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Abstract

This paper studies generic and perturbation properties inside the linear space of m x (m + n) poly-
nomial matrices whose rows have degrees bounded by a given list d1,...,d,, of natural numbers, which
in the particular case d1 = --- = d,, = d is just the set of m x (m + n) polynomial matrices with degree
at most d. Thus, the results in this paper extend to a much more general setting the results recently
obtained in [Van Dooren & Dopico, Linear Algebra Appl. 542 (2018) 246-281] only for polynomial
matrices with degree at most d. Surprisingly, most of the properties proved in [Van Dooren & Dopico,
Linear Algebra Appl. 542 (2018) 246-281], as well as their proofs, remain to a large extent unchanged
in this general setting of row degrees bounded by a list that can be arbitrarily inhomogeneous provided
the well-known Sylvester matrices of polynomial matrices are replaced by the new trimmed Sylvester
matrices introduced in this paper. The following results are presented, among many others, in this work:
(1) generically the polynomial matrices in the considered set are minimal bases with their row degrees
exactly equal to di,...,d,,, and with right minimal indices differing at most by one and having a sum
equal to >7* di, and (2), under perturbations, these generic minimal bases are robust and their dual
minimal bases can be chosen to vary smoothly.
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1 Introduction

Minimal bases of rational vector spaces, usually arranged as the rows of polynomial matrices, are a standard
tool in control theory and in coding theory. Therefore, their definition, properties, and many of their
practical applications can be found in classical references on these subjects, as, for instance, the ones by
Wolovich [30], Kailath [23], and Forney [19], although the concept of minimal bases is much older and,
as far as we know, it was introduced for the first time in the famous paper by Dedekind and Weber [5].
Recently, minimal bases, and the closely related notion of pairs of dual minimal bases, have been applied to
some problems that have attracted considerable attention in the last years as, for instance, in the solution
of inverse complete eigenstructure problems for polynomial matrices [10, 11], in the development of new
classes of linearizations and f-ifications of polynomial matrices [12, 14, 24, 26], in the explicit construction of
linearizations of rational matrices [1], and in the backward error analysis of complete polynomial eigenvalue
problems solved via different classes of linearizations [14, 25].

Some of the applications mentioned in the previous paragraph motivated the development in the recent
paper [29] of robustness and perturbation results of minimal bases, which had not been explored before in
the literature. The study of any perturbation problem for polynomial matrices requires as a first step to fix
the set of allowable perturbations and, with this purpose, the reference [29] considers perturbations whose
only constraint is that they do not increase the degree d of the m x (m + n) given minimal basis that is
perturbed. These perturbations are natural and cover some relevant applications, as the backward error
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analysis of algorithms for solving polynomial eigenvalue problems with linearizations. In addition, a number
of new results were also obtained in [29] as, for instance, a characterization of minimal bases in terms of
their Sylvester matrices and the fact that the polynomial matrices of size m x (m + n) and degree at most
d are generically minimal bases with the degrees of all their rows equal to d and with their right minimal
indices satisfying two key properties. More precisely, such minimal indices are “almost homogeneous”, i.e.,
they differ at most by one, and their sum is equal to dm. The perturbation results in [29] are only valid for
these generic minimal bases, which are “highly homogeneous” from the perspectives mentioned above.

In order to describe sets of polynomial matrices with bounded rank and degree in a more explicit way
than the one presented in [15], one needs to consider perturbations of a minimal basis M (\) with much
stronger constraints than the one imposed in [29], since such perturbations cannot increase the individual
degree of each of the rows of M(X). More precisely, given an m x (m + n) minimal basis M (\) whose rows
have degrees dy, ds, . . ., d;,, which can be arbitrarily different from each other, or, in other words, “arbitrarily
inhomogeneous”, the perturbed polynomial matrix M (X) + AM(A\) must have rows with degrees at most
dy,ds,...,dm. These perturbations must stay in the set of m x (m + n) polynomial matrices whose rows
have degrees at most di,ds,...,d,, and, therefore, this is the set studied in this paper. It is clear that the
polynomial matrices in this set have generically rows with degrees exactly equal to dy,ds,...,d,, and, so,
are very different from the generic polynomial matrices arising in [29], which have the degrees of their rows
all equal to d, that is, completely homogeneous. Despite this important difference, the results presented in
this work are to a large extent similar to those in [29], which at a first glance is rather surprising. Thus,
we prove in this paper that the polynomial matrices of size m x (m + n) and with the degrees of their
rows bounded by di,ds,...,d,, are generically minimal bases with the degrees of their rows exactly equal
to di,ds,...,d, and having “almost homogeneous” right minimal indices with sum equal to E:il d;. The
“almost homogeneus” property of the right minimal indices means that the absolute value of the difference
between any two of these n integer nonnegative numbers is less than or equal to one. In fact, the “almost
homogeneus” right minimal indices are all equal if their sum Y .", d; is a multiple of n. We remark that
this “almost homogeneity” of the right minimal indices, or, equivalently, of the degrees of the dual minimal
bases, is the key property that allows us to develop a perturbation theory analogous to the one presented in
[29]. In order to prove these new results, we need to introduce a new tool that, although simple, we think
it has not been used before in the literature: the trimmed Sylvester matrices associated with a polynomial
matrix. Once this new tool and its properties are derived, most of the proofs in this paper are rather similar
to those in [29] and only the relevant differences will be discussed.

Among all the results presented in this paper, perhaps the most remarkable one is the genericity of the
property of “almost homogeneous” minimal indices in a set of polynomial matrices whose elements have
generically rows with inhomogeneous degrees. We think that this is the first time that this phenomenon has
been observed, since, until now, the genericity of “almost homogeneous” minimal indices is a well-known
fact that has been proved only in scenarios where the generic situation is that the degrees of the rows are all
equal. In the case of pencils, i.e., polynomial matrices with degree at most one, this property was observed
for the first time in [28] and shown more rigurously in [4, 13, 17, 18] for general pencils and in [6, 7] for
pencils satisfying certain properties. In the case of polynomial matrices with degree at most d, where d is an
arbitrary positive integer, results on this generic property are much more recent and can be extracted from
the general stratification results in [16, 22] and are explicitly stated in [15, 29].

As said before, the results and proofs in this paper are closely connected to those in [29] and, so, we
will refer as much as possible to that paper for the proofs that can be found there. Nevertheless, for the
sake of readability of the current paper, we will repeat here some definitions and crucial theorems that are
needed to understand the new results. The rest of the paper is organized as follows. In Section 2 we recall
some basic definitions and properties of minimal bases and introduce some concepts and notations to be
used throughout the paper. In Section 3 we introduce the so-called “trimmed” Sylvester matrices and show
that they have similar properties as the classical Sylvester matrices. Section 4 establishes general properties
of the minimal bases that belong to the set of m x (m + n) polynomial matrices whose rows have degrees
bounded by a list of numbers. In Section 5 we introduce full-trimmed-Sylvester-rank matrices and show that
they correspond to minimal bases with almost homogeneous right minimal indices. In Sections 6 and 7 we
then show that these full-trimmed-Sylvester-rank matrices also correspond to the generic situation and that
these minimal bases therefore also have good robustness properties. The perturbations of their dual minimal
bases are then analyzed in Section 8. Finally, we revisit the classical conditions for minimal bases and show
in Section 9 that the robustness of these conditions follows from the robustness properties of Section 7. In
the concluding Section 10 we summarize the main results presented in the paper and discuss some of their
possible applications. Except for Section 3, the remaining sections of this paper are counterparts of sections
in [29] and the specific relationships will be commented in each section. However, [29, Section 9] has no
counterpart here since it is based on a property that is not preserved for minimal bases with inhomogeneous



row degrees: their reversal polynomial matrices are no longer minimal bases.

2 General preliminaries and the space F[A]g‘x(m”)

This section introduces notations, nomenclature, and basic concepts used in the rest of the paper. The first
part of the section is a summary of [29, Section 2] and is included for convenience of the reader, who can find
more complete information in [29]. The second part introduces the vector space IF[)\]ZLX("HM of polynomial
matrices whose rows have degrees bounded by the elements of a given list d, which is the space containing
the polynomials studied in this paper. In addition, some basic properties of F[A];ﬂx(m+n) are established.

The results in Sections 3, 4, and 5 of this paper hold in any field F, while in the remaining sections F
is the field of real numbers R or of complex numbers C. We adopt standard notation: F[A] denotes the
ring of polynomials in the variable A with coefficients in F and F()A) denotes the field of fractions of F[A].
Vectors with entries in F[A] are called polynomial vectors. In addition, F[A]™*™ stands for the set of m x n
polynomial matrices, and F(A)™*" for the set of m x n rational matrices. The degree of a polynomial vector,
v(A), or matrix, P()\), is the highest degree of all of its entries and is denoted by deg(v) or deg(P). Finally,
F denotes the algebraic closure of F, I,, the n x n identity matrix, and 0, the m X n zero matrix, where
the sizes are omitted when they are clear from the context.

The rank of P()) (sometimes called “normal rank”) is just the rank of P()\) considered as a matrix over
the field F(\), and is denoted by rank(P). Other concepts on polynomial matrices used in this paper can be
found in the classical books [20, 23], as well as in the summary included in [9, Sect. 2].

Since “minimal basis” is the key concept of this paper, we revise its definition and characterization. It is
well known that every rational vector subspace V, i.e., every subspace V C F(A)™ over the field F(\), has bases
consisting entirely of polynomial vectors. Among them, some are minimal in the following sense introduced
by Forney [19]: a minimal basis of V is a basis of V consisting of polynomial vectors whose sum of degrees is
minimal among all bases of V consisting of polynomial vectors. The fundamental property [19, 23] of such
bases is that the ordered list of degrees of the polynomial vectors in any minimal basis of V is always the
same. Therefore, these degrees are an intrinsic property of the subspace V and are called the minimal indices
of V. This discussion leads us to the definition of the minimal bases and indices of a polynomial matrix.
An m x n polynomial matrix P(\) with rank = smaller than m and/or n has non-trivial left and/or right
rational null-spaces, respectively, over the field F(\), which are denoted by Np(P) and N,.(P), respectively.
Polynomial matrices with non-trivial AV;(P) and/or N,.(P) are called singular polynomial matrices. If the
rational subspace N;(P) is non-trivial, it has minimal bases and minimal indices, which are called the left
minimal bases and indices of P(\). Analogously, the right minimal bases and indices of P(\) are those of
N;.(P), whenever this subspace is non-trivial.

The definition of minimal basis given above cannot be easily handled in practice. Therefore, we include
in Theorem 2.2 a classical characterization introduced in [19, p. 495] that is more useful, although it requires
to check the ranks of infinitely many constant matrices. We emphasize that, recently, a characterization in
terms of the ranks of a finite number of constant matrices has been obtained in [29, Theorem 3.7] and that
this alternative characterization is revisited later in Theorem 4.2. In order to characterize minimal bases
we need the following definition, where we use the expression “column (resp., row) degrees” of a polynomial
matrix to mean the degrees of its column (resp., row) vectors.

Definition 2.1. Let d},...,d], be the column degrees of N(\) € F[A]™*™. The highest-column-degree coeffi-
cient matriz of N(\), denoted by Np.., is the m xn constant matriz whose jth column is the vector coefficient
of A% in the jth column of N()N). The polynomial matriz N () is said to be column reduced if Ny has full
column rank.

Similarly, let dy, ..., d,, be the row degrees of M (X\) € F[A\]™*™. The highest-row-degree coefficient matriz
of M()\), denoted by My, is the m x n constant matriz whose jth row is the vector coefficient of A% in the
Jth row of M(X). The polynomial matriz M(X) is said to be row reduced if My, has full row rank.

Theorem 2.2 provides the announced characterization of minimal bases proved in [19)].

Theorem 2.2. The columns (resp., rows) of a polynomial matriz N(X) over a field F are a minimal basis
of the subspace they span if and only if N(Xo) has full column (resp., row) rank for all \g € F, and N(X) is
column (resp., row) reduced.

Remark 2.3. In this paper we follow the convention in [19] and often say, for brevity, that a p x ¢ polynomial
matrix N(A) is a minimal basis if the columns (when ¢ < p) or rows (when p < ¢) of N(A) form a minimal
basis of the rational subspace they span. Most of the minimal bases considered in this paper are arranged



as the rows of matrices. Recall also that if M()\) € F[]A\]™** is a row (resp. column) reduced polynomial
matrix, then M (X) has full row (resp. column) (normal) rank.

Next, we introduce the concept of dual minimal bases, whose origins can be found in [19, Section 6] and
that has played a key role in a number of recent applications (see [29] and [10] for more information).

Definition 2.4. Polynomial matrices M(\) € F]A\|™** and N()\) € F]\]"** with full row ranks are said to
be dual minimal bases if they are minimal bases satisfying m +mn =k and M(\) N(A\)T = 0.

In the language of null-spaces of polynomial matrices, observe that M () is a minimal basis of AV (N(A)T)
and that N(\)7 is a minimal basis of NV.(M())). As a consequence, the right minimal indices of M ()\) are
the row degrees of N(\) and the left minimal indices of N(\)T are the row degrees of M ()).

The next theorem reveals a fundamental relationship between the row degrees of dual minimal bases. Its
first part was proven in [19], while the second (converse) part has been proven very recently in [10].

Theorem 2.5. Let M(\) € F[A]™*(m*7) gnd N(\) € FIA"*("") be dual minimal bases with row degrees
(M, sMm) and (e1,...,en), respectively. Then

Zm— = Zsj. (2.1)
i=1 j=1

Conversely, given any two lists of nonnegative integers (n1,...,Mm) and (g1,...,&,) satisfying (2.1), there
exists a pair of dual minimal bases M(X) € TN+ and N(X) € FIN™> "+ with precisely these row
degrees, respectively.

This paper studies the set of polynomial matrices of size m x (m + n) and with row degrees at most
dy,ds,...,dpy, where dy,ds, . .., d,, are given nonnegative integers which are stored in the list d := (dy, ds, . . .,
dy,). This set is formally defined as

Ri(N)
]F[)\]mx(ern) a Ra(A) - Ri(\)=Rio+ RiaA+ -+ Ria A%, (2.2)
d = : Rz’,j c I[‘11><(1n—i-n)7 1 S i S m, 0 S] S dz‘ .
R (M)

Observe that ]F[)\]Zx(mﬂl) is a linear space over the field F of dimension (m +n) > .~ (d; + 1). Note that
deg(R;(X\)) < d; and that deg(R;()\)) = d; if and only if R; 4, # 0. Next, we define, attached to each matrix

in ]F[)\]:lnx(ern), a constant matrix that will be often used in this paper.

Definition 2.6. Let M()\) € FINT*""  where d = (dy,da, ..., dy), and let R;q, € F>+0) be the

vector coefficient of A% in the ith row of M(\) fori=1,...,m. The leading row-wise coefficient matriz of
M(N) is defined as

Rm,dm
Note that My is in general different from the highest-row-degree coefficient matrix Mp, of M () introduced

in Definition 2.1. This is related to the linear space structure of ]F‘[)\]Zlnx(m+”) and is emphasized in the next

simple lemma whose trivial proof is omitted. B

Lemma 2.7. Let M()\) € FINT*""  where d = (dy, da, ..., dy), and let R;(\) be the ith row of M()
fori=1,...,m. Then: a

(a) Mg = My, if and only if deg(R;(X)) =d; fori=1,...,m.
(b) Ifrank(Mg) = m, then Mg = Mp,.

Part (b) of Lemma 2.7 follows from part (a) because rank(My) = m implies that R; 4, # 0 for i =1,...,m.

The linear space of polynomial matrices of size m x (m + n) and degree at most d is also used in this
paper and is denoted and defined as follows:

FI 4 = { Mo+ MyA o MaX® = My € X g < i<} (2.3)

4



The set F[A]?X(m+n) is also a linear space over F and its dimension is m(m + n)(d + 1). Given any
M(A\) = Mg+ M\ + -+ Mg\ € ]F‘[)\];nx(m+"), the matrix M, is called the leading coefficient matrix of
M (N). In the case d = maxj<;<m d;, it is clear that IF[)\};"X(”H”) - ]F[)\];"X(ern), with equality if and only

ifd=dy = = dy,. Therefore, F]AI7"" "™ is a linear subspace of F[A]7 ™™™ Throughout the paper
we will assume that m > 0, n > 0, and d > 0 for avoiding trivialities.
Finally, we illustrate with an example the differences among Mg, M}, and Mj.

Example 2.8. Let m =3, n=1,d=(1,3,10), and d = 10. Consider

1 0 A4+1 A
M(\) = | N\ 2 A 22 | e FPY.
—1 A0\ X8 N
Then,
00 1 1 00 1 1 0000
Muy.=|100 2|, Mgq=|00 00|, Mgq=|[0 0 0 0
010 0 0100 0100

So, in this case, the three matrices are different. If we had considered d = (1,2,10), then we would have
obtained My = My,

It is interesting to remark, at the light of the previous example, that given a polynomial matrix M (\),
the matrix My, is intrinsically attached to M (X), while My and My vary with the list d and the value d that
are considered, i.e., with the sets containing M () that are considered.

3 Trimmed Sylvester matrices of polynomials in F| )\]ZX(“””)

In this section, we introduce and study certain constant matrices attached to the polynomial matrices in
FIAZ>" ™) These matrices are called trimmed Sylvester matrices and are essential for obtaining the results
in this paper. They are built from the Sylvester matrices [2, 3] associated to the polynomial matrices in

F[A]?X(m+”), which were heavily used in [29] and whose definition is refreshed below.

Definition 3.1. Let M(\) = My + M\ + -+ Mg\ € F[A}an(m+n). The kth Sylvester matriz of M(X)
s defined as

Moy
My M,
C
Se(M) = | 0 el pgy | € FOFAmxkimn) (3.1)
0 M, M,
L0 ... 0 My |

k block columns

When it is obvious from the context, we will drop the argument (M) and just use Sy for denoting the kth
Sylvester matrix of M ().
The Sylvester matrices of those M (\) € F[)\]Zx(nﬂ_n) - F[A]an(m+n), where d = (dy,ds,...,dy) and

d = maxj<;<m d;, have several rows that are zero for any M(\) € IE‘[)\};”X(mJF"). These zero rows are

identified in the next lemma, whose simple proof is omitted. B

Lemma 3.2. Let M()\) € IF[)\]ZX("H") C JF[x\]ZlX(ern), where d = (dy,da,...,dm) and d = maxi<i<m di,
and let R; ; € F1X(m+n) be the vector coefficient of M in the ith row R;(\) of M(X\), for i =1,...,m and
j=0,1,...,d;, as in (2.2). Then the submatriz of Sp(M) that selects the ith row of each of the (k + d)



block rows of Sk(M) is

" Rio ;
Ry Rio
: R;q
N R; 4, : R (k+d) x k(m+n)
SelFa) = 01x (m4n) R; 4, Ri1 eF ' (8:2)
: 01><(m+n) :
R; 4,
L 0 S S O(dfdi)x(m+n) i

k block columns

where the definition of Si(R;) assumes that R;(\) € F{)\](lix(m—kn).

Observe that Lemma 3.2 identifies (d — d;) zero rows at the bottom of each Si(R;) and, so, a total of
md — >, d; zero rows in Sp(M) for any M(\) € F[A];nx(m+") and for any k. We emphasize that there

exist some matrices M () € F[)\}le(m"r") such that Sy (R;) has more than d — d; zero rows and, so, Si(M)

has more than md — Y./, d; zero rows. Such additional zero rows appear, for instance, if fiw = 0 or if
Rig, =0orif R;; =0 forall 0 < j < (k—1), for some 4. Since the rows of Sy (M) that are zero for all
M(X) € ]F[)\]le(m+n) do not carry any information on the polynomial matrices of this set, we can remove

them, which leaves k + d; rows coming from each Si(R;) and a total of km + Zlﬂzl d; rows coming from the
whole Si(M). This process leads to the definition of the key constant matrices used in this paper.

Definition 3.3. Let M(\) € FIA7" ) C FINT*" ) where d = (dy, dy, . . ., dp) and d = max<i<p, d;,
and let Si,(M) and Sy (R;) be, respectively, the kth Sylvester matrices of M(\) and of the ith row of M()\).
The kth trimmed Sylvester matrix of M () is the submatriz of Sy, (M) obtained by removing, fori=1,...,m,
the (d — d;) zero rows at the bottom of the submatriz of Sp(M) corresponding to Sk(R;). The kth trimmed
Sylvester matriz of M(X) is denoted as

Te(M) € FEm+3200 di) xXk(m4n)

As in the case of Sylvester matrices, we will drop the argument (M) and just use T} for denoting the kth
trimmed Sylvester matrix of M (), when it is obvious from the context.

Trimmed Sylvester matrices satisfy the structural nesting property that is shown in Lemma 3.4. This
nesting property differs from the one of Sylvester matrices that is displayed in the proof of [29, Lemma 3.2]
in two aspects: first, it requires the use of a permutation and, second, it involves the matrix Mg introduced
in Definition 2.6, instead of the matrix M, that appears in Sylvester matrices. Nevertheless, this nesting
property will allow us to prove for the polynomial matrices in ]F[/\]gnx(ern) properties analogous to those

proved in [29] for the matrices in F[)\]an(ern) using the same techniques, with changes just coming from

the use of My and from the fact that Ty (M) and Sk (M) have different sizes. In particular, we will prove in

mx(m+n)

Section 6 that the right minimal indices of the matrices in F[A], are generically “almost homogeneous”
(i.e., they differ at most by one), as also happens in IF[/\]Z’X(T”JF”). Such “almost homogeneity” may seem
surprising at a first glance, since the row degrees of the matrices in IF[/\];"X(W+") are generically equal to

the entries of d and, so, they are extremely unbalanced if the entries of d are, in contrast with those of the

matrices in F[A];nx(m+"), which are generically all equal to d.

Lemma 3.4. Let M()\) € F[A]?X(7'L+7l), let Ty, be the trimmed Sylvester matrices of M(\) for k=1,2,...,

and let My be the leading row-wise coefficient matriz of M(X) as in Definition 2.6. Then, there exist
permutation matrices Py, for k =1,2,..., such that

PT = [ ]\)Z } and Py Ty = [ 7(;’“ XA’Zl } fork=1,2,....

Moreover, Py, depends on k and d but not on M(X).



Proof. The existence of P; satisfying the first equality is obvious because T contains the rows of M. For
the second equality, note that the way in which Ty, is obtained by removing zero rows from the Sylvester
matrix Si41 of M(A) and equation (3.2) guarantee that

C Rio -
Rii Rip
| o Ti(R:) | x\)
TealR)= | By 0 | Ry | = |
0 Rig, R, o
| 0 0 | Ria, |
is a submatrix of Tx4q for i = 1,...,m. If Px4q is the permutation matrix that moves the rows of Ty

corresponding to the last row of each of its submatrices Tj+1(R;) to the m bottom positions, then Pyy1Tk11
has the desired expression. O

Next, we illustrate the definition of trimmed Sylvester matrices and the nesting structure revealed in
Lemma 3.4 with two examples.
Example 3.5. In this example, we consider m = 3 and d = (0,1,2), i.e., dy =0, do = 1 and d3 = 2, and
write explicitly the 3rd trimmed Sylvester matrix of any M (X) € ]P‘[)\]zx(ng")
well as the nesting structure of P3T3 involving T5: B

, using the notation in (2.2), as

Rip Rip
Rsp Rap
R30 Rsp
0 Ry 0 Ry
Ry | Rap Ry1 Rap
R31 | R3p Rs1 Rsp | T | X3
I 01 0 [Ro | D= 0 Roy|Reo [ 0 [ My }
0 | Roq | Rop R3zo> Rz | R3p
R3o | R3q | Rap R3o | Raq
0 | Ray Rip
R3o | B3 Ry 1
L R3o | i R3a |

The lines partitioning 73 correspond to the partition of the Sylvester matrix S3 and show that the last two
block rows of S3 were “trimmed” to get T3, since all the block rows of S3 have 3 rows and the last two block
rows of T3 displayed above by the lines have 2 rows and 1 row, respectively.

Example 3.6. In this example, we take m =4, n =3, d=(0,1,1,2), i.e., dy =0, do =ds = 1 and dy = 2,
and consider the following matrix M(\) € F[\3*":

10
M(X)
-1 X

It can be easily checked that the 2nd trimmed Sylvester matrix of M ()) is given by

(1 0
-1 0 0
0 -1 0
-1 0
1 0
0 1 0 -1 0 0
T = 0 0 1 0 -1 0
0 0 -1 0
0 1 0
0 0 1
0 1 0 0
L 01_



In addition, it can be checked that in this case T5 has full row rank. As in Example 3.5, the lines partitioning
T5 correspond to the partition of the Sylvester matrix S5 and show that the last two block rows of S, were
“trimmed” to get Ty, since all the block rows of Sy have 4 rows and the last two block rows of Tb have 3
rows and 1 row respectively. Moreover, the rows in the second block column of T5 that are indicated in
bold face are the leading row-wise coefficient matrix My of M (), which in this example coincides with the
highest-row-degree coefficient matrix My, of M()). The permuted matrix PoT5 in Lemma 3.4 is given in
this example by

1 0
-1 0 0
0 -1 0
-1 0
0 10 ] -1 0 0
T | X5 0 0 1 0 -1 0
PQTQ[O Md} 0 0 -1 0 |’
””””””” 0 1] 0 0
1 0
0O 1 0
0O 0 1
L O 1 -
where the dashed lines partitioning 77 allow us to see that the last two block rows of S; were “trimmed” for
obtaining T7. Notice also that the rows of 17 are exactly the Z;zl(di + 1) constant row coefficients R; ; of
the polynomial matrix M(X) € F[A]?X(m+n) appearing in (2.2).

The last result in this section establishes a number of basic properties about the ranks and right nullities
of trimmed Sylvester matrices and Sylvester matrices and is partly based on Lemma 3.4.

Lemma 3.7. Let M(A) € FIA;” "™ C FNT"™  where d = (dy,da, ..., d) and d = maxy<i<n, d;,
let Sy be the kth Sylvester matriz of M(X\), and let Ty be the kth trimmed Sylvester matriz of M()\), for
k=1,2,.... Then, the following statements hold.

(1) rank(Sk) = rank(T}).

(2) right-nullity(Sy) = right-nullity(T%), where the right nullity of a matriz is the dimension of its right
null space.

3) If S has full column rank for some k > 1, then Sy has full column rank for all 1 <0 < k.

4) If Ty, has full column rank for some k > 1, then Ty has full column rank for all 1 < ¢ < k.

6) If Ty has full row rank, then Ty has full row rank for all k < €.

If Ty, has full row rank for some k, then rank(My) = m, My = Mp,, and d; = deg(row;(M (X)), for

(3)

(4)

(5) If d > d; for some j, then Sy does not have full row rank.

(6)

(7) 4 4

1=1,...,m, where My and My, are the matrices introduced in Definitions 2.6 and 2.1, respectively.
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Proof. Recall that Ty is obtained from Sj by removing zero rows, an operation that does not change the
rank and the right nullity. This proves parts (1) and (2). Part (3) is [29, Lemma 3.1] and holds because
each matrix Sy, with 1 < ¢ < k, properly padded with zeros forms the first £ block columns of Si. Part (4)
follows from parts (1) and (3), although can also be obtained from the second equality in Lemma 3.4, with
k + 1 replaced by k, through an induction argument since rank(P,T}) = rank(7}). Part (5) holds because
if d > d;, then the matrix My appearing in the definition of Sy in (3.1) has its jth row equal to zero and,
then, the jth row of the last block row of Sy is zero.

We only prove part (6) for £ = k + 1, since then the result for larger values of ¢ follows easily by
induction. The proof requires some minor changes with respect to that of [29, Lemma 3.2], which states the
same property for Sylvester matrices. The proof of (6) for £ = k + 1 is as follows: use first the equalities in
Lemma 3.4 (the second one with k + 1 replaced by k, if & > 1) and rank(PyT},) = rank(T%) to see that if T}
has full row rank, then My has also full row rank; then, in a second step, use the second equality in Lemma
3.4, the fact that rank(Pyy1Tk+1) = rank(Ty41), and the facts that Tj and M, have both full row rank to
get that Tx11 has also full row rank.

Finally, to prove part (7) note that, as above, if T} has full row rank, then My has also full row rank.
The application of Lemma 2.7 completes the proof. O



We emphasize that part (5) in Lemma 3.7 is the reason why the Sylvester matrices Sy are not an adequate

tool to study generic properties in F[A];ﬂx(m+n).

o« . . mx(m+n
4 Minimal bases in F[}], (mtn)
This section characterizes the minimal bases in the linear space ]F[)\]Zx(ern) of m x (m + n) polynomial
matrices whose row degrees are smaller than or equal to the elements of the list d = (d1, da, . .., d,,) in terms of

their trimmed Sylvester matrices. Corollary 4.3 is the main result in this section, while the remaining results
are just some of the results in [29, Section 3] written in terms of the new trimmed Sylvester matrices instead
of the Sylvester matrices. Thus, they follow immediately from Lemma 3.7-(1)-(2) and the corresponding
results in [29], and their proofs are omitted. We include these results since they are used in this paper and
also to emphasize that the concept of trimmed Sylvester matrices is more natural in this context since they
have less rows than the corresponding Sylvester matrices, and, in fact, they can have many less rows if the
elements of d = (dy,ds,...,d,) are highly unbalanced (think, for instance, in m = 4, d = (1,1,1,10%),
d = 10%).

Theorem 4.1 follows from Theorem 3.3 and Corollaries 3.4 and 3.5 in [29]. Recall also that Theorem 3.3
and Corollary 3.4 in [29] were originally proved in [3].

Theorem 4.1. Let M()\) € F[A]?X(m+n) be a polynomial matrixz of full row rank, where d = (dy,da, ..., dn),
let Ty, be the kth trimmed Sylvester matriz of M(X), let i, and ny be the rank and the right nullity of Ty,
respectively, for k = 1,2,..., and let oy, be the number of right minimal indices of M(X) equal to k, for
k=0,1,2,.... Then, the following statements hold.

(a) aqp =m+n—r; =n; and
ar = (g1 —ng) — (g —ng—1) = (g — 16-1) — (g1 — %)y, k=1,2,..., (4.1)
where ro and ng are defined as rg = ng = 0.
(b) If d' is the smallest index k for which
Ngi1 — Nk =n, or equivalently rgi1 —rg =m, (4.2)

then d' is the mazimum right minimal index of M (A\) or, equivalently, the maximum column degree
of any minimal basis of the rational right null space of M (\). Moreover, for all k larger than d’, the
equalities (4.2) still hold.

(c) If d’ is defined as in (b) and €1, ..., &, are the right minimal indices of M(X), then
&’ d

ZE]‘ = Zkak = Zk’(nk,1 — 27’Lk + nk+1) =n-: dl —Ng =Tqg —m - d/. (43)
j=1 k=1 k=1

We can summarize all the relations in Theorem 4.1 as follows:

ng=0, rg+ng=*k(m+n), 0<k

and

o 1 ni

(6731 —2 1 no d n d

@z | = Lo=2 1 , Zkak:ZEj, Zak:n, (4.4)

: U ng k=1 j=1 k=0

Qqr 1 -2 1 na’ +1
where the numbers «;’s must be nonnegative integers. Observe that the matrix in the first equality in (4.4)
is invertible, which reveals that the values ag,as,...,aq and ai = 0 for & > d’ determine uniquely the
sequence ni,ng, ..., since ng = 2ng_1; — ng_o for k > d’ + 1 from (4.1), and, so, also determine uniquely the
sequence ri,Tsg, ... through the constraint r + ng = k(m + n).

The next theorem is [29, Theorem 3.7] expressed in terms of trimmed Sylvester matrices for matrices in

F[A]le(rﬁ'n). It provides a first characterization of minimal bases in terms of trimmed Sylvester matrices.



Theorem 4.2. Let M()\) € F[A];nx(m+”), where d = (dy,ds, ..., dw), let d; < d;,i =1,...,m, be the row
degrees of M(\), and let Mp, be its highest-row-degree coefficient matriz. Let T, be the trimmed Sylvester
matrices of M(X) for k=1,2,..., and let ri, and ny be the rank and the right nullity of Ty, respectively. Let
d' be the smallest index k for which ngy1 = ni +n, or equivalently, r11 = r, +m. Then M(X) is a minimal
basis if and only if the following rank conditions are satisfied

rank(My,) =m and rg —m-d = Z(Z : (4.5)
i=1

As a consequence of Theorem 4.2, we prove in Corollary 4.3 the main result of this section that character-
izes the minimal bases in IE‘[/\];nX(m'+n') with full row rank leading row-wise coefficient matrices My as those

polynomial matrices of IF[)\];"X("LJFH) with a full row rank trimmed Sylvester matrix. Since the condition

rank(Mg) = m is clearly generic in F[A]be(m+n), Corollary 4.3 is key in the next sections and, therefore, we
include its proof. The proof is similar to that of [29, Corollary 3.9], although there are also some differences
related to the use of My instead of Mj.

Corollary 4.3. Let M()\) € F[A]le(rm'n), where d = (dy,da,...,dn), let Mg be its leading row-wise co-
efficient matriz introduced in Definition 2.6, and let Tj, be the trimmed Sylvester matrices of M(X) for
k=1,2,.... Then, M()) is a minimal basis with rank(My) = m if and only if there exists an index k such
that Ty, has full row rank. In this case, if d' is the smallest index k for which Ty has full row rank, then d' is
the largest right minimal index of M(X). Moreover, all trimmed Sylvester matrices Ty, for k > d' also have
Sfull row rank.

Proof. If M(A) is a minimal basis with rank(Mg) = m, then the row degrees of M(\) are precisely
di,ds,...,dy by Lemma 2.7, and Theorem 4.2 implies that r4y = Z?ll d; + md’, which is the number
of rows of Ty according to Definition 3.3. Therefore Ty has full row rank. Then Lemma 3.7-(6) implies that
all Ty, for k > d’ have also full row rank.

Conversely, if there exists an index k such that T} has full row rank, then My = M},, rank(Mp,) = m,
and the row degrees of M (\) are precisely dy,...,d,, by Lemma 3.7-(7). This also implies that M () has
full row normal rank (recall Remark 2.3). Let ko be the smallest index k such that T}, has full row rank and
denote by r the rank of any trimmed Sylvester matrix Tj. Then, according to Lemma 3.7-(6), Tk, +1 also
has full row rank, which implies

Thotl = Thy = M (4.6)

since the number of rows of Ty, and Ty, +1 differ by m. However, rg,_1 < (ko—1)m+> .~ d;, because Ty, _1
does not have full row rank. Therefore, ry, — rp,—1 > m and, so, rp41 — rx > m for all k < kg — 1, since
Theorem 4.1-(a) implies r; — r;_1 > rj;1 —r; for all j > 1 because o; > 0. Therefore, k¢ is the smallest
index k such that ry41 = i + m, that is, kg = d’ in Theorem 4.2 and ry =m d' + Y., d;, since Ty, = Ty
has full row rank. Theorem 4.2 then implies that M (\) is a minimal basis and Theorem 4.1-(b) that kg = d’
is the largest right minimal index of M(\). The fact that all T} have full row rank for k > d’ is again a
consequence of Lemma 3.7-(6). O

In order to illustrate Corollary 4.3, we revisit Example 3.6.

Example 4.4. Let m =4, n =3,d = (0,1,1,2), and let M(\) € F[A]é” be the matrix in Example 3.6.
For the purpose of comparison, we consider also the following polynomial matrix N(\) € F[A]3*7:

M) = , N = XN

A1

Then, clearly M()\) and N()\) are minimal bases by Theorem 2.2 and M (\)N (AT = 0. Therefore, they are
dual minimal bases and the right minimal indices of M (X) are 0,2,2. Let us deduce these properties from
the results in this section. Let T7,7%, and T3 be the first three trimmed Sylvester matrices of M (X). As
commented in Example 3.6, T5 has full row rank, therefore Corollary 4.3 implies that M (\) is a minimal
basis. Moreover, 77 has more rows than columns (see Example 3.6) and, so, it does not have full row rank.
In fact, from Example 3.6, it is obvious that rank(77) = 6. Then, it follows from Corollary 4.3 that d' = 2
is the highest right minimal index of M()), as well as that T3 has full row rank. Therefore, taking into
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account which are the number of rows of the trimmed Sylvester matrices described in Definition 3.3, the
ranks r1,72,73 of Tl, TQ, T3 are,
T = 6,’]"2 = 12,T3 = 16,

and (4.1) gives (ap, 1, a2) = (1,0,2) (which agrees with the row degrees of N(\)).

5 Full-trimmed-Sylvester-rank polynomial matrices

Section 4 in [29] characterized those matrices in F[A]?X(m+n), i.e., in the linear space of m X (m + n)
polynomial matrices with degree at most d, whose Sylvester matrices all have full rank. Following a similar
approach, in this section we characterize the polynomial matrices in F[A]?X(m+n), i.e., in the linear space of
m x (m + n) polynomial matrices with row degrees bounded by the entries of d, whose trimmed Sylvester
matrices, introduced in Definition 3.3, all have full rank. We will show that such matrices share many of
the properties of the full-Sylvester-rank polynomial matrices studied in [29, Section 4]. For instance, that
they are always minimal bases, that their right minimal indices are “almost homogeneous”, i.e., these indices
differ at most by one, although their values are (very) different from those of the matrices in [29, Section
4]. We emphasize that this “almost homogeneous” property happens for any list d, independently of the
elements of that list. Since the proofs in this section are very similar to those in [29, Section 4], most of
them are omitted and only some comments on the differences are provided.

Definition 5.1 introduces the class of polynomial matrices that is studied in the rest of the paper.

Definition 5.1. Let M()\) € F[A]Zx(m+n), where d = (dy,da,...,dn), be a polynomial matriz with row
degrees at most dy,ds, . ..,dn, let Ty, for k=1,2,... be the trimmed Sylvester matrices of M (), and let 7y,

be their ranks. The polynomial matriz M (X) is said to have full-trimmed-Sylvester-rank if all the matrices
Ty, have full rank, i.e., if r, = min{(km + >\~ d;), k(m+n)} fork=1,2,....

The rank properties described in Lemma 3.7-(4)-(6) imply that it is necessary and sufficient to check at
most two ranks for determining whether a polynomial matrix has full-trimmed-Sylvester-rank or not. This
is stated in Lemma 5.2. The proof of this lemma is very similar to that of Lemma 4.2 in [29] and, therefore,
is omitted. The only difference is that the number of rows of the trimmed Sylvester matrices described in
Definition 3.3 is different from of the Sylvester matrices appearing in [29, Lemma 4.2], which results in a
different value for the integer k¥’ in (5.1). This integer k¥’ depends on what could be called the mazimum
total degree (i.e., the maximum value of the sum of the row degrees) which in [29] was dm for matrices in
F[A]glx(mﬂl) and is now replaced by >, d; for matrices in F[A]le(m+"). Note that in Lemma 5.2, as well
as in the rest of this paper, the ceiling function of a real number z is often used and is denoted by [2]. Recall
that [z] is the smallest integer that is larger than or equal to x.

Lemma 5.2. Let M(\) € IE‘[)\];”X(MJFH), where d = (dy,da,...,dn), let Ty, for k=1,2,... be the trimmed
Sylvester matrices of M(X), and let

" od; -
K= {231;1—‘ and nk' = Zdi +t, where 0 <t <n. (5.1)
i=1

Then the following statements hold.

(a) k' is the smallest index k for which the number of columns of Ty, is larger than or equal to the number
of rows of T.

(b) If ¥ > 1 and t > 0, then M()\) has full-trimmed-Sylvester-rank if and only if Ty —1 has full column
rank and Ty has full row rank.

(¢) If ¥ =1 ort =0, then M(X\) has full-trimmed-Sylvester-rank if and only if Ty has full row rank.

Once full-trimmed-Sylvester-rank polynomial matrices have been characterized, we establish some of
their properties. First, according to Corollary 4.3, polynomial matrices with full-trimmed-Sylvester-rank are
minimal bases whose leading row-wise coefficient matrices Mg have full rank and with row degrees exactly
equal to dy,da,...,d,,, as a consequence of Lemma 2.7. This is stated in Theorem 5.3-(b). In addition,
Lemma 5.2 implies that &’ in (5.1) is the smallest index k for which T}, has full row rank for any full-trimmed-
Sylvester-rank matrix. Combining this fact with Corollary 4.3, we obtain that & is the largest right minimal
index of any full-trimmed-Sylvester-rank matrix, or, equivalently, the degree of any of its dual minimal bases.
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This is stated in Theorem 5.3-(c). Finally, by definition, M () has full-trimmed-Sylvester rank if and only if
the ranks 7y, of their trimmed Sylvester matrices T}, are given by r, = min{(km+>_"", d;), k(m+n)}. Then,
the right minimal indices of any full-trimmed-Sylvester-rank polynomial matrix are fixed by the recurrence
in (4.1) and they are given by (5.2), as can be checked through some algebraic manipulations (the reader
can find in the proof of [29, Theorem 4.3] the details of similar manipulations). Conversely, as remarked
in the paragraph just below Theorem 4.1, the right minimal indices in (5.2) also determine that the ranks
of the trimmed Sylvester matrices are ry = min{(km + >..*, d;), k(m + n)}. This discussion leads to
the characterization of full-trimmed-Sylvester-rank matrices in terms of their right minimal indices given in
Theorem 5.3-(a).

Theorem 5.3. Let M()\) € F[A]Zx(m+n), where d = (dy,da, . ..,dn), let oy be the number of right minimal
indices of M(\) equal to k, let k' and t be defined as in (5.1), and let My be the leading row-wise coefficient
matriz of M(X) introduced in Definition 2.6. Then the following statements hold.

(a) M(X) has full-trimmed-Sylvester-rank if and only if the right minimal indices of M(X) are

ap_1=t, ap=n—t, and «a; =0 forj¢{k'—1,k}. (5.2)

(b) If M(X) has full-trimmed-Sylvester-rank, then M () is a minimal basis with rank(Mg) = m, and with
row degrees exactly equal to dy,ds, ..., dp.

(c) If M(X\) has full-trimmed-Sylvester-rank, then the degree of any minimal basis dual to M(X) is k.

If Theorem 5.3 is compared with [29, Theorem 4.3], then we observe that parts-(a) are different in both
results since Theorem 4.3-(a) in [29] states in addition that the complete eigenstructure of full-Sylvester-
rank matrices consists only of right minimal indices. In contrast, full-trimmed-Sylvester-rank matrices in
IF[)\];”X (m+1) Jave also infinite elementary divisors, except in the case that all the entries in d are equal. This

is proved in the next theorem, where the infinite elementary divisors of M (M) are the elementary divisors
associated to the zero eigenvalue of revy M(X\) = A% M(1/)).

Theorem 5.4. Let M()\) € F[A]gx(m+n), where d = (dy,da,...,dn), let ay be the number of right minimal

indices of M(\) equal to k, let k' and t be defined as in (5.1), and let d = maxi<;<m d;. Then, M(X) has
full-trimmed-Sylvester-rank if and only if the complete eigenstructure of M(X) consists of

(1) the right minimal indices described by

ag_1=1t, ap=n—1t, and o;j =0 forjé¢{k' -1k},

(2) and one infinite elementary divisor of degree d — d; for each d; < d, i =1,2,...,m.

Proof. Tt is clear that if (1) and (2) hold, then M (X) has full-trimmed-Sylvester-rank as a consequence of
Theorem 5.3-(a).

Conversely, if M () has full-trimmed-Sylvester-rank, then its right minimal indices are the ones described
in (1) by Theorem 5.3-(a). Moreover, M () is a minimal basis with row degrees exactly equal to dy, da, . .., dp,
by Theorem 5.3-(b). Therefore, M(A) has no left minimal indices, since it has full row (normal) rank,
and M(A) has no finite elementary divisors by Theorem 2.2. The only remaining part of the complete
eigenstructure of M (A) to be determined are the infinite elementary divisors. For this purpose, let R;(\) be
the rows of M (), for i = 1,...,m, and note that

Md—di revg, Ri(X)
revg M(X\) = : =:D(N)H()).
Ad=dm revg,, Rm(X)

The matrix H(\) whose rows are the reversals of the rows of M () is also a minimal basis by [8, Theorem
3.2] and, therefore, has no finite elementary divisors. This means that it can be extended to a unimodular
matrix by adding rows [23, Chapter 6] and, so, [D()) Op,xr] is, modulo a permutation of its diagonal entries,
the Smith form of revy M (\) and those AY~% such that d — d; > 0 are the infinite elementary divisors of
M(N). O
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6 Genericity of full-trimmed-Sylvester-rank matrices in F[)\]?X(mm)

In this section we extend the genericity results of [29, Section 5] from the linear space ]F[A]mx(mﬂl) to the

mx (m+n) .

linear space F[A]; The results are stated both in terms of algebraic sets and of open and dense

sets with respect to a standard Euclidean metric in F[A]mx(m+") This second view was not developed in
[29], and is included here because it completes the genericity results in a natural way and because it will be
applied in the future for describing the sets of polynomial matrices with bounded rank and degree from a
different perspective than the one presented in [15]. The first part of this section introduces some general
concepts and basic results that are needed to state the main results.

As explained in Section 2, ]F[)\]mx(m+n), where d = (dy,ds,...,dy), is a linear space of dimension
(m+n)Y" (d; + 1) over the field F, which we restrict here and in the rest of this paper to R or C. We

identify F[A ]mx(m+n) with F(m+n) 2% (di+1) - Such identification can be made, for instance, by mapping
each polynomial matrix M (\) € F[A]mx(mﬂo with rows R;(\) = R0+ Rig A+ + Ri g, A%, i =1,2,.

into a long row vector V(M) := [Rio Ri1 -+ Rig, -+ Rmo Rmi1 -+ Rma,| € F(m“'")zm (di+1)
The mapping M (\) — V(M) is clearly a linear bijection between F[A]mx(m+n) and FOm+n) D% (ditl) - Ip
addition, this linear mapping V is a bijective isometry if F(7+mn) 2 L1(di+1) is endowed with the standard
Euclidean distance and F[A]mx(m+n) with the following distance: for any M (X), M()\) € F[A]mx(er") with
rows given, respectively, by R;(A) = R; o+ RiaA+ -+ + R;g,A% and El()\) = Ei,o + Rhl/\ + 4 §i7di)\di
for i =1,2,...,m, the distance between M (\) and M()\) is defined as

m di
p(M, M) == Y > "||Ri; - Rijl3, (6.1)

i=1 j=0

where || - |2 is the standard Euclidean vector norm. It is obvious that p(M, M ) is equal to the standard
Euclidean distance between the vectors V(M) and V(M) in Fon+m) S (ditD) e p(M, M) = |V (M) —
V(M)|l2. The distance (6.1) can be expressed more compactly in terms of the matrix coefficients of M ()
and M (M), as well as in terms of their first Sylvester and first trimmed Sylvester matrices, because if
d = maxi<jcm diy M(X) = Mo+ MyA+ -+ + Mg\, and M(X) = My + MyA + - - + MgA?, then

d
p(M, M) = [ > |M; = M} = [1$1(M) = Si (M)l = [T (M) = Ty (M)l (6.2)

where || - ||F is the matrix Frobenius norm [27] and the last equality holds because trimmed Sylvester
matrices are obtained from Sylvester matrices by removing rows that are zero for every polynomial matrix in
IF[)\]ZLX("HR). The distance (6.1) allows us to consider F[/\]mx(ern) as a metric space, and, so, to define in
it open and closed sets, as well as closures and any other topological concept. Moreover, the linear bijective
isometry M (X) — V(M) allows us to see that such concepts are fully equivalent to the corresponding ones
in the standard Euclidean metric in F[A]mx(m+").

[ ]mx(m+n)

Sometimes in this section we need to consider C as a linear space over R and to identify

(C[)\]gx("ﬂ_") with R2(m+7) 2252 (di+1) through the linear bijection M(X) — W (M) := [Re(V(M)) Tm(V(M))]
where V(M) is the row vector defined above for any M () € (C[/\]mx(m—m) and Re(V(M)) and Im(V(M)) are

mx(m+n)

its entry-wise real and imaginary vector parts. In addition, note that for any M (\), M (A) € C[Al, ,
p(M, M) = |[V(M) — V(M)||y = |[W (M) — W(M)|2. Therefore, W is a linear bijective isometry between
(C[)\]le(ern) endowed with the distance (6.1) and R2("+7) 2:Z:1(di+1) endowed with the standard Euclidean
distance, which allows us to identify open, closed sets, and any other topological concepts, in these two
metric spaces.

Next, we recall that an algebraic set in FP (here F = R or F = C) is the set of common zeros of a
finite number of multivariable polynomials with p variables and coefficients in F, and that an algebraic set
is proper if it is not the whole set FP. With these concepts at hand, the standard definition of genericity of
Algebraic Geometry is as follows: a generic set of FP is a subset of FP whose complement is contained in a

proper algebraic set. This definition extends to the corresponding one of generic set of R[\ }mx(ern) through
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the bijection M(X) — V(M), and to the corresponding one of generic set of C[)\]le(er") through the

bijection M (\) — W (M). Note that one can also define generic sets of (C[)\];"X(er”) through the bijection
M(\) — V (M), but this is not the definition that we need in this paper, although it may be of interest in
other contexts, since for algebraic genericity purposes, we need to consider C[)\];nx(m'm) as a linear space
over R.

Generic sets in FP satisfy the important property stated in Theorem 6.1, which is well-known but that
we have not found explicitly stated anywhere. Therefore, we include a proof that relies only on the following
two very basic results of Euclidean Topology in FP: a closed set is a set whose complement is an open set,
and vice versa, and a set is closed if and only if it contains all of its limit points. It is interesting to observe
that another definition of “generic set” in FP, which is also often used, is that a set is generic if it contains a
subset that is open and dense in FP with respect to the standard Euclidean topology. Therefore, Theorem
6.1 proves that the generic sets in the sense of Algebraic Geometry are also generic in this topological sense.
However, the reverse implication is not true.

Theorem 6.1. Let F =R orF = C and let A be a generic set of FP. Then, there exists a subset B C A such
that B is open and dense in FP with respect to the standard Euclidean topology. Moreover, if the complement
of A in FP is a proper algebraic set, then A itself is open and dense in FP.

Proof. If A = TP, then take B = A and the proof is finished. So, we assume throughout the rest of the proof
that A # FP. Let A° (# () be the complement of A in FP. Then, by definition of genericity, there exists
a proper algebraic set C of F? such that A° C C # (), or, equivalently, C° C A # FP. The goal is to prove
that C¢ is open and dense in FP. Therefore, C¢ can be taken as the set B mentioned in the statement. By
definition, there exist some multivariable polynomials p1(z1,...,%p),...,pq(21,...,%p) such that

C={zelF?:p(x)=0fori=1,...,q},

where at least one of the polynomials p; is not identically zero because C is proper. Next, we prove that C
is closed, i.e., that C¢ is open. For this purpose, let {y(k)}z‘;o C C be a sequence such that limy_, . y® = y.
Then, since multivariable polynomials are continuous functions and pi(y(k)) =0forall kand fori=1,...,q,

0= lim p;(y™®) = pi( lim y™) = pi(y),
k—o0 k— o0

which proves that y € C and, so, that C is closed. Next, we prove that C° is dense in F?. Let z ¢ C¢. Then, z €
C. Let p,(x) be one of the polynomials defining C that is not identically zero and let z; be a variable appearing
in such polynomial. Then, p;(z) = 0. Define the univariate polynomial ¢(s) = p;(z1,..., 201, S, Ze41,- - - Zp),
where s € F, which satisfies g(z;) = 0. Since the number of roots of ¢(s) is finite we can construct a
sequence {s(k)},;“;o C F such that q(s*®)) # 0 and limj_, s*) = 2. Finally, we define the sequence

{2 = (z1,...,20-1,5%), 2041, .. S 2p) 12y € FP, which satisfies pj(z(k)) # 0 and limy_, o 2(¥) = 2. Thus,
{3} ' C° and 2 is a limit point of C°. The “moreover part” of the theorem follows by taking in that
case A® = C. O

The basic concepts on “genericity” that have been refreshed above allow us to introduce some nomencla-
ture. In the rest of the paper, expressions as “generically the polynomial matrices in IF[/\}ZLX(W'M) have the

property P” have the precise meaning of “the polynomial matrices of IF[)\]ZX(’"JF") that satisfy property P

are a generic set of F[A]?X(m+")”_

We can now state the main result of this section.

Theorem 6.2. Let TSyI[A]ZX(ern) be the set of polynomial matrices that have full-trimmed-Sylvester-rank

in F[A]ZX(mJF"). Then, the complement of TSyl[)\];nX(er") is a proper algebraic set of ]F[)\]ZX(WH'”) and, so,

TSyI[A]?X(m+n) is a generic set of ]P‘[)\]mx(m+n). Moreover, TSyI[)\]ZLX(m+") is an open and dense subset of

d d
F[A]ZX(WH_") with respect to the Euclidean metric defined in (6.1).

mx(m+n) .

Proof. The proof of that the complement of TSyI[)\]?X(m+n) is a proper algebraic set of F[A], is very
similar to that of Theorem 5.1 in [29] and only requires to replace the Sylvester matrices used in [29] by
the trimmed Sylvester matrices. More precisely, assume that &’ and ¢ in (5.1) satisfy &' > 1 and ¢ > 0,

mx(m+n)

since the proof in other cases is similar. Then, the complement of TSyl[A] d is the set of matrices
of F[A]ZX(ern) that satisty det(T},_; Tk —1) - det(Ti/ T}) = 0, according to Lemma 5.2-(b). Next, the same
arguments presented in [29, Theorem 5.1] prove that this set is a proper algebraic set of F[A}:lnx(ern), where
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the proof of the “properness” relies on Theorem 2.5. Once this is established, Theorem 6.1 can be combined
with the linear bijective isometries M () — V(M), when F = R, or M (\) — W (M), when F = C, defined

in the first part of this section to prove immediately that TSyl[A]TX<m+n) is an open and dense subset of

F[A]?X(77L+7l) with respect to the metric in (6.1). O

An immediate consequence of Theorem 6.2 is that generically the polynomial matrices in IF[/\];nX(er”)
have all the properties satisfied by full-trimmed-Sylvester-rank matrices, in particular those established in
Theorems 5.3 and 5.4. Moreover, the fact, proved in Theorem 6.2, that TSyl[A]ZﬁLX(li) is open and dense
and the definition of these concepts allow us to state the following corollary, whose simple proof is omitted.

Corollary 6.3. Let d = (d1,dz,...,dy), k' and t be defined as in (5.1), p be the distance in IF[/\]ZX(er”)

defined in (6.1), and TSyl[/\};nX(ern) C IF[)\]ZLX("HM be the set of full-trimmed-Sylvester-rank polynomial
matrices. Then, the following statements hold.

(a) Forevery M(X) € F[A];X(TM—") and every e > 0, there exists a polynomial matriz M (\) € TSyl[/\];"X(m"’”)
such that p(M, M) < €, which, therefore, satisfies

(al) M(\) is a minimal basis with full row rank leading row-wise coefficient matriz, and with row
degrees exactly equal to di,ds, ..., dm,

(a2) M(\) has n right minimal indices, t of them equal to k' — 1 and n —t equal to k'.

(b) For every ]\7()\) € TSyl[A]ZX("H_"), there exists a number € > 0 such that every polynomial matriz
M\ € F[A]Zx(m—m) satisfying p(M, M) < € has full-trimmed-Sylvester-rank.

Among the generic properties of the polynomial matrices in F[A]le(mﬂl) perhaps the most remarkable
one is the “almost homogeneity” of their right minimal indices (recall that this means that they differ at
most by one) displayed in Corollary 6.3-(a2). The surprising fact is that this generic property holds for any
values of the generic row degrees dy, ds, ..., d,, of the matrices in F[A]?X(m+n), which can be arbitrarily “in-
homogeneous”. We emphasize that the generic values of these “almost homogeneous right minimal indices”
are fully determined by the constraint that their sum is equal to > ., d;. The genericity of this property
was proved in [29, Section 5] only in the space of m x (m + n) polynomial matrices with degree at most d,
which generically have all their row degrees equal to d.

Finally, note that, taking into account (6.2), the distance p(M, M) in F[A]?X(7n+n) is equivalent to the
distance . .

p2(M, M) = [Ty (M) — Ty (M), (6.3)
where || - ||2 is the standard matrix spectral norm or maximum singular value of the considered matrix.
This equivalence follows from [Ty (M) — Ty(M)||p//min{m + 31", di,m +n} < |Ty(M) = Ty(M)]2 <

| Ty (M) — Ty (M) [27]. The distance || Ty (M) —Ty(M)|> will be also used in some of the results of the rest
of the paper since it leads to sharper bounds.

7 Robustness of full-trimmed-Sylvester-rank matrices in F[A]?X(mm)

Corollary 6.3-(b) establishes that every full-trimmed-Sylvester-rank matrix M ()) is robust under pertur-

bations in the sense that all the polynomial matrices of F[A];nx(m+") in a neighborhood of M(\) are also
full-trimmed-Sylvester-rank matrices. In this section, we estimate the size of the corresponding neighborhood
of robustness. In addition, we also characterize when any minimal basis M(\) € F[)\]:lnx(m+n), which may
have not full-trimmed-Sylvester-rank, is robust under perturbations, again in the sense that all the polyno-
mial matrices in a neighborhood of M(A) are also minimal bases. The proofs of the results in this section
are omitted, since they are essentially equal to the proofs in [29, Section 6], with the main differences coming
from replacing Sylvester matrices and their properties by( trirr;med Sylvester matrices and their properties.
mX(m+n

Recall that for any polynomial matrix P(X) € F[A]; , its kth trimmed Sylvester matrix is denoted
by Ti(P). In this section, we use the distance |71 (P)—T1(P)||2 = || T1(P— P)]|2 between any two polynomial
matrices P(\), P(\) € ]F[/\]le(mﬂl), which was already introduced in (6.3). The singular values of any
constant matrix A € FPX? are denoted by o1(A) > --- > Omin{p,q} (4), here and in the rest of the paper. In

15



order to avoid very long subscripts in the singular values appearing below, the number of rows and columns
of Ty (P) are denoted respectively by

P = km—i—Zdi and ¢qr :=k(m+n).
i=1
We first prove the next simple result that follows from [29, Lemma 6.2].

Lemma 7.1. Let P()\) € F[)\]gx(m+n). Then the following inequalities hold for the trimmed Sylvester
matrices of P(\):
Ty (P)ll2 < || Tx(P)l2 < VE - || T3(P)|l2-

Proof. Lemma 6.2 in [29] proves that [|S1(P)||2 < [|Sk(P)||2 < Vk - [|S1(P)]|2 for the Sylvester matrices of
P()). Then, note that ||Tx(P)||2 = ||Sk(P)||2 for any k, because Ty (P) is obtained from Si(P) by removing

zero rows, which does not change the largest singular value. O
The next theorem proves that a minimal basis with row degrees at most d;,7 = 1,...,m, is robust inside
F[A]le(nwn) if and only if its row degrees are all maximal or, equivalently, according to Lemma 2.7, if and

only if its leading row-wise coefficient matrix introduced in Definition 2.6 has full rank. Theorem 7.2 is the
counterpart in IF[)\];"X(ern) of [29, Theorem 6.3] in IF[/\]?X(WJW). The omitted proof is based on Corollary
4.3 and Lemma 7.1.

Theorem 7.2. Let M(\) € F[)\]?X(m+n), where d = (di,...,dn), be a minimal basis and let My be its
leading row-wise coefficient matriz introduced in Definition 2.6. Then the following statements hold:

mx (m+n)

(a) Ifrank(Mg) < m, then for all € > 0 there exists a polynomial matriz M()\) e F\]; that is not a

minimal basis and satisfies | Ty (M) —Ty (M)HQ < €. That is, there exist polynomial matrices arbitrarily
close to M () that are not minimal bases.

(b) Ifrank(Mg) = m, then there exists an index k such that Ti,(M) has full row rank and every polynomial
matriz M(X\) € F[A]?X(m+n) that satisfies

Ty (M) — Ty (M)|2 < a,,(\T%(M))

is a minimal basis with rank(ﬁi) =m. That is, all the polynomial matrices sufficiently close to M ()
are minimal bases with full rank leading row-wise coefficient matriz.

(7.1)

We now give bounds on the size of the robustness neighborhoods for the full-trimmed-Sylvester-rank
property. Theorem 7.3 is the counterpart of [29, Theorem 6.6] and its omitted proof is based on Lemmas
5.2 and 7.1.

Theorem 7.3. Let M()\) € F[/\];nx(ern), where d = (dy,...,dp), be a polynomial matrix with full-trimmed-
Sylvester-rank and let k' and t be defined as in (5.1). Then the following statements hold:

(a) If ¥ > 1 and t > 0, then every M(A) € F[)\};"X(ern) such that

Oy (Thr—1(M)) Upk/(Tk/(M))}
K —1 ’ VE

Ty (M) — Tl(M)||2 < min{

has full-trimmed-Sylvester-rank.
(b) If K =1 or t =0, then every M(X) € F[/\}gx(m+n) such that

iyt Upk, (Tk/(M))
1Ty (M) = Ty (M)]]2 < e

has full-trimmed-Sylvester-rank.

In the special case that > ., d; < n, the first trimmed Sylvester matrix T3 (M) is “flat” and Theorem
7.3 can be slightly improved by showing that the estimation of the size of the robustness neighborhood of
the full-trimmed-Sylvester-rank property is sharp, i.e., it cannot be extended. This is presented in Corollary
7.4, which is the counterpart in IF[)\]TX(”H'") of [29, Corollary 6.8] and has a similar proof that is omitted.
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Corollary 7.4. Let M(\) € FINT" where d = (dy,...,dw). If 7", d; < n, then the following
statements hold: B

(a) M(X) has full-trimmed-Sylvester-rank if and only if Ty (M) has full row rank.

(b) Every M()) € F[A]?X("L+n) such that |Ty(M) — Ty (M)]]2 < op, (Th(M)) has full-trimmed-Sylvester-
rank. -

(¢) There exists a polynomial matriz ]\7(/\) € F[/\};nx(ern)

that does not have full-trimmed-Sylvester-rank

and satisfies | Ty (M) — Ty (M)||2 = op, (T1(M)) .

8 Perturbations of minimal bases dual to full-trimmed-Sylvester-
rank matrices

In this section we show that full-trimmed-Sylvester-rank polynomial matrices M (A) share an important
property with the full-Sylvester-rank polynomial matrices described in [29]. As a consequence of Theorems
7.3 and 5.3, the row degrees of the minimal bases dual to full-trimmed-Sylvester-rank matrices remain
constant (up to permutations) in a robustness neighborhood of M (X), and their values are given in (5.2).
This allows us to show that one can always choose a basis for the perturbed dual space that varies smoothly
with the perturbations of M(A), as long as the perturbations M(A) + AM(X) are restricted to stay in
IF[)\]ZIX(mMZ) and one chooses correctly the degrees of freedom of the perturbed dual basis. We refer to [29,

Section 7] for a more elaborate discussion of these ideas in the context of ]F[)\];nx(ern) and we limit ourselves

here to state Theorem 8.1. The proof of Theorem 8.1 is similar to that of [29, Theorem 7.1] except by some
differences that we emphasize in the proof sketched below.

Theorem 8.1. Let M()\) € F[/\];nx(mHL), where d = (dy, .. .,dp), be a polynomial matriz with full-trimmed-

Sylvester-rank, let k' and t be defined as in (5.1), and let N(\) € IF[)\]Z,X("H") be a minimal basis dual to
M()\) with highest-row-degree coefficient matriz Ny, € F**("+%)  Moreover, let us define the quantities
01(M) and 02(M) as follows:

(a) If ¥ >1 and t > 0

L . qu/_l(Tk,_l(M)) o—pk/ (Tk/ (M)) Upk/+1(Tk’+1(M))
01(M) := mln{ T , NG , NS } ,
Opy (T (M)) Upm+1(71%+1(ﬂf))}_
Vi ’ VE +1 ’

—_

0y (M )= min{

(b) If ' =1 and t >0

(¢) Ift=0

{o—pk/(Tk/(M)) Upk/+1(Tk’+1(M))}
VE ’ VE +1 ’

Oppr oy (D1 (M)

VE +1 '

02 (M) =

Then, every M()\) € F[A]Zx(m+") such that

T 1 Un(Nhr)
1T (M) = Ty(M)]2 < 5 - 01(M) - o7 (8.1)
2 15 (V)7
has full-trimmed-Sylvester-rank and has a dual minimal basis N (N e IF[/\]Z,X("L'M) that satisfies
S1(N) = S1(N 2 ~
1$1(V) — i (M)l _ L) = T )

[1S1(N)[|F = 0o(M)

In addition, if t = 0, then all the row degrees of N()\) and N(\) are equal to k'.
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Proof. We only sketch the proof of part (a), i.e., when &’ > 1 and ¢ > 0. The reader is invited to follow the
proof of [29, Theorem 7.1] for those details that are omitted here. Since Nj, is a submatrix of S1(N), we get
that oy (Nur) /[ S1(N)[lp < 00(Nur)/|[Nirll2 < 1. This inequality and (8.1) imply that [|Ty (M) — Ty (M M)
is bounded as in Theorem 7.3-(a). Therefore, M () has full-trimmed-Sylvester-rank and every of its dual

minimal bases N (M) has t row degrees equal to k' — 1, and n — ¢ row degrees equal to &/, as it also happens
for the minimal basis N(A) dual to M (X) (recall Theorem 5.3). As a consequence we can write, modulo row
permutations,

_ | X Vo — | X AX(X)
N\ = [ Y(\) } and N(\) = [ Y(\) + AY(N | (8.3)
where X (X), X(A) + AX(A) € FIAJL-“"™) have both all their row degrees equal to k' — 1, and Y (X), Y (A) +
AY (N) € IF[)\],(J,L_t)X(m+n) have both all their row degrees equal to k’. In the rest of the proof, among the
infinitely many minimal bases N(A) dual to M(A), we will determine one that satisfies (8.2) by determining

the corresponding AX () and AY'(\). To this purpose, note that the equation M(/\) N(A)T = 0 defining
dual minimal bases is equivalent, with the notation in (8.3), to the pair of equations

M) (XN)T+AXNT) =0 and M) (YN +Ay\)T) =0. (8.4)

By introducing the notation M (X) = M(A)+AM (X) and by using M(A\)N(A\)T = [MA\)XN)T M\Y (V)T] =
0, the equations in (8.4) can be written in the following equivalent form

M) AXNT =AM X(ANT and M) AY(N)T = —AMN) Y (N7,
which in terms of the corresponding Sylvester matrices are equivalent to the equations
S (M) Sy (AXT) = =S (AM) S1(XT)  and (8.5)
St (M) S1(AYT) = —Sp 1 (AM) S, (YT, (8.6)

where the Sylvester matrices are constructed taking into account that M(X), AM (A ( )€ F[A]mx(m+n) where
d = maxj<;<m d;. The key point is that Sy, (M ) and Sy (AM) (respectively, Ssz(M) and Sy41(AM)) have

both some zero rows in the same positions that one can remove and obtain the trimmed Sylvester matrices

Ty (M) and Ty (AM) (respectively, Ty 41(M) and Ty 41 (AM)). Therefore, (8.5)-(8.6) are equivalent to the
following equations for the unknown polynomial matrices AX (\) and AY(/\)

T (M) S1(AXT) = —Tp (AM) Sy (XT)  and (8.7)

T 1(M) Sy (AYT) = Ty 1 (AM) S1 (YT, (8.8)

which are consistent because Ty (M) and Ty 41 (M) have both full row rank. The minimum Frobenius norm
solutions of these equations are

S1(AXTY = —To (M) Ty (AM) S, (XT)  and (8.9)
SUAYT) = —Tp o1 (M) T 1 (AM) Sy (YT), (8.10)

where (-)T stands for the Moore-Penrose pseudoinverse of a matrix. From (8.9), Lemma 7.1, Weyl’s pertur-
bation theorem for singular values, and (8.1), we get

Ty (AM 2| T (AM
js(axTyp < O g, ey, 2Dy, ey (811
o3y, (T (M) = Lo, (Tu(M)
Analogously, we get from (8.10)
2Ty (AM
1S:AY T < — WA g 5y (5.12)

K +1 Upk/+1 (Tk/+1(M))

The equality

1Sy (NT) = S1(NT)[[# = IS1([AX ()T AY (V)] ||r = \/I\Sl(AXT)II% + 151 (AY )%
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can be combined with (8.11) and (8.12) for obtaining

I5:v7) - 5 (8l < SR s (I + sy = 25

san 15l

which is (8.2). It still remains to prove that N(X) is a minimal basis, since we have only proved so far that

M()\) N(M\)T = 0. The proof of this last step is exactly the same as the one in [29, Theorem 7.1].
O

Remark 8.2. Note that, according to Theorem 5.3-(a), the minimal bases N(\) and N ()) dual to, respec-
tively, M(\) and M()\) appearing in Theorem 8.1 have both ¢ row degrees equal to k' — 1 and n — t equal
to k. Therefore, if t # 0, we can order adequately the rows of N(\) and N(A) and consider, without loss of
generality, that N(X\), N(\) € FN (M) Where

E=0F—-1,.. K—-1K, . k).
—_— —— "
t n—t

Then, we can use the trimmed Sylvester matrices of N(A), N(\) € F[)\]Z,X(m+n) to express the results in
Theorem 8.1, since the corresponding spectral and Frobenius norms are equal to those of the Sylvester
matrices. More precisely, (8.1) and (8.2) can be written as

T (M) — Ty (M) < % 0, (M) - M

and B
T2 (N) =T (N)l[F 2
1T (N) | F ~ 02(M)

However, we emphasize that, in general, 77 (M) and T; (M) have different structures than 77 (V) and T3 (IV),
which might make the previous equations somewhat confusing.

Ty (M) = Ty (M)]|2 -

9 On the classical rank conditions for robust minimal bases

This section considers those minimal bases in (C[)\];nx(mﬂl) that are robust under perturbations, which are
those with full row rank leading row-wise coefficient matrix, according to Theorem 7.2. For these minimal
bases, we prove that the infinitely many constant matrices whose ranks are involved in the classical Theorem
2.2 have minimum singular values bounded below by a common number determined by one of the trimmed
Sylvester matrices of the considered minimal basis. This result generalizes to (C[/\];nx(ern) the result proved
in [29, Theorem 8.1] for polynomial matrices of degree at most d. In contrast with the results included in
Sections 5, 7, and 8, the proof of Theorem 9.1 is more involved than the one of [29, Theorem 8.1], and,
therefore, is fully included below. It is important to recall in the statement of Theorem 9.1 that, in order
to avoid trivialities, we are assuming since Section 2 that maxj<;<m, d; > 0, which implies that d’ > 0 as a
consequence of Theorem 2.5.

Theorem 9.1. Let M(\) € (C[)\]glx(ern) be a minimal basis with rank(My) = m, where My is the leading

row-wise coefficient matriz of M(X) introduced in Definition 2.6 and d = (dy,...,d,). Let d' be the largest
right minimal index of M(X\) and Ty be its d'th trimmed Sylvester matriz. Then

Opyr (Td/) < Aionef«: Um(M(/\O)) and Opas (Td’) < O'm(Mi) :

Proof. From Corollary 4.3, we obtain that T has full row rank. Therefore, its smallest singular value is
larger than zero, i.e., o, , (Ta) > 0. We use in this proof the well known fact [21, 27] that any matrix
A € CP*1 with p < ¢ satisfies

op(A) = min |4l _ min | Alla . (9.1

a 0#zeCr ||.13||2 a 0#z€Cr HJ?”Q

This result applied to A = T,, together with Lemma 3.4, implies that o, , (Ta) < 0., (Myg), since the block
row [0 My] is a submatrix of T, and one can choose in (9.1) vectors x with entries not corresponding to this
submatrix equal to zero. To prove the first inequality in Theorem 9.1, we assume that M () is described
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through its rows as in (2.2). Then, note that the ith row R;(\) € F[A]"*(m+7) of M ()) satisfies the following
equality between polynomial matrices:

Maar(N) T (Ba) = Ri() T (A) @ L] (9.2)
where
Hk(/\)::[l AN )\kfl]
and ) ]
Rio
Ri,l Ri,O
R;1
Ta(Ri) = R; 4, “. Rio | € C(ditd)xd' (m+n)
0 Rig, Ria
| 0 ... 0 Rig |
d’ blocks

Theorem 2.2 implies that o := 0, (M (Xg)) > 0 for any A\ € C. Let ug € C™ and vy € C™*™) be left and
right singular vectors of M (\g) corresponding to og, that is ||ugll2 = |Jvo]l2 = 1 and u§ M (Ag) = oo v§. Then
it follows from (9.2) that

g, yar(Mo) T (Ra)

i - =oo([1 d N AT @) (93)

g, +a/(Mo) Ty (Rm)

Notice that the block arrangement with the matrices Ty (R;) is nothing but a row permutation of T, (M), and

i=1

that the vector multiplying it on the left has 2-norm larger than or equal to || 14, 44/ (Xo)||2 = \/Z‘?S+d/ |Ao|2(i—1),
where ds = minj<;<, d;. From (9.3) and (9.1) applied to the row permutation of Ty (M), we get

S8 26D

Tpy (Tar) < 00 st+d/ |Ao|2G—1)
i=1

< 09 = om(M(Ng)).
Since this holds for all Ag € C, the result is proved. O

10 Conclusions

In this paper we have extended the results previously obtained in [29] for the set of polynomial matrices with
degree at most d, i.e., the set F[A];nx("l+7l), to the set of polynomial matrices whose row degrees are at most

di,da,...,dny, ie., the set F[A];nx(ern), where d = (dy,ds,...,dy). In [29] we proved, among many other
results, that generically the polynomial matrices in F[A]?X(77L+7L) are minimal bases with all its row degrees

equal to d, i.e., with homogeneous row degrees, and with “almost homogeneous” right minimal indices, i.e.,
right minimal indices differing at most by one, determined by the constraint that their sum is equal to
md. Analogously, we have shown in this paper that generically the polynomial matrices in ]F[)\];nx(er")
are also minimal bases, in this case with their row degrees equal to di,ds,...,d,,, and again with “almost
homogeneous” right minimal indices, which are determined now by the constraint that their sum is equal
to >.I", d;. Thus, we have proved that the “almost homogeneity” of the right minimal indices is a general
phenomenon that is independent of the values of the row degrees di,ds,...,d,,, which can be arbitrarily
different, or, in other words arbitrarily inhomogeneous. Many other properties have been also extended from
F[A]gﬂx(m+") to F[A];nx(m+n) just by introducing minor changes to formulas, theorems, and proofs coming
mainly from replacing the notion of Sylvester matrices by the new notion of trimmed Sylvester matrices.
This allowed us to broaden the class of full-Sylvester-rank matrices to that of full-trimmed-Sylvester-rank
matrices as a class of polynomial matrices that are robust minimal bases and have a dual minimal basis with
similar robustness properties. One important property that is not preserved for this extended set is that
its reversed polynomial matrix is not necessarily a minimal basis anymore. This last property is important
when dealing with so-called strong linearizations or f-ifications of polynomial matrices, but we expect that
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the extended set will play an important role for problems where strongness is not an issue. Moreover, we
emphasize that we are currently using some of the results in this paper for describing the sets of polynomial
matrices with bounded rank and degree from a different perspective that the one recently introduced in [15],
which will be more convenient in certain applications.
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