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Resumen

In this note we will survey some recent results on linearizations of singular ma-
trix polynomials. We also present new results regarding structured linearizations of
structured matrix polynomials.

1. Introduction

A square matrix polynomial of size n× n and degree k is a polynomial of the form

P (λ) =
k∑

i=0

λiAi , A0, . . . , Ak ∈ Fn×n, Ak 6= 0 , (1)

where F is the field of real or complex numbers. Our focus is on singular matrix polyno-
mials. A square matrix polynomial P (λ) is said to be singular if det P (λ) is identically
zero, and it is said to be regular otherwise. The normal rank of P (λ) is the dimension of
the largest non-identically zero minor of P (λ).

The matrix polynomial (1) naturally arise associated with linear systems of differential
equations

Akx
(k)(t) + Ak−1x

(k−1)(t) + . . . + A1x
′(t) + A0x(t) = f(t) , (2)
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where x(t) is a vector-valued function (unknown) with n coordinates, x(j)(t) denotes the
jth derivative of x(t) and f(t) is another vector-valued function with n coordinates. Of
particular relevance is the case of linear systems of second order, appearing in many
engineering applications. The matrix polynomials of second degree associated with these
systems are usually known as vibrating systems and they have been widely treated in the
literature (see, for instance, the survey [12] and the references therein). The solubility of
the system (2) and its solutions, if any, can be analyzed through the eigenstructure of
the associated matrix polynomial (1) [13, 7, 11]. This structure consists of the finite and
infinite elementary divisors and the minimal indices [6, 8].

An useful approach to address the study and computation of the spectral structure of
regular matrix polynomials is through the use of linearizations. A matrix pencil L(λ) =
λX + Y is a linearization of the matrix polynomial (1) (regular or singular) if there exist
two unimodular matrices E(λ) and F (λ) such that

E(λ)L(λ)F (λ) =
[

P (λ) 0
0 Is

]
, (3)

or in other words, if L(λ) is equivalent to diag(P (λ), Is). If we define revP (λ) := λkP (1/λ)
for the reversal polynomial of P (λ), then a linearization L(λ) of P (λ) is called a strong
linearization if revL(λ) is also a linearization of revP (λ). The advantage of strong lineariza-
tions is that they allow us to reduce a problem of higher degree to a problem of degree one,
without affecting the elementary divisors associated with both the finite and the infinite
eigenvalues of the matrix polynomial. The classical approach is to use as linearizations the
first and second companion forms [7]. Recently, new families of linearizations have been
introduced, for regular matrix polynomials, in [2, 9, 1]. On the other hand, the first works
containing a systematic study of linearizations for singular matrix polynomials are [4, 5],
where it is shown, in particular, that the families introduced in [2, 9, 1] are still strong
linearizations for singular matrix polynomials.

Unlike what it happens with the elementary divisors, linearizations of singular matrix
polynomials do not necessarily preserve the minimal indices. For instance, the first and the
second companion forms do not have the same minimal indices as the matrix polynomial
[4]. In Section 2 we will show how to recover the minimal indices of the matrix polynomial
from the minimal indices of the linearizations in each of the families mentioned in the
previous paragraph.

The main disadvantage of linearizations is that they increase the dimension of the
problem. In the classical definition of linearization the dimension of the identity block in the
right hand side of (3) is s = (k−1)n, but it is natural to ask whether or not linearizations
with lower dimension exist and, if they exist, to ask for the minimum dimension of any
linearization of a given matrix polynomial P (λ). This question has been solved in [3]. In
Section 3 we show the main result included in that paper.

In many applied problems the coefficient matrices of the associated matrix polynomial
(1) have a particular structure (e.g. symmetric, skew-symmetric, palindromic) which re-
flects the properties of the underlying physical model [10]. In the context of the numerical
calculation of eigenvalues through linearizations, a desirable property of the linearization
is the preservation of the structure of the polynomial. This property is not satisfied, for
instance, by the companion forms. Therefore the rounding errors inherent to numerical
computations may destroy qualitative aspects of the spectrum when using companion
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forms. On the other hand, it is shown in [10] that for most structured regular polynomi-
als P (λ) (symmetric, palindromic, even or odd) there are structured linearizations in the
sets of pencils introduced in [9]. This fact turns these linearizations into suitable ones for
the calculation of eigenvalues of structured matrix polynomials. Nonetheless, the problem
of finding an easily constructible (from polynomial data) structured linearization, valid
for any structured polynomial, remained open. In Section 4 we will show a procedure to
construct, from the coefficients of the polynomial, T -palindromic linearizations of a giv-
en T -palindromic matrix polynomial which is valid for any matrix polynomial with odd
degree. On the contrary, we will show that, if the polynomial is of even degree, some con-
ditions on its eigenstructure must hold in order to exist a T -palindromic linearization. In
particular, we will show that most singular T -palindromic polynomials of even degree k
do not have any T -palindromic linearization of size nk × nk.

2. Linearizations of singular matrix polynomials and the re-
covery of minimal indices

2.1. The Fiedler pencils

We begin by recalling the families of matrix pencils defined in [2]. They are built up
through the matrices

Mk :=
[

Ak

I(k−1)n

]
, M0 :=

[
I(k−1)n

−A0

]
(4)

and

Mi :=




I(k−i−1)n

−Ai In

In 0
I(i−1)n


 , i = 1, . . . , k − 1 , (5)

which are the building factors needed to define the Fiedler pencils.

Definition 1 (Fiedler Pencils) [5] Let P (λ) be the matrix polynomial in (1) and Mi,
i = 0, . . . , k, be the matrices defined in (4) and (5). Given any bijection σ : {0, 1, . . . , k −
1} → {1, . . . , k} , the Fiedler pencil of P (λ) associated with σ is the nk×nk matrix pencil

Fσ(λ) := λMk −Mσ−1(1) · · ·Mσ−1(k) . (6)

Note that σ(i) is the position of the factor Mi in the product Mσ−1(1) · · ·Mσ−1(k) giving
the zero-degree term in (6).

The first main result in this section is the following.

Theorem 1 [2, 5] Let P (λ) be an n × n matrix polynomial of degree k. Then, for any
bijection σ : {0, 1, . . . , k−1} → {1, . . . , k} , the Fiedler pencil Fσ(λ) is a strong linearization
of P (λ).
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Theorem 1 was first proved in [2] for regular matrix polynomials using methods that
cannot be extended to singular matrix polynomials. With different techniques the authors
have extended it to singular matrix polynomials in [5], where the name Fiedler pencils is
introduced.

As mentioned in Section 1, the eigenstructure of a singular matrix polynomial consists
of the elementary divisors and the minimal indices. Minimal indices comprise the “singular
part” of the eigenstructure of the matrix polynomial. To define this minimal indices we first
introduce Definitions 2 and 3. The vector space F(λ)n is the space of n-tuples with entries
in the field of rational functions F(λ). The degree of a vector polynomial is the greatest
degree of its components, and the order of a polynomial basis of a vector subspace of
F(λ)n is defined as the sum of the degrees of its vectors [6, p. 494].

Definition 2 The right and left nullspaces of the n×n matrix polynomial P (λ), denoted
by Nr(P ) and N`(P ) respectively, are the following subspaces of F(λ)n :

Nr(P ) := {x(λ) ∈ F(λ)n : P (λ)x(λ) ≡ 0} ,

N`(P ) :=
{
y(λ) ∈ F(λ)n : yT (λ)P (λ) ≡ 0

}
.

Definition 3 [6] Let V be a subspace of F(λ)n. A minimal basis of V is any polynomial
basis of V with least order among all polynomial bases of V.

It can be shown [6] that for any given subspace V of F(λ)n, the ordered list of degrees
of the vector polynomials in any minimal basis of V is always the same. These degrees are
then called the minimal indices of V. Specializing V to be the left and right nullspaces of
a singular matrix polynomial gives Definition 4; here deg(p(λ)) denotes the degree of the
vector polynomial p(λ).

Definition 4 Let P (λ) be a square singular matrix polynomial, and let the sets
{y1(λ), . . . , yp(λ)} and {x1(λ), . . . , xp(λ)} be minimal bases of, respectively, the left and
right nullspaces of P (λ), ordered such that deg(y1) ≤ deg(y2) ≤ · · · ≤ deg(yp) and
deg(x1) ≤ deg(x2) ≤ · · · ≤ deg(xp). Let ηi = deg(yi) and εi = deg(xi) for i = 1, . . . , p.
Then η1 ≤ η2 ≤ · · · ≤ ηp and ε1 ≤ ε2 ≤ · · · ≤ εp are, respectively, the left and right
minimal indices of P (λ).

As mentioned above, strong linearizations do not necessarily preserve the minimal
indices of the polynomial, and the natural question is to ask whether or not there is a
simple relationship between these quantities. In [5] the authors give the answer to this
question for the Fiedler pencils Fσ(λ). To state it we introduce the following definition.

Definition 5 Let s ≤ k be some positive integer and Cs := {j1, . . . , js} be a set of s
distinct nonnegative integers satisfying 0 ≤ ji ≤ k − 1, for i = 1, . . . , s. Let τ : Cs →
{1, . . . , s} be a bijection. For j ∈ {j1, j2, . . . , js} we say that σ has a consecution at j if
j + 1 ∈ {j1, j2, . . . , js} and τ(j) < τ(j + 1), and that τ has an inversion at j if j + 1 ∈
{j1, j2, . . . , js} and τ(j) > τ(j + 1)

We denote by c(τ) (resp. i(τ)) the number of consecutions (resp. inversions) of τ .
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The previous definition has been stated for a set Cs with cardinality s ≤ k. In the
present section we consider only the case s = k and bijections σ : {0, 1, . . . , k − 1} →
{1, . . . , k} . Sets with cardinality s ≤ k will appear in Section 4.

Theorem 2 gives the relationship between the minimal indices of P (λ) and Fσ(λ).

Theorem 2 [5] Let P (λ) be an n × n singular matrix polynomial with degree k ≥ 2, let
Fσ(λ) ∈ F(λ)nk×nk be the Fiedler pencil of P (λ) associated with the bijection σ, and let
c(σ) , i(σ) be, respectively, the number of consecutions and inversions of σ. If 0 ≤ ε1 ≤
ε2 ≤ · · · ≤ εp are the right minimal indices of P (λ), then

ε1 + i(σ) ≤ ε2 + i(σ) ≤ · · · ≤ εp + i(σ) ,

are the right minimal indices of Fσ(λ).
If 0 ≤ η1 ≤ η2 ≤ · · · ≤ ηp are the left minimal indices of P (λ), then

η1 + c(σ) ≤ η2 + c(σ) ≤ · · · ≤ ηp + c(σ) ,

are the left minimal indices of Fσ(λ).

2.2. The vector spaces L1(P ) and L2(P )

Now we recall the families of matrix pencils defined in [9]. In this section we will follow
the notation Λ :=

[
λk−1, λk−2, . . . , λ, 1

]T for the vector of decreasing powers of λ and ⊗
for the Kronecker product.

Let us consider the following sets of matrix pencils introduced in [9]:

L1(P ) :=
{

L(λ) : L(λ)(Λ⊗ In) = v ⊗ P (λ), v ∈ Fk
}

,

L2(P ) :=
{

L(λ) : (ΛT ⊗ In)L(λ) = wT ⊗ P (λ), w ∈ Fk
}

(7)

The vectors v and w in (7) are referred to, respectively, as the “right ansatz” and “left
ansatz” vectors of L(λ). It is proved in [9] that, for any square matrix polynomial P (λ),
regular or singular, the sets in (7) are vector subspaces of the vector space of all nk × nk
matrix pencils over F. In this note we will focus on the set L1(P ), but an analogous
treatment can be carried out with the set L2(P ).

The next result gives us a simple way to detect strong linearizations in L1(P ).

Theorem 3 [9, 4] Let P (λ) =
∑k

i=0 λiAi with Ak 6= 0 be a (regular or singular ) n × n
matrix polynomial and L(λ) = λX + Y ∈ L1(P ) with right ansatz vector v 6= 0. Suppose
M ∈ Fk×k is any nonsingular matrix such that Mv = αe1 for some number α 6= 0. Then
the pencil (M ⊗ In)L(λ) can be written as

(M ⊗ In)L(λ) = λ

[
αAk X12

0 −Z

]
+

[
Y11 αA0

Z 0

]
, (8)

with Z ∈ F(k−1)n×(k−1)n. If Z is nonsingular then L(λ) is a strong linearization of P (λ).

Now, we can state the main theorem of this section. This result shows the relationship
between minimal bases of P (λ) and minimal bases of linearizations in L1(P ) and, as a
consequence, the relationship between the minimal indices.
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Theorem 4 [4] Let P (λ) be an n×n matrix polynomial of degree k. Suppose L(λ) ∈ L1(P )
with right ansatz vector v 6= 0 is a linearization of P (λ). Then the following holds.

(a) If ε1 ≤ ε2 ≤ · · · ≤ εp are the right minimal indices of P (λ), then

(k − 1) + ε1 ≤ (k − 1) + ε2 ≤ · · · ≤ (k − 1) + εp

are the right minimal indices of L(λ).

(b) Every minimal basis of Nr(L) is of the form {Λ⊗ x1(λ), . . . ,Λ⊗ xp(λ)}, where
{x1(λ), . . . , xp(λ)} is a minimal basis of Nr(P ).

Moreover, if the matrix Z in (8) is nonsingular, then

(a) the left minimal indices of L(λ) and P (λ) are the same,

(b) every minimal basis of N`(P ) is of the form {(vT ⊗ In)y1(λ), . . . , (vT ⊗ In)yp(λ)},
where {y1(λ), . . . , yp(λ)} is a minimal basis of N`(L).

Note that Theorem 4 is true under certain conditions, namely, that L(λ) ∈ L1(P ) is a
linearization of P (λ), and, for the second part of the statement, that the matrix Z in (8)
is nonsingular. These are not strong restrictions, as the following result shows.

Theorem 5 (Linearizations are generic in L1(P )) [4]
Let P (λ) be an n × n matrix polynomial (regular or singular). Then, for almost every
pencil in L1(P ) the matrix Z in (8) is nonsingular. As a consequence, almost every pencil
in L1(P ) is a strong linearization for P (λ).

3. Dimension of linearizations

In this section, we consider matrix polynomials of size m × n. This includes both
rectangular and square matrix polynomials. The classical definition of linearization fixes
the size s of the identity matrix in (3) to be s = (k − 1)mı́n{m,n}. This is the case, for
instance, of the linearizations studied in Section 2. We will see that if P (λ) is singular then
strong linearizations with lower dimension may exist and we will provide a sharp lower
bound on this dimension. On the contrary, we will see that in the regular case all strong
linearizations have dimension nk × nk.

Definition 6 Let P (λ) be a matrix polynomial of degree k with normal rank equal to r.
The finite degree of P (λ) is the degree of the greatest common divisor of all the r × r
minors of P (λ). The infinite degree of P (λ) is the multiplicity of the zero root in the
greatest common divisor of all the r × r minors of revP (λ).

Now we can state the main result of this section.

Theorem 6 [3] Let P (λ) be an m×n matrix polynomial with normal rank r, finite degree
α and infinite degree β. Then the following statements hold.
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1. There exists a linearization of P (λ) with dimension

(máx{α, r}+ m− r)× (máx{α, r}+ n− r) , (9)

and there are no linearizations of P (λ) with dimension smaller than (9).

2. There exists a strong linearization of P (λ) with dimension

(máx{α + β, r}+ m− r)× (máx{α + β, r}+ n− r) , (10)

and there are no strong linearizations of P (λ) with dimension smaller than (10).

If P (λ) is a regular matrix polynomial then m = n = r and α+β = nk, so, by Theorem
6, the minimal size for a strong linearization of P (λ) is nk× nk. This in, in fact, the only
size for linearizations of regular matrix polynomials [3, Th. 3.2].

4. Structured linearizations

Structured matrix polynomials arise in many applied problems. To preserve the spec-
tral properties associated to these structures in the numerical solution of the polynomi-
al eigenvalue problem through linearizations it is important to construct linearizations
preserving the structure in order to apply an appropriate numerical method to the cor-
responding linear eigenvalue problem (see the references in [10] for some already know
structured methods for matrix pencils). The following definition comprises the structures
we are dealing with. For conciseness, the symbol ? is used as an abbreviation for transpose
T in the real case and for either T or conjugate transpose ∗ in the complex case.

Definition 7 Let P (λ) be the n×n matrix polynomial as in (1), and define the associated
polynomial P?(λ) :=

∑k
i=0 λi A?

i . Then P (λ) is said to be ?-symmetric if P?(λ) =
P (λ) , and it is said to be ?-palindromic if revP?(λ) = P (λ) .

The following theorem shows how to construct T -palindromic linearizations of T -

palindromic polynomials with odd degree. From now on, R :=

[
In

.. .

In

]
denotes

the block k × k reverse identity.

Theorem 7 Let k be an odd number, P (λ) =
∑k

i=1 λiAi, with Ai ∈ Cn×n and Ak 6= 0, be
a square matrix polynomial (regular or singular) of degree k, and Mi, for i = 0, 1, . . . , k,
be the matrices defined in (4-5). Set

M̃k−j :=
{

Mk if j = 0
M−1

k−j if j 6= 0 . (11)

Set k = (k + 1)/2 and let C =
{
j1, j2, . . . , jk

} ⊆ {0, 1, 2, . . . , k} be a set of k distinct
numbers satisfying

0 ∈ C

C
⋂{

k − j1, . . . , k − jk

}
= ∅ .
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Let τ : C → {
1, 2, . . . , k

}
be a bijection, Lτ (λ) the pencil

Lτ (λ) := λM̃k−τ−1(k) · · · M̃k−τ−1(2)M̃k−τ−1(1) −Mτ−1(1)Mτ−1(2) · · ·Mτ−1(k)

and S the nk × nk block-diagonal matrix whose diagonal block S(i, i), for i = 1, . . . , k, is
defined by

S(i, i) :=




−I if





τ has an inversion at i− 1, or
τ has a consecution at k − i, or
i ∈ C but i− 1 6∈ C

I otherwise

. (12)

Then the pencil S · R · Lτ (λ) is a T -palindromic strong linearization of P (λ) whenever
P (λ) is T -palindromic.

As a consequence, we have

Corollary 1 Let k be an odd number and P (λ) be an n × n T -palindromic matrix poly-
nomial of degree k. Then, there exists an nk × nk T -palindromic linearization of P (λ).

The situation in the case of singular matrix polynomials with even degree is completely
different, as the following result shows.

Theorem 8 Let k be an even number. Then the set of n×n singular ?-palindromic (resp.
?-symmetric) matrix polynomials of degree k having an nk × nk ?-palindromic (resp. ?-
symmetric) strong linearization is non-generic in the set of n× n singular ?-palindromic
(resp. ?-symmetric) matrix polynomials of degree k.

Finally, if we allow linearizations with dimension less than nk × nk then we have the
following characterization of the set of T -palindromic polynomials having a T -palindromic
linearization. The multiplicity of an elementary divisor of P (λ), mentioned in the state-
ment, is the number of times that this elementary divisor appears in the list of elementary
divisors of P (λ).

Theorem 9 Let P (λ) be a T -palindromic n × n matrix polynomial of degree k. Then,
there is a T -palindromic strong linearization of P (λ) with size at most nk×nk if and only
if the following two conditions hold:

(a) Each elementary divisor with odd degree of P (λ) associated with λ0 = 1 occurs with
even multiplicity, and

(b) each elementary divisor with even degree of P (λ) associated with λ0 = −1 occurs
with even multiplicity.

Corollary 1 and Theorem 9 together imply that if P (λ) is a T -palindromic matrix
polynomial with odd degree then each elementary divisor of P (λ) with odd degree asso-
ciated with λ0 = 1 occurs with even multiplicity, and each elementary divisor of P (λ)
with even degree associated with λ0 = −1 occurs with even multiplicity. This is not true
for T -palindromic polynomials with even degree. Take, for instance, the scalar polynomial
p(λ) = λ2 + 2λ + 1, which is T -palindromic with only one elementary divisor associated
with the eigenvalue −1, namely (λ + 1)2, having multiplicity 1.
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