 1015, 1014,
we plot in (a) the e—pseudospectra of M, with PCIS(oc) = (0,1,...,1) and in (b) the
(€[ My]|]2) ™t — level curves of the function ¢, (z) defined in (7.4), in green, magenta and brown,
respectively.

perceptible differences between Figures 7.2-(a) and 7.2-(b). The main reason for
these differences is that in Figure 7.2 we are computing pseudospectra for rather
large values of € and, in addition, close to the region |z| = 1 where the 2-norm of
the matrices As(z) and Bs(z) in the proof of Theorem 7.1 might be large and,
therefore, ||(2I — My) ™ !||2 & ¢ (z) might not hold.

7.2 Asymptotic relations between pseudozero sets of monic polynomials and
pseudospectra of Fiedler matrices

Theorem 7.1 is also the key tool to prove the main results in this section, that
is, Corollaries 7.1 and 7.2. These two corollaries give several asymptotic relations
between the e-pseudozero set of a monic polynomial p(z) and the pseudospectra of
the Fiedler matrices of p(z) in a neighborhood of a simple nonzero root A of p(z).

Corollary 7.1 Letp(z) = z”—!—zg;& arz" be a monic polynomial of degree n > 2,
let o : {0,1,...,n — 1} — {1,...,n} be a bijection, and let M, be the Fiedler
companion matriz of p(z) associated with o. If X is a simple nonzero root of p(z),
then

T = M) Mol _ k(M)

2= 1/1(2) k(A p)
where (z) = |p(2)|/(|A(2)||l2lllpll;) is the function in (7.1), and where A(z) is
defined in (3.2).
Proof From Theorem 4.1 together with (5.3) and (7.4), we have

1Mo |2 [p(2)|¢o(2)

MR ey M) v
Therefore,
(2] = Mo) M2l Moll2_[I(21 = M)~z [ (2)] - |2]  [p(2)]60(2) | Mo ||2
1/4(2) bo(2) [AG)lI2llpllly — [=]- | (2)]
k(A My)
=X k(A p)

where we have used (3.3), (7.7), and Theorem 7.1. O
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In words, Corollary 7.1 says that, if M, is a Fiedler matrix of p(z), then,
in the limit ¢ — 0, the components of Ac(My) and Z.(p) containing A, where
e =en(\, My)/k(A\,p), agree with each other (see (7.1) and (7.2)).

Corollary 7.1, together with Theorem 6.1, suggest that the e-pseudospectrum
of a Fiedler matrix of a monic polynomial p(z) may be potentially much larger than
the e-pseudozero set of that polynomial when max{|an—1|,...,|a1], |ao|} is large or
close to zero. Nevertheless, Corollary 7.1 reveals that when max{|an—1/,...,|a1],
|ao|} is moderate and not close to zero, that is, of order ©@(1), the pseudozero sets
of a monic polynomial and the pseudospectra of the associated Fiedler matrices
will be quite close to each other for the same values of €, for € small enough.

Corollary 7.2 Letp(z) = z"—i—zz;} apz"® be a monic polynomial of degree n > 2,
let 01,02 :{0,1,...,n— 1} = {1,...,n} be two bijections, and let My, and Mo,
be the Fiedler companion matrices of p(z) associated with o1 and o2, respectively.
Then, if X is a nonzero simple root of p(z),

(21 = Mo,) " |2l| Mo [l2 _ 5(A, Mo, )

lim = . 7.8
G = Moy Tl Ml (A M) (%)
Proof From (7.7), with ¢ = 01, 02, and Theorem 7.1, we have
(21 = Moy) ™ l2]| Mo, [|2
[(z] = Mo,)~H|2|[Mo, ||2
_ e (DL = Mo,) M2 ¢o, (2)P(2)] | Moy [l [P'(2)] ]
Doy (2)[|(2] = Moy) "tz [p'(2)] 1zl 902 (2)IP(2)] | Mo, ]|2
‘V”(A7M01)
z— A K(A7 Mg‘2) '
O

In words, Corollary 7.2 says that, if M, and M, are two different Fiedler ma-
trices of p(z), then, in the limit ¢ — 0, the components of Ac(Ms,) and A (Mo,),
where ¢’ = ex(\, My, )/k(\, My,), containing X agree with each other.

Corollary 7.2 together with Theorem 6.2 suggest that the e-pseudospectrum of
a Fiedler matrix M, # C1,C2 may be potentially much larger (or much smaller)
than the e-pseudospectrum of the Frobenius companion matrices for polynomi-
als that have large coefficients, since, in this case, the ratios k(\, M,)/k(\, C) or
k(A C)/Kk(\, M) can be large (with C = C1, C2). Nevertheless, if max{|an—1],. ..,
|a1], |ao|} is moderate, Corollary 7.2 and Theorem 6.2 guarantee that the pseu-
dospectra of Fiedler matrices other than the Frobenius ones are quite close to the
pseudospectra of the Frobenius companion matrices for the same values of ¢, for €
small enough.

8 Numerical experiments
In this section we provide numerical experiments that support our theoretical

results. In addition, we investigate numerically the effect of balancing Fiedler ma-
trices on eigenvalue condition numbers and pseudospectra. We emphasize that the
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main obstacle for studying theoretically the effect of balancing is that the balanc-
ing diagonal matrix is a very complicated function of the coefficients of p(z).

The specific goals of this section are: (i) to show whether or not the bounds
in Theorem 6.1 correctly predict the dependence on the coefficients of p(z) of the
largest ratios k(\, Mo )/k(A, p) that may be obtained; (ii) to show whether or not
the bounds in Theorem 6.2 correctly predict the dependence on the coefficients
of p(z) of the largest and smallest ratios (A, My )/k(\, C) that may be obtained,
where C' denotes one of the Frobenius companion matrices; (iii) to study the ratios
k(A Mg)/k(A, p) and k(A, Ms)/k(\, C) when the coeflicients of p(z) are bounded
in absolute value by a moderate constant; and (iv) to investigate, from the point
of view of condition numbers and pseudospectra, the effect of balancing Fiedler
matrices in practice.

Given a monic polynomial p(z) of degree n, the second Frobenius compan-
ion matrix C2 of p(z), and a Fiedler matrix M, other than the Frobenius ones
associated with p(z), we are interested in the following quantities:

— maxy k(A, C2)/k(A\, p) and maxy k(\, Ms)/k(\, D),
— maxy k(A, Ms)/k(\, C2), and
— miny k(\, Ms)/k(A, Ca2),

where A runs over all the nonzero simple roots of p(z), and where the ratios of
condition numbers (X, Mg)/k(X,p), £(A, C2)/k(\, p), and k(A, Ms)/k(\, C2) are,
respectively, the ratios in (6.1), (6.2) and (6.6).

In the numerical experiments, we consider monic polynomials of degree 10 and
the following Fiedler companion matrices associated with degree-10 polynomials:

(a) the second Frobenius companion matrix Co = My, with PCIS(o1) = (1,1,1,
17 17 17 17 17 1)7
(b) the pentadiagonal Fiedler matrix Py = M,, with PCIS(o2) = (1,0,1,0,1,0,
17 07 1)7
(c) the Fiedler matrix F' = My, with PCIS(o3)
)

(07 17 17
(d 1,1

= 1
the Fiedler matrix M,, with PCIS(04) = (0,0,1,1,1,0,
Recall that the matrices My, and M,, are the Fiedler matrices considered in
Examples 4.3 and 4.2, respectively.

To compute the ratios (A, Ms)/k(\,p) and k(A\, Ms)/k(A, C2) we proceed
as follows. First, we compute the roots of p(z) as the eigenvalues of the second
Frobenius companion matrix C2 with 64 digits of accuracy in MATLAB using the
function vpa (variable precision arithmetic) followed by the command eig. Then,
we compute k(X, My)/k(X\,p) and k(X, Ms)/k(X,C2) using (6.1)-(6.2) and (6.6),
respectively.

8.1 Numerical experiments that show the dependence of k(\, Ms)/k(A,p) and
k(A Ms)/k(X, C) on the coefficients of p(z)

In this subsection, we perform numerical experiments to determine whether or not
the ratio of condition numbers k(\, My )/k(\, p) and k(A, Ms)/k(X, C) behave like
the bounds in Theorems 6.1 and 6.2 predict. In particular, we provide two sets of
numerical experiments to study the dependence of k(\, M,)/k(\,p) on ||p||2 and
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on the function p(p) (defined in (6.3)), and a set of numerical experiments to study
the dependence of k(\, Ms)/k(A, C) on ||p||2.

In the first set of numerical experiments we study the dependence of the ratio
k(A My )/k(X, p) on ||p||2. For this purpose, we consider a random sample of two
hundred degree-10 monic polynomials p(z) = z' + 327 a;2" with coefficients

of the form a; = ¢; x 10%, for i« = 0,1,...,9, where ¢; and e; are drawn from
the uniform distributions on the intervals [—1,1] and [0, 5], respectively. All the
generated polynomials where chosen to satisfy max{|ao|,|a1|,...,|as|} > 1, and,

so, the function p(p) satisfies p(p) < v/2 for these polynomials. Then, Theorem 6.1
predicts that

1 k(XN My)
< 09 2 10v/2 8.1
V2 T k(A p) T Il (81)
if Ma’ = Cl,CQ, and
1 k(N M) 5
— < B9 < 1004v/20 8.2
05 kg lpll2 (8.2)

if M, # Cq,Ca.

In Figures 8.1-(a), 8.1-(b), 8.1-(c), and 8.1-(d) we plot for each of the 200
random polynomials the quantity maxy (A, My, )/k(A, p), for i = 1,2,3,4, against
the norm ||p||2. As may be seen in those figures, the largest ratios obtained in these
numerical experiments are bounded by a function that grows like ||p||2 in Figure
8.1-(a), and like ||p||3 in Figures 8.1-(b), 8.1-(c), and 8.1-(d). These results are
consistent with the bounds in (8.1) and (8.2).

In the second set of numerical experiments we study the dependence of the ra-
tio k(\, M) /k(A, p) on the function p(p). For this purpose, we consider a random
sample of two hundred degree-10 monic polynomials with coefficients close to zero.
To generate those polynomials we proceed as follows. For k = 1,2,...,10, we gen-
erate twenty degree-10 monic polynomials p(z) = 2%+ Z?:o a;z" with coefficients
of the form a; = ¢; x 10%, for i = 0,1,...,9, where ¢; and e; are drawn from the
uniform distribution on the intervals [—1, 1] and [—k/2, —k/2 + 0.5], respectively.
All the generated polynomials satisfy max{|ao|, |a1],...,|as|} <1, and, therefore,
their norms satisfy ||p||2 < v/11. Then, Theorem 6.1 predicts that

1 R()\,Mg) 3/2

—=<—F--<11 D) 8.3

V2~ h(p) o) (59)
if Ma’ = Cl,CQ, and

1 I‘Q(}\, Ma’) 7/2

— < ——2 <11 4

105 i S 1T ) (8.4)

if My # C1, Ca.

In Figures 8.2-(a), 8.2-(b), 8.2-(c), and 8.2-(d) we plot, for each of the 200
random polynomials, the quantity maxy x(\, My, )/k(\, p), fori = 1,2, 3,4, against
the function p(p). As may be seen in those figures, the ratios obtained in these
numerical experiments grow like the function p(p). These results are consistent
with the bounds in (8.3) and (8.4). Also notice that the four plots in Figure
8.2 are almost indistinguishable. This result is in accordance with Theorem 6.2,
which predicts, from the point of view of conditioning, that for polynomials with
moderate coefficients all Fiedler matrices behave like the Frobenius ones.

In the third set of numerical experiments we study the dependence of the
ratio k(\, Ms)/k(A,C2) on ||p||2. For this purpose, we consider again a random
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Fig. 8.1 Maximum ratio maxy (A, Mo,)/k(X, p), for i = 1,2, 3,4, for each of the 200 random
degree-10 monic polynomials with coefficients of the form a; = ¢; x 10¢, for + = 0,1,...,9,
where ¢; and e; are drawn, respectively, from the uniform distributions on the intervals [—1,1]
and [0, 5].

sample of two hundred degree-10 monic polynomials p(z) = 2*° + Z?:o a;z" with
coefficients of the form a; = ¢; x 10, for i = 0,1, ...,9, where ¢; and e; are drawn
from the uniform distributions on the intervals [—1, 1] and [0, 5].

In Figures 8.3-(a), 8.3-(b), and 8.3-(c) we plot for each of the 200 random
polynomials the quantities maxy k(\, My, )/k(\, C2) and miny k(X, Ms,)/k(A, C2),
for i = 2,3,4, against the norm ||p||2. As may be seen in those figures, the largest
ratios obtained in these numerical experiments are upper bounded by a function
that grows like ||p||2, and the smallest ratios are lower bounded by a function that
decreases like ||p||5 *. These results are consistent with the bounds in Theorem 6.2.

8.2 Numerical experiments with polynomials having coefficients not much larger
than 1

In this subsection we study the ratios (X, Ms)/k(A,p) and k(A Ms)/k(A, C2)
when the coefficients of p(z) = 2™ + 3 7_ axz" are bounded in absolute value by
a moderate number. In particular, we provide numerical evidence to show that,
as predicted by the bounds in Theorems 6.1 and 6.2: (i) both ratios are moderate
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Fig. 8.2 Maximum ratio maxy £(\, Ms,)/k(X, p), for i = 1,2, 3,4, for each of the 20 random
degree-10 monic polynomials of each of the 10 samples of random polynomials with coefficients
of the form a; = ¢; x 10%, for = 0,1,...,9, where ¢; and e; are drawn, respectively, from the
uniform distributions on the intervals [—1, 1] and [—k/2, —k/2 + 0.5], for k = 1,2, ..., 10.

when all the coefficients or p(z) are moderate and not close to zero; and (ii) the

ratio k(A, Mo )/k(A, C2) is moderate when max{|ao|, |ai|, ..., |an—1]} is moderate,
but, in this situation, the ratios k(\, Mo )/k(X, p) or k(A, C2)/k(X, p) may be large
when max{|an—1|,...,|a1],|aol} is close to zero.

In the first set of numerical experiments, we consider a random sample of 1000
degree-10 monic polynomials with coefficients drawn from the uniform distribu-
tion on the interval [—10,10], so that all the coefficients of every polynomial in
the sample are moderate and not close to zero. In Table 8.1, we give the mean
and the maximum of the decimal logarithms (Log-Mean and Log-Maximum, re-
spectively) of maxy (A, Mo )/k(A, p), and the maximum of the decimal logarithms
(Log-Maximum) of maxy k(\, Ms)/k(A, C2) and maxy (A, C2)/k(X, M), where
A runs over all nonzero simple roots of p(z), obtained for the Fiedler matrices
My, Moy, Mgy, My,

As may be seen from the data in Table 8.1, both ratios (A, Ms)/k(A, p) and
k(A M) /k(X, C2), obtained for the polynomials in the first sample, are moderate.

In the second set of numerical experiments, we consider a random sample
of 1000 degree-10 monic polynomials with coefficients of the form a; = ¢ - 10°
where ¢ and e are drawn from the uniform distributions on the intervals [—1,1]
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Fig. 8.3 Maximum and minimum ratio x(X\, My,)/k(X, C2), in blue and purple, respectively,
for i = 2,3,4, for each of the 200 random degree-10 monic polynomials with coefficients of
the form a; = ¢; x 10%, for i = 0,1,...,9, where ¢; and e; are drawn, respectively, from the
uniform distributions on the intervals [—1, 1] and [0, 5].

[ Moy | Moy [ Moy | o, |

Log-Mean maxy k(X, Ms)/k(\, p) 1.5 2.0 1.9 2.1
Log-Maximum maxy k(A\, Ms)/k(\, p) 1.8 2.6 2.4 2.6
Log-Maximum max)y (X, C2)/k(\, Ms) 0.0 1.1 0.8 0.9
Log-Maximum maxy &(X, Ms)/k(X, C2) 0.0 0.8 0.8 0.8

Table 8.1 Mean and maximum of the decimal logarithms (Log-Mean and Log-Maximum,
respectively) of maxy k(A, Mos)/k(X,p), and maximum of the decimal logarithms (Log-
Maximum) of maxy k(\, Ms)/k(A, C2) and maxy x(\, C2)/k(A\, Ms), where A runs over all
nonzero simple roots of p(z), obtained for 1000 random degree-10 polynomials, with coeffi-
cients drawn from the uniform distribution on the interval [—10, 10].

and [—10, —8], respectively, so that all polynomials in this sample satisfy that
max{|ag|,...,|a1],|ao|} is close to zero. The reason for this choice of random poly-
nomials is to show that max{|ag|,...,|a1],|ao|} = M, where M is not much larger
than 1, is not enough to guarantee that x(\, M,)/k(\,p) is moderate. In Ta-
ble 8.2, we display the mean and the maximum of the decimal logarithms (Log-
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Mean and Log-Maximum, respectively) of maxy (X, Ms)/k(A,p), and the maxi-
mum of the decimal logarithms (Log-Maximum) of maxy x(\, Ms)/k(A, C2) and
maxy k(A, C2)/k(\, My ), where A runs over all nonzero simple roots of p(z), ob-
tained for the Fiedler matrices My, , Mo,, Mo, , My, .

‘ ‘ Mo, | Moy | Moy | Mo,
Log-Mean maxy k(X, Ms)/Kk(\, p) 8.3 8.3 8.3 8.3
Log-Maximum max) k(X, Ms)/k(\, p) 9.2 9.2 9.2 9.2
Log-Maximum max) £(X, C2)/k(\, M) 0.0 0.0 0.0 0.0
Log-Maximum max)y k(A\, Ms)/k(\, C2) 0.0 0.0 0.0 0.0

Table 8.2 Mean and maximum of the decimal logarithms (Log-Mean and Log-Maximum,
respectively) of maxy k(\, Ms)/k(A,p), and maximum of the decimal logarithms (Log-
Maximum) of maxy k(X, Ms)/k(\, C2) and maxy k(X, C2)/k(X\, Ms), where X runs over all
nonzero simple roots of p(z), obtained for 1000 random degree-10 polynomials, with coeffi-
cients of the form a; = ¢+ 10¢ where ¢ and e are drawn from the uniform distributions on the
intervals [—1,1] and [—10, —8], respectively.

As may be seen in Table 8.2, the ratio (A, M,)/k(X, C2), obtained for the poly-
nomials in the second sample of random polynomials, are moderate, but, as may be
seen from the data in Log-Mean maxy (X, M) /k(A, p), the ratio k(\, Ms)/k(\, p)
is large very often. Notice, in addition, that the data in the four columns are iden-
tical. This is in accordance with Theorem 6.2, which predicts, from the point of
view of conditioning, that for polynomials with moderate coefficients all Fiedler
matrices behave like the Frobenius ones.

8.3 Numerical experiments balancing Fiedler matrices

Numerical algorithms that compute the eigenvalues of a nonsymmetric matrix A
are typically affected by backward roundoff errors of size roughly anul|A|lr [19],
where u is the machine epsilon and a, is a low degree polynomial on the size of the
matrix. Balancing, an idea introduced in [35], is a standard technique in comput-
ing the eigenvalues of a given matrix A, which leads, very often, to more accurate
results, especially when the entries of A have very different magnitudes (although
there are situations where balancing has the opposite effect [43]). Actually, balanc-
ing is implemented by default as an initial step in the MATLAB command eig for
computing the eigenvalues of arbitrary matrices. Balancing consists of performing
a diagonal similarity DAD ™! (i.e., with D diagonal) in order to reduce the norm
of A by equilibrating as much as possible the co-norm of all rows and columns. In
addition, very frequently balancing reduces the eigenvalue condition numbers [19,
§7.2.2]. Balancing is performed with matrices D whose entries are powers of two,
so as not to introduce any roundoff errors.

In the context of polynomial root-finding, given a polynomial p(z) and an
associated Fiedler companion matrix M, it would be desirable to find a similarity
transformation that makes the eigenvalue problem no worse conditioned than the
polynomial root-finding problem. If D is a nonsingular diagonal matrix, then the
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condition number x(\, DM, D™') of a nonzero simple eigenvalue A of M, is given
by 1 1
~1y _ [DMo D™}z || Dao |2 D™ "yo 2
kKA, DMsD"") B OV , (8.5)
where the vectors x, and y, are defined in Theorem 4.1. In this subsection we per-
form numerical experiments to study, from the point of view of condition numbers,
the effect of balancing Fiedler matrices.

In the first set of numerical experiments, we consider a random sample of
1000 degree-10 monic polynomials p(z) as in (2.2) with coefficients of the form
ar = b1 x 10°* 4+ iby x 10°%, with i being the imaginary unit, and where, for
i = 1,2, b; and e; are drawn from the uniform distributions on the intervals [—1, 1]
and [—10, 10], respectively. Our goal is to study the ratios (X, Ms)/k(A,p) and
K(X, Mo)/k(A, C2) when the Fiedler matrices are not or are balanced. To compute
the diagonal matrix D that balance a Fiedler matrix M, we use the command
balance in MATLAB.

In Table 8.3, we give the mean and the maximum of the decimal logarithms
(Log-Mean and Log-Maximum, respectively) of maxy (A, My )/x(A, C2), and the
mean and the minimum of the decimal logarithms (Log-Mean and Log-Minimum,
respectively) of miny (A, Ms)/k(\, C2), for the Fiedler matrices My = My,, My,
Mo, , with and without balancing them (and with the Frobenius matrix Co bal-
anced).

(a) The Fiedler matrices are not balanced.

| [ Moy | Moy | Mo, |

Log-Mean maxy (X, Ms)/k(A, C2) 6.3 3.7 6.1
Log-Maximum max (A, Ms)/k(A, C2) 9.4 9.4 9.4
Log-Mean miny k(X\, Ms)/k(A, C2) -4.8 | -2.7 | -54
Log-Minimum miny (A, Ms)/k(\, C2) 95 | -84 | -9.3

(b) The Fiedler matrices are balanced.

[ Mo | Moy | Mo, |

Log-Mean maxy (X, Mg )/k(A, C2) 0.1 0.1 0.1
Log-Maximum maxy x(\, Ms)/k(A, C2) 0.9 1.2 1.3
Log-Mean miny (X, Ms)/k(A, C2) -0.7 | -0.1 | -0.6
Log-Minimum miny &(X\, Ms)/k(\, C2) -26 | -09 | -2.3

Table 8.3 Mean and maximum of the decimal logarithms (Log-Mean and Log-Maximum,
respectively) of maxy k(\, Ms)/k(A, C2), and mean and minimum of the decimal logarithms
(Log-Mean and Log-Minimum, respectively) of miny k(\, Ms)/k(X, C2), where A runs over all
nonzero simple roots of p(z), obtained for a sample of 1000 random degree-10 monic polyno-
mials, with coefficients of the form b; x 10°1 + ibgy X 102, where, for ¢ = 1,2, b; and e; are
drawn from the uniform distributions on the intervals [—1,1] and [—10, 10], respectively, for
the Fiedler matrices My = Moy, Moy, Mo, , without balancing and with balancing.

Several observations may be drawn from the data in Tables 8.3-(a) and 8.3-
(b). First note, from the data in Table 8.3-(a), that if the Fiedler matrices are not
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balanced, the ratio k(\, My)/k(\, C2) may be large or small, as it is predicted by
the bounds in Theorem 6.2. Also note that the largest and smallest of these ratios
are consistent with the bounds in (6.7) and (6.8), since the largest value of ||p||2 is
approximately 10'°. Second, note, from the data in Table 8.3-(b), that the process
of balancing the Fiedler matrices makes the ratio (X, Ms)/k(A, C2) moderate,
so that, from the point of view of conditioning, balanced Fiedler Matrices can
be used with the same reliability as balanced Frobenius companion matrices even
with polynomials with large norms.

In Table 8.4, we give the mean and the maximum of the decimal logarithms
(Log-Mean and Log-Maximum, respectively) of maxy x(\, Ms)/k(X,p), for the
Fiedler matrices My, , Ms,, Ms,, My,, with and without balancing them.

(a) The Fiedler matrices are not balanced.

‘ Mo, | Moy | Mo, ‘ Mo,

Log-Mean maxy (X, Ms)/k()\, p) 8.6 14.6 | 11.8 | 14.4

Log-Maximum maxy k(\, Mo)/s(X,p) | 10.4 | 19.4 | 194 | 19.3

(b) The Fiedler matrices are balanced.

‘ My, | Moy | Moy ‘ Mo,
Log-Mean maxy (X, Ms)/k(), p) 2.7 2.4 2.8 2.5
Log-Maximum maxy k(X\, Ms)/k(\, p) 7.9 7.5 8.2 7.7

Table 8.4 Mean and maximum of the decimal logarithms (Log-Mean and Log-Maximum,
respectively) of maxy k(\, Ms)/k(X, p), where A runs over all nonzero simple roots of p(z),
obtained for a sample of 1000 random degree-10 monic polynomials, with coefficients of
the form b; x 10°1 4 by x 10°2, where, for ¢+ = 1,2, b; and e; are drawn from the uni-
form distributions on the intervals [—1, 1] and [—10, 10], respectively, for the Fiedler matrices
My = Mgy, Moy, Msy, Ms,, without balancing and with balancing.

Again, several conclusions may be drawn from the data in Tables 8.4-(a) and
8.4-(b). First note, from the point of view of conditioning, that if the Fiedler ma-
trices are not balanced, the ratio k(\, M,)/k(\,p) may be large, as it is predicted
in Theorem 6.1 when there are coefficients of p(z) with large absolute values. Note
also that the largest of these ratios is consistent with the upper bound in (6.4) for
the Frobenius companion matrix, and with the upper bound in (6.5) for Fiedler
matrices other than the Frobenius ones, since the largest value of ||p||2 is approx-
imately 10'°. Second, note, comparing the data in Table 8.4-(a) with the data
in Table 8.4-(b), that the process of balancing Fiedler matrices may reduce con-
siderably the ratio x(\, Ms)/k(\, p), i. e., it may reduce considerably k(\, M).
In particular, from the data in Log-Mean maxy (A, Ms)/k(A,p) in Table 8.4-(b),
we can see that, usually, balancing makes the ratio (X, My )/k(A,p) moderate,
although, from the data in Log-Maximum maxy (A, Ms)/k(\, p) in Table 8.4-(b),
we can see that balancing is not always enough to guarantee a moderate ratio
(A, Mo)/K(A, ).
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8.4 Numerical experiments with polynomials having clustered roots

Clustered polynomial roots and clustered eigenvalues are ill-conditioned, that is,
they have huge condition numbers. Despite the ill-conditioning of the clustered
roots, the eigenvalue condition numbers of Fiedler matrices still behave as our
results in Theorem 6.1 predict: if A is a root in a cluster of a monic polynomial
p(A) with p(p) = 1, then (A, M) behaves approximately as ||pll2 k(A p), if Ms
is one of the Frobenius companion matrices, or as ||p||3 x(\,p) if M, is a Fidler
matrix other than the Frobenius ones. The goal of this section is to provide nu-
merical experiments illustrating this behavior. Additionally, we study the effect of
balancing Fiedler matrices with clustered eigenvalues.

In a first set of numerical experiments, we consider a random sample of one
hundred degree-10 monic polynomials with large norms and with a cluster of five
roots near z = 1. These polynomials are generated as follows. First, we generate
the cluster of five roots as

A¢ = 1+ eps cos (%) + iepssin (%) , fort=1,...,5, (8.6)

where the MATLAB function eps returns the unit roundoff in double precision.
Then, we randomly generate the other five roots as

A¢ =10cosfy +110sinf,, for £ =6,...,10,

where 0 is drawn from the uniform distribution on the interval [0,27). Finally,
we compute the coefficients of the monic polynomial with those generated roots in
quadruple precision (32 decimal digits of accuracy) using the function vpa followed
by the command charpoly applied on a diagonal matrix whose diagonal entries
are {A1, A2, ..., A\o}. We discard the polynomial if its norm does not satisfy 10 <
Ipll2 < 2-10°, and generate a new one.

In Figure 8.4-(a) we plot x(A1,p) and (A1, Ms,), for j = 1,2,3,4, for each
of the one hundred degree-10 polynomials. Additionally, we also plot our theoret-
ical upper bounds for x(A1, My,) in Theorem 6.1, that is, we plot the quantities
bound 1 = n°/2p(p)||p||3 £(A1,p) and bound 2 = np(p)||pll2 £(A1,p). We, then, run
a similar experiment, but this time balancing the Fiedler matrices, and plot the
results in Figure 8.4-(b), where M, denotes the balanced Fiedler matrix corre-
sponding to M.

The results in Figure 8.4-(a) show that despite the ill-conditioning of the root
A1 in the cluster near z = 1, our theoretical results in Theorem 6.1 correctly explain
the behavior of the eigenvalue condition numbers of A\; as eigenvalue of the Fiedler
matrices: just notice that p(p) ~ 1 in this case and x(A\1, Mo, ) = ||p||2 6(A1,p) =
10°%(A1,p), and that (A1, Mo,) ~ ||p|l5 &(A1,p) & 10"k(A1,p), for j = 2,3,4.
Also, we want to remark that the discrepancy between the eigenvalue condition
numbers (A1, My,) and bound1 = n®2p(p)|IplI3 £(A1,p) is mainly due to the
pessimistic dimensional factor n®/ 2 which most of the times makes the upper
bound to overestimate the eigenvalue condition numbers. The results in Figure
8.4-(b) show the drastic effect of balancing the Fiedler matrices even for roots in a
cluster: notice that the eigenvalue condition numbers k(A1 Mo ,) are just a couple
of orders of magnitude larger than x(A1,p) (compare this with the 6 and 12 orders
of magnitude displayed in Figure 8.4-(a)).
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(b) The Fiedler matrices are balanced.

Fig. 8.4 Condition numbers x(A1,p), (A1, Ms;) and H(}\l,ng)7 where ng denotes the
balanced Fiedler matrix ng, for j =1,2,3,4, for each of the one hundred degree-10 random
polynomials with a cluster of five roots Ay = 1+2752 cos(2m(£—1)/5)+12752 sin(27 (£ —1)/5),
for £ =1,...,5, near z = 1, and with the other five roots of the form A\, = 10 cos ; +i10sin 6,
where 60 is drawn from the uniform distribution on the interval [0, 27), for £ = 6,...,10, and
the upper bounds for x(A1, Mo;) in Theorem 6.1, that is bound 1 = n5/2p(p)||p|3 k(A1,p) and
bound 2 = np(p)||pll2 K(A1, p).

In a second set of numerical experiments, we consider a random sample of
one hundred degree-10 monic polynomials with coefficients not much larger than
1. These polynomials are generated as follows. As in the previous set of random
polynomials, we generate a cluster of five roots as in (8.6) and, then, we randomly
generate the other five roots as

Ae = %COS@Z‘F%SiDQb for £=6,...,10,

where 0y is drawn from the uniform distribution on the interval [0,27). Finally,
we compute the coefficients of the monic polynomial with those generated roots in
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quadruple precision (32 decimal digits of accuracy) using the function vpa followed
by the command charpoly applied on a diagonal matrix whose diagonal entries
are {1, A2,...,A10}. We discard the polynomial if its norm does not satisfy 1 <
lIlp]l2 < 50, and generate a new one.

In Figure 8.5 we plot x(A1,p) and s(A1, My,), for j = 1,2, 3,4, for each of the
one hundred degree-10 polynomials, together with our theoretical upper bounds
for k(A1, My;) in Theorem 6.1, that is, we also plot the quantities bound1 =

n®/2p(p)|Ip||3 £(A1,p) and bound 2 = np(p)|pll2 £(A1, p).

1 025

A4

W o
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Fig. 8.5 Condition numbers x(A1,p) and x(A1, Mo,), for j = 1,2,3,4, for each of the one

hundred degree-10 random polynomials with a cluster of five roots A\; =1+ 27 52 cos(2m(j —

1)/5) +i27°2sin(27(j — 1)/5), for j = 1,...,5, near z = 1, and w1th the other five roots of
the form \; = (cosf; + isinf;)/2, whore Gj is drawn from the uniform distribution on the
interval [0,27), for j =6,..., 107 and the upper bounds for r(A1, Mo;) in Theorem 6.1, that

is, bound 1 = n%/2p(p)||p||2 (A1, p) and bound 2 = np(p)||pll2 £(A1, p).

The results in Figure 8.5 show that despite the ill-conditioning of the root A1,
the condition numbers ratio x(A1, Mo;)/k(A1,p) is moderate, for j = 1,2,3,4, as
predicted by the bounds in Theorem 6.1. We want to mention, finally, that the
factor n°/? in bound1 is making, again, this upper bound to overestimate the
condition numbers by 2-3 orders of magnitude.

8.5 Numerical experiments for studying pseudospectra of Fiedler matrices

In this section we perform some numerical experiments to illustrate the theoretical
results in Section 7 concerning pseudospectra of Fiedler matrices.

In the first numerical experiment, we illustrate Corollary 7.1, that is, in a neigh-
borhood of a nonzero simple root A of a monic polynomial p(z), the component
of the pseudospectrum A (M) and the pseudozero set Ze(p) containing A, where
€ = er(\,p)/k(\, My), agree with each other.

In Figure 8.6 we plot, in the neoghborhood of 4, for ¢ = 1071075 107195,
1071925 the e-pseudozero sets Ze (p), and, for ¢ = 1,2,3, the ¢;-pseudospectra
Ae,(My,), where p(z) is the monic polynomial p(z) = H;il(z — j), and, for
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i = 1,2,3, ¢ = en(4,p)/r(4,M,,). The ratios x(4, My,)/k(4,p) = 3.97 - 10°,
(4, My,)/k(4,p) = 1.18 - 10° and (4, My,)/k(4,p) = 5.13 - 107 are computed us-
ing (6.1) and (6.2) in MATLAB. As can be seen in those figures, the pseudozero
sets and the pseudospectra of the three Fiedler matrices are almost identical for
these values of €, €1, €2, €3.

0.1, 0.1
0.05 0.05 / AN
0 o |
-0.05 0.5 . S/
_0&.9 3.95 4 4.05 _0&.9 3.95 4 4.05
() p(2) (b) Mo,
0.1, 0.1
o - /( W,,\\
0.05]
// \\\ !/' \
0 o |
\ \ )
\ /
005 / ST N e
- -0.
0%9 3.95 4 4.05 4. é'g 4
(¢) Mo, (d) Moy
Fig. 8.6 For p(z) = ;gl(z — j) and for e = 10710-75 10~10-5 10~10-25 we plot, in green,
magenta and brown, respectively, the e-pseudozero set Ze(p) and, for ¢ = 1,2,3, the ¢;-

pseudospectra A(My, ), where €; = ex(4,p)/k(4, My, ), in the neighborhood of 4.

In the second numerical experiment, we present a graphical comparison be-
tween the pseudozero sets of a monic polynomial p(z) with a large norm ||p||2, and
the pseudospectra of the Fiedler matrices My, , Ms,, My, associated with p(z), to
show that when ||p||2 is large there may be relevant differences between pseudozero
sets and pseudospectra of Fiedler matrices.

In Figures 8.7-(a), 8.7-(b), 8.7-(c), and 8.7-(d) we plot, for e = 1073, 1072,
107!, the e-pseudozero sets Z.(p) of the monic polynomial p(z) = Hjlil(z —
j), and the e-pseudospectra Ac(My, ), Ac(Ms,), Ac(Ms,) of the Fiedler matrices
Mo, , Ms,, M, associated with p(z). As may be seen in those figures, the pseu-
dozero sets and the pseudospectra of the Fiedler matrices are very different. No-
tice also that there are relevant differences between the pseudospectra Ae(Ms, ),
Ae(Moy,) and Ac(My,), although, for a fixed €, the three pseudospectra have, ap-
proximately, the same area.

For the interested reader, we refer to [36, Ch. 8] for further numerical exper-
iments comparing the pseudozero sets of a polynomial with the pseudospectra of
balanced Fiedler matrices.
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Fig. 8.7 For p(z) = Hjl-o:l(z —4) and for e = 10713,10712,10~ 1! we plot, in green, magenta

and brown, respectively, the e-pseudozero set Ze(p) and, for i = 1,2,3, the e-pseudospectra
A(Myg,).

9 Conclusions

We have carried out a study of the eigenvalue condition numbers of Fiedler com-
panion matrices of a monic polynomial p(z). Ideally, in the polynomial root-finding
problem using Fiedler companion matrices, one would like the eigenvalues of the
Fiedler matrix to be as well conditioned as the roots of the original polynomial,

that is,
k(A My) — o),
k(A p)
where (A, M) and (A, p) denote, respectively, the condition number of A as an
eigenvalue of M, and the condition number of X as a root of p(z), and where ©(1)
denotes a quantity not much larger than 1 and not too close to zero. However, we

have proved that
1 k(A My)
M o) <
wOup) S np(p)|lpll2

IN

if MG = Cl, 02, and

1 I‘\Z(A,Mg—) 5/2 2
=K
n = fi()\,p) >n p(p)”p”Q?

1

maxo<p<n—1 |a|?’




42 Fernando De Teran et al.

These bounds have led us to conclude that, from the point of view of eigenvalue
condition numbers, any Fiedler matrix can be used for solving the root-finding
problem for p(z) when the absolute values of the coefficients of p(z) are moderate
and not all are close to zero. By contrast, when max{|an—1|,...,|a1|, |aol} is large
or close to zero, the eigenvalues of any Fiedler companion matrix may be poten-
tially much more ill conditioned than the roots of p(z), a fact that happens very
often, as has been checked in many numerical experiments.

We have also studied the ratio between the eigenvalue condition numbers of
Fiedler matrices other that the Frobenius ones and the eigenvalue condition num-
ber of Frobenius companion matrices, that is, the ratio (A, Ms)/k(\, C), where
C' denotes the first or the second Frobenius companion matrices. We have proved
that

(lplla) ™ < ST <2 e
which allows us to conclude that, from the point of view of eigenvalue condition
numbers, when max{|an—1l,...,|a1],|ao|} is moderate, any Fiedler matrix can be
used for solving the root-finding problem for p(z) with the same reliability as Frobe-
nius companion matrices. On the other hand, when max{|ao|,|a1],...,|an—1]} is
large, we have seen in many numerical tests that the ratio k(\, My )/k(A, C) may
be arbitrarily large or arbitrarily small. In addition to this, we have proved that
if this ratio is very large, then A is very ill conditioned as an eigenvalue of M,
and as an eigenvalue of the Frobenius companion matrices compared to k(A,p).
We have also proved that the opposite is not true. There exist polynomials for
which the ratio k(\, My )/k(A,C) is arbitrarily small, but this only implies that
A is very ill-conditioned as an eigenvalue of the Frobenius companion matrices
compared with (A, p). From the point of view of eigenvalue condition numbers,
this allows to conclude that there are polynomials for which one should avoid com-
puting their roots as the eigenvalues of Frobenius companion matrices and to use,
instead, another Fiedler matrix. Although how to identify these polynomials and
how to know which Fiedler matrix one might use instead of the Frobenius ones is
an interesting open problem in this area.

We have also studied numerically the effect of balancing Fiedler companion
matrices on the eigenvalue condition numbers. We have provided numerical exper-
iments that show that the eigenvalues of Fiedler matrices that have been previously
balanced and the roots of the corresponding monic polynomials are essentially
equally conditioned in practice.

We have also analyzed several questions on pseudospectra of Fiedler matrices.
In particular, we have seen how to estimate accurately these pseudospectra in an
m x m grid using only order nm? flops. This is a much lower cost compared with
the order n® 4+ n?m? flops needed for general matrices. We have also established
an asymptotic relationship between the pseudozero sets of a monic polynomial

p(z) and the pseudospectra of the associated Fiedler matrices. This relationship
r(XN,M,)
w(XA,p)
e-pseudozero set of p(z) and the e-pseudospectra of Fiedler matrices may differ
substantially being the latter much larger. However, after scaling with the pa-

rameter €, = E%, the e,-pseudospectra of M, are almost identical to the

(Corollary 7.1) depends on the radio so, again, if this ratio is large, the

e-pseudozero sets of p(z), for sufficiently small e.
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