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Abstract

The complete eigenstructure, or structural data, of a rational matrix R(s) is
comprised by its invariant rational functions, both finite and at infinity, which
in turn determine its finite and infinite pole and zero structures, respectively,
and by the minimal indices of its left and right null spaces. These quantities
arise in many applications and have been thoroughly studied in numerous ref-
erences. However, other two fundamental subspaces of R(s) in contrast have
received much less attention: the column and row spaces, which also have their
associated minimal indices. This work solves the problems of finding necessary
and sufficient conditions for the existence of rational matrices in two scenarios:
(a) when the invariant rational functions and the minimal indices of the column
and row spaces are prescribed, and (b) when the complete eigenstructure to-
gether with the minimal indices of the column and row spaces are prescribed.
The particular, but extremely important, cases of these problems for polynomial
matrices are solved first and are the main tool for solving the general problems.
The results in this work complete and non-trivially extend the necessary and suf-
ficient conditions recently obtained for the existence of polynomial and rational
matrices when only the complete eigenstructure is prescribed.
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1 Introduction

Rational matrices are matrices whose entries are scalar rational functions in one vari-
able. If all the entries are polynomials, then rational matrices become polynomial
matrices. Rational matrices are classical objects in matrix analysis that arise in many
applications. For instance, the transfer function matrices of linear multivariable input-
output systems are rational matrices [22, 31]. Polynomial matrices in their own right
also arise in classical applications such as, for example, in the solution of systems of
differential equations with constant coefficients [20]. More recently, rational and poly-
nomial matrices have received a lot of attention in the search for numerical solutions
of nonlinear eigenvalue problems (see, for instance, [8, 21] and the references therein)
and in the related context of their linearizations (see, for instance, [17, 24, 25| and the
references therein).

In addition to their many applications, polynomial and rational matrices have a
very rich mathematical theory [20, 22, 31] on which there is currently a considerable
amount of research activity. A few examples of recent works solving relevant open
problems in the area are [4, 9, 16, 29]. In this work, we focus on the solution of several
inverse problems for polynomial and rational matrices that complete and non-trivially
extend the results in [1, 2, 5, 14]. These problems are described in the next paragraphs.
The definitions of the concepts mentioned in the rest of this introduction can be found
in Section 2 and the references therein.

We deal with rational functions in the variable s whose polynomial numerators and
denominators have coefficients in a field F. The set of these rational functions is a field
denoted by F(s). A rational matrix is regular if it is square and its determinant is not
identically zero. Otherwise, a rational matrix is said to be singular.

The eigenstructure of a regular rational matrix consists of its finite invariant ratio-
nal functions and its invariant rational functions at infinity. They are revealed by the
Smith-McMillan form and the Smith-McMillan form at infinity, respectively, and fully
determine the finite and infinite pole and zero structures of a rational matrix. Polyno-
mial matrices do not have finite poles and their finite zeros are often called eigenvalues
in the literature. For polynomial matrices, the invariant rational functions are polyno-
mials and are known as invariant factors, and the structure at infinity is traditionally
described by the so-called partial multiplicities of oco. These partial multiplicities of oo
together with the degree give the same information as the invariant rational functions
at infinity, but expressed in a different way.

Singular rational matrices have additional structural data related to the fact that
they have nontrivial left and/or right null spaces over the field F(s). The rich structures
of these spaces are determined by two sequences of nonnegative integers, called right
and left minimal indices, respectively, and are important in applications [22, Section
6.5.4]. This has motivated to define the structural data, sometimes called complete
eigenstructure or just eigenstructure [35], of a rational matrix as the set of the finite
invariant rational functions, the invariant rational functions at infinity, the minimal in-
dices of its right null space and the minimal indices of its left null space. The structural
data have been studied in depth in many references, including classical monographs
such as [22, 31, 38], and, due to their applications, their numerical computation has
received considerable attention since the 1970s [35, 36].



It must be remarked that the four components of the complete eigenstructure of a
rational matrix are not simultaneously revealed by any known canonical form. This
makes it difficult to study problems related to it. For instance, the problem of finding
a necessary and sufficient condition for the existence of a rational matrix when a com-
plete eigenstructure is prescribed has been recently solved. It was solved in 2015 for
polynomial matrices when the field F is infinite [14], in 2019 for general rational ma-
trices with the same restriction over the field [5], and in 2024 and 2025 for polynomial
and rational matrices over arbitrary fields [1, 2], and the solutions to these problems
are notoriously involved, or rely on results with involved proofs. We must point out,
however, that the obtained necessary and sufficient condition is extremely simple and is
related to a fundamental result known as the index sum theorem [11, 39]. See Theorem
2.1 below and [5, Theorem 4.1].

Though the definition of the complete eigenstructure of a rational matrix is well
motivated and supported by the relevance in applications of its four components, it
can be considered “unbalanced” because one of the best known facts in matrix analysis
is that any matrix has four fundamental associated subspaces (its left and right null
spaces and its column and row spaces [32]). However, the complete eigenstructure only
involves the two null spaces. Moreover, the column and row spaces of a rational matrix
over the field F(s) also have their sequences of minimal indices and, therefore, it is
natural to wonder what is the relationship between the minimal indices of the column
space and of the row space with the complete eigenstructure.

Motivated by the discussion above, in this paper we first solve the following problem:

(P1) find necessary and sufficient conditions for the existence of a rational matrix
when the finite invariant rational functions and the invariant rational functions
at infinity are prescribed together with minimal bases (and not just minimal
indices) of the column and row spaces.

Then, on the basis of the solution of (P1) and of other results available in the literature,
we solve the following problems:

(P2) find necessary and sufficient conditions for the existence of a rational matrix when
the finite invariant rational functions, the invariant rational functions at infinity,
the minimal indices of the column space and the minimal indices of the row space
are prescribed.

(P3) find necessary and sufficient conditions for the existence of a rational matrix when
a complete eigenstructure and the minimal indices of the column space and the
minimal indices of the row space are prescribed.

Problem (P2) can be seen as the counterpart of the problem solved in [1, 5, 14] men-
tioned above when the minimal indices of the left and right null spaces are replaced
by the minimal indices of the column and row spaces in the prescribed data. Thus,
both problems involve four lists of prescribed data, whilst Problem (P3) involves the
minimal indices of the column and row spaces in addition to the complete eigenstruc-
ture, and thus a total of six lists of prescribed data, which is a considerable amount
of prescribed information. However, it should be noted that rational matrices have a
very rich structure and that these six lists are not the only data of interest associated



with them. For instance, other indices of interest are the right and left Wiener—Hopf
factorization indices at infinity [19], which here are not going to be taken into account.

The solutions to the problems posed above are achieved in two steps. First, the
problems are solved for polynomial matrices, paying particular attention to the pre-
scription of the degree, and, then, are solved for general rational matrices using the
solutions of the polynomial cases. We remark that the obtained necessary and suffi-
cient conditions are rather simple, though not as simple as the constraint related to
the index sum theorem (which, as we will see, still plays a role), that a majorization
relation arises among the conditions, and that the sufficiency of such conditions only
holds when the field F is algebraically closed. An example will illustrate that such
restriction over the field is unavoidable.

The column and row spaces, and their minimal indices, of rational matrices have
received much less attention in the literature than the left and right null spaces and
their associated minimal indices. Despite this, they have appeared in some interesting
problems. For example, given a rational matrix G(s), the minimal indices of the column
space of the compound matrix [G{S)] are important in the study of controller canonical
realizations of transfer function matrices [18, Section 7]. In a different context, the
minimal bases of the column and row spaces of a polynomial matrix play a fundamental
role in the so-called minimal rank factorizations recently introduced in [15].

The rest of the paper is organized as follows. In Section 2 we summarize previously
known concepts and results needed throughout the paper and introduce the corre-
sponding notations. In Section 3 complete and rigorous formulations of the problems
(P1), (P2) and (P3) are introduced, considering for brevity only the case of polynomial
matrices. In Section 4, some results on factorizations of polynomial matrices are devel-
oped and are used to reformulate problem (P1) in a more appropriate form to achieve
a solution. Solutions to the problems (P1), (P2) and (P3) for polynomial matrices are
given in Theorems 5.1, 5.3 and 5.5 in Section 5, respectively. In Section 6 solutions
to the three problems for general rational matrices are presented in Theorems 6.2, 6.4
and 6.5. The conclusions and some open problems are discussed in Section 7. Finally,
the long proof of a technical determinantal lemma needed in the proof of one of the
main results is presented in Appendix A.

2 Preliminaries

Throughout this work F denotes a field and F its algebraic closure. Unless otherwise
indicated, the field F is arbitrary. F[s| stands for the ring of univariate polynomials
in the variable s with coefficients in F and F(s) for the field of fractions of F[s]. For
two scalar polynomials ay(s), aa(s) € F[s|, ai1(s) | aa(s) denotes that ay(s) divides
as(s). The elements of F(s) with the degree of the numerator at most the degree of the
denominator are called proper rational functions, and IF,,.(s) denotes the ring of proper
rational functions over IF; if the degree of the numerator is strictly less than that of the
denominator they are called strictly proper rational functions. Fractions in F,,.(s) with
numerator and denominator of equal degree are called biproper rational functions and
are the units of F,,(s).

We denote by F(s)? the set of column vectors with p components in F(s), and
by Fpxm (F[s[P*™, F(s)P*™, F,(s)?*™) the set of p X m matrices with entries in F
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(respectively F[s], F(s), F,.(s)). Matrices in F[s]P*™ are called polynomial matrices or
matriz polynomials indistinctly. The degree of a polynomial matrix, denoted deg(-), is
the highest degree of its entries. We define the degree of the zero polynomial to be —oo
and take s> = 0. A non singular polynomial matrix is unimodular if its inverse is also
polynomial. Equivalently, unimodular matrices are square polynomial matrices whose
determinants are non zero elements of F. Matrices in F(s)?*™ are known as rational
matrices, and matrices with entries in F,,.(s) are termed as proper rational matrices.
Invertible matrices in F,(s)P*P, that is, non singular proper rational matrices whose
inverses are also proper, are called biproper. Equivalently, biproper matrices are square
proper rational matrices whose determinants are non zero biproper rational functions.
The matrices in F, (s)P*™ whose entries are strictly proper rational functions are called
strictly proper rational matrices.

The rank of a rational matrix R(s) over the field F(s), denoted rank(R(s)), is equal
to the largest order of the non identically zero minors of R(s). It is also known in the
literature as normal rank. A rational matrix R(s) can be uniquely decomposed as a
sum R(s) = P(s) + Rsy(s), where P(s) is a polynomial matrix and R,,(s) is a strictly
proper rational matrix. P(s) and Rg,(s) are called the polynomial and the strictly
proper parts of R(s), respectively.

Since polynomial matrices are also rational matrices, concepts defined for rational
matrices can be applied to polynomial matrices. However, the literature on polynomial
matrices often uses a somewhat different nomenclature and slightly different definitions
for some notions, for instance the infinite structure. Therefore, in this section we will
pay particular attention to polynomial matrices. This is also connected to the fact that
the results of this paper are obtained first for polynomial matrices and then extended
to rational matrices.

Along the paper we use the notion of column proper or column reduced polynomial
matrix ([22, Section 6.3.2]; see also [38, Definition 1.10], [40, Definition 2.5.6]), which is
recalled in this paragraph. Let P(s) € F[s]™*" be a polynomial matrix. For 1 <i < n,
we denote by d; the degree of the i-th column of P(s), and di,...,d, are called the
column degrees of P(s). The matrix P(s) can be written as

P(s) = P,diag(s™, ..., s™) + L(s),

where P, € F™*" is the highest column degree coefficient matrix of P(s), i.e., a matrix
whose i-th column comprises the coefficients of s% in the i-th column of P(s), and
L(s) € F[s|™*™ is a polynomial matrix collecting the remaining terms. For the non
zero columns of P(s), L(s) has lower column degrees than the corresponding ones in
P(s). The matrix P(s) is called column proper or column reduced if Pj, has full rank,
i.e., rank(P,) = min{m,n}. In the case that m = n, note that if P(s) is column
proper, then deg(det(P(s))) = >, d;. A polynomial matrix is called row proper or
row reduced if its transpose is column reduced.

In this work we frequently deal with sequences of integers. Let aq,...,a,, be a
sequence of integers. Whenever we write a = (ay, ..., a,), we understand that a; >
<o > apy. If a, >0, then a = (aq, ..., a,) is called a partition.

Let a = (aq,...,a,) and b = (by,...,b,) be two sequences of integers. Following
[28], it is said that a is majorized by b (denoted by a < b) if Zle a; < Zle b; for
1<k<m-—1land > a=> " b



Given a sequence of integers aq, ..., a,,, we agree that Zf:p a; = 0 when p > q.

2.1 Equivalence relations on rational matrices

Two rational matrices R;(s), Ra(s) € F(s)™*" are unimodularly equivalent if there
exist unimodular matrices U(s) € F[s]™*™ and V(s) € F[s]"™™ such that Rs(s) =
U(s)R1(s)V (s). A rational matrix R(s) € F(s)™*" of rank(R(s)) = r is unimodulary
equivalent to its Smith—McMillan form [31, p. 109]

. €1(s) €r(8)
M(s) = diag <¢1 S),...,wr(s)) 0 7 (1)
0 0
where ey(s) | -+ | e-(s) and 4,(s) | - - | ¥1(s) are monic polynomials, and =) er(s)

P1(s)? " Pr(s)
are irreducible rational functions called the (finite) invariant rational functions of R(s).

The Smith-McMillan form is a canonical form for the unimodular equivalence.

Two rational matrices Ri(s), Ra(s) € F(s)™*™ are equivalent at infinity if there
exist biproper matrices B;(s) € F,,(s)"*™ and Bs(s) € F,,(s)"*" such that Rs(s) =
By (s)R1(s)Ba(s). A canonical form for the equivalence at infinity of rational matrices
is the Smith-McMillan form at infinity (see [3, Section 5] or [38, Theorem 3.13]). That
is, a rational matrix R(s) € F(s)™*™ of rank(R(s)) = r is equivalent at infinity to

diag (s7%,...,s7%) 0

2
; ol 2)
where ¢; < -+ < ¢, are integers called the invariant orders at infinity of R(s), and
s~ ..., s7% are the invariant rational functions at infinity of R(s). Note that the

smallest invariant order at infinity ¢; is minus the degree of the polynomial part of
R(s) if this polynomial part is non zero, and ¢; is positive otherwise [38, p. 102].

If P(s) € F[s]™ " is a polynomial matrix of rank(P(s)) = r, the denominators in
(1) are 11(s) = --- = 1,(s) = 1, that is, its invariant rational functions are just the
numerators €(s) | --- | €.(s), called the invariant factors of P(s), and M (s) reduces
to its Smith form [23, Section 7.5].

Let P(s) = Pys?+ -+ + Pis + Py € F[s|™" be a polynomial matrix, where P; €
Fm™" for i = 0,...,d and P; # 0. It is said that A € F U {oo} is an eigenvalue of
P(s) if rank(P(N)) < rank(P(s)), where we understand that P(co) = P;. The set of
eigenvalues of P(s) is denoted by A(P(s)). We define the reversal polynomial matrix
of P(s) as rev P(t) = t?P(1/t). It turns out that co is an eigenvalue of P(s) if and
only if 0 is an eigenvalue of rev P(t), because rev P(0) = P;.

Let ay(s) | -+ | a,(s) be the invariant factors of the polynomial matrix P(s) €
F[s]™™. Recall that (see, for instance, [23, p. 261])

ai(s) - ag(s) = ged{mg(s) : mg(s) = minor of order k of P(s)}, 1 <k<r, (3)

where ged{-} stands for monic greatest common divisor. Factorizing the invariant
factors of P(s) as products of irreducible polynomials over F, we can write

a;(s) = H (s — NP ] <<
AEA(P(s))\{oo}



The factors (s — )P with n;(\, P(s)) > 0 are the elementary divisors of
P(s) over F corresponding to A, and the non negative integers ni(\, P(s)) < --- <
n. (X, P(s)) are the partial multiplicities of A in P(s).

The infinite elementary divisors of P(s) and the partial multiplicities of oo in P(s)
are the elementary divisors of rev P(t) corresponding to 0 and the partial multiplicities
of 0 in rev P(t), respectively [20, pp. 184-185]. For simplicity, we will denote f; =
n;(0,rev P(t)) for 1 <i <r.

Whenever A € FU{oco} is not an eigenvalue of P(s) we define the partial multiplic-
ities of A as ny (A, P(s)) = --- =n,.(\, P(s)) = 0.

For A € F, the polynomials (s — \)™*P6) with ng(\, P(s)) > 0 are called the
local invariant rational functions at s — X of the polynomial matriz P(s) [3, Section 4].
Observe that P(s) has r = rank(P(s)) local invariant rational functions for each \ € F,
with (s — \)“AP6) = 1 whenever n;(\, P(s)) = 0. However, the elementary divisors
corresponding to an eigenvalue A € F are always different from 1 and, so, there may
be less than 7.

The above definition can be extended to any rational matrix R(s) € F(s) as
follows. Let Q(R(s)) be the set of roots in F of the numerators and the denominators
of the invariant rational functions of R(s) in (1). Then, we can write

mxn

ei(s): H (s — AMOEED 1 <<y,
bis) AEQ(R(s))

where the integers n; (A, R(s)) < --- < n.(A\, R(s)) can be negative, zero or positive.
Moreover, we define ny (A, R(s)) = -+ = n,.(\, R(s)) = 0 for A ¢ Q(R(s)). Thus, for
any A € F, the rational functions (s — \)"%() are defined and are called the local
invariant rational functions at s — A of R(s). See [3, Section 4] for more details.

It is known [3, Proposition 6.14] that the partial multiplicities of co, f;, the invariant
orders at infinity, ¢;, and the degree d of a polynomial matrix P(s) with r = rank(P(s))
are related as follows

fi=q+d 1<i<r (4)

Observe that the smallest partial multiplicity of co in a polynomial matrix is always
f1 =0 because ¢; = —d. The equalities in (4) imply that two polynomial matrices are
equivalent at infinity if and only if they have the same degree and the same partial
multiplicities of 0o, since these quantities determine the invariant orders at infinity and
vice versa. We emphasize that the condition f; = 0 must appear in all the results of
this work that involve the partial multiplicities of oo of a polynomial matrix.

For F = R, it was proved in [38, p. 102] that the invariant orders at infinity
¢ < -+ < g, of a polynomial matrix P(s) satisfy

k
>_6i=—M(P(s)), 1<k<r, (5)
where
My (P(s)) = max{deg(my(s)) : my(s) = minor of order k of P(s)}. (6)



This result can be trivially extended to any field. From (4) and (5) we obtain

M (P(s)) = kd — Zfi, 1<k<r (7)

=1

2.2 Rational subspaces and minimal indices associated to a
rational matrix

The definitions of the four sequences of minimal indices of a rational matrix are based
on the notions of minimal bases and indices of a rational subspace introduced in [18].
We recall first these notions. A subspace of F(s)? over the field of rational functions
F(s) is called a rational subspace. For any rational subspace V of F(s)?, it is possible
to find a polynomial basis, i.e., a basis consisting of polynomial vectors; it is enough
to take an arbitrary basis and multiply each vector by the least common multiple of
the denominators of its entries. The order of a polynomial basis of V is the sum of
the degrees of its vectors. A minimal basis of V is a polynomial basis with least order
among the polynomial bases of V. The decreasingly ordered list of degrees of the
polynomial vectors of any minimal basis of V is always the same [18, Main Theorem
p. 495]. These degrees are called the minimal indices of V.

We present now the null-space or singular structure of a rational matrix [22, Section
6.5.4]. Let R(s) € F(s)™ ™ be a rational matrix. Denote by N,.(R(s)) and Ny(R(s))
the rational right and left null-spaces of R(s), respectively, i.e.,

Ny (B(s)) = {x(s) € F(s)" : R(s)x(s) = 0},
Nuo(R(s)) = {z(s) € F(s)™ : z(s)" R(s) = 0}.
)

A right (left) minimal basis of R(s) is a minimal basis of N,.(R(s)) (Ny(R(s))). The
right (left) minimal indices of R(s) are the minimal indices of N, (R(s)) (Ne(R(s))).
We will work with the right (left) minimal indices ordered decreasingly. Notice that a
rational matrix R(s) € F(s)™*" of rank(R(s)) = r has n — r right minimal indices and
m — r left minimal indices, by the rank-nullity theorem.

The sequences of right and left minimal indices of a rational matrix R(s) form the
null-space or singular structure of R(s). This structure has applications in different
problems arising in linear systems theory [22, Section 6.5.4].

The right (left) minimal indices of R(s) are also called in the literature column
(row) minimal indices of R(s) (see, for instance, [1]). We do not use this nomenclature
in this paper to avoid possible confusions with the minimal indices defined below.

Given a rational matrix R(s) € F(s)™*™ of rank r we denote by R(R(s)) (R(R(s)T))
the rational subspace of F(s)™ (F(s)") spanned by the columns (rows) of R(s), which
is called the column (row) space of R(s). That is,

R(R(s)) = {R(s)x(s) : z(s) € F(s)"},
R(R(s)T) = {R(s)"x(s) : 2(s) € F(s)™}.

The col-span (row-span) minimal indices of R(s) are the minimal indices of R(R(s))
(R(R(s)T)). Note that R(s) has r col-span minimal indices and 7 row-span minimal



indices. We will work with the col-span (row-span) minimal indices ordered decreas-
ingly.

In contrast with the minimal indices and bases of N, (R(s)) and N,(R(s)), the
minimal indices and bases of the column and row spaces of rational matrices have not
received much attention in the literature, as far as we know. An exception is the recent
paper [15], where they have played a fundamental role for constructing rank revealing
factorizations of polynomial matrices with good properties.

2.3 Polynomial and rational matrices with prescribed eigen-
structure

The eigenstructure of a polynomial matrix is formed by the invariant factors, the
partial multiplicities of oo, and the right and left minimal indices. The eigenstructure
of a rational matrix is formed by the finite invariant rational functions, the invariant
rational functions at infinity, and the right and left minimal indices. This name was
introduced in [35] and has been used in different papers as [14, 37]. Knowing the
eigenstructure of a polynomial matrix is equivalent to knowing its eigenstructure as a
rational matrix (see the comments after (4)). In [1], a characterization of the existence
of a polynomial matrix with prescribed eigenstructure is provided over arbitrary fields,
generalizing the result proved over infinite fields in [14]. This result is presented in the
next theorem.

Theorem 2.1 ([1, Theorem 3.1], [14, Theorem 3.3| for infinite fields) Let m, n, r <
min{m,n} be positive integers and d a non negative integer. Let ay(s) | - - | a,(s)
be monic polynomials in F[s]. Let (f,..., f1), (di,...,dpn—y), (V1,...,Vm—r) be parti-
tions of non negative integers. Then, there exists P(s) € F[s]™ ", rank(P(s)) = r,
deg(P(s)) = d, with invariant factors aq(s),...,a.(s), fi,..., fr as partial multiplici-
ties of 0o, and right and left minimal indices dy, . .., d,_, and vy, ..., Uy, respectively,

if and only if fi =0 and

i=1 i=1 i=1 =1

An analogous result for the existence of a rational matrix with prescribed eigen-
structure was proved in [5, Theorem 4.1] over infinite fields, and in [2, Theorem 2.4]
for arbitrary fields.

Note that the necessity of condition (8) in Theorem 2.1 is the well-known index
sum theorem (see [11, Theorem 6.5] or [39, Theorem 3]). This motivates that condition
(8) is also known as the index sum theorem constraint [5].

This paper has two principal aims, both related to Theorem 2.1 and [5, Theorem
4.1]. First, to obtain characterizations of the existence of polynomial and rational ma-
trices as in Theorem 2.1, when the col-span and row-span minimal indices are prescribed
instead of the right and left minimal indices. Second, to obtain characterizations of the
existence of polynomial and rational matrices when the col-span and row-span minimal
indices are prescribed in addition to the right and left minimal indices.



2.4 Properties of minimal bases and indices

In this paper, minimal bases of rational subspaces are often arranged as columns of
matrices. Therefore, for brevity, we abuse of the terminology and say that a polynomial
matrix N(s) € F[s|™*" is a minimal basis if its columns form a minimal basis of
R(N(s)). A characterization of a minimal basis particularly useful in this work is
recalled in the next theorem.

Theorem 2.2 ([18, Main Theorem-2. p. 495]) A polynomial matriz N(s) € F[s]™*"
is a minimal basis if and only if N(so) has full column rank for all sy € F and N(s) is
column reduced.

Remark 2.3 Observe that N(s) € F[s]™*" satisfies that N(sp) has full column rank
for all so € F if and only if N(s) has r invariant factors equal to 1 or, equivalently, if and

0

has full column rank. In the square case m = r, N(s) is non singular for all sy € [ if
and only if N(s) is unimodular. O

only if the Smith form of N(s) is {]T} , and this condition implies that N(s) € F[s]™*"

The next result relates two minimal bases of the same rational subspace.

Proposition 2.4 Let Ni(s), No(s) € F[s]™ " be minimal bases. Then R(Ny(s)) =
R(N2(s)) if and only if there exists a unimodular matriz U(s) € F[s]"™*" such that
Nl(S)U<S) = NQ(S).

Proof. If R(Ni(s)) = R(Na(s)), there exists G(s) € F(s)"™*" of rank(G(s)) = r
such that N;(s)G(s) = Na(s). Moreover, G(s) is polynomial by [18, Main Theorem-4.
p. 495]. From Theorem 2.2, for every sq € F, rank(N;(s0)G(so)) = rank(Ny(so)) = 7,
which means that rank(G(sg)) = r. By Remark 2.3, the matrix G(s) is unimodular.

The converse is immediate. O

The next proposition proves that there exist rational subspaces of F(s)? of dimension
r=1,...,p—1 and arbitrary minimal indices. However, the p minimal indices of F(s)?
are all equal to zero.

Proposition 2.5 Given non negative integers dq, ..., d, and q, there exists a minimal
basis M(s) € F[s|"T0*" with column degrees dy, . .., d, if and only if

di=-=d =0ifqg=0.

Proof. Let M(s) € F[s]"+9*" be a minimal basis with column degrees dy, ..., d,. If
g = 0, then the columns of M(s) form a minimal basis of F(s)". The canonical basis,
i.e., the columns of the identity matrix I, is another minimal basis of F(s)", because
its order takes the least possible value equal to zero. Therefore, dy =--- =d, = 0.
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Conversely, if ¢ = 0, take M (s) = I,; otherwise, if ¢ > 0, take

s 0 0 07
1 s® 0 0
0 1 s% 0
M(s)=10 0 0 ... s¥|eF[s+ox
0 0 O 1
0 0 O
L0 0 0 ... 0]
In both cases M(s) € F[s]"+9*" is a minimal basis with column degrees dy, ... ,d, by
Theorem 2.2. a
Remark 2.6 Observe that if ¢ > 0, a minimal basis with column degrees d,...,d,

always exists, for instance the matrix M (s) in the proof. In fact, there are other
minimal bases with these column degrees because if P € FUt9x("+9) i5 any constant
non singular matrix, then PM(s) is a minimal basis by Theorem 2.2 and has the same
column degrees as M (s).

If R(s) € F(s)™™ has rank equal to n (m), then its row-span (col-span) minimal
indices are all equal to zero, because R(R(s)T) = F(s)" (R(R(s)) = F(s)™). Thus,
these conditions must appear in all the results of this work about the prescription of
the row-span and col-span minimal indices of rational matrices. O

Next, we summarize some properties of dual minimal bases and some consequences
of these properties, which can be found in [13, 15, 18].

Definition 2.7 ([13, Definition 2.10]) Polynomial matrices M(s) € F[s]"+D*" and
N(s) € F[s]"+9*9 gre said to be dual minimal bases if they are minimal bases sat-
isfying M (s)T N (s) = 0.

Theorem 2.8 ([15, Theorem 2.9]) Let M(s) € F[s]"+0*7" N(s) € F[s]"+9*7 pe dual

minimal bases with column degrees dy, ... ,d, and dy,. .. ,d;, respectively. Then
r q
Sa=Y o
i=1 i=1
Conversely, given two lists of mnon negative integers dy,...,d, and dy, ..., d;, sat-

isfying (9), there exists a pair of dual minimal bases M(s) € F[s]"T9*" and N(s) €
F[s]"+0*a with precisely these column degrees, respectively.

The next result is an immediate corollary of Theorem 2.8 and has been stated and
proved in [15, Corollary 2.10] for polynomial matrices. The proof in [15] remains valid
for rational matrices.
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Corollary 2.9 Let A(s) € F(s)™*", rank(A(s)) = r, with col-span minimal indices
ki,..., k., row-span minimal indices {1, ..., L., right minimal indices dy, ..., d,_,, and
left minimal indices vy, ..., Vpy,_r. Then

=1 i=1 i=1 i=1

The next result is specific for polynomial matrices. It is an immediate consequence
of Theorem 2.1 and Corollary 2.9.

Corollary 2.10 Let A(s) € F[s]™*™, rank(A(s)) = r, deg(A(s)) = d, with col-
span minimal indices ki, ..., k., row-span minimal indices (1, ..., L., invariant factors
ar(s) |-+ | an(s), and fr,..., fr as partial multiplicities of co. Then, fi =0 and

Dk L+ Y fi+ > degon) =rd. (11)
=1 =1 =1 =1

3 Statement of the problems for polynomial matri-
ces

In this section, we present a formal statement of the problems studied in this paper for
polynomial matrices. They are solved in Section 5. For brevity, we avoid the statement
of the corresponding problems for rational matrices, which are solved in Section 6 as a
consequence of the results obtained for polynomial matrices.

Problem 3.1 Let m, n, r < min{m,n} be positive integers and d a non negative inte-
ger. Let aq(s) | -+ | a(s) be monic polynomials in F[s], (f.,..., f1) a partition of non
negative integers, and let K (s) € F[s|™ ", L(s)T € F[s|™" be minimal bases. Find nec-
essary and sufficient conditions for the existence of a polynomial matriz A(s) € Fls|™*"
of rank(A(s)) = r, deg(A(s)) = d, with ay(s),...,a.(s) as invariant factors, fi,..., [,
as partial multiplicities of 0o, R(A(s)) = R(K(s)) and R(A(s)T) = R(L(s)).

Problem 3.2 Let m, n, r < min{m,n} be positive integers and d a non negative inte-
ger. Letay(s) | -+ | a(s) be monic polynomials inF[s] and let (fr, ..., f1), (k1,..., k),
(01, ...,¢,) be partitions of non negative integers. Find necessary and sufficient con-
ditions for the ezistence of a polynomial matriz A(s) € F[s|™*" of rank(A(s)) = r,
deg(A(s)) = d, with a1(s), ..., a.(s) as invariant factors, f1, ..., f. as partial multiplic-
ities of oo, ky,..., k. as col-span minimal indices, and (1, ..., ¢, as row-span minimal
indices.

Problem 3.3 Let m, n, r < min{m,n} be positive integers and d a non negative
integer. Let aq(s) | -+ | a,(s) be monic polynomials in F[s] and let (f.,..., f1),
(k1. ky), (G, l), (dyyeo o ydp—y), (V1,..., Um_y) be partitions of non negative in-
tegers. Find necessary and sufficient conditions for the existence of a polynomial matrix

A(s) € Fls|™™ of rank(A(s)) = r, deg(A(s)) = d, with a;(s),...,a.(s) as invariant

factors, fi,..., fr as partial multiplicities of oo, ki, ..., k. as col-span minimal indices,
by, ..., 0. as row-span minimal indices, and right and left minimal indices dy, . .., d,_,
and vy, ..., Upy_., respectively.
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Problems 3.1, 3.2, and 3.3 are solved in Theorems 5.1, 5.3, and 5.5, respectively.
We will see that the solution of Problem 3.2 follows immediately from combining that
of Problem 3.1 with Proposition 2.5. The solution of Problem 3.3 requires to combine
the solutions of Problems 3.1 and 3.2 with the non-trivial results stated in Theorem
2.8 and Corollary 2.9. Thus, the key original contribution of this manuscript is the
solution of Problem 3.1.

The counterparts of Problems 3.1, 3.2, and 3.3 for rational matrices are solved in
Theorems 6.2, 6.4, and 6.5, respectively.

4 Factorizations of polynomial matrices and a re-
formulation of Problem 3.1

The goal of this section is to establish Theorem 4.5, which plays a key role in the
solution of Problem 3.1. Theorem 4.5 shows that Problem 3.1 is equivalent to an
existence problem involving only the invariant factors of a regular polynomial matrix
and the partial multiplicities of oo of a two-sided diagonal scaling of it. The proof of
Theorem 4.5 requires the development of several results on factorizations of polynomial
matrices. The first one of them proves that column proper polynomial matrices with
full column rank admit the factorization given in Theorem 4.1.

Theorem 4.1 Let K(s) € F[s]™*", rank(K(s)) = r, be column proper with column
degrees ki, ..., k.. Then, there exists a biproper matriz B(s) € F,.(s)™*™ such that

iag(sk k.
K(s) = B(s) diag(s 6...,3 )
Proof. Let us express K(s) as

K(s) = K, diag(s"1, ..., s") + L(s),

where K, € F™*" is the highest column degree coefficient matrix of K (s) and has rank
equal to r, and the degree of the i-th column of L(s) € F[s]™*" is strictly less than k]
for i = 1,...,r. Therefore,

K(s) = (K, + L(s)) diag(s, ..., s*),

with L(s) = L(s) (diag(s", ..., s¥))"! strictly proper. Let K), € F™ =) be any
constant matrix such that [ K, K, ] e ™™ is invertible. Note that

K(s) = [ K+ L(s) Ky ] { diag(ski(’)""sk;) ] :

We prove that B(s) = [ K, + E(s) K, } is biproper by proving that det(B(s)) is

a non zero biproper rational scalar function. Since the determinant of a matrix is a
multilinear function of its columns, we can express det(B(s)) as

det(B(s)) = det ({ K, K, D +g(s),
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where g(s) is a sum of 2" — 1 determinants each containing at least one column of L(s).
Therefore, each one of these determinants is a strictly proper rational function (use
a cofactor expansion through a column of L(s)). Hence, det(B(s)) = ¢ + g(s) where
0 # c € F and g(s) is strictly proper. This implies that det(B(s)) is biproper. O

The second result of this section deals with polynomial matrices which are products
of three factors, the first and the third ones satisfying certain properties which, in
particular, are fulfilled by minimal bases.

Lemma 4.2 Let K(s) € F[s|™ " and L(s) € F[s|”*" be polynomial matrices with
rank(K(s)) = rank(L(s)) = r, and let k{,.... k. be the column degrees of K(s) and
0, .. 0 be the row degrees of L(s). Let E(s) € F[s]™" and A(s) = K(s)E(s)L(s).

(i) If the invariant factors of K(s) and L(s) are equal to 1, then A(s) and E(s) have
the same invariant factors.

(i) If K(s) and L(s)T are column proper, then
F(s) = diag(s™, ..., s")E(s) diag(s", . . ., s")
has the same degree and partial multiplicities of oo as A(s).

Proof. To prove part (i) note that, by Remark 2.3, rank K (sg) = r and rank L(sq) =
r for all s5 € F. Then, by [14, Lemma 2.16-(b)] there exist K'(s) € F[s]™ (™) and

L'(s) € F[s]"=>" such that U(s) = [K(s) K'(s)] € F[s]™*™ and V(s) = LL/%Z))] €
E(()S) 8] € F[s]™". Then E'(s) has the same
invariant factors as E(s) and U(s)E'(s)V(s) = A(s): hence A(s) and E(s) have the
same invariant factors.

To prove part (ii), we use Theorem 4.1 to express

F[s]™" are unimodular. Let E'(s) = [

K(s) = Bi(s) [ diag(sklé,..,skr) ] CL(s) = [ diag(sh,...,s%) 0 } Bs(s),

where By (s) € F,.(s)™*™, Ba(s) € Fp,(s)"*™ are biproper matrices. Then,

E(s) [ diag(s®,...,s) 0] Ba(s)

A(s) = By (s) [ diag(sk/l,o...,ské) } .

F(s) 0
= BI(S) |: (() ) 0 ‘| BQ(S).
F(s) 0 : e
Thus, A(s) and o o | e equivalent at infinity; hence they have the same degree
and the same partial multiplicities of oo (see the discussion after equation (4)). O

Minimal rank factorizations of polynomial matrices were introduced in [15, Defi-
nition 3.12, Theorem 3.11]. Some properties of minimal rank factorizations into three
factors are presented in the next theorem. Observe that Theorem 4.3-(iii) proves a new
property.
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Theorem 4.3 FEwvery polynomial matriz A(s) € F[s|™*™ of rank r can be factorized as
Als) = K()E(s)L(s), K(s) €F[s]™", E(s) €F[s]™", L(s) € Fls|"",

where

(i) the columns of K(s) form a minimal basis of R(A(s)), the columns of L(s)T form
a minimal basis of R(A(s)T),

(ii) E(s) has the same invariant factors as A(s), and

(iii) if the column degrees of K(s) are ki, ... k! and the column degrees of L(s)T are
0y, ... 0 then

F(s) = diag(s™, ..., s") E(s) diag(s, ..., s")
has the same degree and the same partial multiplicities of oo as A(s).

Proof. The existence of the factorization and parts (i) and (ii) are in [15, Theorem
3.11-(i)]. Part (iii) follows from Lemma 4.2-(ii). O

Remark 4.4  (On the minimal bases of Theorem 4.3)

The minimal bases of R(A(s)) and R(A(s)?) can be arbitrarily chosen in Theorem
4.3. Let the columns of K'(s) € F[s]™*" and L'(s)T € F[s]"*" form minimal bases
of R(A(s)) and R(A(s)T), respectively. By Proposition 2.4, there exist unimodular
matrices U(s),V(s) € F[s|”*" such that K(s) = K'(s)U(s) and L(s) = V(s)L'(s).
Then R R

A(s) = K(s)E(s)L(s) = K'(s)E'(s) L' (s),

where E'(s) = U(s)E(s)V(s) has the same invariant factors as E(s), and the matrix
F'(s) defined from the factorization A(s) = K'(s)E’(s)L/(s) as in Theorem 4.3-(iii) has
the same degree and the same partial multiplicities of oo as A(s) by Lemma 4.2-(ii).

In particular, the columns of K (s) and the rows of L(s) can be arbitrarily ordered.
O

Next, we prove the announced reformulation of Problem 3.1.

Theorem 4.5 Let m, n, r < min{m,n} be positive integers and d a non negative
integer. Let ay(s) | -+ | ar(s) be monic polynomials in F[s|, let (f.,..., f1) be a
partition of non negative integers, and let K(s) € F[s|™*", L(s)T € F[s]™*" be minimal
bases with column degrees ky > --- >k, and {1 > --- > {,, respectively. The following
statements are equivalent:

(i) There exists a polynomial matriz A(s) € F[s]™*™ withrank(A(s)) = r, deg(A(s)) =
d, aq(8),...,a,(s) as invariant factors, fi,..., f. as partial multiplicities of oo,
R(A(s)) = R(K(s)), and R(A(s)") = R(L(s)").

(ii) There exists E(s) € F[s]™" with ay(s),...,a.(s) as invariant factors, such that
the polynomial matrix
F(s) = diag(s™, ..., s")E(s) diag(s", ..., s") (12)

has fi,..., fr as partial multiplicities of oo and deg(F(s)) = d.
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Proof.

(i) = (ii). It follows from Theorem 4.3 and Remark 4.4.

(ii) = (i). Let us assume that (ii) holds. Let A(s) = K(s)E(s)L(s) € F[s|™*". By
Remark 2.3 and Lemma 4.2-(i), the invariant factors of A(s) are ay(s), ..., a.(s). This
implies that rank(A(s)) = r. Moreover, we have R(A(s)) C R(K(s)) and R(A(s)T) C
R(L(s)T). Since each of these four subspaces has dimension r, we get R(A(s)) =
R(K(s)) and R(A(s)T) = R(L(s)"). By Lemma 4.2-(ii), deg(A(s)) = d and A(s) has
fi,--., fr as partial multiplicities of co. O

Remark 4.6 In item (ii) of Theorem 4.5, the indices kq,..., k. and ¢y,..., ¢, can

be arbitrarily ordered. That is to say, if k{,...,k. and ¢},..., ¢, are reorderings of
ki,...,k. and ¢y,..., ¢, respectively, then item (ii) of Theorem 4.5 holds if and only
if there exists E'(s) € F[s]™" with invariant factors a;(s),...,a.(s), such that the
matrix

F'(s) = diag(s"1, ..., s*)E'(s) diag(s™, ..., s%)
has fi,..., f- as partial multiplicities of oo and deg(F”(s)) = d.

To prove it, assume that item (ii) of Theorem 4.5 holds and take P,Q € F"™*"
permutation matrices such that

Pdiag(s*, ..., s")PT = diag(sk/l, . ,sk/r),

Q diag(s",...,s")Q" = diag(s”l7 . s““),
and let E'(s) = PE(s)Q”. Then the invariant factors of E’(s) are a;(s), ..., a,(s) and

PF(s)QT = diag(s™, ..., s")E'(s) diag(s,...,s) = F'(s).

Therefore, F(s) and F'(s) are equivalent at oo; hence they have the same degree and
the same partial multiplicities of co. The proof of the converse is analogous.

5 Solution to the problems for polynomial matrices

In this section we provide necessary and sufficient conditions for the existence problems
posed in Section 3. We emphasize that the conditions found are sufficient only if the
underlying field is algebraically closed; Example 5.4 illustrates that this constraint is
essential. In contrast, they are necessary over arbitrary fields. Theorem 5.1 solves
Problem 3.1.

Theorem 5.1 Let m, n, r < min{m,n} be positive integers and d a non negative
integer. Let aq(s) | --- | a.(s) be monic polynomials in F[s|, (f,..., f1) a partition
of non negative integers and K(s) € F[s|™*", L(s)T € F[s]"*" minimal bases, with
column degrees ky > --- > k. and {1 > --- > L., respectively. Let g, > --- > g, be the
decreasing reordering of k. + l1, ...,k + £,.

If A(s) € F[s]™™ is a polynomial matriz with rank(A(s)) = r, deg(A(s)) = d,
a1 ($),...,a.(s) as invariant factors, fi, ..., f. as partial multiplicities of oo, R(A(s)) =
R(K(s)) and R(A(s)") = R(L(s)T), then

Ji=0 (13)
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and
(d—gr,...,d—g1) < (deg(ay) + fr,...,deg(aq) + f1). (14)

Conversely, if F is algebraically closed, conditions (13) and (14) are sufficient for
the existence of a polynomial matriz A(s) € F[s]™ ™ with rank(A(s)) = r, deg(A(s)) =
d, a1(8),...,a.(s) as invariant factors, f1,..., f. as partial multiplicities of 0o, R(A(s))
=R(K(s)) and R(A(s)T) = R(L(s)T).

Despite the simplicity of the statement, the proof of Theorem 5.1 is long and in-
volved, and is postponed. The proof of the necessity of this theorem is given in Sub-
section 5.1, while the sufficiency is proved in Subsection 5.2. The proof of the necessity
uses a determinantal lemma, Lemma A.1, which is presented together with its long
proof in Appendix A.

Remark 5.2 (On the conditions (13) and (14) in Theorem 5.1).

1. The strong, non trivial condition in Theorem 5.1 is (14), because condition (13)
was expected (recall the discussion after (4)).

2. Condition (14) amounts to r conditions due to the definition of majorization.
The last of such conditions, i.e., the equality of the sums of the terms of the two
sequences involved in (14), is precisely (11), which in turn is equivalent to the
condition (8), i.e., to the index sum theorem constraint.

3. Using the observation above, condition (14) is equivalent to conditions (11) and

k
S (g +deglan) + fi) Skd, 1<k<r—1.

=1

4. For k = 1, the inequality above yields deg(a;) + fi < d — g;. This implies that
if (14) holds, then all the terms of the sequence in the left hand side of (14) are
non negative.

5. Theorem 5.1 can be used to determine the existence of a polynomial matrix
without eigenvalues (neither finite nor infinite) and prescribed degree, rank and
column and row spaces. For this purpose, we must take a;(s) =+ = a,(s) =1
and fy =--- = f, = 0. In this case, (14) reduces to

gi—i-kr,prl:d, 1§’L§7’
This condition is related to [15, Theorem 3.19]. O

In Theorems 5.3 and 5.5 we give solutions to Problems 3.2 and 3.3, respectively.
The proofs of both theorems are based on Theorem 5.1. Theorem 5.3 is the counterpart
of Theorem 2.1 when the col-span and row-span minimal indices are prescribed instead
of the right and left minimal indices. Observe that this change in the prescribed data
leads to a considerable increase in the complexity of the required conditions. The key
condition in Theorem 5.3 is (14), while (15) and (16) simply take into account that
if the rank of an m x n polynomial matrix A(s) is n (m), then R(A(s)T) = F(s)"
(R(A(s)) = F(s)™) and the minimal indices of F(s)" (F(s)™) are zero.
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Theorem 5.3 Let m, n, r < min{m,n} be positive integers and d a non negative in-
teger. Let aq(s) | -+ | a.(s) be monic polynomials in F[s] and (f,,..., f1), (k1,..., k),
(01, ...,¢,.) partitions of non negative integers. Let g > --+ > g, be the decreasing
reordering of k. + l1,... ki + (.

If A(s) € F[s]™" is a polynomial matriz with rank(A(s)) = r, deg(A(s)) = d,
a1($),...,a.(s) as invariant factors, fi,..., f. as partial multiplicities of 0o, ki, ..., k,
as col-span minimal indices, and {y, . .., L, as row-span minimal indices, then (13), (14),

b =---=0,=01ifr=n, (15)
and
k== k =0 ifr=m. (16)

Conversely, if F is algebraically closed, conditions (13), (14), (15) and (16) are
sufficient for the existence of a polynomial matriz A(s) € F[s]™*™ with rank(A(s)) = r,
deg(A(s)) = d, ai(s),...,a.(s) as invariant factors, fi,..., f. as partial multiplici-
ties of oo, ki,...,k, as col-span minimal indices, and {1, ...,{, as row-span minimal
indices.

Proof. By Proposition 2.5, there exist minimal bases K(s) € F[s]™*", L(s)" €
F[s]™*", with column degrees ki, ..., k., and ¢1,...,¢,, respectively, if and only if (15)
and (16) hold. Then, the result follows from Theorem 5.1. ad

If IF is not algebraically closed, conditions (13), (14), (15) and (16) of Theorem 5.3
are not sufficient, as we can see in the following example. The same happens with the
conditions in Theorems 5.1 and 5.5.

Example 54 Let F=R, m=n=3,r=2,d="7, a1(s) = 1, as(s) = (s* +1)?, fi =
fg = 07 kl = 5, ]{32 = 0, gl = 4, 62 =1. Thenr < m,r <nmn, (gl,gg) = (kl—f-é%kg—f—gl) =
(6’4) and (d_g%d_gl) = (37 1) = (470) = (deg(a2)+f2,deg(0q)+f1). Thusa (13)7 (14)a
(15) and (16) hold. If there exists A(s) € R[s]**3, with rank(A(s)) = 2, deg(A(s)) = 7,
ai(s) = 1, as(s) = (s*> + 1)? as invariant factors, fi = fo = 0 as partial multiplicities
of 0o, 5,0 as col-span minimal indices, and 4,1 as row-span minimal indices, then, by
Theorem 4.5, there exists a polynomial matrix E(s) = [61’1(8) 61’2(8)} € R[s]?*? with
62’1(8) 6272(8)
invariant factors a;(s) =1, as(s) = (s + 1)? and such that

B )

has degree 7 and f; = fo = 0 as partial multiplicities of co. Then,
e11(s) =0, deglera(s)) <1, deglesi(s)) <3, degleaa(s)) <6.

Consequently, as(s) = (s*+1)% = ceqa(s) e21(s), where deg(e12(s)) = 1, deg(ea1(s)) =
3, and ¢ # 0 is a real number. This is a contradiction because (s*+1)? has no divisors
of degree 1 over R[s].
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Our last result in this section, Theorem 5.5, combines all the data that are pre-
scribed in Theorems 2.1 and 5.3, since, in addition to the invariant factors and the
partial multiplicities of oo, the four sequences of minimal indices are prescribed. Ob-
serve that Theorem 5.5 requires the extra condition (10) with respect to Theorem 5.3
and that (10) implies (15) and (16).

Theorem 5.5 Let m, n, r < min{m,n} be positive integers and d a non nega-
tive integer. Let aq(s) | --- | a.(s) be monic polynomials in Fls| and (f,..., f1),
(ki,.. oy k), (01,0, (dyy .o ydu_y), (V1,.. ., Um_y) partitions of non negative inte-
gers. Let g > --- > g, be the decreasing reordering of k. + €1,..., k1 + ¢,.

If A(s) € F[s]™*" is a polynomial matriz with rank(A(s)) = r, deg(A(s)) = d,

a1(8),...,a.(s) as invariant factors, fi,..., f. as partial multiplicities of 0o, ki, ..., k,
as col-span minimal indices, {1, ..., L. as row-span minimal indices, and dy,...,d,_,
and Vi, ..., Up_p as Tight and left minimal indices, respectively, then (10), (13) and
(14) hold.

Conversely, if F is algebraically closed, conditions (10), (13) and (14) are suffi-
cient for the existence of a polynomial matriz A(s) € F[s|™*", with rank(A(s)) = r,
deg(A(s)) =d, ai(s),...,a.(s) as invariant factors, fi,..., [, as partial multiplicities
of 00, ki,...,k. as col-span minimal indices, {1, ...,¢,. as row-span minimal indices,
and dy,...,dn_, and vy, ..., Vm_, as Tight and left minimal indices, respectively.

Proof. The necessity follows from Corollary 2.9 and Theorem 5.3.

Assume now that F is algebraically closed and conditions (10), (13) and (14) hold.
If m = r, then from (10) we obtain 337 k = S0 v =0, e, ky = --- = k, = 0,
and by Proposition 2.5 there exists a minimal basis K(s) € F[s/™" with column
degrees kq,..., k.. If m > r, from (10), by Theorem 2.8 there exist minimal bases
K(s) € F[s|™", Nk(s) € F[s]™*(™") with column degrees ki, ..., k. and v, ..., Up_,
respectively, such that Ng(s)TK(s) = 0. Analogously, using (10), Proposition 2.5
and Theorem 2.8, there exists a minimal basis L(s)T € F[s|™ " with column degrees
1,...,0,, and if n > r there exists a minimal basis Ny (s) € F[s]"*(™") with column
degrees dy, .. .d,_, such that L(s)TNy(s) = 0.

By Theorem 5.1, from (13) and (14), there exists a polynomial matrix A(s) €
Fls]™ ™, with rank(A(s)) = r, deg(A(s)) = d, ai(s),...,a.(s) as invariant factors,
fi,- .-, [ as partial multiplicities of oo, R(A(s)) = R(K(s)) and R(A(s)") = R(L(s)?),
and therefore with kq,..., k. as col-span minimal indices and /4, ..., ¢, as row-span
minimal indices.

If m > r, since Ng(s)TK(s) = 0, the matrix Ng(s) is a minimal basis of Ny(A(s)),
therefore the left minimal indices of A(s) are vy,...,v,_,. Analogously, if n > r,
dy,...,d,_, are the right minimal indices of A(s). O

5.1 Proof of Theorem 5.1: necessity of the conditions

In this subsection we prove the necessity part of Theorem 5.1. The proof requires to
select some minors of a polynomial matrix satisfying certain properties. To do it, we
need to introduce some notation and a technical lemma. In order not to pause the
proof of the theorem, the proof of the technical lemma is postponed to Appendix A
(in a more general setting).
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The required notation reads as follows: if p and m are positive integers, 0 < p < m,
me:{[il,...,ip] 1< < <ip§m, il,...,iPGZ}.

For P(s) € F[s|™*", I € Qpm and J € @, we denote by P(s)(I, J) the px g submatrix
of P(s) of entries that lie in the rows indexed by I and the columns indexed by .J.
Given I = [iy,...,ip] € Qpm, let I* =[m —i, +1,....m —i; + 1] € Qpm, and if
I'=1[i}, ... ip] € Qpm, we write I' < I whenever i <ij;, 1< j <p.
The following lemma is an immediate consequence of Lemma A.1.
Lemma 5.6 Let E(s) = [e;;j(9)|i<ij<r € F[s|”" with rank(E(s)) = r. Let k €
{1,....r} and Z € Qy,. Then, there exist I,J € Qx,, J < Z, I < Z*, such that

det(E(s)(I,J)) # 0.
Proof of the necessity of Theorem 5.1. Let K(s) € F[s]™*", L(s)T € F[s]**"

be minimal bases with column degrees k; > --- > k, and ¢; > --- > /,, respectively.
Assume that there exists A(s) € F[s]|™*™ of rank(A(s)) = r, deg(A(s)) = d, with
ai(s) | -+ | a,(s) as invariant factors, f; < --- < f,. as partial multiplicities of oo,

R(A(s)) = R(K(s)), and R(A(s)T) = R(L(s)"). Let g; > --- > g, be the decreasing
reordering of 1 + k., ..., 0, + ky.

By Corollary 2.10, (13) holds. It only remains to prove (14). By Theorem 4.5, there
exists E(s) € F[s|™*" with invariant factors oy (s), ..., a,(s), such that the matrix F(s)
defined as in (12) has degree d and fi, ..., f, as partial multiplicities of co. Then, F(s)
satisfies condition (7) substituting P(s) by F(s), and where M (F(s)) is defined as in

(6).
Take k € {1,...r — 1} and Z € Qy,. By Lemma 5.6, there exist I, J € Qy,, such
that J < Z, I < Z* and det(FE(s)(I,J)) # 0. Then,

det(F(s)(I,J)) = sxiestat2icr ki det(E(s)(I, J)),

hence

deg(det(F(s)(L,J))) = Zﬁj + Z k; 4+ deg(det(E(s)(1,J))).

jeJ iel

As My(F(s)) = deg(det(F(s)(1, 1)), st + 2ierki = Xjez by + Yiez- ki, and
ay(s) - ay(s) | det(E(s)(I,J)) # 0 (see (3)), we obtain

Zdeg a;) >Z€ —i—Zkl,

JjEZ S A

therefore,

k
Zdeg ;) >max{Z€ —i—Zk : ZEQM}:Zgi.
i=1

JjeZ S

From (7) we obtain that kd — 32 | fi — 3% | deg(oy) > Y25, gi, hence,

k

k k
Z(d — i) = Zdeg(ai) + qu I1<k<r-1L (17)

=1 =1 i=1
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By Corollary 2.10, we get
Z(d —g) = Zdeg(ai) + Z fi. (18)
i=1 i=1 i=1

Conditions (17) and (18) are equivalent to (14).

5.2 Proof of Theorem 5.1: sufficiency of the conditions

The proof has two parts. First, in Section 5.2.1, we prove the sufficiency when the
prescribed partial multiplicities at oo are all equal to zero, or, equivalently, when it is
prescribed that infinity is not an eigenvalue of the polynomial matrix whose existence
we wish to establish. Second, in Section 5.2.2, we prove the sufficiency in general.
To achieve it, we use an argument based on M&bius transformations (see, [3, Section
6] and [26]). A Mobius transformation is applied to the prescribed data to remove
infinity as an eigenvalue. The transformed problem is solved by using the main result
in Section 5.2.1 ( i.e., Proposition 5.9). Finally, the polynomial matrix obtained in the
previous step is transformed back with the inverse of the Mobius transformation used
in the first step. Strategies that use Mobius transformations to avoid the eigenvalues at
infinity have been used for solving other problems related to the existence of polynomial
matrices with prescribed properties. See, for instance, [33, 34] and [14].

5.2.1 Sufficiency when the prescribed partial multiplicities of co are equal
to 0

The proof of the sufficiency in the case f; = --- = f, = 0 follows from combining
Theorem 4.5 with previous results on the existence of triangular regular polynomial
matrices with prescribed invariant factors and diagonal entries. We recall first such
previous results.

Theorem 5.7 [27, p. 208] Let ay(s) | -+ | ay(s) and 01(s),...,0.(s) be monic poly-
nomaials with coefficients in an arbitrary field F. Then, there exists an r X r triangular
polynomial matriz with diagonal (51(s),...,d,(s)) and ay(s), ..., a,(s) as invariant fac-

tors if and only if
ai(s)---ag(s) | ged{di,(s) -6, (s) 1 <iy<---<ixg<r}, 1<k<r—1, (19)
ay(s) - ap(s) = 01(8) - - - 6,(s). (20)
We will also need the following lemma, whose proof can be found within that of

[41, Corollary 4.3]. A result more general than Lemma 5.8, together with a detailed
proof, can be found in [33, Lemma 4.6].

Lemma 5.8 [6, Lemma 4.3] Let F be algebraically closed and let hy, ... h, and a;(s) |
-+ | ax(s) be non negative integers and monic polynomials with coefficients in F, re-
spectively. Let gy > --+ > g, be the decreasing reordering of hq, ..., h,. If

(91, .-+, 9r) < (deg(ay.), ... ,deg(a)),

then, there exist monic polynomials §1(s),...,0.(s) such that deg(d;) = h;, 1 <1 <r,
and (19) and (20) hold.
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In the next proposition we prove the sufficiency part of Theorem 5.1 when we
prescribe f; =--- = f. = 0.

Proposition 5.9 Let F be algebraically closed, m, n, r < min{m,n} be positive in-
tegers and d a non negative integer. Let ay(s) | -+ | a.(s) be monic polynomials in
F[s] and let K(s) € F[s]™", L(s)T € F[s]"™" be minimal bases with column degrees
ky > -+ > k. and 6y > --- > (., respectively. Let gy > --- > g, be the decreasing
reordering of k. + l1, ..., k1 + 0. If

(d —Gr;--- 7d - gl) = (deg(ar)a s 7deg(al))a

then, there exists a polynomial matriz A(s) € F[s]™*™ with rank(A(s)) = r, deg(A(s)) =
d, a1(s),...,.(8) as invariant factors, fi = -+ = f, = 0 as partial multiplicities of
00, R(A(s)) = R(K(s)) and R(A(s)") = R(L(s)").

Proof. By Lemma 5.8 and Theorem 5.7, there exist monic polynomials e 1(s),. ..,
e, r(s) such that
deg(ei;) =d — (kr—iyq1 +¢;), 1<i<r,

and an upper triangular matrix E'(s) € F[s]™" with diagonal (e;1(s),...,e.,-(s)) and
a1($),...,a.(s) as invariant factors. Next, inspired by [34, Lemma 2.4], we prove that
there exists a unimodular upper triangular polynomial matrix U(s) € F[s]"*" with
diagonal entries all equal to one and such that

E(s) = E'(s)U(s) = [ei;(8)]1<ij<r
satisfies
deg(e;;) <d— (kr—ip1+4), 1<i<j<r

The matrix U(s) can be constructed by applying first to E’(s) a sequence of elementary
column replacement operations described with two nested “for” loops as follows: for
t=r—1,r—2,...,1and for j =i+ 1,7+ 2,...7r, replace the jth column by the j-th
column minus the i-th column times the Euclidean quotient of the (7, j)-entry divided
by the (7,7)-entry. Then, U(s) is obtained by applying to [, the same sequence of
elementary column replacement operations that has been applied to E'(s).
Let
F(s) = diag(s", ..., s")E(s) diag(s", ..., s").

Then, F'(s) is upper triangular and if F'(s) = [fi ;($)]1<ij<rs

deg(fz,l) = d7 1 S l S r,
deg(fm-) <d-— (ﬁz + kr—i-ﬁ-l) + (£] + kr—i—i—l) S d, 1 S 7 < j <.

As a consequence, deg(F(s)) = d and, according to (6),
Mp(F(s))=kd, 1<k<r.

Therefore, by (7), the partial multiplicities of co of F(s) are f; = --- = f, = 0. The
proposition follows from Theorem 4.5 and Remark 4.6. O
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5.2.2 Sufficiency in the general case

Our aim in this section is to prove the sufficiency of Theorem 5.1 in the general case,
that is, when there may be non zero partial multiplicities of oo.

Proof of the sufficiency of Theorem 5.1. Assume that F is an algebraically
closed field and that conditions (13) and (14) hold. Let a € F be a scalar that is not a
root of a,.(s), i.e., ged(ey(s),s —a) =1fori=1,...,r. Let

1 _ 1 T
K(s)=K (— + a) diag(s™,...,s"), L(s)" =L (— + a> diag(s, ..., s").
s s

By [26, Theorem 7.4], K (s) and L(s)” are minimal bases with column degrees ki, . . ., k,
and 0y, ..., /¢, respectively. This can also be proved directly by combining Theorem
2.2 with some algebraic manipulations.

Write ;(s) in the basis {1,s —a, (s — a)?,...}, say,

ai(s) = (s —a)¥@) 4. fa; (s —a) oy, 1<i<r

Notice that a; 0 # 0,1 <¢ <r. Then
1
;i (s) = stee(@) (— + a) = 14 oo 4 a9 g gsteeled) 1 << (20)
s

is a polynomial of the same degree as «;(s) and such that ged(@;(s),s) = 1. Define

1
Bi(s) = &i(s)sfi, 1<i<r. (22)
Q50
These are monic polynomials of degree deg(a;) + f; and 51(s) | -+ | B.(s).

Condition (14) is equivalent to

(d — G- 7d - gl) = (deg(ﬁr)a s 7deg(ﬁl))

By Proposition 5.9 there exists B(s) € F[s]™*", with rank(B(s)) = r, deg(B(s)) = d,
B1(s), ..., Br(s) as invariant factors, e; = -+ = e, = 0 as partial multiplicities of oo,
R(B(s)) = R(K(s)) and R(B(s)") = R(L(s)").

Assume that B(s) = Bgs? + By_1s%! + --- + By. Notice that By # 0, because
ged(ay(s), s) = 1, condition (13) holds, and, therefore, ged(f1(s),s) = 1. Set

A(s) = (S—a)dB( ) = By+ Ba_1(s —a) + - + By(s — a)™. (23)

sS—a

It is clear that A(s) € F[s]"™*" rank(A(s)) = r, and deg(A(s)) = d. Furthermore,

R (2 )i (o= (s - 0)) = K(5)

I ( ! )Tdiag ((s—a)h,....(s— a)) = L(s)".

sS—a
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d

Next, observe that R(A(s)) = R(B(:;)) because (s—a)? is a scalar in F(s). Moreover,

B(s) = K(s)C(s), where C(s) € F[s]™" is the matrix whose i-th column contains the
coordinates of the i-th column of B(s) in the minimal basis K (s) for 1 <i < n (C(s)
is polynomial by [18, p. 495]). Thus, B(-X-) = K(--)C(<L), which implies that
R(A(s)) = R(B(s%)) € R(K(:%)) = R(K(s)). The previous inclusion combined
with dim R(A(s)) = dimR(K(s)) = r implies that R(A(s)) = R(K(s)). A similar
argument proves that R(A(s)T) = R(L(s)").

Let by, ..., b, be the non zero finite eigenvalues of B(s). Write
h
= [[(s—bpush, 1<i<r (24)
7=1

By taking a = 0,8 = 1,7 = 1, and § = —a in [3, Proposition 6.16] (see also [26,
Theorem 5.3]) we deduce:

(i) For any ¢ € F\ {0}, if (s — ¢)™*,...,(s — ¢)' are the local invariant rational
functions at s — ¢ of B(s) then (s —a — %)tl oo (s—a— %)t are the local in-

t1
variant rational functions at s—a—% of A(s). More precisely, (s —a— bl> ’ R,
J

trj
(s —a— l}) " are the local invariant rational functions at s —a — bi of A(s), for

J J
j=1,...,h, and for any other scalar ¢’ # a, i.e., ¢ € F\ {a,a + i,...,a—i— i}
the local invariant rational functions at s — ¢’ of A(s) are 1,...,1.

(ii) As fi,..., [, are the partial multiplicities of 0 in B(s), the partial multiplicities
of oo in A(s) are 0, fo — f1,...,fr — fi. As condition (13) holds, the partial

multiplicities of oo in A(s) are fi,..., fr.

(iii) Since e; = --- = e, = 0 are the partial multiplicities of co in B(s), the local
invariant rational functions at s — a of A(s) are 1,...,1, which means that the
partial multiplicities of a in A(s) are 0, ...,0.

ti;
By (i) and (iii) the invariant factors of A(s) are H;.Lzl (3 —a— %) T1<i<r It
only remains to prove that they are equal to ay(s),. .., a,(s).
From (22) and (24) we obtain ﬁdi(s) = H;.Lzl(s — b;)t and, therefore, deg(a;) =

St tiy and 1= &;(0) = aio [0, (—b;)%,1 < i < r. Now, from (21),

1 1 deg(ai)
di( ):( ) a;(s), 1<i<r.
s—a s—a

Oéi(8> _ (S o a)deg(ai)di (Sia) (S _tq)deg(az o OHgtl ( — b, )
= a;o(s — a)* = [T, <%> J (S —a- %) To1<i<n

Since deg(o;) = deg(&;) = Z?:1 tij and 1 = H] L(=bj)t,

Thus,




Summing up, the polynomial matrix A(s) defined in (23) satisfies A(s) € F[s]™*",
rank(A(s)) = r, deg(A(s)) = d, ai(s),...,a.(s) are its invariant factors, fi,..., f, are
its partial multiplicities of co (see (ii)), R(A(s)) = R(K(s)) and R(A(s)" ) = R(L(s)T).
a

6 Results for rational matrices

In this section, we solve problems for rational matrices similar to those stated for
polynomial matrices in Section 3. In Theorem 6.2, we solve the rational counterpart of
Problem 3.1 by combining the polynomial result in Theorem 5.1 with the simple fact
that if ¢(s) is the least common denominator of the entries of a rational matrix R(s),
then ¢(s)R(s) is a polynomial matrix. It allows us to “transform” the rational problem
of prescribed data into a polynomial problem with “related” prescribed data. We
then solve the resulting polynomial problem using Theorem 5.1, and finally transform
its solution into the solution of the original rational problem. The properties of the
involved “transformations” rely on the auxiliary Lemma 6.1. A similar strategy was
used in [5, Theorem 4.1] to prove the rational counterpart of Theorem 2.1. The solutions
of the rational counterparts of Problems 3.2 and 3.3 follow easily from Theorem 6.2
and are given in Theorems 6.4 and 6.5, respectively.

In Lemma 6.1, we relate the finite and infinite invariant rational functions, the right
and left null spaces, and the column and row spaces of a rational matrix with those of
a polynomial matrix related to it. In the rest of this section, it is convenient to bear in
mind that the denominator ¢;(s) of the first invariant rational function of a rational
matrix R(s) is precisely the (monic) least common denominator of the entries of R(s).
See [22, p. 444].

Lemma 6.1 Let R(s) € F(s)™*™ be a rational matriz and let p(s) € F(s) be a monic
polynomial multiple of the least common denominator of the entries of R(s). Then,
p(s)R(s) € F[s|™*™ is a polynomial matriz with the same rank as R(s) and:

(i) ;11((?), O ((S)) are the invariant rational functions of R(s) if and only z'fp(z);(l()s)
p(;)r;(;()s) are the invariant factors of p(s)R(s).

(i1) The integers qi, ..., q. are the invariant orders at infinity of R(s) if and only if

deg(p(s)R(s)) = deg(p(s)) —q1 and 0 = ¢1 — q1,¢2 — ¢, - . -, ¢- — @ are the partial
multiplicities of oo in p(s)R(s).

(iii) No(R(s)) = No(p(s)R(s)), Ni(R(s)) = Ne(p(s)R(s)), and therefore the right
(left) minimal indices of p(s)R(s) and of R(s) are equal.

(iv) R(p(s)R(s)) = R(R(s)), R((p(s)R(s))T) = R(R(s)T), and therefore the col-span
(row-span) minimal indices of p(s)R(s) and of R(s) are equal.

Proof. The proof is straightforward. So, we just provide some hints and prove with
some detail only item (ii). It is obvious that p(s)R(s) is a polynomial matrix. The
equality rank(R(s)) = rank(p(s)R(s)) and items (iii) and (iv) follow from the facts
that p(s) is a scalar in F(s) and that multiplication by non zero scalars in the field
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does not change the null spaces and the column and row spaces of a matrix. Item
(i) follows from the Smith-McMillan form (1). To prove (ii), note that p(s)R(s) =
(Sfe(g”’()p) [m> (592 R(s)) and that the matrix (Sfe(TS()p)Im) is biproper. Thus, the Smith-
McMillan form at infinity of p(s)R(s) is equal to the Smith-McMillan form at infinity of
s8(?) R(s), which is the Smith-McMillan form at infinity of R(s) multiplied by si°s®).
Therefore, taking into account (2), g, . .., g, are the invariant orders at infinity of R(s)
if and only if ¢; —deg(p), . .., ¢, —deg(p) are the invariant orders at infinity of p(s)R(s).

Then deg(p(s)R(s)) = deg(p(s)) —q1 and, by (4), 0 =¢1 — ¢1,92 — q1,- - -, ¢ — q1 are
the partial multiplicities of oo in p(s)R(s). The converse also follows from (4). O

Theorem 6.2 Let m, n, r < min{m, n} be positive integers. Let ¢,(s) | --- | €-(s) and
Ue(8) | -+ | ¥1(s) be monic polynomials in F[s] such that ;l((z)) are irreducible rational
functions for i =1,...,r. Let g1 < --- < g, be integers and let K(s) € F[s|™*" and
L(s)T € F[s]™*" be minimal bases with column degrees ky > -+ >k, and by > -+ >,

respectively. Let gy > -+ > g, be the decreasing reordering of k, + l1,..., k1 + €,.

If R(s) € F(s)™™ is a rational matriz with rank(R(s)) = r, ;11((2)),,;:((?) as
invariant rational functions, qi,...,q, as invariant orders at oo, R(R(s)) = R(K(s))
and R(R(s)T) = R(L(s)T"), then

(=grs- - —g1) < (deg(er) — deg(¥r) + qr, .., deg(er) — deg(¥n) +q1).  (25)

Conversely, if F is algebraically closed, condition (25) is sufficient for the existence
of a rational matriz R(s) € F(s)™*™ with rank(R(s)) = r, %(SS)), Ce ;:((Z)) as invari-
ant rational functions, qi,...,q. as invariant orders at 0o, R(R(s)) = R(K(s)) and

R(R(s)") = R(L(s)").
Remark 6.3 (Comparing Theorems 6.2 and 5.1).

1. Clearly, when the rational matrix R(s) is polynomial, the majorization (25) re-
duces to condition (14). Namely, ¥;(s) = 1 fori =1,...,7r, €(s),...,€:(s) are
the invariant factors of R(s), deg(R(s)) = —¢ and the partial multiplicities of
oo in R(s) are ¢t — q1, ..., q- — q1 by (4).

2. Observe also that (25) is equivalent to

k k k k
Zgi—l—Zdeg(q)—Zdeg(wi)—l—szSO, 1<k<r-1, (26)
i=1 i=1 i=1 =1

=1 i=1 =1 =1 =1

Taking into account (10), the above equality is the index sum theorem constraint
for rational matrices (see [5, Remark 3.4] and [2, Theorem 2.4]). Altogether, this
remark can be seen as the “rational” counterpart of Remark 5.2-3.

3. It is interesting to point out that the only condition involved in Theorem 6.2 is
(25) in contrast with the two conditions (13) and (14) involved in Theorem 5.1.
The reason of this difference is that there exist rational matrices with arbitary
values of the smallest invariant order at infinity, while f; = 0 always holds for
polynomial matrices. O
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Proof of Theorem 6.2. Assume that there exists a rational matrix R(s) €
F(s)™*"™ with rank(R(s)) = r, %(ss)), e ;T(( )) as invariant rational functions, ¢1,...,q,
as invariant orders at oo, R(R(s)) = R(K(s)) and R(R(s)") = R(L(s)T). By Lemma
6.1, ¥1(s)R(s) is a polynomial matrix with rank(yq(s)R(s)) = r, deg(u1(s)R(s)) =
deg(¥1(s)) —qi, 1/”1(;1)(681)(8), ey w11(ps7?(s;)(s) as invariant factors, ¢1 —q1, g2 — q1, - - -, G- — 1 a8
partial multiplicities of oo, R(1)1(s)R(s)) = R(R(s)) = R(K(s)) and R((¢1(s)R(s))T) =
R(R(s)T) = R(L(s)"). By Theorem 5.1 applied to t1(s)R(s), we have

(deg(v1) — @1 — gr, - - -, deg(1) — @1 — g1)
< (deg(v1) + deg(e;) — deg(vr) + ¢ — a1, - -, (27)
deg(¢)1) + deg(e1) — deg(¥1) + @1 — q1),

which is equivalent to condition (25).

Conversely, assume that F is algebraically closed and (25) holds. From (26) for
k = 1, we obtain g; + deg(e1) < deg(w1) — ¢1, therefore, deg(v;) — ¢; > 0. Moreover,
notice that «;(s) = %(s)(‘;’)(s) i=1...,r, are monic polynomials such that a;(s) | - |
a,(s) and deg(a;) = deg(11) + deg(e;) — deg(vy;). Note also that (¢ — q1,...,q¢1 —
¢1) is a partition of non negative integers. As already seen in the necessity part,
condition (25) is equivalent to (27). By Theorem 5.1, there exists A(s) € F[s]™*™
with rank(A(s)) = r, deg(A(s)) = deg(1) — ¢1, a1(s), ..., a.(s) as invariant factors,
q1—q1,---,q- — q1 as partial multiplicities of oo, R(A(s)) = R(K(s)) and R(A(s)") =
R(L(s)T). Take R(s) = 2L Then, rank(R(s)) = rank(A(s)) = r,

¥1(s)
6.1, ;11((?), ce ;r((ss)) are the invariant rational functions of R(s), q1,..., ¢, its invariant

orders at co, R(R(s)) = R(K(s)) and R(R(s)") = R(L(s)T). O

and by Lemma

Theorem 6.4 Let m, n, r < min{m, n} be positive integers. Let e1(s) |-+ | e.(s) and
Ur(8) | -+ | ¥1(s) be monic polynomials in F[s] such that Z((Z)) are irreducible rational
functions fori =1,...,r. Let 4 < --- < q, be integers and (ky,...,k.), ({1,...,4)
partitions of non negative integers. Let g1 > --- > g, be the decreasing reordering of
kr+0q,... ki +¢,.

If R(s) € F(s)™™ is a rational matriz with rank(R(s)) = r, ;11((?),,;:((?) as
mvariant rational functions, qi,...,q, as invariant orders at oo, ki, ..., k. as col-span
minimal indices, and ly, ..., L. as row-span minimal indices, then (15), (16) and (25)
hold.

Conversely, if F is algebraically closed, conditions (15), (16) and (25) are suffi-
cient for the existence of a rational matriz R(s) € F(s)™" with rank(R(s)) = r,
;11((‘?), cee ;’;((SS)) as invariant rational functions, qi,...,q. as invariant orders at oo,

1, .., k. as col-span minimal indices and (1, ..., L. as row-span minimal indices.

Proof. The proof follows from Proposition 2.5 and Theorem 6.2 analogously as
the proof of Theorem 5.3, i.e, the polynomial case, follows from Proposition 2.5 and

Theorem 5.1. a
Theorem 6.5 Let m, n, r < min{m,n} be positive integers. Let €;(s) | --- | €.(s) and
Ue(8) | -+ | ¥1(s) be monic polynomials in F[s| such that ;’((‘Z)) are irreducible rational

functions fori=1,....r. Let 4 < --- < q, be integers. Let (kyi,...,k.), ({1,...,¢),
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(dy,...,dp_y), (V1,...,0m—y) be partitions of non negative integers. Let gy > --- > g,
be the decreasing reordering of k. + €1, ..., k1 + ;.

If R(s) € F(s)™™ is a rational matriz with rank(R(s)) = r, ;11((?),...,3((?) as
mvariant rational functions, qi,...,q. as invariant orders at oo, ki,...,k, as col-
span minimal indices, l1,..., L. as row-span minimal indices, and di,...,d,_,. and

Vly ooy Um—y aS Tight and left minimal indices, respectively, then (10) and (25) hold.
Conversely, if F is algebraically closed, conditions (10) and (25) are sufficient for
the existence of a rational matriz R(s) € F(s)™*"™ with rank(R(s)) =, ;11((?), ey ;:((“;)
as invariant rational functions, qi,...,q, as invariant orders at oo, ky,...,k, as col-
span minimal indices, l1,..., L. as row-span minimal indices, and di,...,d,_,. and

V1, ..y Um—yr aS Tight and left minimal indices, respectively.

Proof. The proof is analogous to that of the polynomial case in Theorem 5.5.
Simply, one has to replace the use of Theorems 5.1 and 5.3 in that proof by Theorems
6.2 and 6.4, respectively. O

7 Conclusions and open problems

In this paper, we have provided necessary and sufficient conditions for the existence
of polynomial and rational matrices when the minimal indices of the column and row
spaces, together with other structural data, are prescribed. As far as we know, these
are the first results available in the literature that provide complete information about
how the minimal indices of the column and row spaces are related to other relevant
magnitudes of rational and polynomial matrices, as the invariant rational functions,
the invariant rational functions at infinity, and the minimal indices of the left and right
null spaces.

It is well known that polynomial and rational matrices arising in applications often
possess particular structures as, for instance, symmetric, skew-symmetric, Hermitian,
palindromic or alternating structures [24]. Therefore, it would be of interest to study
how the necessary and sufficient conditions obtained in this paper should be modified
when the polynomial or rational matrix whose existence is to be established is required
to have some particular structure. This is, in general, a very challenging problem,
since extensions of the result in [1, 14] about the existence of polynomial matrices with
prescribed complete eigenstructure (i.e., without considering the minimal indices of the
column and row spaces) to structured scenarios have been obtained only in some cases
and under some strong constraints as imposing regularity [7], or simple eigenvalues [10,
Theorem 4.1], or the degree to be at most two [12, 30]. However, these constraints are
significant in applications and may make it possible to obtain structured analogues of
the results in this paper.

Appendix A A determinantal lemma

Let R be an integral domain, R™*" the set of m x n matrices with entries in R and
F the field of fractions of R. As in Section 5.1, for P € R"™*", [ € Qpm and J € Qqp,
we denote by P(I,J) the p X g submatrix of P of entries that lie in the rows indexed
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by I and the columns indexed by J, and P(I,:) € RP*™ and P(:,J) € R™*? are the
submatrices of P formed by the rows indexed by I and the columns indexed by J,
respectively. Moreover, we also use the following notation: given two positive integers
i and j, such that i < j,i:j5=1[i,i+1,...,]]

Lemma A.1 Let E = [e; jli<ij<r € R™" with rank(E) = r. Let k € {1,...,r} and
Z € Qiy. Then, there exist 1,J € Qp,r, J < Z, 1 < Z*, such that det(E(1,J)) # 0.

Lemma A.1 is proven by induction on r. First, we illustrate the proof with an
example.

Example A.2 Let E = [e; ;]1<i ;<5 € R**® with rank(E) = 5.

Assume that if E € R4 has rank(E) = 4, then for k € {1,...,4} and Z € Qa
there exist 1, J € Qp4, J < Z, I < Z*, such that det(E ( [,J)) #0.

If X = [cl 5] € R4X5 is the matrix formed by the 4 first rows of E,
then rank(X) = 4. Thus, at least one of the columns of X depends linearly on
the others. Suppose that the columns ci,cy are linearly independent and c3 de-
pends linearly on ¢, c;. Then, there exists g € F2*! such that c3 = [cl CQ:| g. As
rank( [ “

€51 €52 €53

Take E = [€ili<ijea = [c1 2 1 5] € R e, E is the submatrix obtained
from E by deleting the last row and the third column. We have rank(E ) =4, and

. ]) =rank(E(:,1:3)) = 3, we conclude that es 3 # [65,1 6572} g.

é1,1 é1,2 é1,3 é1,4 €11 €12 €14 €15
E _ (%2,1 %2,2 %2,3 (%2,4 _ €21 €22 €24 €25
€31 €32 €33 €34 €31 €32 €34 €35
é4,1 é4,2 é4,3 é4,4 €41 €42 €44 €45

Let k€ {1,...,5} and Z = [z1,..., 2] € Qps.

If k=5, then @55 = {[1,...,5]} and Z = Z* = [1,...,5]. Taking [ = J = Z we
have E(I,J) = FE and det(E) # 0.

Assume that k € {1,...,4}. We show how to proceed in two examples for k = 3.

o Let Z = [21722,;:3] = [1,3,4] € Qs5 (Z* = [2,3,5]). Here we take 7 =
21,20, 23] = [1,2,3] € Q34 (Z* =[2,3,4]). As we will see in the proof of Lemma
A.1, the choice corresponds to 21 = 21, 2y = Z— 1, 23 = 23— 1. By the induction
hypothesm there exist [ = (i1, 12, 73], J = [jl,jg,jg] € Q3,4 such that

<2, 9<3, i3<4, ji=1, jo=2, J3=23,

and det(E(f, j)) £ 0. If we take I = [ and J = [1,2,4], then I, J € Q35,1 < Z*,

J < Z, and
€i1,1 €12 €4 €1 G2 €3
E(I,J) = |€i,1 €2 Cina|l = |€,1 €,5 €3],
€i371 6i372 6i3:4 623,1 623,2 6%3,3

ie., E(I,J) = E(I,J); hence det(E(I, .J)) # 0.
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o Let Z = [21,20,23) = [1,2,3] € Qs5 (Z* = [3,4,5]). Now we take Z = [2, %] =
[1,2] € Qo4 (Z* = [3,4]). Again, as we will see in the proof of Lemma A.1, Z
belongs to QQx_1.4 and is defined as 2; = 23, 22 = 25. By the induction hypothesis,
there exist [ = [%1, %2], J= [31,52] € Q2,4 such that

1W<3, 12<4, j1=1, Jjo=2,

and det(E(_f, J)) # 0. Define I = [iy,%5,5] and J = [1,2,3]. Then I,.J € Qss,
1< 7" J< Z, and

€11 €12 €413 égl,l é;hz €i1,3
E(I,J) = [€i1 €i2 €ir3 €1 €2 Cin3
€51 €52 €53 €51 €52 €53
We have
T I
( ) )|:0 1:| - e’ig,l 612,2 , )

€51 €52 €53

where €} 3 = €55 — [e51 €52] g # 0; hence det(E(, J)) = €} 4 det(E(f, J)) # 0.

Proof of Lemma A.1. If k = r, the result is trivial. Indeed, @,, = {[1,...,7]};
therefore, Z = Z* =[1,...,r|, and for I = J = Z we have det(E(I, J)) = det(FE) # 0.

If K =1, then Z = [#] and Z* = [r — z; + 1]. Since rank(F) = r, we have
rank(FE(1:r — 2 +1,1: 2z1) > 1, therefore, there exist i <r — z; + 1 and j < z; such
that e; ; # 0. This means that Lemma A.1 holds for £ = 1. Thus, we can assume from
now on that £ > 2 and, consequently, r > 2.

We prove the lemma for » > 2 by induction on r.

If r =2, then £ = r = 2 and, as mentioned above, the lemma is trivially satisfied.

LetA r—1 > 2. Assume that the lemma is satisfied for £ € RU~Dx(0—1 with
rank(E) =r — 1, and let £ € R™*" with rank(E) = r.

Let X = E(1:(r—1),:),ie, X € RC"YX" is the matrix formed by the r — 1 first
rows of £, and let ¢, ..., c, € RU™D*! be the columns of X. As rank(E) = r, we have
rank(X) =r — 1.

If c; = 0, take u = 1. Otherwise, let ¢, be the first column in X that depends
linearly on the preceding columns, i.e.,

u=min{i : rank ([e; -+ ¢])=i—1}.

Hence, 1 < u < r, and if u > 1 there exists g € F“~D*1 guch that

[cr -+ cum1] g =cu (28)
Cl PR Cu
As rank ([ . ]) =rank(E(:,1: u)) = u, we have
rdl T U
0 # eru, ifu=1,
[em o er,u—l} g F# ery, ifu>1. (29)
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Let E = [éi,j]lﬁi,jﬁr—l = |:Cl e Cy—1 Cyy1 o - CT} € R(T_I)X(T_l), i.e., E is
the submatrix obtained from E by deleting the last row and the column u. Then

A~

rank(F) =r — 1, and

é@j: €ijs 1§Z§7"-1,1§j§u—1,
€ij = €jt1, 1<i<r—1 u<j<r-—1

Let k € {2,...,r} and Z = [z1,...,2] € Q. Set zp = 0. Notice that z; > 1,
0 <i<k, and let w =max{i > 0: 2 =i}. Observe that 0 < w < k.

o If w < u, take 2y = 0 and Z = [y, ..., %], where

Ifw==%k thenl =2 <2, =k=w<u—1<r—1. 1If w= 0, then
O<zn—-1=4Z< - <Zr=z—-1<r—1.If0<w<k then0<1=2z =
Zfw=z2,=w+1—-1<zp11—1=2p11 <+ <2 =2, —1<r—1. Hence,
Z € Qpr_r. Let Z* = [25,...,z] and Z* = [2%,...,%]. Then

Q>

S == i1 =7 — 2 1 =2, 1 <i <k —w,
f=r = i1 =T — i1 =2 — 1, k—w+1<i<k.

Q>

By the induction hypothesis, there exist I = [i1,..., %], J = [J1, ..., Ju] € Qrr-1 C
Q. such that I <27 J< Z, and det(E(f, j)) + (0. Taking I = I, we have
I€Qpyand I <Z*<Z* Define J = [j1,...,Jk as

Ji = 51‘; if .}z < u,
Ji=Ji + 1, ifj};Zu.

Then, 1 < j’l < << g < jk +1 <r, hence J € Q,. By the definition
of E, E(I,J) = E(_f, J), therefore det(E(I,J)) # 0. Moreover, if j; < u, then
ji < % < z. If j; > u, then % 23} > u > w = Z,; hence, i > w + 1 and
ji:j'mtl < Z;+1=z. It means that J < Z.

o Ifw>wu,thenl <u<w<Ek. TakeéozoanddeﬁneZ:[21,...,2k_1] as

22‘:22':?:, 1§Z§U,—1,
22‘:212'_;,_1—1, USZSI{}—]_

Ifu==Fk thenl =2 <2, 1=%2,10=u—1<r—-1 1If 1 <u <k, then
1:21Siu,lzu—lzzu,l<zu§zu+1—1:,§u§2k,1:zk—lgr—l. If
u=1,then 0 <2 =2—-1<2%,_; =2 —1<7r—1. Therefore, Z € Qp_1,-1 .

Let Z* = [2F,..., 2] and Z* = [5F,..., % _,]. Then,
éizr—ékfizr_zkfﬂrl"i_l:z;v 1<i<k—u,
7:’*:T—ék_i:T—/{?+Z.:T+1—Zk_i+1:,2,zk, ]{?—U+1§Z§]€—1
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By the induction hypothe31s there exist [ = (i1, ... ig1], J = VI AR =

Qr—1.,—1 such that [ < Z*, J < Z, and det(E(I, j)) # 0. Note that j; = 2, = i,

for 1 <i<wu-—1. Deﬁne[-[zl,...,zk] as
ih=1n, 1<h<k-1,
ik:T.

Then, I € Qkﬂu and 7, = iy,
z1 = 1 and z; = r; hence 7

IN

Zp =z for 1 <h<k-1
zp and [ < Z*.

Since 1 < w, we have

Define also J = [j1, ..., Ji] as
ji = 2 1 << u,
Jji=7i1+1, u+1<i<k.
As ju = u < Jy < Ju+1 = jus1, we have 1 = j; < -+ < jp < r. Therefore,
J € Q, and
€i1,1 €i1u €i1,jut1 i1,k
E(1,J)=
Cip_1,1 Cir_1,u  Cip_1,5un1 Cir—1.dk
€r1 €ru €r jutt Crjk
Thus, taking into account (28),
Iu—l -9 0
E(I,J)| 0 1 0
| 0 0 I,
€i1,1 €iru—1 0 Ci1\futr i1k
= ° R
Cip_1,1 Cip_1,u—1 0 Cik_1.jut1 Cin—1.dk
/
L €r1 €ru—1 Cru Erjur1 Cr.jk
where €., = €,, — [er,l enu_l] gifu>1,and e, = €., if u = 1. From

(29) we obtain e, 7 0. Moreover,

€11 €iru—1 €i1,jur1 i1,k
| Cin—1,1 Cir—1u=1  Cip_1,jutr i1,k
i1,J1 i1, Ju—1 6§173u+1 eglajk—l‘f'l
| G101 1, Ju—1 e'zk—laju‘i‘l e%k—175k—1+1
€ i1,Ju—1 i1,Ju i1,Jk—1
| Cik_1.01 i 1sJu—1 th—1:Ju e 15Jk—1
= E(,J)
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Hence det(E(I,J)) = (=1)* e, det(E(I,J)) # 0. Moreover, j; = i = 2 for
1 <i<u, andjiZji_1+1Séi_1+1:z,~f0ru—|—1§i§k:. Thus, J < Z.
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