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Abstract

Bundles of matrix pencils (under strict equivalence) are sets of pencils
having the same Kronecker canonical form, up to the eigenvalues (namely,
they are an infinite union of orbits under strict equivalence). The notion of
bundle for matrix pencils was introduced in the 1990’s, following the same
notion for matrices under similarity, introduced by Arnold in 1971, and
it has been extensively used since then. Despite the amount of literature
devoted to describing the topology of bundles of matrix pencils, some
relevant questions remain still open in this context. For example, the
following two: (a) provide a characterization for the inclusion relation
between the closures (in the standard topology) of bundles; and (b) are
the bundles open in their closure? The main goal of this paper is providing
an explicit answer to these two questions. In order to get this answer, we
also review and/or formalize some notions and results already existing in
the literature. We also prove that bundles of matrices under similarity, as
well as bundles of matrix polynomials (defined as the set of m x n matrix
polynomials of the same grade having the same spectral information, up
to the eigenvalues) are open in their closure.
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1 Introduction

Orbits of matrices and matrix pencils arise as a natural object when dealing
with equivalence relations and their canonical forms. Orbits of matrices under
similarity were introduced by Arnold in [1], and in this case the canonical form is
the well-known Jordan Canonical Form (JCF). More precisely, the orbit (under
similarity) of a given matrix consists of all matrices with the same JCF. In other
words, it is the orbit of the given matrix (with size, say, n x n) under the action
of similarity of the general linear group GL,, (C), consisting of all n x n invertible
matrices with complex entries, on the set of all n x n matrices with complex
entries, C"*", namely

GLn(C) X CTLXTL s Cn><n
(P, A) — PAP!

In the case of general (unstructured) matrix pencils (namely, pairs of matrices
of size m x n), similarity is replaced by the so-called strict equivalence, that is

GL,,(C) x GL,(C) x C™*" x C™*" — C™*" xCc™*"
(P,Q,A,B) —  (PAQ, PBQ),

and the canonical form under this relation is the Kronecker Canonical Form
(KCF) (see |21, Ch. XII, §5]). Thus the orbit of a given pencil consists of all
pencils with the same KCF.

The notion of orbit has some limitations when studying the change of the
spectral information, because the eigenvalues of the matrix or the matrix pencil
must be fixed. But if, for instance, we are interested in analyzing the change
of the spectral information under small changes in the entries of the matrices
A and B above, we should allow the eigenvalues to change, since this is what
happens under generic perturbations. In order to overcome this limitation,
Arnold introduced the notion of bundle in his 1971 paper [1]. A bundle is the
union (usually infinite) of all orbits that have the same JCF (or the same KCF
for pencils) up to the specific values of the eigenvalues. More precisely, and
taking the words by Arnold for the case of matrices, “a bundle is the set of all
matrices whose Jordan normal forms differ only by their eigenvalues, but for
which the sets of distinct eigenvalues and the orders of the Jordan blocks are
the same”. For instance, for the matrix

A 110
A= 0 X| O |,
0 0 |po

consisting of one Jordan block with size 2 associated with the eigenvalue Ay and
one Jordan block with size 1 associated with the eigenvalue g, with Ag # pg,
the corresponding bundle is the set

A 10
B(A):={P| 0 MO [P ': ApueC, A#pu, PeGLy(C)
0 0| p



The notion of bundle can be easily extended to matrix pencils, namely a bundle
is the set of matrix pencils with the same KCF, up to the eigenvalues. Bundles
of matrix pencils have been considered in many papers, mostly in the last 30
years, like [7|15,/17-20L[29,31]. Some of these references deal with bundles
of structured pencils, namely those enjoying some particular symmetry in the
coefficient matrices, A and B, of the pencil (A, B) (like alternating, (skew-)
Hermitian, (anti-)palindromic, or (skew-)symmetric, see, for instance, [26] for
the definition of all these structures), and in these cases the strict equivalence
relation is replaced by the congruence or *-congruence relation. Even bundles of
unstructured matrices under the relation of congruence (or #-congruence) have
been considered in the literature, mostly arising from structured matrix pencils
like, for instance, in [9,13]/14]. However, structured pencils are out of the analysis
carried out in the present work, and we consider only general (unstructured)
matrix pencils.

The canonical forms mentioned above (namely, the JCF for matrices or the
KCF for matrix pencils) are the representatives of the equivalence classes of
matrices or matrix pencils under the action of similarity or strict equivalence
(or congruence/#-congruence in the structured case), respectively, (see, for in-
stance, |18] for more information on these canonical forms in the unstructured
case, and [32] for structured matrix pencils). A relevant question, not only
theoretically, but also for applied and numerical purposes (for instance, in the
computation of the canonical forms) is to determine which are the most “likely”
representatives of these canonical forms. Or, more precisely, given two different
representatives of the canonical form, to determine whether one of them is more
“likely” than the other or not. In order to answer this question, the standard
approach, that has been followed, for instance, in [7,[8/10-12}/14,(15]/17H19}/29]
is to translate it to the context of orbits or, more in general, of bundles. To be
more precise, and focusing on strict equivalence of matrix pencils, each bundle
is associated with a particular pencil L()A) or, more in general, with the KCF
of L()), which is determined up to the values of the eigenvalues. Then, given
two bundles B(L;) and B(L,), we say that the KCF of L;(\) is “more likely”
(or “more generic”) than the one of Ly(A) if the closure of the bundle of Ly(\)
is included in the closure of the bundle of L, ()) (namely B(Ly) < B(L;), in the
notation that is used throughout the manuscript), where the closures are consid-
ered in the standard topology of C™*™ x C™*", which is identified with C*™".
Therefore, the inclusion relations of bundle closures determine the “likelihood”
of the corresponding canonical forms.

For the relation of similarity of matrices (namely, the likelihood of the JCF),
a characterization of the inclusion relation between orbit closures is known since
the 1980’s [6/28]. A characterization for the inclusion relation between orbit clo-
sures of matrix pencils under strict equivalence was obtained in [2] and [30], and
for bundle closures of matrices under similarity, a characterization for the inclu-
sion relation is presented in |18, Th. 2.6]. However, we have been unable to find
in the literature any explicit characterization of the inclusion relation between
bundle closures of matrix pencils under strict equivalence, even though Theo-
rem 3.3 in [18] provides an explicit characterization of the so-called “covering”



relation between bundle closures of matrix pencils (where covering means that
B(Ly) < B(L;) and there is no any Lg such that B(Ly) = B(L3) = B(L,), and
C means strict inclusion).

In the arguments described at the end of the last-but-one paragraph, it is
implicitly assumed that the KCF of L()) is the “generic” one in B(L). Let us
recall that a subset, Sy, of a given set S (in a topological space) is called generic
in S if Sy is open and dense in S. Therefore, the assumption on the genericity
of the KCF just mentioned is equivalent to say that B(L) is open and dense in
its closure. Clearly, B(L) is dense in B(L). The property of being open in its
closure is well-known for orbits of varieties under the action of a group (see, for
instance, [23, p. 60]). This is the case, for instance, of matrices under similarity
and matrix pencils under strict equivalence and congruence. However, we have
not found in the literature a corresponding result for bundles so, up to our
knowledge, the question on whether the bundles are open in their closure, is
still open.

Summarizing, the following two relevant questions arise:

Q1. To provide a characterization for the relation B(Ly) < B(L;) to hold, for
two given matrix pencils L; and L.

Q2. To prove that bundles are open in their closure.

The main goal of the present work is to provide an answer to the previous
two questions. To get this answer, we revisit some notions that are already in
the literature, like the notion of “coalescence” of eigenvalues, as well as some
results, like Theorem 7.5 in [29], which is proven to be false.

As an aside result, we are also able to prove that bundles of matrices under
similarity, as well as bundles of matrix polynomials, defined as sets of matrix
polynomials with the same size and grade (see Sectionfor this notion) having
the same spectral information, up to the specific values of their eigenvalue (see
Section [4.2)), are also open in their closure.

The rest of the paper is organized as follows. In Section [2] we introduce
the notation and basic notions used throughout the paper, together with some
already known results that are used later. Section |3|is devoted to the solution
of question Q1 above, whereas in Section [4] we provide an affirmative answer to
question Q2 for bundles of matrix pencils under strict equivalence, as well as
for matrices under similarity (in Section [4.1)), and matrix polynomials of higher
degree (in Section . Finally, Sectio presents a summary of the main
contributions of the paper, together with some lines of further related research.

2 Basic definitions and notation

Can

We use the following notation throughout the paper. By we denote the
set of m x n matrices with complex entries, whereas GL,,(C) denotes the set
of n x n invertible matrices with complex entries. Also, C = C u {c0}. By I,
we denote the k x k identity matrix, and v(A) denotes the dimension of the



(right) null space of the matrix A. Instead of using the representation of matrix
pencils as pairs of matrices of the same size, we will represent a matrix pencil
as L(\) = AB+ A, with A, B e C™*" namely as a matrix polynomial of degree
1 in the variable \. We often denote matrix pencils with a single capital letter
(usually L and M) and, for the sake of simplicity, in the notation for notions
associated with a matrix pencil we omit the variable A\, and write just L instead
of L(A).

The rank of the pencil L(\) (that is sometimes found in the literature under
the name “normal rank”), denoted by rank L, is the rank of L(\) considered as
a matrix over the field of rational functions in the variable A. In other words,
it is the size of the largest non-identically zero minor of L(\).

Block-partitioned matrices (or matrix pencils) will appear frequently through-
out the manuscript, and the blocks indicated with # are not relevant in the
arguments, developments, or results. For a block diagonal pencil (or matrix)
with diagonal blocks A, ..., A, we use either the notation diag(A,,..., A;) or

Dy A

2.1 The KFC, orbits and bundles

Let us recall that the KCF of a matrix pencil L(\) (that we denote by KCF(L))
is a block diagonal pencil, whose diagonal (“canonical”) blocks can be of the
following four forms (see, for instance, |21, Ch. XII, §5]):

e Jordan blocks associated with a finite eigenvalue p, namely A, + Jy (1),
for k = 1, where

—u 1
TP gxk
e Jordan blocks associated with the infinite eigenvalue, namely AN, + I,

for k = 1, where:
0 1

Nk =

e Right singular blocks, for k£ > 0:
Al
A1
Ry (A) = .
A 1 kx(k+1)



e Left singular blocks, Ry, (\)', for k > 0.

The KCF of L(\) is determined up to permutation of the diagonal blocks.

Let us note that Ry(A) is a null column, whereas Ry()) ' is a null row. The
KCF reveals all the invariants of a matrix pencil under strict equivalence, namely
the set of distinct finite and infinite eigenvalues together with the number and
the sizes of their associated Jordan blocks, and the number and the sizes of the
right and left singular blocks.

Then, p € C is a finite eigenvalue of L(A) if KCF(L) contains, at least, one
Jordan block associated with p, and L(\) has the infinite eigenvalue if KCF(L)
contains, at least, one Jordan block associated with the infinite eigenvalue. The
pencil L()) is said to be regular if there are neither right nor left singular blocks
in KCF(L) (this is equivalent to say that L()) is square and det L()) is a non-
identically zero polynomial). By A(L) we denote the spectrum of the pencil L(\)
(namely, the set of distinct eigenvalues of L(\), both finite and infinite).

We denote by W(u, L) = (Wy(u, L), Wo(p, L), . ..) the Weyr characteristic
of the eigenvalue p in the m x n matrix pencil L(A). In other words, when p € C
(respectively, p = o), W;(u, L), for ¢ > 1, is the number of Jordan blocks A}, +
Ji () (vesp., AN+ 1), with k > i, in KCF(L), (see, for instance, [4]). If 4 is not
an eigenvalue of L(\), then Wy, L) = (0,0,...). Also, r(L) = (ro(L),r(L),...)
and £(L) = (4y(L), 4, (L), ...) denote, respectively, the Weyr characteristic of the
right and left singular structure. In other words, r;(L) (respectively, £;(L)) is the
number of right (resp., left) singular blocks Ry (\) of size kx (k+1) (resp., Ry (\) "
of size (k + 1) x k), with k& > ¢, in KCF(L). In particular, rq(L) = n —rank L
and ¢y(L) = m —rank L. Note that W (u, L), r(L), and ¢(L) are lists of non-
increasing integers. We use the notation £; < £, to denote the majorization
of two lists of non-increasing integers, namely: >.7_; £1(i) < >7_; £5(i), for all
j =1, assuming that the lists start with ¢ = 1.

For p € C and ¢ > 0, the e-neighborhood of p is defined as B(u,¢) := {z €
C: |z — | < e}, whereas if = o0, we set B(c0,e) := {z€ C: |z > '}).

Following the notation in [29], ® denotes the set of all one-to-one mappings
of C to itself. We also use the notation ¥ for the set of all mappings from
C to itself (not necessarily one-to-one). Then, if K, ()\) := KCF(L) (where
the canonical blocks are given in any order), and ¢ € ¥, we denote by (L)
any pencil which is strictly equivalent to the pencil obtained from Ky ()) after
replacing the Jordan blocks associated with the eigenvalue i € C by Jordan
blocks of the same size associated with the eigenvalue 1(u), for any eigenvalue
p of Kp(\). Note that this pencil ¢(L) is not uniquely determined, but all
pencils ¢(L) are strictly equivalent to each other.

For a given matrix pencil L(\) = AB + A, with A, B e C"™*", we set:

O(L) = {APBQ+ PAQ : PeGL,,(C),Qe GL,(C)} (orbit of L())),
B(L) = |Jo(1) (bundle of L(\)).
ped

Note that O(p(L)) is well defined, regardless of the particular pencil ¢(L), since,
as mentioned above, all pencils (L) are strictly equivalent.



By definition, bundles are the union of orbits of all matrix pencils having
the same KCF up to the eigenvalues. Note that this union is infinite provided
that the pencils have, at least, one eigenvalue. However, if KCF(L) contains
only blocks of the form Ry () and/or Ry (\)", then B(L) = O(L). Some special
attention should be paid to the infinite eigenvalue. More precisely, the reason
for considering maps over C is, precisely, to include the infinite eigenvalue in the
bundles. For instance, if L()) is of the form

1 00 —u 1|0
L) =A[ 0 1[0 |+] 0 —u| 0 |, pu#p
0 01 0 0|7

(namely, the pencil has two different finite eigenvalues p and g with Jordan
blocks of sizes 2 and 1, respectively) then

—a 1
B(L) = {,\PQ+Pl 0 -a| |Q:a,aeCa#a, P,QGGL?,(C)}
—a
1 0 —a 1
UiAP| 0 1| |Q+P| 0 —a Q:aeC, P,QecLs(C)
0 1
0 1 10
UsAP|[ o0 o] |[Q+P| o0 1 Q:aeC, P,QecLz(C) ;.
1 —a

The first set in the union above corresponds to a direct sum of two Jordan
blocks associated with a couple of finite (different) eigenvalues, the second one
corresponds to a Jordan block of size 2 associated with a finite eigenvalue,
together with a Jordan block of size 1 associated with the infinite eigenvalue,
and the third set corresponds to a Jordan block of size 2 associated with the
infinite eigenvalue, together with a Jordan block of size 1 associated with a finite
eigenvalue.

We will use the standard notation S for the closure, in the standard topology,
of the set S. In this context, the set of matrix pencils A\B+ A, with A, B € C™*",
is identified with CQm", and we consider the standard topology in this set. For
the closure of the orbit and the bundle of a matrix pencil L(\) we use the
notation O(L) and B(L), respectively.

2.2 Coalescence of eigenvalues

The notion of coalescence of eigenvalues, which is key to describe the inclusion
relationships for closures of bundles of matrices and matrix pencils, has been
used in previous references, including [17}/18]. We state here a formal definition,
which is equivalent to the one mentioned in [18, Th. 3.3-(5)]. We recall that
the union of two lists of non-increasing integers (like the Weyr characteristics),
say L£; and L,, that we denote by L, U L4, consists of a new list of non-
increasing integers which is obtained by arranging all numbers in £; and £, in
a non-increasing order. For instance, if £; = (5,2) and £, = (6,3,3,2,1), then
LyuLy=(6,5,3,3,2,2,1).



To understand the following definition, we recall that ¥ denotes the set of
mappings from C to itself.

Definition 1. (Coalescence of eigenvalues). Let L(A) be a matrix pencil with
distinct eigenvalues pq, ..., pg, and let ¢ € W. Then, ¢.(L) is any matrix pencil
of the same size as L()\) satisfying the following three properties:

o r(¢e(L)) = r(L),
b Z(,(/]C(L)) = E(L)v and

o Wi(u,v.(L)) = Uuiewfl(u) W (u;, L), for all p e C.

We say that the eigenvalues p; ..., i;, of L(\) have coalesced to the eigenvalue
poin (L) i 7 (1) = {piy, -0, } 0 S, with S A A(L) = .

Remark 2. The matrix pencil 1.(L) in Definition 1| is not uniquely defined,
but all pencils ¥,(L), for some given L(A) and 1, are strictly equivalent to each
other, since they all have the same KCF (as it happens with ¢(L)). Moreover,
note that B(¢.(L)) = B(JC(L)), for any 1), 1; € ¥ such that ¢ (u) = () if and

only if ¥(u) = ¥ (ix), for any p # [

Coalescence of eigenvalues is a way of “gathering” eigenvalues by taking the
union of their Weyr characteristics. The following example aims to illustrate
this notion.

Example 3. Let L(\) be the following pencil, already given in KCF:

L(A) =diag (R3(\), Ri(N), My + J5(0), My + J5(0), Ay + J;(0),
My + J3(1), Ay + Jy(1), Ay + J4(2), Ra(M) ),

so that r(L) = (2,2,1,1), £(L) = (1,1,1), and W(0,L) = (3,2), W(1,L) =
(2,2,1), W(2,L) = (1,1,1,1).

Let ¢ : C — C be such that 1(0) = (1) = 1(2) = 1. Then any pencil (L)
is of the form:

be(L) = P-diag(Rs(\), Ry(N), Mg + Jo (1), Ay + J4 (1), \[, + Jy (1), Ry (V) 1) - Q,

for some invertible matrices P, Q. Note, indeed, that, for any #.(L) as above,
r(Y.(L)) = (2,2,1,1) = r(L), (Y. (L)) = (1,1,1) = (L), and W(1,¢.(L)) =
(3,2,2,2,1,1,1,1,1) = W(0, L) u W(1,L) u W(2, L).

However, if 9 is such that 1(0) = ¥(2) = 1,4(1) = 5, then any pencil ¢ (L)

is now of the form

Y. (L) = P -diag(R3(\), Ry (N), Mg + Jg(1), My + Jo(1), A} + J1(1),
A + J5(5), AL, + Jo(5), R,(N\) ) - Q,

for some invertible matrices P, Q. Note, indeed, that, for any #.(L) as above,
r(¥.(L)) = (2,2,1,1) = r(L), {(¢(L)) = (1,1,1) = £(L), and W (1,4.(L)) =
(3,2,1,1,1,1) = W(0,L) v W(2, L), W(5,¢.(L)) = (2,2,1) = W(L,L).



2.3 Some basic results

We are interested in the majorization of the Weyr characteristics of an eigenvalue
in two given matrix pencils. This majorization is defined by inequalities on the
sum of the first elements of the corresponding Weyr characteristic, so a formula
for this sum would be quite useful to this end. Such a formula will come from
the rank of certain big block-partitioned matrices. For describing this, we follow
some of the developments in the PhD. thesis [3], that we include here for the
sake of completeness.

Given the matrix pencil L(\) = AB + A, with A,B € C"™*" and pu € C,
we define the following block-partitioned matrices with d block columns and d
block rows:

L) 0 0
B L) . :
PAD=| o o o L ferdz1 ()
: - - L) 0
0o ... 0o B Lw |, .
Note that
Prry=1," YleBrneLy
" Id—l 0 d )

where ® denotes the Kronecker product.
For di,...,dy, > 1 and \q,..., A, € C (different to each other), we define the
following block-partitioned matrices:

P (L) dO 0 0
piees(gy o | QB BB 0 o |
0 0 . Quua ,(B) P
where, for 2 <i < s,
0 0 B
Quam)= || L et
0 ... 00

Lemma 4. Let L(A) = AB + A. Then, for any distinct Aj,..., s € C and
d17"'7ds = 17
. d d dy ey
v(diag(Py! (L), ..., Py*(L))) = v(Py!7 7\ (L)),

s N\

where v(Z) denotes the dimension of the right nullspace of the matriz Z.



Proof. The result is a consequence of the fact that Pdl,’_”’ *(L) is equivalent,

by elementary block-row and block-column operations, to the block diagonal
matrix d1ag(Pd (L),...,P\*(L)) (because these operations preserve the rank
and, as a consequence, the dimension of the null space, of the matrix). To see
this equivalence, let us first consider just two big blocks, namely s = 2, so the
matrix reads Pdl’dz( L), with , 8 € C and « # 8. Note that, for any s € C,

1 1
sBs(a_BL(a) a—,BL(B)> . (2)
Therefore, adding to the d;th block-column of Pdléd2 (L) the (d; + 1)st block
column multiplied by 1/(a — /), and to the (d; + 1)st block-row the d;th one
multiplied by —1/(« — ), the resulting matrix has a 0 block in the (d; + 1,d;)
block position, instead of the block B that appears in Pj 1ﬂ’d2 (L), but the blocks
in the positions (d; + 1,d; — 1) and (d; + 2,d;) are of the form s, B and s, B,
for some si,s9 € C. These blocks are in a block diagonal that is below the
one containing B in the original matrix P 1B,d2 (L), so the previous block row
and block column operations have taken the block B to some multiples of B in
the lower block diagonal. Because of ., we can find appropriate elementary
block row and block column operations that turn these blocks into 0, but creates
some nonzero blocks, which are, again, multiples of B, in the next lower block
diagonal. Proceeding recursively in this way, we end up with a matrix which is
equal to diag(P2 (L), PgQ (L) except for a nonzero block of the form sB, for some
s € C, in the (d; + dy,1) block-position. Using again , an appropriate linear
combination of the first block row and the last (i. e., the (d; 4+ dy)th one) block
column will shrink this block to 0, so we end up with diag(P% (L), Pg2 (L)), as
wanted.

If there are more than two blocks, we partition the matrix P)‘\ill;\is (L) into
a 2 x 2 block matrix, as follows:

dy,...,d
PV st 0
Pl (L) = [ oD ] ®)

with Js_l :==d; +dy +---+d,_;. Using appropriate elementary block-row and
block-column operations as explained before for the case s = 2, this matrix is

equivalent to
dyyeondg g
P)‘17~~~:)‘s—1 (L) 0 . (4)
0 P (L)

To be more precise, in this case, instead of , we need to use the identity

1 1
B = s (55 D) = B )

fori =1,...,s—1, and the block-row and block-column operations produce some
multiples of B in the (2,1) block of , that, following the same procedure as

10



before, will move from one block diagonal to the “lower” one. Then, after a
finite number of elementary block-row and block-column operations we arrive
at . From we can proceed in the same way with the upper left block

Pilfz: (L), and so on, until we get diag(P)‘fll1 (L),... ,P)'\i: (L)). O

The following result provides a formula for the sum of the first d terms in
the Weyr characteristic of an eigenvalue of a matrix pencil, in terms of the
dimension of the null space of the matrix in .

Lemma 5. Let L(\) be an m x n matriz pencil and p € C. Then, for alld = 1:

d
v(PA(L) = Y, Wi, L) + dro(L),

i=1
where ro(L) = n —rank L.

Proof. 1t is straightforward to see that, if Z()\) is a strictly equivalent pencil
to L(\), then V(Pff(L)) = V(Pff(z)) Therefore, we may assume that L()\)
is given in KCF. Let us decompose L()) = diag(L,(A), Lyeg()), Ly(A)), where
Lyes (M) contains all Jordan blocks of L(A), L,()\) contains all blocks of the
form Ry ()), whereas L,()\) contains the blocks of the form Ry (A)". By means
of column and row permutations, Pj (diag(Ly., Lyeg, L)) is strictly equivalent
to diag(P;Ai(Lr)a Pj(Lreg))ﬂ Pj(Lf))v S0 V(P;il(L)) = V(P/il(diag(Lrv Lrega Lé))) =
p(diag(PL(Ly ), P (Lueg), PAL)) = v(PAL,)) + v(PLesg)) + v(PL(Ly).
Now, since Pj(Le) has full column rank, for every p € C, then I/(Pj(LZ)) =0.
Also, since 1¢(L) is the number of blocks Ry (A) in L,.(X), it is also straightfor-
ward to see that v(P?(L,)) = dro(L). Finally, v(P(Lyeg)) = S0 Wikt Lyeg) =
Zle W;(u, L), where the first identity is also straightforward to get (see also [22]
p. 36]). O

In the case where 1y, = 0, Lemma [5| is a consequence of the developments
carried out in [24} §5].

The Weyr characteristic of the eigenvalue p in the pencil L(\) is the conjugate
partition of the Segre characteristic, denoted by S(u, L) = (S1(w, L), So (s, L), . . .),
where S;(u, L) is the size of the ith largest Jordan block associated with the
eigenvalue p in KCF(L) (see, for instance, [4]). In general, the conjugate of a
partition, a, is the partition, denoted by au, whose ith element, for ¢ > 1, is
equal to the number of elements in a which are greater than or equal to i. Also,
the sum of a finite number of partitions is the partition whose ith element is
the sum of the ith elements in all partitions (adding zeroes at the end of the
partitions if necessary). The following result can be found in [25, p. 6].

Lemma 6. Let ay,...,a; be partitions. Then
k L k LR
(U ai) = Zag, and (Z az-> = Uag.
i=1 i=1 i=1 i=1

11



The characterization for the inclusion between orbit closures of matrix pen-
cils, which was obtained independently in 2] and [30], and reformulated in [4],
will be used several times in the paper. We include it here for completeness
(the statement we present is in between the ones of |4, Lemma 1.3] and |18 Th.
3.1)).

Theorem 7. (Characterization of the inclusion between orbit closures). The
matriz pencil Py()\) belongs to the closure of the orbit of the pencil Py(\) (in
other words, O(P,) < (’)(Pl)) if and only if the following relations hold:

(i) r(P) <r(P) + ( hy...),

(if) £(P) <€(P) + (hyh,..),

(iii) W(p, Py) < W(p, Py) + (h,h,...), for all peC,
where h := rank P, —rank P,.

One of the main goals of this paper is to provide a characterization like the
one in Theorem [7] for closures of bundles instead of orbits. This will be provided
in Theorem [12

3 A characterization for the inclusion of bundle
closures of matrix pencils

The main result of this section is Theorem [I2] which provides a characterization

for the inclusion of bundle closures of matrix pencils. To prove it we use the

following technical result. It is a consequence of [3, Teorema 2.3], adapted to

the conditions in the statement. In the proof we use the notion of reversal of
the matrix pencil L(A\) = AB + A, defined as revL := AA + B.

Theorem 8. Let {M(\)}ren be a sequence of m x n complex matriz pencils
such that:

(i) Mp(\) € B(L), for some m x n complexr matriz pencil L(\) and for all
keN,

(ii) Mg, -.-» s € C are distinct eigenvalues of My(X), for k € N, and
Wik, s My,) = WA gy, My,), for alli =1,...,s, and all ky,ky €N,

(iil) {My(N)}ren converges to M(X), and
(iv) the sequence {\; x}ren converges to p, for alli=1,...,s, where p e C.
Then | J;_y W(Xi g My) < W(p, M) + (h, h,...), where h := rank L — rank M.

Proof. Let us first assume that 4 € C (namely, ¢ # o0). Then, for k large
enough, A; ,, € C, for all 1 < ¢ < s. Therefore, we may assume that A, ;, € C, for
all 1 < i < s and all k € N. In the rest of this case, we essentially follow the
proof of |3, Teorema 2.3].

12



Set m = (my, my,...) :=Ji_y W(\ix, My) (note that this does not depend
on k, by condition in the statement). By definition of union of Weyr char-
acteristics, for each d > 1, there are d;,...,d, = 0 such that d; +---+d, = d

and
d,

d dy
2, = Z Wi M) = 2, Wi (s M), (5)

Jj=1

for all ke N, wherez Wi gy My) :=0,fori=1,...,s
Since the pencils Mk()\) converge to M(A) and the values \; ;. converge to

u, for all 1 < i < s, taking into account that d; + - - - + d, = d, we conclude that
the matrices Pf\ill’l;')'.’fl’; (M},) (where, if d; = 0 for some 1 < i < s, the block

row and block column corresponding to Pf\l?k(Mk) is not present) converge to

Plf (M). Then, by the lower semi-continuity of the rank, we get
rank P (M) < rank P;*k--’-’ A (M), (6)

for k large enough.
From Lemma [5] and taking into account that rank M; = rank L, for all
ke N, we get, for each 1 < ¢ < s and all ke N:

d
2 Niks M) + dy(n — rank L) = Z/(Pf\ijyk(Mk)) = nd; — rank (Pf:‘yk(Mk)).
From this identity and (5)) we obtain, for all k € N,

d s d;
Zmi—kd(n—rankL) = Z(ZWj()\i’k,Mk)—Fdi(n—rankL))

i=1 =1 \j=1
— nd— ) rank (P{" (M) 0
i=1

= nd —rankdiag(Py? (My), ..., Py* (My)
3 dl ds

= V(dlag(PALk(Mk)’"'aPAS.k(Mk)))
dy,....d, ’

= V(P)‘ll,kv"'v/\s,k(Mk))7

where the last identity is a consequence of Lemma [4]
Now , together with @ and Lemma [b[imply that

Yim;+d(n—rankL) = w(P{Uty (M)
=1 .
< V(PS(M))= Wi(, M) + d(n — rank M),
i=1
or, equivalently,
d d
Z m,; < Z W, (1, M) + d(rank L — rank M),
=1 =1

13



as wanted.

Now, let us assume that p = oo. It is straightforward to see (but we re-
fer otherwise to [27, Remark 4.3]) that, for a given pencil L(\) and u € C,
the identity W(u, L) = W (u ™", revL) holds. It is also immediate to see that
rank (revL) = rank L. Moreover, if {M;(A\)}icz is a sequence of pencils con-
verging to M (X), then {revM}}ez converges to revM. So let L(X), M(X), and
My(X), as well as A, ;, be as in the statement. Then /\l_,i are eigenvalues of
rev My, and they converge to the eigenvalue 0 of revM. By the case just proved
for p € C, we conclude that

U Wis revMy) < W(0,revM) + (h, b, ...).
i=1

But, since W()\;,i,reka) = W(A; g, My) and W(0,revM) = W (o0, M), this
implies

-

W(/\i,ka Mk) < W(OO, M) + (h? hv H ')7

i=1

as claimed. O

The following result provides a theoretical answer to the question of deciding
whether a given matrix pencil belongs to the closure of the bundle of another
pencil or not.

Theorem 9. Let L(\) and M () be two complex matriz pencils of the same size.
Then M(X) € B(L) if and only if M(X\) € O(¢.(L)), for some map ¢ : C — C.

Proof. Let us first prove the “if” part of the statement. Assume that M()) €
B(L). Then, there is a sequence of pencils {M},(\)},en such that M (\) € B(L)
and { M}, (M) }ren converges to M(X). Since My () € B(L), we conclude:

o (M) =r(L) and £(M;,) = ¢(L), for all k € N.

e All M, (X\) have the same number of distinct eigenvalues, say s, which is
the number of distinct eigenvalues of L(\). Moreover, if Aq,...,A; and
A k»-- -1 As i denote, respectively, the distinct eigenvalues of L(A) and
My (X), then W (A, , My) = W(A;,L), forall ke Nand all i = 1,...,s.

If we set h := rank L — rank M and o.(M) = (J,,ep(ar) B, €) then, for all k
large enough, the pencils M, () satisfy (see, for instance, Lemma 1.1 and its
proof in [4]):

(i) r(M) < r(My) + (h,h,...)=r(L) + (h,h,...),

(i) 6(M) < (M) + (hyh,...) =L(L) + (h,h,...),

(iil) Wip, My,) < W(u, M) + (h,h,...), for all pe (C— o (M)) v A(M).

Now, we are going to see that, by taking a subsequence of {M},(\)}en if nec-
essary, we may assume that, for any ¢ = 1,..., s one of the following conditions
holds:

14



(C1) {A; ) converges to an eigenvalue of M, or
(C2) there is some ¢ > 0 such that \; ,, € C — o_(M), for all k large enough.

Assume that, for some ¢ = 1,...,s, condition ( does not hold. Then, for
any € > 0 there is an infinite subsequence of {}; .} included in o.(M). Since
the spectrum of M is finite, there is a subsequence, {)‘ij} that converges to
some eigenvalue of M(A), so {\; x } satisfies ( Since s is a finite number, we
can keep going with this procedure, by taking a finer subsequence if necessary,
until we end up with a subsequence of {M(A)}, whose eigenvalues {}; ;} satisfy
either ( or (, foralle=1,...,s.

Now, let us assume that the eigenvalues A;; converge to some distinct
Wiy---s g, for all ¢ = 1,....t and t < s, where u;,...,u  are eigenvalues
of M(\). Note, however, that not all eigenvalues of M, ()\) must converge
to eigenvalues of M (A), since some of them can satisfy condition ( above,
and that not every eigenvalue of M (\) is necessarily obtained in this way, be-
cause some new eigenvalues not coming from eigenvalues of M, (\) could arise
in the limit M(X). In particular, we are assuming that the eigenvalues A, ,
fori =t+1,...,s, satisfy ( above. Let us gather all eigenvalues A, ;, that
converge to the same eigenvalue 1, of M () in the following way: we decompose
the set of indices {1,...,t} as the union of d disjoint sets of indices, denoted
by Iy, ...,1; in such a way that the eigenvalues A; ;, with ¢ € I; converge to u;,
for j = 1,...,d. This means, in particular, that M ()) has, at least, d different
eigenvalues, namely f, ..., fiq-

Let L :=,(L), where 1) : C — C is such that ¥();) = pj, for i e I; and j =
Lo.o0d, w(A) = N, for i =t +1,...,s, and () & {p1, -, as Mty - -5 Asts
for wé {Ay,..., A}, Then, piq,..., g, Aeg1,-- -5 A are the distinct eigenvalues
of Z, and:

(iv) r(My) = r(L) = (L),

(v) (M) = (L) = (L),

(vi) W(u, L) < W (g, M)+ (h,h,...), for all y € C.
Claim (vi) is a consequence of the following facts:

e If 41 is not an eigenvalue of L()\), then (0) = W(u, L) < W(u, M) +
(h,h,...), since h = 0.

o W(y;,L) = Uier, Wi L) = Uier, W Ai gy My) < W, M)+ (b, b, . ..),
for j =1,...,d, where the first identity is a consequence of the definition
of ¢.(L), and the majorization is a consequence of Theorem

e For the remaining eigenvalues of Z, namely A\, with ¢« = t + 1,...s,
we have W(\;, L) = WA, L) = W(Aip My) < W(A M) + (hh,...)
= (0) + (hyh,...) < W(A;; M) + (b, h,...), where the first majorization
is a consequence of (iii) (which applies because J; ; satisfies (), the
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subsequent equality is a consequence of (, which implies that A, ; is
not an eigenvalue of M ()), and the last majorization is immediate.

Now, (i), (ii) together with (iv)—(vi) imply:
(a) r(M) < (L) + (h,h,...),
(b) £(M) < (L) + (hyh,...),
(¢) W(p, L) < W(u, M) + (h,h,...), for all s €C.

But (a)-(c) in turn imply that M(\) € O(L), according to Theoremlﬂ7 and this
proves the “if” part of the statement.

Now, let us prove the “only if” part, so let L(A ) be given. We first prove
that B(L) contains O(3,(L)), for all maps ¢ : C — C.

We are going to first prove that (L) € B(L). To this end, note that B(L) =
B(P - L()\) - Q), for any invertible matrices P, Q of appropriate size. Therefore,
we can assume that L(\) is given in KCF so, without loss of generality, L()) is
of the form R

L) = diag(Jy, (V) -, Iy (V) EO),

where
9
IO =P ()\Ia],i + Jaji(Ai)) . fori=1,...,s,
Jj=1
with ay; = -+ > g ;, fori =1,...,s, and A(A) {A,..., A} = . Unlike

what happens in the first part of the proof (the “if” part), here Aq, ..., A, denote
some distinct eigenvalues, but not necessarily all the eigenvalues of L()). Also,
for simplicity we are assuming that Aq,..., A, are all finite eigenvalues. For the
case where some Ay, for 1 < k < s, is the infinite eigenvalue, the arguments are
also valid just replacing A\l +J, , (Ag) by I, a, . TANq,  , and incorporating the
appropriate changes in the correspondmg blocks of the forthcommg arguments.

Let us first prove that, if ¢ € W is such that ¥~ (1) = {1, ..., A\;} U S, with
S nA(L) = &, for some p € C, then ¥.(L) € B(L).

By definition of (L), it suffices to find some L()) such that L(\) € B(L)
and KCF(L) = diag(jﬂ()\), L()\)), where p is the only eigenvalue of jﬂ()\) (and
is not an eigenvalue of f/(/\)), and such that W (u, L) = Uiz, WA, L).

Without loss of generality, we may assume that g, > --- > ¢,. For brevity,
we denote by E,,(iy,...,4,;) the m x m matrix having an entry equal to 1 in the
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positions (i,i; + 1),..., (i, + 1), and zeroes elsewhere. Then, set

S

Ly(\) := diag C@l (@ (AI% +Ja, <u + ;)) +

i=1

Eaj’1+~~+0¢j_’5(aj,17 Qj1+ oy g+t q) ),
9s—1 s—1 Z
® (@ (M% . (M ; k)) "

j=g.+1 \i=1

Ejaj,1+~~+o¢j,s,1 (1,01 + oy, + o+ aj,s—Q)) )

91 1 ~
e @ (/\Ia_ ‘. (w)),m)),

- 4,1 4,1 k

Jj=g2+1

where the addends of the form (—B?i’gz 41, With g4 = g, are empty. Note that:
e L, (A) € B(L), since, following the same notation as above,
KCF(Lk) = dlag(‘]u-F% ()‘)? R J,u+%()‘)v L()‘))a

that is, Ju+%()‘) is obtgined from Jy () just replacing the eigenvalue \;
by the eigenvalue p + ¢, for i =1,...,s.

e The sequence {L;}ien converges to

L(\) := diag (é-) <@ </\Iaj)i - Jaj)i(u)) -

j=1 \ui=1
Eaj,1+--~+aj,s(04j,1, Qi1+t Qo051+ 04]',571)) ;
9s—1 s—1
D (D (May, +ay, () +
j=g.+1 \i=1
Eaj)1+"'+05j15—1 (Oéj,l, aj,l + Oéj,g, ceey Oéj,l + -+ O‘j,sf2)) s
91 ~
s @D (Mo, + oy, (0) ,L<A)>
got+1

- diag(J:(/\), L),

where ju is the only eigenvalue of J,(\), and W (i, J,) = i_, W(\;, Jy,) =
U, W(A\,L), by Lemma |§| (note that, by construction,
S(:U" J, ) = Ef:ls()‘ﬂ L))

Therefore, L()\) € B(L) and, moreover, it is obtained from L()) after coalescing
Al ..., Ag to the eigenvalue p, and keeping the remaining eigenvalues of L(\)
unchanged. R

Using the same approach as above, applied to the block L(A), for the other
values i € C such that ¢~ (7)) n A(L) # &, we can construct a matrix pencil
L'(A) € B(L) such that L'(\) = ¢.(L) and ¢ () = {A,..., A} U S, with
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S nA(L) = @&. Since {A,..., A} is any subset of A(L), this proves that
Y.(L) € B(L) for any 1 € ¥, as wanted.

Since the particular values of p and i are not relevant, we conclude that
B(¢.(L)) < B(L), for any ¢ € ¥. This immediately implies B(¢.(L)) < B(L),
by definition of closure.

Finally, if M(\) € O(¢.(L)), for some ¢ € ¥, then M()\) € O(.(L)) <
B(.(L)) < B(L), and we are done. O
Remark 10. Note that Theorem [J]is equivalent to the identity:

B(L) = ] O(¢.(L)), (8)

Yevr
for any complex matrix pencil L()).

There is a striking difference between the statement of Theorem [7] and the
one of Theorem [0} More precisely, in Theorem [7] it is implicitly assumed that
P,(\) € O(P,) implies O(P,) € O(P,). This is clearly true, since P,(\) € O(P;)
implies that RP,(\)S € O(P,), for any pair of invertible matrices R and S,
which in turns implies O(P,) € O(P;) and this, by definition of closure, implies
O(P,) < O(P,). However, Theorem 9] does not yet provide a characterization
for the inclusion of bundle closures, since it is not so clear that M(\) € B(L)
implies B(M) < B(L). This is, indeed, true, and it is a consequence of Lemma

Lemma 11. Let L(\) and M(X) be two complex matriz pencils of the same
size. If M(X) € B(L) then B(M) < B(L).

Proof. We are first going to prove that, if L(\) and M ()) are as in the statement
and M'()\) e B(M), then M'()\) € B(L).

Since M()\) € B(L), Theorem |§| implies that M()\) € O(¢.(L)), for some
Y e W. Also, since M'(\) € B(M), then M'(\) = Rp(K,,) S, for some R,S
invertible and ¢ € ® (namely, ¢ is one-to-one). In particular, yp € A(M) if and
only if ¢(u) € A(M') or, since ¢ is one-to-one, ¢~ '(n) € A(M) if and only if
pe A(M'), and, moreover:

W (™ (), M) = W(p, M). (9)
Now, we claim that
M'(\) € O((p 0 ).(L)). (10)

Note that this immediately implies that M’()\) € B(L), by Theorem |§| again.
In order to prove , we use Theorem m More precisely, we need to prove,
for h := rank (¢ o ¥).(L) — rank M":

(@) r(M') <r((po)e(L)) + (hh,...).
(b7) £M") < L((¢ 0¥) (L)) + (h,h,...).
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(c") W (i, (@ o) (L)) < W(p, M)+ (h,h,...), for all peC.
Using M'()\) € B(M) and Definition |1} we get

r(M) = (M), (11)
(M) = M), (12)
r(.(L) = r((po).(L)) =r(L), (13)
L(pe(L)) = (por) (L)) =£(L). (14)

In particular, rank M = rank M’ and rank (¢ o ¥).(L) = rank L = rank,(L).
This implies that

h =rank.(L) — rank M = rank L — rank M. (15)

Now, to see that claims (a’) and (b’) are true note that, since M (\) € O(w,(L)),
by Theorem [7} we have:

(a) (M) < r( (L)) + (h,h,...).

(b) €M) < £(pe(L)) + (h By ....).

Then, (a) and (b) together with (1I)—(I5) immediately imply (a’) and (b’).
To prove (c), let p € C. Then,

W, (pop).(L) = U €(po) TH( H W(,u“ L)= Ume(d,)*l(w*(u))w(ﬂiaL)
W( 1( ) e(L)) < W(e™ (1), M) + (h, b, ...)
W (p, M) + (hy by . .),

where the majorization is a consequence of M(\) € O(¢.(L)), and the last
identity is (9). Note that, by (L5]), the values of h in the last two expressions
correspond to rank ¢,(L) — rank M in the first one, and to rank (¢ o ¢).(L) —
rank M’ in the second one.

We have seen so far that, if M()\) € B(L), then B(M) < B(L). By definition
of closure, this implies B(M) < B(L), as wanted. O

Theorem [J] together with Lemma 1} immediately imply Theorem

Theorem 12. (Characterization of the inclusion between bundle closures). Let
L()\) and M()\) be two matriz pencils of the same size. Then B(M) < B(L) if
and only if M(\) € O(¢.(L)), for some map 1 : C — C.

In other words, Theorem [12]says that B(M) < B(L) if and only if KCF(M) is
obtained from KCF(L) after coalescing eigenvalues and applying the dominance
rules in Theorem [7] The same result is stated in |18, Th. 2.6] for bundles of
matrices instead of matrix pencils (see Theorem [20).
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4 Bundles are open in their closure

The fact that bundles are open in their closure will be an almost immediate
consequence of the fact that B(L) is the union of B(L) with a finite number of
other bundles whose closure is strictly included in B(L). This fact is implicitly
assumed in the developments carried out in |18]. More precisely, the set of
matrix pencils is claimed to be a stratified manifold (see [18, p. 670]), namely
“the union of non-intersecting manifolds whose closure is the finite union of itself
with strata of smaller dimensions”. The strata can be either orbits (for singular
matrix pencils) or bundles. Moreover, much effort has been paid, by different
authors, to analyze and/or to describe the stratification of bundles (and orbits)
of general and structured sets of matrices and matrix pencils (to cite just a few
of the works dealing with bundles, see [15]/18,29] and the references therein), as
well as for matrix polynomials [10/16]. In this context, a Java-based tool, called
Stratigraph, has been developed [19] for computing and displaying the closure
hierarchies of the strata (bundles and orbits). However, we have not found
in the literature a proof of the fact that the closure of a bundle is indeed the
union of itself with other bundles of smaller dimension (for the case of orbits,
it is a consequence of general results on group actions, see, for instance, the
Proposition in |23, p. 60]).

The main goal of this section is to prove that bundles are open in their
closure. We will prove it for bundles of matrix pencils under strict equivalence
(in Theorem [I7)), as well as for bundles of matrices under similarity (in Section
and for bundles of matrix polynomials (in Section .

For bundles of matrix pencils, and as mentioned above, we are going to prove
first a more general result (Theorem, namely that B(L) is the union of B(L)
together with a finite number of other bundles whose closure in strictly included
in B(L).

We start with the following well-known result, that we include here for the
sake of completeness.

Lemma 13. The number of different bundles of compler matrix pencils with
size m X m is finite.

Proof. Each bundle of a fixed size m x n is determined by:

e The number of different eigenvalues, which is less than or equal to min{m, n}.

e The sizes of the Jordan blocks associated with each eigenvalue (that is,
the partial multiplicities), which are bounded by min{m,n}.

e The minimal indices (left and right), whose sums are bounded by m (left)
and n (right).

Since there is only a finite number of all these three quantities, for a fixed size
m % n, the number of different m x n bundles is finite. O

Remark 14. Lemma is in contrast with what happens with orbits, since
the number of different orbits of m x n matrix pencils is infinite (since there are
infinitely many different eigenvalues).
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The dimension of O(L), denoted dim O(L), is the dimension of O(L) when
considered as a differentiable manifold (see, for instance, [5]).

The following result provides a description of the closure of a bundle as the
union of orbits (and not of orbit closures, as in ), and is a first step to prove
Theorem where the closure of a bundle is described as a union of bundles.

Theorem 15. Let L(\) be an m x n complex matriz pencil. Then B(L) =
B(L)u B, where B is a union of orbits. Each of these orbits, say O(M), satisfies
one of the following conditions:

o dimO(M) <dimO(L), or
e O(M) = 0.(L)), for some b € U which is not one-to-one on A(L).

Proof. Let us first prove the following identity:
dim O(¢. (L)) = dim O(L), for all ¢ € V. (16)

If ¢y € ®, then the identity in is an immediate consequence of the codi-
mension count in [5]. More precisely, the codimension (and, as a consequence,
the dimension) of the orbit of a pencil L(\) depends on the sizes of the regular
and singular blocks in KCF(L), in such a way that for two pencils in the same
bundle the (co)dimensions of their orbits are the same (see the quantities 1-5
in the codimension count of [5, p. 65]). Also all quantities except the one num-
bered by 1 (and so-called “codimension of the Jordan structure”) in [5, p. 65]
are the same for L(\) and ¢.(L), even when ¢ is not one-to-one, because these
two pencils have the same singular blocks, and the size of their regular part (the
“Jordan structure”) is the same as well. A closer look to quantity 1 allows us to
conclude that it is also the same for L(\) and .(L) when 1 is not one-to-one.
To see this, let us first recall that this quantity is equal to

CJOT(L) = Z (51(/17 L) + 352(:“7 L) + 533(#'7 L) +-- ) )
neC

where S(u, L) = (S1(p, L), So(p, L), S3(u, L), . ..) is the Segre characteristic of
p in L(X), namely, the list of sizes of the Jordan blocks in KCF(L) associated
with s, ordered in non-increasing order. If ¢~ (u) = {f1,...,up} U S, with
S~ A(L) = &, then, by Definition [I} W (i, v(L)) = Ur_, W(u;, L), which is
equivalent to S(u,¥.(L)) = Zle S(ui, L), by Lemma |6l Then

Cror(Ve(L)) = Zueé (S1(p: e (L)) + 352 (4, %(L)) + 553(/1'771%(-[/)) +0)
= Zueé (S1(p, L) +385(p, L) + 5S3(p, L) + -+ ) = ¢jop(L).

Now, let us decompose the identity in as follows:

B<L>=<U o<sa<L>>>u ) 0w, (17)

ped eV (L)
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where W, is the set of mappings from C to itself which are not one-to-one
on A(L). In order to obtain from (), just note that ¢.(L) = ¢(L) when
p € ®, so the decomposition in comes from splitting the union in into
two pieces: one corresponding to the maps from C to C which are one-to-one on
A(L), and the other one corresponding to the remaining maps. Now, since the
closure of an orbit is the union of the orbit itself and other orbits with smaller
dimension (see the Proposition in |23 p. 60]), we can write

B(L) = B(L) u B, U By U Bs,

where

B(L) = U O(QP(L)L gl = U 0(77[](‘(‘[’))7

peD eV (L)

the set By is a union of orbits with dimension smaller than O(p(L)), for any
p € @ (coming from the left union in the right-hand side of ), and l;g is
a union of orbits with dimension smaller than O(¢.(L)), for any ¢ € Wy,
(coming from the right union in the right-hand side of )

By , the orbits in §2 have dimension strictly smaller than the dimension
of O(L). Similarly, B; is a union of orbits of the form O(¢,(L)), they all having
the same dimension as O(L), and Z§3 is a union of orbits with dimension strictly
smaller than the dimension of O(L). This concludes the proof. O

The following result provides a description of the closure of the bundle of a
pencil as a finite union of bundles. This is the counterpart of the corresponding
result for orbits, namely that the closure of an orbit is a union of orbits, which
is already known (and has been used in the proof of Theorem . Nevertheless,
we emphasize the important difference that the closure of the orbit of a pencil
may be the union of infinitely many orbits.

Theorem 16. Let L(\) be an m x n pencil. Then, there is a finite number
of different m x n pencils, Li(\),...,Ly(\) (with, say, L, = L), satisfying
B(L;) # B(L;), fori # j, and such that

14
B(L) = | B(Ly). (18)
i=1

Moreover, B(L;) is strictly included in B(L), fori # 1.

Proof. Since, by Lemmal[I3] the number of different bundles of m x n matrix pen-
cils is finite, let B(L;), . .., B(L4) be these bundles, for some m xn matrix pencils
Li(N),...,Ly(N). Without loss of generality (after a reordering, if necessary),
we may assume that Li()\),..., Ly(\) € B(L), and Ly,1(\),...,Lg(\) ¢ B(L),
for some 0 < ¢ < d. By Lemma Ule B(L;) < B(L). The reverse inclusion
is immediate, since L()) € B(L) implies that B(L) < B(L), again by Lemma
so B(L) = B(L;), for some 1 <i < ¢, so L(\) € Ule B(L;).

Finally, let us prove that B(L;) is strictly included in B(L), for i # 1. First,
note that, by Theorem [TF] either
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(a) dim O(L;) < dim O(L), or
(b) O(L;) = O(¢.(L)), for some 1) € ¥ which is not one-to-one on A(L).
In case (a) we clearly have
dim O(L;) < dim O(L), (19)

and implies that also holds in case (b).

Assume, by contradiction, that B(L;) = B(L), for some i # 1. This implies,
in particular, that L()\) € B(L;). Thus, Theorem |15 applied to B(L;) implies
that either

(¢) dimO(L) < dim O(L;), or
(d) O(L) = O(h.(L;)), for some ¢ € U which is not one-to-one on A(L;).

Condition (c) does not hold because of (19, so (d) must hold. But (d) combined
with implies dim O(L) = dim O(lZC(Li)) = dim O(L;), which implies that
condition (a) does not hold. So, (b) and (d) hold simultaneously. But (b)
implies that the number of distinct eigenvalues of L, is strictly less than the
number of distinct eigenvalues of L, while (d) implies the opposite, which is a
contradiction. Thus, we conclude that B(L;) is strictly included in B(L). O

Now, we are in the position to prove the main result in this section.

Theorem 17. Let L(\) be an m x n matriz pencil. Then B(L) is an open set
in its closure.

Proof. Let M(\) € B(L). We want to prove that there is an open neighbor-
hood of M (), say U, such that U n B(L) < B(L). Let us proceed by con-
tradiction. Then, there is a sequence, {M}(\)}ren, of matrix pencils that
converges to M ()\), with My()\) € B(L) but M,(\) ¢ B(L). By Theorem
B(L) = Ule B(L;), with L{(A) = L(X). Since this is a finite union and
M, (M) ¢ B(L), there is an infinite number of terms in the sequence {M},(\)}en
belonging to some B(L;), with ¢ # 1. Without loss of generality, let us as-
sume that ¢ = 2 and, considering a subsequence if necessary, assume that
M, ()\) € B(Ly), for all k € N. But M;,(\) — M()) implies that M (\) € B(Ly).
Note that the hypothesis M () € B(L) implies B(M) = B(L), so Lemma [11]in
turn implies that B(L) < B(Ly), which in turn implies B(L) = B(L,), and this
is a contradiction with the last claim in Theorem [I6l O

Remark 18. We want to highlight that Theorem 7.5 in [29] is false. This
theorem states the following, with the notation of this paper:

B(z) = | O((L)). (20)

Pew

Comparing with , we see that the difference is that in (20]) the function
1 is used instead of the right one, namely ¢.(L). In other words, (20)) is missing

all pencils that are obtained by coalescing eigenvalues of L()).
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A counterexample of is the following. Let

A=3] 0 0

L(A) := 0 A—2 1 = diag(A + J1(3), Aly + J5(2)),
0 0 A—2
and
A—(2+1/k) 1 0
Li(X\) := 0 A—2 1
0 0 A—2
Note that
R A—2 1 0
L(A\) := lim L,(\) = 0 A—2 1 = A5 + J5(2).
h 0 0 A-—2
Then
A=(@2+1k) | 0 0
L,(\)eO 0 A—2 1 c B(L), forall keN,
0 0 A—2
which implies that R -
L(X\) e B(L). (21)
We are going to prove that
L ¢ | ow(L)). (22)
Pew

Note that equations (21]) and contradict .

In order to see (22)), note first that

A=9(3)] 0 0 A—al| 0 0
O(p(L)) = O 0 A—(2) 1 =0 0 [A-b 1 ,
0 0 A—1(2) 0 0 A=b

with a, b € C arbitrary (if @ or b is 00 then the pencil in the right-hand side should
be replaced accordingly by either diag(A — a, AN, + 1), diag(1, Ay + J5(b)), or
diag(1, ANy + I,)).

If @ = b, then

(with, again, performing the appropriate changes if either a = b = ). To
see this, note that, in order for L(\) to belong to the closure of the orbit in
the right-hand side of the previous equation, it should be a = 2. However, the
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closure relationships of matrix orbits in Theorem [7| guarantee that L does not
belong to this closure (the majorization (2,1,0) < (1,1,1) does not hold).
If a # b, then

0 0 A—=b

because the eigenvalues of regular pencils are continuous functions of the entries
of their coefficients, thus L()\), that has only one eigenvalue equal to 2 (with
multiplicity 3) cannot be the limit of a sequence of pencils with two different
eigenvalues equal to a and b (fixed).

4.1 Bundles of matrices under similarity

We can also prove that bundles of matrices under similarity are open in their
closure using similar arguments to the ones for bundles of matrix pencils above
in this section, combined with results from [18]. More precisely, for a matrix
AeC™" we define

O(4) := {PAP™': PeGL,(C)} (orbitof A),
B(A) = |JO(p) (bundle of A),
wed

where now ® is the set of one-to-one maps from C to itself (since the infinite
eigenvalue does not apply for matrices) and ¢(A) is any matrix similar to the one
obtained from the JCF of A after replacing the Jordan blocks with eigenvalue
1 € C by Jordan blocks of the same size with eigenvalue ¢(u) for any eigenvalue u
of A. Similarly, if ¥ denotes the set of maps from C to itself (not necessarily one-
to-one), then we can introduce the following notion of coalescence for matrices:

Definition 19. (Coalescence of eigenvalues of matrices). Let 4 € C"™" be a
matrix with different eigenvalues p, ..., us, and let ¢ € U. Then, ¥.(A) is any
n X n matrix satisfying the following property:

o Wi, ve(A) = U, cp1(n Wi, A), for all e C.
We say that the eigenvalues p; , ..., u;, of A have coalesced to the eigenvalue p
in o (A) if 7 (1) = {pa, -, } U S, with S 0 A(A) = &

Observe that all matrices 1,(A) in Definition [19| are similar to each other,
since they all have the same Jordan canonical form.

With these definitions, the characterization of the bundle closure inclusion
for matrices under similarity, provided in [18, Th. 2.6], can be stated as follows:

Theorem 20. [18, Th. 2.6] (Characterization of the inclusion between bundle
closures of matrices). Let Ay, A; € C"™™. Then B(A,) < B(A,) if and only if
Ay € O, (Ay)), for some map 1 : C — C.
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The statement of Theorem [20|is implicitly assuming that A, € B(A;) implies
B(A;) < B(A;) (the counterpart of Lemma |11 for matrices under similarity),
but this can be proved using similar arguments to the ones in the proof of Lemma
[[1] replacing matrix pencils by matrices, the KCF by the JCF, and Theorem
by the corresponding one for orbits of matrices under similarity, which only
includes condition (iii) with A = 0. Also, using similar arguments to the ones in
the proof of Theorem [I6} including the fact that the number of different bundles
of n x n matrices is finite (the counterpart of Lemma [I3|for bundles of matrices
under similarity), we can prove the counterpart of Theorem [16| for bundles of
matrices

Theorem 21. Let A € C"*". Then, there is a finite number of different ma-
trices, Ay, ..., Ay € C™*™ (with, say, A, = A), such that

4
B(A) = | ] B(4y).
=1

Moreover, B(A;) is strictly included in B(A), for i # 1.

Finally, from Theorem [21| and using similar arguments to the ones in the
proof of Theorem [I7, we can prove that bundles of matrices under similarity
are open in their closure:

Theorem 22. Let Ae C"*". Then B(A) is an open set in its closure.

4.2 Bundles of matrix polynomials of higher degree

From the previous developments, we can also conclude that bundles of matrix
polynomials are open in their closure.

A matrix polynomial of degree d in the variable A, say P()), is of the form
P\ = ch‘l=0 N'A;, with A; € C™*" for 0 < i <d, and Ay # 0. If we allow A,
to be zero, then we say that P(\) has grade d. Matrix pencils are particular
cases of matrix polynomials (namely, when d = 1).

We denote by POLJ ™™ the set of complex matrix polynomials of size m x n
and grade d.

The orbit of a matrix polynomial P()) is the subset of matrix polynomi-
als in POL}"™" having exactly the same complete spectral information as P())
(see 11, p. 217]), i. e., the same eigenvalues with the same partial multiplicities,
and the same left and right minimal indices. The definitions of these concepts
can be found, for instance, in [11] and the references therein. Similarly, the bun-
dle of P()), denoted by B(P), is the subset of matrix polynomials in POL]"*"
having the same spectral information as P()), “except that the values of the
distinct eigenvalues are unspecified as long as they remain distinct” (this sen-
tence is taken from [g8], for the case of symmetric matrix polynomials). We want
to emphasize that, for matrix polynomials of higher grade, the action of strict
equivalence is not appropriate for defining orbits in this context, since two ma-
trix polynomials of grade larger than 1 can have the same spectral information
without being strictly equivalent.
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If Cp(A) denotes the first Frobenius companion linearization of P(X) (see,
for instance, [11]), then Q(\) € POL}™"™ belongs to the bundle of P()) if and
only if Cy(A) € B(Cp). This is because Q(X) has the same complete spectral
information as P()) if and only if Cp(A) has the same KCF as C(A). Moreover,
there is a homeomorphism,

f: POLJ™™ — GSYL;™" (23)
PO) - G,

where GSYL['*" denotes the set of complex matrix pencils of the form Cp()),

with P(A) € POL]™" (the so-called generalized Sylvester space in [11]). The

fact that is a homeomorphism is immediate because it is an isometry (for
instance, with the following distance for matrix pencils and matrix polynomials,
defined in terms of the Frobenius norms of the coefficients, p(ZiO XA, Z;‘i:o NAY =

1/2
(Zf:o | A; = A;HF) , see |11]).

Now, we define (see Eq. (5.4) in [8] for symmetric matrix polynomials and
the congruence relation)

BY(Cp) := B(Cp) n GSYL]™".

Then, B! (Cp) is also open in its closure. This is a consequence of B(Cp) being
open in its closure (Theorem . More precisely, one way to see this is the
following: Let M € BY'(Cp) = B(Cp) n GSYLL™™. Then, M()\) € B(Cp), so
there is a neighborhood of M (\), say Uy, such that Uy; nB(Cp) < B(Cp). Now

Uy n B (Cp) Upr 0 B(Cp) A GSYLI™™ € Uy n B(Cp) A GSYLIX™

B(Cp) n GSYLT™ = BY(Cp),

N

so there is also a neighborhood of M()\) whose intersection with Bsyl(Cp) is

contained in B (Cp), which means that B! (Cp) is open in its closure.
Since ([23]) is a homeomorphism, we have

;B Cp) = BP), and [ (BY(Cr)) = B(P).

(see [8, p. 1047] for symmetric matrix polynomials). As a consequence, the prop-
erty of B! (Cp) being open in its closure can be translated to B(P). More pre-
cisely, let M(X) € B(P). Then f(M) = Cp;(A) € BY(Cp), and, as we have just
seen, there is an open neighborhood of C,;, say U,,, such that Uy, n Esyl(Cp) c
B¥'(Cp). Since f is a homeomorphism, f~'(U,,) is an open neighborhood of

M, say Uy, so that

—5syl

77 (Un nBY(Cp)) = T 0 7B (Cp)) = Dy 0 B(P),

and
UM B (Cp)) < 1BV (Cp)) = B(P)
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together imply that Uy, n B(P) < B(P), for every M()\) € B(P), so B(P) is
indeed open in its closure.
We have then proved the following result.

Theorem 23. Let P(\) € POL]'™". Then, the bundle of P()\) (namely, the set
of matriz polynomials in POL ™™ with the same complete spectral information
as P(\), up to the specific values of the distinct eigenvalues) is an open set in

its closure.

5 Conclusions and open questions

This paper is mainly devoted to bundles of matrix pencils under strict equiv-
alence. We have provided necessary and sufficient conditions for the closure
of a given bundle to be included in the closure of another one (Theorem [12]).
A proof that bundles are open in their closure is also given (see Theorem [17)).
The same has been done for bundles of matrices under similarity (in Theorem
and bundles of matrix polynomials of higher degree (in Theorem . We
have also revisited some notions already present in the literature (like the one of
“coalescence” ), as well as some other previously known results. Some additional
technical results, that can be useful in the future, have been proved.

Some further lines of research that naturally arise as a continuation of the
present work are the following:

e We believe that, if L(A) and L;()) are as in Theorem|[16] then dim B(L;) <
dim B(L) for ¢ # 1, with

dim B(L) := dim O(L) + #{different eigenvalues of L(\)}

(see, for instance, [16]). This would formally prove that B(L) is the union
of B(L) together with a finite number of bundles with smaller dimension.
A natural approach to prove this fact is by using the breakdown of the
codimension count of pencil orbits provided in [5].

e Given two matrix polynomials, P;(\) and P,()), provide necessary and
sufficient conditions for B(P,) < B(P,).

e Given two structured matrix pencils (or, more in general, matrix poly-
nomials of higher degree) L;(A) and Ly()\), for any of the structures
mentioned in Section [l| (namely, alternating, (skew-) Hermitian, (anti-)
palindromic, or (skew-) symmetric), provide necessary and sufficient con-
ditions for B(L,) < B(L;). The bundles in this case should be defined for
congruence or #-congruence, but the definition in this case will probably
deserve a more detailed care, because of the restrictions and symmetries
in the spectral information that are imposed by the structure (see, for
instance, [26]).
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e To prove whether or not bundles of structured matrix pencils (or matrix
polynomials of higher degree) are open in their closure. This is know to
be true, for instance, for the bundles of generic symmetric matrix pencils
and matrix polynomials with bounded rank, described in [§].

Acknowledgments. The authors are very much indebted to Inmaculada de
Hoyos and Juan Miguel Gracia for providing the source [3], that has been key
to prove Theorem [§| and for helpful discussions on this result, as well as for
pointing reference [25] out to us.
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