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ABSTRACT

We introduce a new family of linearizations of rational matrices, which we call
block full rank linearizations. The theory of block full rank linearizations is useful
as it establishes very simple criteria to determine if a pencil is a linearization of a
rational matrix in a target set or in the whole underlying field, by using rank con-
ditions. Block full rank linearizations allow us to recover locally information about
zeros and poles. To recover the pole-zero information at infinity, we will define the
grade of the new block full rank linearizations as linearizations at infinity and the
notion of degree of a rational matrix will be used. Moreover, the eigenvectors of a
rational matrix associated with its eigenvalues in a target set can be obtained from
the eigenvectors of its block full rank linearizations in that set. This new family of
linearizations generalizes and includes the structures appearing in most of the lin-
earizations for rational matrices constructed in the literature. As example, we study
the structure and properties of the linearizations in [P. Lietaert et al., Automatic
rational approximation and linearization of nonlinear eigenvalue problems, 2021].
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1. Introduction

A rational matrix R()\) is a matrix whose entries are quotients of polynomials in the
scalar variable A, i.e., rational functions. Zeros and poles are among the most inter-
esting quantities attached to a rational matrix [20], both from theoretical and applied
points of view. The Smith-McMillan form of rational matrices [23] is the classical
way to define their poles and zeros, together with their partial multiplicities. How-
ever, it is well-known that the Smith—McMillan form is not convenient for computing
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numerically poles and zeros [32].

The problem of determining the pole and zero structure of rational matrices appears
in several applications. Many classic problems in linear systems and control theory can
be posed in terms of rational matrices [20,27,34] and are related to the computation of
their zeros and poles [32]. Currently, the computation of the zeros of rational matrices is
playing a fundamental role in the very active area of Nonlinear Eigenvalue Problems
(NLEPs) [17], either because they appear directly in rational eigenvalue problems
(REPs) modeling real-life problems [24] or because other NLEPs are approximated
by REPs [15,17,18,21,22,29]. Recall that for a regular rational matrix R(\), the REP
consists in computing numbers )\ (eigenvalues) and nonzero vectors v (eigenvectors)
such that A is not a pole of any of the entries of R(\) and R(M\g)v = 0. This is
equivalent to say that \g is a zero of R(\) but not a pole.

One of the most reliable methods for computing the zeros and poles of a rational
matrix R(\) is via linearizations. This approach is based on constructing a matrix
pencil L()\), i.e., a matrix polynomial of degree at most 1, containing the pole and zero
information of R(\) and then applying to L(\) backward stable eigenvalue algorithms,
as [25,31] for problems of moderate size, or Krylov methods adapted to the structure
of L(A) in the large-scale setting [10,18]. The pencil L()\) is called a linearization of
R(\). This classical approach was introduced at least in the late 1970s [32,35] and has
been revisited recently, mainly motivated by research on NLEPs and the reference [28].
Thus, a first formal definition of linearization of a rational matrix was proposed in [1].
A different definition was introduced in [4], together with the first formal definition
of strong linearization, i.e., a pencil that allows to recover both the finite and infinite
pole and zero structure of R(\).

In addition to formal definitions, recent research on linearizations of rational ma-
trices R(A) has produced new classes of strong linearizations that can be easily con-
structed from the polynomial part of R(\) and a minimal state-space realization of its
strictly proper part. Also, the study of the recovery properties of these linearizations
has received considerable attention. References in these lines include [2,3,5,7-9,12].
Among the new classes of strong linearizations we mention the strong block mini-
mal bases linearizations introduced in [4, Theorem 5.11] since they form a very wide
general family. For instance, they include as particular cases the Fiedler-like lineariza-
tions (modulo permutations) [5, Section 8|, are closely connected to other classes of
linearizations developed in the literature [12] and are valid for general rectangular
rational matrices.

Despite the intense activity described in the previous paragraph, there are pencils
that have been used in influential references as [18,21] for solving numerically REPs
that approximate NLEPs which do not satisfy the definitions of linearization of rational
matrices given in [1,4]. The reason is that these definitions focus on pencils that allow
to recover the complete pole and zero structure of rational matrices, while in [18,21]
only the eigenvalue information in a certain subset of the complex plane is necessary.
This has motivated the development in [13] of a new theory of linearizations of rational
matrices in a local sense. These linearizations are pencils that preserve the structure
of zeros and poles of the corresponding rational matrix in a particular subset of the
underlying field and/or at infinity. Thus, such linearizations are useful in applications
where only the zero and pole information in a particular region is needed. Apart from
a new definition, a specific family of local linearizations of rational matrices is also
introduced in [13, Section 5], that are called block full rank pencils. These pencils are
particular instances of local linearizations that allow to recover the information about
zeros that are not poles of rational matrices.



The main contribution of this work is to extend the block full rank pencils from
[13] to a much larger family of pencils, that allow also to recover pole information
under minimality conditions. This new family is called block full rank linearizations,
where we use a name similar to that in [13] for emphasizing the connection between
both concepts. We remark that block full rank linearizations can also be seen as a wide
nontrivial generalization of the strong block minimal bases linearizations introduced in
[4, Theorem 5.11]. This generalization allows to study the structure and properties of
most of the linearizations of rational matrices in the literature in a general framework.
In this manuscript, as a relevant example, we apply the theory of block full rank
linearizations to study the precise properties of the pencils used in [21]. Moreover,
block full rank linearizations may have future applications to backward error analyses
of rational eigenvalue problems solved via linearizations by considering more general
linearizations than those in [14] or, perhaps, by allowing more flexible analyses than
that in [14].

The paper is organized as follows. Some preliminaries are presented in Section 2. In
Section 3, we introduce block full rank linearizations at finite points and at infinity.
The notion of degree of a rational matrix will be used to determine the grade of the
new linearizations as linearizations at infinity. In Subsection 3.3, we will see that the
block full rank linearizations extend the structure of the strong block minimal bases
linearizations in [4]. In Section 4, we will study how to recover eigenvectors of regular
rational matrices from those of their block full rank linearizations. Finally, in Section
5, we will show that the linearizations in [21] are block full rank linearizations. Then,
we will provide sufficient conditions under which these linearizations are minimal, so
that pole information can also be recovered from them. Block full rank linearizations
allow also to determine the precise properties of other linearizations appearing in the
literature as those in [15,18,28]. Conclusions are presented in Section 6.

2. Preliminaries

Let F be an algebraically closed field that does not include infinity. F[A] denotes the
ring of polynomials with coefficients in F, and F(\) the field of rational functions over
F[A]. FP<m F[AJP*™ and F(X)P*™ denote the sets of p x m matrices with elements in
F, F[A] and F(X), respectively. The elements of F[A]P*™ are called polynomial matri-
ces or matrix polynomials. A unimodular matrix is a square polynomial matrix with
polynomial inverse or, equivalently, a square polynomial matrix with nonzero constant
determinant. Moreover, the elements of F(A\)P*™ are called rational matrices.

Let R(\) € F(A)P*™ and let 2 be a nonempty subset of F. R(X) is defined or
bounded in Q if R(\g) € FP*™ for all A\g € Q (by assuming the entries of R()\) to be
irreducible rational functions). Moreover, R(\) € F(X)™*™ is invertible in  if it is
defined in Q and det R(\g) # 0 for all \g € Q. R(\) is said to be defined (invertible)
at Ao if it is defined (invertible) in Q := {A¢}. A rational matrix R(\) € F(\)™>*™
is said to be regular if it is invertible at some A9 € F, that is, det R(\) # 0. Let
Ao € F. Two rational matrices G(\), H(\) € F(A\)P*™ are equivalent at Ao if there
exist rational matrices Ri(A) € F(A\)P*P and Ra(\) € F(A)™*™ both invertible at Ag
such that Ry (A)G(A)R2(N) = H(A). If G(A) and H()) are equivalent for all \p in a
nonempty set Q then G(A\) and H(\) are said to be equivalent in Q [13, Proposition
2.4]. Let G(\) € F(A\)P*™ and ¢ € F. Then G()) is equivalent at A\g to a matrix of



the form (see [6,33])

diag (A — Xo)™, ..., (A = Xo)™") 0 (1)
0 Op—r)x(m-r) |’
p—r

where r is the normal rank of G(\), which will be denoted by nrank G(\), and v; <

- < v, are integers. The integers vy, ..., v, are uniquely determined by G(X) and
Ao, and are called the invariant orders at Ao of G(A). The matrix in (1) is called
the local Smith—McMillan form of G(X\) at Ag. In order to define zeros and poles
we need to distinguish between positive and negative invariant orders [20,34]. Let
NS - <y <0=vy = =vy—1 <V <--- <1y, be the invariant orders at Ao
of G(A). Then )\ is said to be a pole of G(\) with partial multiplicities —vy,--- , —v1,
and a zero of G(\) with partial multiplicities vy, --- ,vy. In particular, the integers
—Vk, -+ ,—vp and v, - -+ , 1, are called the pole and zero partial multiplicities of G())
at Ao, respectively. Moreover, (A—Xg) ™" fori = 1,..., k are called the pole elementary
divisors of G(X) at Ag, while (A — X\g)"i for i = u,...,r are called the zero elementary
divisors of G(X\) at Ag. If G(X) is a polynomial matrix then the polynomials (A — Ag)":
with v; # 0 are simply called elementary divisors of G(\) at Ao, and the nonzero
integers v; # 0 are all positive and are called partial multiplicities of G(X\) at A.
The (pole/zero) elementary divisors of G(A) in a nonempty subset Q of F are the
(pole/zero) elementary divisors of G(\) at every Ao € Q. The invariant orders at
infinity ¢; < --- < ¢, of a rational matrix G(\) are defined as the invariant orders at
Ao = 0 of G(1/A). Then, for ¢; < 0, —¢; are the partial multiplicities of oo as pole
while, for ¢; > 0, g; are the partial multiplicities of co as zero (see [20]).

A finite \g € F is said to be a finite eigenvalue of G(\) € F(A\)P*™ if it is a zero of
G(A) that is not a pole. Then, for a regular G()), nonzero constant vectors x and y
satisfying

G(Mo)z=0 and yTG(N\) =0,

are called, respectively, right and left eigenvectors associated with Ag. Given \g € F,
we consider the following vector spaces over F:

N (G(No)) = {z € F™*! : G(A\g)xr =0}, and
Ni(G (o)) = {y" € F*P 1 yTG(Ng) = 0},

which are called, respectively, the right and left nullspaces over F of G(Ao). If Ao is
an eigenvalue of a regular G()\), then N;(G(\g)) and Ny(G(Xg)) are non trivial and
contain, respectively, the right and left eigenvectors of G(\) associated with Ag.

2.1. Polynomial system matrices

A matrix polynomial of the form



with A(A) € F[A]"™™ regular, B(\) € F[A]"*™, C(\) € F[A]P*", and D(\) € F[A]P*™,
is called a polynomial system matriz, and the rational matrix

G(\) = D\) + C(A\)AN)TB(N)

is called the transfer function matriz of P(\) [27]. The matrix A()) is called the state
matriz of P(\). We allow n to be 0, that is, we consider P(\) = D()) as a polynomial
system matrix with A(A), B(A\) and C()\) as empty matrices. In this extreme case we
say that P(A) = D(\) is a polynomial system matrix with empty state matrix. Its
transfer function is D(A).

The right and left eigenvectors of a polynomial system matrix and those of its
transfer function matrix are related by the following Lemma 2.1, that follows from
[12, Proposition 5.1] and [12, Proposition 5.2].

Lemma 2.1. Let P(\) be a polynomial system matrix as in (2), and let G(\) €
F(X)P*™ be its transfer function matrix. Let Ao € F such that det A(Ag) # 0. Then,
the following statements hold:

(a) The linear map

Fr 2 Ne(G(ho)) — No(P(Xo))

—A(Ao)_lB()\o)} .

x»—>[ I,

is a bijection between the right nullspaces over F of G(\g) and P(\o).
(b) The linear map

Fy 2 No(G(Xo)) — Ne(P(Xo))
y" = y" [C0) AN I

is a bijection between the left nullspaces over F of G(A\g) and P(\o).

Let €2 be a nonempty subset of F. The polynomial system matrix P(A) in (2), with
n > 0, is said to be minimal in Q if

A(Xo)| _ _
rank [C’()\g)} =rank [A(\)) B(Xo)] =n,

for all A\g € €. In the particular case that = {A\o}, P()) is said to be minimal at Ao
if P(A) is minimal in Q. If n = 0 in (2), we adopt the agreement that P(\) is minimal
at every point Ag € F.

2.2. Linearizations of rational matrices in a set and at infinity

We can now state the definition of linearization of a rational matrix in a subset of F.
Then, in Theorem 2.3, a spectral characterization is given.



Definition 2.2. [13, Definition 4.1] Let G(\) € F(A)P*™ and let 2 C F be nonempty.
Let

B A A+ Ay BiX + By (n+q)x(n+r)
L(A) = —(ChA+Cy) DiA+ Dy < FA )

be a linear polynomial system matrix, with state matrix Ai\ + Ao, and let
G(\) = (DiA + Do) + (C1A + Co) (A1 + Ag) " (Bid + By) € F(A)?*"

be its transfer function matrix. £(A) is a linearization of G(\) in § if the following
conditions hold:

(a) L£(A) is minimal in Q, and

(b) there exist nonnegative integers si,se satisfying s; —s2 = ¢ —p = r —m,
and rational matrices Ry(\) € F(\)PTs)x®+s1) and Ry(\) € F(\)(mts)x(mtsy)
invertible in € such that

~

Ri(A) diag(G(A), L, ) Ra(A) = diag(G(A), L) (4)

The most usual case is when ¢ —p = r —m > 0. This implies that the size of
the transfer function matrix G(\) of the linearization £(\) is at least the size of the
rational matrix G(A). We assume in the rest of the paper that this holds and take
so =0 and s := s1 > 0 without loss of generality.

Theorem 2.3. [13, Theorem 4.4][Spectral characterization of linearizations in a sub-
set of F] Let G(A) € F(A)P*™ and © C F be nonempty. Let

| A+ A BiA+ By (n4(p+s)) x (n+(m+s))
L(A) = —(C1A+ Cy) DA+ Dy € FI

be a linear polynomial system matrix, with state matrix A; A+ A, minimal in 2. Then
L(A) is a linearization of G(A) in 2 if and only if the following three conditions hold:

(a) nrank £(\) = nrank G(\) +n + s,

(b) the pole elementary divisors of G(\) in € are the elementary divisors of Aj A+ Ay
in , and

(c) the zero elementary divisors of G(A) in Q are the elementary divisors of £(\) in
Q.

All the concepts and results introduced above are extended to infinity in [13]. For
that, the notion of g-reversal of a rational matrix [13, Definition 3.7] is used. That is,
given a rational matrix G(\) € F(A)P*™ and an integer g, the g-reversal of G()\) is
defined as the rational matrix

0

A nonconstant linear polynomial system matrix £(A) as in (3) is defined to be a
linearization of a rational matrix G(\) at oo of grade g if revy L(\) is a linearization
of revy G(A) at 0. Linearizations at oo of G(\) provide information about the pole/zero
structure of G(X) at oo as is explained in Proposition 2.4.



Proposition 2.4. [13, Proposition 4.13][Recovery of the spectral information at in-
finity] Let G(A) € F(A)P*™ be a rational matrix with nrank G(\) = r, and let

Lo = A1+ Ay BiA+ By
| =(CiA+ Cy) DiA+ Dy

be a nonconstant linearization at infinity of grade g of G(\). If e < -+ < ¢ are
the partial multiplicities of revy (A1 A + Ap) at 0 and ¢; < --- < ¢, are the partial
multiplicities of revy £(A) at 0, then the invariant orders at infinity ¢; < --- < ¢, of
G(\) are

<Q17"'7QT):(_et7'"7_61707"‘707517'"7€u)_(g7"'7g)‘

r—t—u

2.3. Rational and minimal bases

Finally, we recall the notions of rational and minimal bases, which are very useful for
the construction of linearizations for rational matrices. A rational matrix R(\) is said
to be a rational basis if its rows form a basis of the rational subspace they span, i.e.,
if R(\) has full row normal rank. The term “rational subspace” indicates that F(\) is
the underlying field. Two rational matrices G(A\) € F(A\)P*™ and H(\) € F(A)?*™ are
dual rational bases if both have full row normal rank, p+¢ = m, and G(\) H(\)T = 0.
Let Q C F be nonempty. We will say that a rational matrix R(\) € F(A)P*™ has full
row rank in Q if, for all \g € Q, R(\g) € FP*™ i.e., R()\) is defined or bounded at A,
and rank R(A\g) = p. Notice that a rational matrix having full row rank in F must be
polynomial, since it has to be defined in F.

For polynomial matrices, the notion of minimal basis is also considered [16]. One
of the most useful characterizations of minimal bases (see [16, Main Theorem] or [11,
Theorem 2.2]) is that K(\) € F[A]JP*™ is a minimal basis if and only if K(\g) has
full row rank for all \g € F and K(\) is row reduced, i.e., its highest row degree
coefficient matrix has full row rank (see [11, Definition 2.1]). Minimal bases appear in
the definition of strong block minimal bases pencils in [11]. A strong block minimal
bases pencil is a linear polynomial matrix with the following structure

Loy = | MO EWNTT e

| Ky 0 L ’ 5)
T

where K1 ()\) € F[A]™* ™) (respectively Ko(\) € FIAPXP+P)) is a minimal basis with
all its row degrees equal to 1 and with the row degrees of a minimal basis Nj(\) €
FIN™*(m+7) (respectively No(X) € F[AP*PHP)) dual to K;(\) (respectively Ko(\))
all equal. In addition, given a polynomial matrix D(\), L()) is said to be associated
with D(\) if

D) = Na(A)M(A)N1(N)". (6)

In this case, L()) is a strong linearization of D(A) [11, Theorem 3.3].



3. Block full rank linearizations of rational matrices

In this section, we introduce in Theorems 3.2 and 3.10 a wide family of pencils that
give us the information about the zeros and poles of rational matrices locally, at finite
points and also at infinity. They will be called block full rank linearizations. Previously,
we introduce the notion of block full rank pencils [13], that are an extension of the
strong block minimal bases pencils in [11].

Definition 3.1. [13, Definition 5.1] A block full rank pencil is a linear polynomial
matrix over F with the following structure
_ [ M) KD
oy = | ) R )

where K7(\) and Ko(A) are pencils with full row normal rank.

Definition 3.1 includes the cases when K7 (\) or K2(\) are empty matrices, that is,
10 = [0y K0 ] 20y = [ M) T or 1) = nrcy

Theorem 5.3 of [13] states that block full rank pencils can be considered as local
linearizations of rational matrices that contain information about their zeros. However,
Theorem 5.3 of [13] does not provide any information about poles.

3.1. Block full rank linearizations at finite points

In Theorem 3.2, we generalize [13, Theorem 5.3] in order to obtain local lineariza-
tions that give us not only information about the zeros but also about the poles of
the corresponding rational matrix. Note also that the linear polynomial system ma-
trix in (8) generalizes the structure of the strong block minimal bases linearizations
of rational matrices presented in [4, Theorem 5.11] from three perspectives: general
pencils B(\) and C(\) are allowed, while those in [4] have a very particular structure;
A(\) can be any regular pencil, while in [4] its coefficient in A must be invertible; and
M) K>\
Ki(\) 0
minimal bases pencils (5) are considered. We give more details in Subsection 3.3.

] is an arbitrary block full rank pencil (7), while in [4] strong block

Theorem 3.2. Consider a nonconstant linear polynomial system matrix

AN | B\ 0
LO)=| —CW | M) KN | e Fprtoxi) (®)
0 Ki(\) 0

T
with n > 0 and state matrix A(\). Let L(\) := [ ?(/[((/)\\)) K2(0>\) be a block full
1
rank pencil, and let N1(\) and N2(\) be any rational bases dual to K7 (\) and Ky(A),
respectively. Let  be a nonempty subset of F such that K;(A) and N;(\) have full
row rank in  for ¢ = 1,2. If

A(Xo)

rank [—Nz()\o)c()\o)

} = rank [A()\o) B(AO)NI()\O)T} =n 9)



for all A\p € Q then £(\) is a linearization of the rational matrix
R(N) = Na()[M(N) + C)AN) T BN (V)T (10)

in 2 with state matrix A(\).

A pencil of the form (8) satisfying the hypotheses in Theorem 3.2 is called a block
full rank linearization. In particular, £(\) is said to be a block full rank linearization
of R()\) in Q with state matrix A(X).

Remark 3.3. The extreme case of n = 0 in the linear polynomial system matrix (8) is
studied in [13, Theorem 5.3|. It states that the block full rank pencil L(A) in Theorem
3.2 is a linearization of the rational matrix

G(A) = Na(A)M (NN (M)

in 2 with empty state matrix. In this case, L(\) is said to be a block full rank lin-
earization of G(A) in €2 with empty state matrix.

Proof of Theorem 3.2. In order to simplify the notation, throughout this proof we
do not specify the sizes of different identity matrices and all of them are denoted by
I. Let Ki(N), K2(M\), Ni(A) and N2(\) be minimal bases of the row spaces of K (\),
K3(X), Ni(\) and Na(A), respectively. Then, by [13, Lemma 5.2], there exist rational
matrices S1(A), Sa(A), Wi(A) and Wa(A) such that

Ki(A) = S;(MEK;(\), and S;()) is invertible in ©, for i = 1,2,
Ni(\) = Wi(A\)N;(\), and W;()) is invertible in ©, for i = 1, 2.

Moreover, K1()), Ka()), S1(A) and Sy()\) are all matrix pencils. We consider the linear
polynomial system matrix

AN | BOY 0
L) =] —CO) | MY KN |, (11)
0 Ki(\) 0

which is equivalent in Q to L£()), since [ L0 } L(N) [ ! 0 } = L()\). For

1 = 1,2, there exist unimodular matrices
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as in [11, Theorem 2.10]. Consider now the unimodular matrices

i I 0 00
I 0 0 0
MW= (o MOV BT of | gy g g |
o0 O o —x() o1
(I 0 0 0 I 0 0
oo 1 =y | |o Nyd) o
Y= 10 00 1 ||o M o]
00 -z Jlo o I
where Z()) = Ny(MAMMNN N, X(A) = NaAW)MNNNT, Y(A) =
No(A)M(N)N1(A\)T. We obtain that
A(N) | BONWT BN, (NT 0
_ — N2(NC(A) | Na(NM ANy (M) 0 0
V(AL VI(A) = 0 0 T 0 |’
—Na(W)C(N) 0 0 I
which is, in addition, unimodularly equivalent to
AN | BNV 0
—No(NCR) | NeWMMNNi(N)T 0 | .= p(N).
0 0 I
By condition (9), the polynomial matrix
o | AN BAINMOY
T - Me0) | MMM

is minimal in €, and its transfer function matrix is

R(A) = Na()[M(A) + C(NAN) T BN (AT

Moreover, Wa(A)R(A)W1 (M) = R()), and, thus, R()\) and R()\) are equivalent in €.
Therefore, the zero elementary divisors of H(A) in € are the zero elementary divisors
of R(\) in Q, and the zero elementary divisors of A(A) in € are the pole elementary

divisors of R(A) in . In addition, P(\) = [ H(()A) ?

to £()), which is equivalent in Q to £()\). Therefore, the zero elementary divisors of
L(A) in § are the zero elementary divisors of R(\) in Q. By Theorem 2.3, L(A) is a
linearization in € of R(\), since it is immediate to check that the rank condition in
Theorem 2.3(a) is satisfied. O

] is unimodularly equivalent

Remark 3.4. Notice that £(\) being minimal in € is a necessary condition, but not
sufficient, in order the rank condition (9) to be satisfied.
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Under the conditions of Theorem 3.2, Theorem 2.3 guarantees that the elementary
divisors of £(\) in Q are the zero elementary divisors of R(A) in €2, and that the
elementary divisors of A(\) in €2 are the pole elementary divisors of R(A) in Q.

We would like to emphasize the fact that Theorem 3.2 gives very simple conditions
to determine if a pencil is a linearization (in a target set) and, in addition, to determine
the rational matrices associated with it by considering rational bases dual to Ki(\)
and K2(A). Notice that this “association” is not one-to-one because there are infinitely
many rational bases Ni(A) and Na(A) dual to K1(A) and Ko(\). Thus, Theorem 3.2
is useful, for instance, if a linearization gets perturbed and one wants to know which
rational matrix is associated with the new perturbed pencil. Then, if the perturbation
is small enough that the rank conditions in Theorem 3.2 are still satisfied and after
restoring the zero blocks of the block full rank linearization, we will get a perturbed
block full rank linearization and one can then reconstruct the new rational matrices
associated with it. This type of perturbation problems arise in backward error analyses
of rational eigenvalue problems solved via linearizations. Thus, the block full rank
linearizations may have future applications in this setting allowing more flexible and /or
more general analyses than the one in [14].

Remark 3.5. If in Theorem 3.2, K;(\) (resp. K3(\)) is an empty matrix, we can
take the dual rational basis Ni(A) (resp. Na(\)) as any rational matrix invertible in
Q of size the number of colums (resp. rows) of M ().

Example 3.6. Let us see a simple example that illustrates Remark 3.5. For instance,
for constructing a linearization of the rational matrix

R()\)

A—2[=A+3 1
_ |: - in the set Q::F_{_lvoal}v

CAF2 A1 A(A-1)

we can consider K1()\) and K2()\) as empty matrices and dual rational bases N1(\)7 :=

diag <ﬁ, ﬁ) and Nao(A) := 1, both invertible in €. Then, by Theorem 3.2, the

following linear polynomial system matrix

A2 | -A+3 1] [ AN | B
LLM.—-[_A_FQ 0 0]"'[—{XA)AUA)]

is a linearization of R(\) in © with state matrix A + 2, since

A+2
—A+2

rank [

Y 1
]:rank[)\-i-Z +3 )}:1

N1 AA—1

for all A € Q. Therefore, we can recover from £(\) the pole and zero structure of R(\)
in €. More precisely, —2 is the only zero of the state matrix in Q and, thus, is the only
pole of R(A) in €. Moreover, 2 is the unique zero of £(\) in 2 and, thus, is the unique
zero of R(\) in Q.

In Section 5 we will see that the linearizations for rational approximations of non-
linear eigenvalue problems given in [21] are block full rank linearizations.

Remark 3.7. We notice that, although the state matrix A(A) appears in the (1,1)
block in (8), in practice, it can be any regular submatrix of £(\). In particular, in
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some applications [18,21] we have found pencils with the structure of block full rank
linearizations of the form

3.2. Block full rank linearizations at infinity

We now study the counterpart of Theorem 3.2 at infinity. First, we define the notion
of degree of a rational matrix. For the scalar case, we define the degree of a rational
n(})
d(X)

function r(\) = as

deg(r(A)) := deg(n(})) — deg(d(A)). (13)

Then, for rational matrices we consider the following definition (see, for instance, [34,
p.10]).

Definition 3.8. Let R(\) = [r;;(A\)] € F(A)P*™ be a rational matrix with entries
A

rij(A) = ZJE)\; The degree of R()) is then defined as
ij

deg(R(N) = max {deg(ryy(V)}.
Jj=1,....m

Notice that this notion of degree of a rational matrix generalizes the notion of degree
of a polynomial matrix. In what follows, we call the degrees of each row of R(\), the
row degrees of R(A).

Lemma 3.9. Let R(\) be a rational matrix. Then there exists an integer ¢ such that
all the rows of revy R(\) are defined at 0 and are all different from zero at 0 if and
only if all the row degrees of R(\) are equal to ¢.

. : : : a(A)
Proof. First, we consider a rational function r(\) = m such that the numerator
a()) has degree n, and that the denominator b(A) has degree m. We assume that there
exists an integer ¢ for which rev, r(0) is defined and is different from 0. We can write

revy, a(A)

— )\t+m—n
revy, b(A)

revy () = N R()), (14)

where 0 is not a pole nor a zero of h(A) since rev, a(0) # 0 and rev,, b(0) # 0. That
is, h()\) is defined and is different from 0 at 0. Therefore, t + m — n = 0, so that
revy 7(A) is also defined and is different from 0 at 0. Then, t = n — m = deg(r(A)).
Now, we assume that we have a rational row vector v(A) = [ri(A) - rg(A)] such
that, for some integer t, rev,v(0) is defined and is different from 0. Then, it must
be t = Z.n%abxs{deg(ri()\))}. That is, ¢t = deg(v())). Finally, consider a rational matrix

R = [u(N)T -+ v;(M)T]T where v;(A\) are rational row vectors. Assume that
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there exists an integer ¢ such that all the rows of rev; R(\) are defined at 0 and are
different from zero at 0. Then, for each row v;(\), it must hold that ¢ = deg(v;(\)).
The converse is trivial taking into account equation (14) for each entry of R(\). O

Theorem 3.10. Consider a nonconstant linear polynomial system matrix

AN | BOY 0
L) =] —CO) | M\ EKyNT | e F\toxmEn) (15)
0 Ki(\) 0

T
with n > 0 and state matrix A()\). Let L(\) := [ ?{4 ((i)) K2E)A) be a block full
1

rank pencil and let Nj(\) (resp. Na2(A)) be any rational basis dual to Kj(\) (resp.
K>(\)) with its row degrees all equal to an integer t; (resp. t2). If revy K;(\) and
revy, Nij(A) have full row rank at zero for i = 1,2 and

revy A(0)

rank | _ revy, No(0) revy C(0)

= rank [revi A(0) revy B(0)revy, N1(0)7] =n (16)

then £(\) is a linearization of the rational matrix
R(A) = N2(N[M () + C(NAN) T BN (W)

at oo of grade 1 + ¢; + to with state matrix A(\).

A pencil of the form (15) satisfying the hypotheses in Theorem 3.10 is called block
full rank linearization at infinity. In particular, £(A) is said to be a block full rank
linearization of R(\) at oo of grade 1 + ¢; + t2 with state matrix A(A). In general, a
block full rank linearization is said to be strong if it is a linearization in F U {oo}.

Remark 3.11. The extreme case of n = 0 in the linear polynomial system matrix
(15) is studied in [13, Theorem 5.5]. It states that the block full rank pencil L(\) in
Theorem 3.10 is a linearization of the rational matrix

G(A) = Na(A)M (NN (M)

at oo of grade 1 + t1 + to with empty state matrix. In this case, L(\) is said to be a
block full rank linearization of G(\) at oo of grade 1+t +to with empty state matrix.
We notice that, by Lemma 3.9, the integers ¢; and to appearing in [13, Theorem 5.5]
are the row degrees of the dual bases N1(A) and Na(\), respectively.

Proof of Theorem 3.10. The result follows by applying Theorem 3.2 to revy £L(\)
at 0. Then revy £()\) is a linearization at 0 of

revy, No(A)[revi M (A)+revi C(\)(revy A(N)) L revy B(A)]revy, Ny(M\)T = reviis, 14, R(N).

O
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Example 3.12. We now consider the rational matrix

2
AP 1 xn
R(\) == ZARW + Inx e F(A)™™ and the set Q :=F — {¢},
k=0

for some € € F. Then we define the following linear polynomial system matrix

0 /(1) 0 1 AN | B(A) 0

_ 2 I, | . — -

EN=L om0 Ai+4g| AL, | = C[‘)(A) ?(4((1)) KQ(OA) ,
0 ‘_In )\In ‘ 0 1

with state matrix A(A) = A\I,,. We consider the dual rational bases N () := Na(\) :=
[ A, I

A—€e A—e
ten as R(A\) = No(A)[M(N) + C(N)AN)"IB(A)]N1(M\)T. Notice that revy, N;(A) and
revy K;(A) have both full row rank at 0, for ¢ = 1,2, and that condition (16) is satisfied
since revy A(0) = I,,. Thus, by Theorem 3.10, £()) is a linearization of R(A) at oo
of grade 1 + ¢; + t2 = 1 with state matrix A()\). In addition, by Theorem 3.2, L(\)
is a linearization of R()A) in Q, since N;(\) and K;(A) have both full row rank in €,
for © = 1,2, and condition (9) is satisfied in 2. Observe that, if R(\) has symmetric
coefficients, £(\) preserves the symmetry.

], which have row degrees t; = t2 = 0. Then R(A) can be writ-

Remark 3.13. If we want a linearization as in (15) to be a linearization at all finite
and infinite points we need, besides minimality conditions, the matrices K;(\) and
K5(X) being minimal bases with all their row degrees equal to 1. Notice that if a
pencil K () has full row rank in F and, in addition, rev; K () has full row rank at 0
then K(\) is a minimal basis. Conversely, if K () is a minimal basis with all its row
degrees equal to one then K () has full row rank in F and revy K () has full row rank
at 0.

3.3. Strong block minimal bases linearizations as block full rank
linearizations

By using strong block minimal bases pencils, in [4, Theorem 5.11] (strong) lineariza-
tions are constructed that contain the complete spectral information of rational ma-
trices, finite and infinite, as well as the information about their minimal bases and
indices [5], when the corresponding rational matrix R(A) is expressed in the form
R(\) = D(A) + C(\I, — A)~'B, where D()) is the polynomial part of R(\) with
deg(D()\)) > 1, and C(\I, — A)~! B is a minimal state-space realization of the strictly
proper part of R(\). We will see that such linearizations satisfy Theorem 3.2, with
Q =T, and Theorem 3.10. .
For the construction, in [4] L(\) := I]\é(())\\)) Kz%)\)
block minimal bases pencil as in (5) associated with D(\) with sharp degree, that
is, deg(D(X)) = deg(N2(N)) + deg(N1(N)) + 1, where Ni(A) (respectively Na(A)) is

a minimal basis dual to Kj(\) (respectively Ka(A)). Then, constant matrices K; €
Frx(m+m) and K, € FP<(P+P) and matrices Ny(\)T € F[NH)X7 and Ny(A\)T €

is considered to be a strong
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F[\|P+P)¥P exist such that, for i = 1,2,

G =[5V and o = (ST movT)

are unimodular. Finally, the following linear polynomial matrix is constructed

X\, — A)Y | XBK, 0
L) = — KIcy M) KT |, (17)
0 Ki(\) 0

where X, Y € F™*" are any nonsingular constant matrices. With these assumptions,
L(A) is a strong linearization of R(\) [4, Theorem 5.11].

__This result follows as a corollary of Theorems 3.2 and 3.10 as well. First, since
K;N;(\)T = I, notice that R()\) can be written as in (10):

NoW[MN+EKTCYY Y (AL, —A) ' X ' XBE N (A" = DI\)+C(A,—A)"'B = R()\),

and, in addition, conditions (9), with Q = F, and (16) are satisfied. More precisely, we
have that

ik [X(Mn — A)Y] ok [X()Jn - A)Y

—~Ny(NKTCYy —CY ] =n,and

rank [X (AL, — A)Y XBE;N,(A\)T] =rank [X(\I, — A)Y XB]=n

for all A € F, since X and Y are nonsingular, and the realization C(\I,, — A)~'B
is minimal. Therefore, condition (9) is satisfied and, thus, £(\) is a linearization of
R(A\) in F by Theorem 3.2. Moreover, we have that condition (16) is satisfied since
revy (AL, — A) evaluated at 0 is just I,,. Then, by Theorem 3.10, £(\) is a linearization
of R(\) at infinity of grade deg(N2(\)) + deg(N1(A)) + 1 = deg(D(A)).

4. Recovery of eigenvectors

In this section, we show how to recover right and left eigenvectors of a regular rational
matrix R(A), associated with the eigenvalues in a set 2, from those of a block full rank
linearization of R(\) in €. For that, in Theorem 4.2 we study the relation between
their right and left nullspaces. We will use the following Lemma 4.1.

Lemma 4.1. Let K(\) be a rational basis and let N(\) be any rational basis dual to
K()). Let © be a nonempty subset of F such that K(A) and N(A) have full row rank
in 2. Then there exist rational matrices of the form

V(A)—[ggig] and V(A= [NNT N (18)

that are invertible in €.



16

Proof. By [13, Lemma 5.2|, there exist rational matrices S(A\) and W (\), both in-
vertible in €2, such that K(X\) = S(A)K(A) and N(\) = W(A)N()), where K()\) and
N()\) are minimal bases of the row spaces of K(\) and N()), respectively. Then, by
[11, Theorem 2.10], there exist unimodular matrices of the form

with K(X) := W(A)"TK(\). We have that V()) is invertible in Q since S()) and
W () are invertible in © and U()\) is unimodular. Finally, we note that V(\)~! =

U [5@0)-1 W(OA)T} = [NW)Ts0)™ N)'wWT = [N N,
with N == NO)TS() L. -

Let us now consider the rational bases Kj(\) and Kj3(A) of the block full rank
linearization in Theorem 3.2 and their dual rational bases Nj(A) and Na(A). It then
follows that, since they have full row rank in a nonempty set €2, there exist rational
matrices of the form

v =[] and oy = T Ny (19)

that are invertible in €2, for ¢ = 1,2, by Lemma 4.1. We use these matrices in the
following Theorem 4.2.

Theorem 4.2. Let

AN | BY 0
L)=| —CO) | M(N) KN | € F[ymrax )
0 Ki(A) 0

be a block full rank linearization in a nonempty set € of the rational matrix
R(A) = N2(N)[M(A) + CO)AMN) BN (V)T
as in Theorem 3.2. Consider the rational matrices N1(\) and N2()\) in (19) and denote

S(A) == M(X\) + C(NAN)"IB(A). Let \g € Q such that det A(\g) # 0. Then, the
following statements hold:

(a) The linear map

Ep : No(R(M)) — Ne(£(X0))

—Na(X0)S(Xo)N1(Ao)T
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is a bijection between the right nullspaces over F of R(\g) and L(\o).
(b) The linear map

Ep : No(R(X\o)) — No(L(No))
y" = y" [N2(M)C(A0)A(N0) ™" Na(Xo)  —Na(Ao)S(Ao)Ni(Mo)7]

is a bijection between the left nullspaces over I of R(\g) and L(Ao).

Proof. We only prove (a) since (b) is analogous. We will see that E, is a composition
of maps, E, = G, o H,., where GG,, and H, are linear bijections. For that, we consider
the transfer function of £(\). That is, the rational matrix

R = | ) ) | eroe (20

By Lemma 2.1, the linear map

Gy : N (R(Mo)) — Ny (L£(No))
P [—A()\O)l [B(Ao) 0]} R

I r

is a bijection between the right nullspaces of R(\o) and £(Ag), since R()) is the transfer
function of £(A) and det A(Ag) # 0. Now, we consider the linear map

H, : ,/\/}(R()\())) — Nr(ﬁ()\o))

olor ]
No(Xo)S(No)N1(Ao)T| ™

To see that H, is well defined, we consider the rational matrix Va(A)™' =
[N2(\)T Na(A)T] in (19). Then, we have that

BT O[S KW M T A )
o Ilmn 0 ] [—mwsomer] T |V
. . . [Va()T 0] .. o
By (21), H, is well defined since the matrix 0 7l invertible in €2, by Lemma

4.1. In addition, since £(A) is a linearization of R()) in €, we have that R()) and
diag(R(\), I5) are equivalent in Q for some s > 0 (see Definition 2.2). Therefore,

dim N, (R(\g)) = dimN;(R(X)). Thus, to see that H, is a bijection we only have

e Ny (X\o)T }
to prove that H, is injective. Assume that - xz = 0 for some
P rE [—M(Ao)suo)Nl(Ao)T
x € N.(R(X)). In particular, Ni(Xg)?z = 0. Since N1(X\g)” has full column rank,
x = 0. Therefore, H, is a bijection. Finally, note that F, = G, o H,.. O

Remark 4.3. We recall that, since the linear maps FE, and FE, are bijections, one
can recover a basis of the right (resp. left) nullspace of R()\o) from a basis of the
right (resp. left) nullspace of £()\g), and conversely. For instance if {z;}!_, is a basis
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—A(Xo)” 1B(A0)N1(>\0)T

of N.(R(X\o)) then { N1(Ao)T z;}t_; is a basis of N;.(L()\g)). And,
Na(Xo)S(Ao)N1(Ao)"
given a basis {y;}!_; of /\/ (L(Xg)), we can recover a basis of N( (M\o)) taking into

—A(Xo) ' B(A 0)N1(>\0)
account that the elements will be of the form y; = Ny ()T x; for
—N2(X0)S(Ao)N1(Ao)"
some basis {z;}!_; of N;.(R(X\g)). Then, to recover {x;}!_; we can use, in general, that
K1(M)N1(Xo)Tx; = x;. However, in practice, it can usually be recovered from the
structure of Nq(\g)?z;, without computing K ()g), since N1(A\o)? has often a simple
block structure including an identity block or a multiple of an identity block.

5. Block full rank linearizations for “the automatic rational
approximations of NLEPs” in [21]

In this section we study the precise properties of the linearizations for rational approxi-
mations of nonlinear eigenvalue problems (NLEPs) in [21]. We will see that they satisfy
Theorem 3.2 in a particular subset of C, where C is the field of complex numbers, and
in the whole field C under mild conditions.

We start by defining a NLEP [17]. Given a non-empty open set @ C C and an
analytic matrix-valued function

the NLEP consists of computing scalars \g € Q (eigenvalues) and nonzero vectors
v € C" (eigenvectors) such that

F(Xo)v =0,

under the regularity assumption det(F'(\)) # 0. Since a direct solution of NLEPs is
usually not possible, they are often solved numerically via rational approximation and
by solving the corresponding REP with linearizations adapted to the structure of the
obtained rational matrix. An approach to obtain an automatic rational approximation
for the NLEP in a region € is given in [21]. The authors of [21] consider the n x n
nonlinear matrix F'(\) of the NLEP written in the form

F(A) = QM) + Y _(Ci = ADi)gi(A) (22)
=1

with @Q()\) a polynomial matrix, C; and D; nxn constant matrices, and g;(A) nonlinear
scalar functions. Then, a CORK linearization of Q(\) of those introduced in [30] is
considered, and the functions g;(\) are approximated by rational functions employing
the adaptive Antoulas—-Anderson (AAA) algorithm [26], or its set-valued generalization
presented in [21]. We recall the definition of CORK linearization as given in [21].
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Definition 5.1. Let G(\) be an n x n rational matrix written as
G(A) =) (A = ABi) fi(N), (23)

where f;(\) are scalar rational functions with fo(\) = 1, and A;, B; are n X n constant
matrices. Define

FO)=1fo(N) - fimr (I,
and assume that the rational functions f;(\) satisfy a linear relation
(X =AY)f(N) =0, (24)

where rank(X —A\Y) =k —1 for all A € C, and X — \Y has size (k— 1) x k. Then the

matrix pencil

(X - \Y)® I,

is called a CORK linearization of G(\).

If the vector f(A) is polynomial then G(\) in (23) is a polynomial matrix and Lg(\)
is a linearization of G() in C, in particular, L(\) is a block full rank linearization of
G(A) in C with empty state matrix. However, if f(\) is a rational vector then Lg(\) is
not, in general, a linearization in the sense of [4], that is, in C but it is a linearization in
a local sense [13]. More precisely, it is a block full rank linearization in all the subsets
where the rational vector f()\) is defined, i.e., has no poles. Such result is stated in
the next theorem.

Theorem 5.2. Let Q be a nonempty subset of C where the rational vector f(A) in
(24) is defined. Then a CORK linearization L¢(A) of a rational matrix G(A) as in (23)
is a block full rank linearizacion of G(A) in €2 with empty state matrix.

Proof. Notice that, by taking M () := [ Agy— By -+ Ap_1—ABp_1 ] , Kq1(A) =
(X = \Y)®1,, and K2(\) empty, Lg()) is a block full rank pencil. Moreover, f(\)7 is
a rational basis dual to X — \Y. Then we apply Remark 3.3 with N1()\) := f(\) @1,
and Nao(\) = I,,. O

Once CORK linearizations and some of their properties have been revised, we recall
the AAA approximation of scalar functions. A given nonlinear function g : C — C is
approximated in [21] on a set ¥ C C by a rational function r(X) in barycentric form,
that is,

9w~ w

NORS JLCIY) p 2

- - Z] - - Z]
7j=1 7=1

where z1, ..., z, are distinct support points and w1, ..., w,, are nonzero weights, that

can be automatically chosen as explained in [26]. In this case, /\hm r(A) = g(z;). It is
—Zj
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shown in [21, Proposition 2.1] that (25) can be written as

w1 w2 s Wm—1 Wm,
A— 21 R9 — A 1
0
r(A) =lglzwr - g(zm)wm] A=z :
Zm—1 — A 0
i A=2Zm-1 Zm— A |
where it is easy to check that the inverted pencil is regular whenever z1,..., z,, are
distinct and wq,...,w,, are nonzero. That is, 7(\) can be written as a generalized
state-space realization. Then, the pencil
i w1 Wa S Win—1 Win, —1 7
A — Z1 Z9 — A 0
A=z : E—\F | -b
P()\) = Zm_1 — )\ : = aT 0
A — Zm—1 Zm — A 0
L 9(21)w1 9(22)11]2 ce g(zm—l)wm—l g(zm)wm 0 |
(26)

is a linear polynomial system matrix of r(\) (i.e., with transfer function r(\)) by
considering F— \F as state matrix. In order to know what pole and zero information of
r(A) we can obtain from this realization, we consider in Proposition 5.4 the polynomial
system matrix P(\) and we study its minimality. First, we prove Lemma 5.3. In both
Proposition 5.4 and Lemma 5.3, we consider r(\) written as the following quotient of
polynomials

Note that the representation of the rational function (27) might not be irreducible.
We will see that the irreducibility of (27) is the key property for the minimality of
P()N).

Lemma 5.3. The pencil £ — AF' in (26) is a strong block minimal bases pencil asso-
ciated with the polynomial ¢(A) in (27).

Proof. We set

w1 w2 Wm—1 Wi,

mel_)\
A= Zm—1 Zm — A
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Since 21, ..., zm, are distinct, K (Ag) has full row rank for all A\g € C. In addition, K (\)
is row reduced because its highest row degree coefficient matrix

has full row rank. We conclude that K (\) is a minimal basis. Let us denote

v =Tl0- [ o ] 29)

A—z
j=1 "

Then, it is not difficult to prove that N(\) is also a minimal basis, taking again into
K\ |.
KT
a square matrix, we have that K (\) and N(\) are dual minimal bases. In addition, all
the row degrees of K(\) are equal to 1 and the row degree of N()) is equal to m — 1.
Hence, E — AF' is a strong block minimal bases pencil associated with the polynomial
matrix M N (AT = g(\). O

account that 21, ..., 2, are distinct. Moreover, since K (A\)N(\)? = 0 and

E — M\F being a strong block minimal bases pencil associated with the polynomial
q(A) implies that E'— \F'is a (strong) linearization of ¢(\) and, in particular, that the
determinant of E — AF is equal to ¢(\) up to a scalar multiple. This fact is used to
prove the following result.

Proposition 5.4. Consider the rational function r()\) in (27) and its linear polynomial
system matrix P(A) in (26). Then, P()) is not minimal at Ay € C if and only if \g is
a zero of both polynomials p(A) and g(A).
E—)\F|-b

Proof. Consider P()\) = o7 0

] as in (26). By Lemma 5.3,

det(E — A\F) = aq(X\) with a # 0. (30)
In addition, since the Schur complement of E'— AF in P(\) is 7(\), we have that

det(P(\)) = det(E — AF)r(\) = aq()\)& = ap(N). (31)

q(

Now, assume that Ao is a zero of both polynomials p(A) and ¢(\). That is, we can

cancel out at least one factor of the form (A — Ag) in both numerator and denominator

of 7(A). Then, the algebraic multiplicity of Ay as a zero of r(\) is not the same as the

algebraic multiplicity of Ay as a zero of P(\). Therefore, P()\) is not minimal at Ag.

E—X\F }
ol

N2 N2

For the converse, assume that P(\) is not minimal at Ag. Then, rank [ < m,
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= m — 1, as the sub-matrix

since rank [E — Ao F —b] = m. Actually, rank [E _a/])*\ OF]

Ao —21 22— X

K (M) = Ao
Zm—1— Ao
A0 = Zm—1 Zm — Ao

contains a non-zero minor of order m — 1 for all Ao € C, where K(\) is the matrix
appearing in (28). Therefore, by using the notation N, () for the right nullspace,

dim N, <[E ;?OF}> = 1 and dim AN, (K(N\g)) = 1. Then, N, <[E_T/\OF]> =

a
N ) snee A (|27 707

Actually, N;.(K (X)) = Span{N (A\o)T}, where N(])) is the polynomial matrix in (29).

) C N;(K (X)) and both have the same dimension.

Hence, [E _?OF] N(Xo)" =0 and, therefore, [ wy w2 -+ wm | N(Xo)T =0 and
[ g(zw1 g(z2)we -+ g(zm)wm | N(Xg)T = 0. That is, Ag is a root of both g(\)
and p(\).

O

With these tools at hand, we go back to the original NLEP. Let F'(\) be the nonlinear
matrix function in (22). Then, each function g;(\) is approximated in [21] on a set
¥ C C by a rational function r;(\) as in (25), i.e.,

L; 7 % £

9i(#)wj wj
9i(A) = 1i(\) ZZiz/ 7
j=1 A=z j:1>‘_zj
where ¢; is the number of support points z§ and weights w’ for each i = 1,...,s.

For that, one can use the AAA algorithm on each function g;(\) separately [26], or
one can use the set-valued AAA algorithm in [21, Section 2.2], so that the rational
approximants 7;(\) are all constructed simultaneously and sharing the same support
points z;- := z; and weights w} := wj. By using any of the two approaches above, the
following approximation of F'(A) on X is obtained:

FO) ~ RO = Q) + 3(C = ADy)ri(A). (32)
=1

Next, the polynomial matrix Q(\) is expressed in the form of (23), i.e., Q(\) :=
k—1

Z(Ai — AB;) fi(A), assuming the functions f;(\) are polynomials, with fo(A) = 1, and
i=0

each r;(\) is written in generalized state-space form, that is,

R(A) = ) (Ai = ABi)fi(A) + i(cz‘ — ADji)a] (E; — AF;) ™'y, (33)
) i=1
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with a; = [gz(zi)wi gi(zéi)wéi]T e Cli b= o - O]T e Cl and ¢; x ¢
matrices
i wzi' w§ wéi_l wz T 0o 0O --- 0 0]
—27 2 -1 1
E; = -2 . and F; = ~1
Z{i_—l 1
L —Zp1 %, L -1 1]

The linearization constructed in [21] for R()) is the following.

Definition 5.5. [21, Definition 3.2](CORK linearization for AAA rational approxi-
mation) Let R()\) be a rational matrix as in (33). Consider b := [b] ... bI]T and
E — \F :=diag(Ey — AF},...,Es — \Fs). Then a CORK linearization for R(\) is

Ao ABy v Apa —ABer | af @(C1—ADy) o ag @ (Cs = ADy)
Lr(\) = (X=XY)® I, 0
b1, 0 \ (E—\F)® I,
Ay — ABy Ap_ 1 — ABp_1
where |77 ( X—AY)@I ””””””” is any CORK linearization of Q(\).

In particular, for the set-valued AAA approximation, all the matrices E; — AF; in
(33) are the same for all i, as well as all the vectors b;. Then, in [21, Remark 3.3] the
following CORK linearization for AAA rational approximation is considered

Ay — ABy A1 = ABia | Y al @ (Ci = ADy)
v | =1 .
L) = (X -AY)® I, 0 (34)
-y 0 ‘ (By — A\F) @ I,

Notice that L3 (\) has size (kn+£1n) x (kn+¢1n) whereas Lgr(\) in Definition 5.5
has size (kn+ Y ;_, in) x (kn+ Y7, lin).

By using Theorem 3.2, we study in Theorem 5.6 the structure of Lz(\) and L3} ()
as linearizations of R(\).

Theorem 5.6. Let R(\) be a rational matrix as in (33), and let Lr(X) (resp., L3 (N))
be the matrix pencil in Definition 5.5 (resp., in (34)). Let Q@ C C be nonempty. If Lr(\)
(resp., L (X)), viewed as a polynomial system matrix with state matrix (F—AF)® I,
(resp., (1 —AF1)®1,,), is minimal in € then Lr(X) (resp., L7 (X)) is a block full rank
linearization of R(A) in 2 with state matrix (E — A\F') ® I,, (resp., (E1 — AF1) ® I,,).

Sv

Proof. We only prove the result for Lr()), because the proof for £%'(\) is similar.
Set M()\) = [ Ag—ABy -+ Ap_1—ABip_1 ] , C(/\) = —[a{ & (Cl — /\Dl)

ol @ (Cy—ADy,)], B:=[-b®1, 0], A\) :=(E—-AF)®1I,, Ki(\) = (X —AY)®I,,
Ni(A) := (f(\) @ 1I,)T, and Ka()\) empty. Observe that K7(\) and Ni(\) have full row
rank in C. Lr(\) being minimal in €2 implies that condition (9) is satisfied in € since
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BN1(A\)T = —b® 1, because fo(A) = 1. Then, by Theorem 3.2, Lr(]) is a linearization
of [M(A\) + C(NAWN)IB](f(\) ® I,) = R()\) in Q with state matrix A()). O

Remark 5.7. Theorem 5.6 also holds if f()) is rational but, in such a case, we need
the extra hypothesis of f(\) being defined in .

According to Theorem 5.6, we need minimality on Lr(\) (resp., L3 (A)) to be a lin-
earization of the rational matrix R()). In the following Theorem 5.8, we give sufficient
mild conditions for Lz(\) to be minimal in C in the case the rational approximants
ri(A) do not share the same support points and weights. That is, when the functions
gi(\) are approximated employing the adaptive Antoulas—Anderson (AAA) algorithm
in [26] separately. For the set-valued AAA approximation [21], i.e., the rational ap-
proximants 7;(\) sharing the same support points and weights, the authors in [21]
consider the pencil in (34), and we state minimality conditions for it in Theorem 5.9.
Recall that the pencils E; — AF; are regular.

Theorem 5.8. Assume that, for i = 1,..., s, the rational functions r;(\) in (32) are
represented as in (27) and that this representation is irreducible. Let Lr(A) be the
matrix pencil in Definition 5.5. If the pencils C; — AD; are regular for i = 1,...,s and
the following conditions hold

(a) C;—AD; and E; — AF; have no finite eigenvalues in common for i = 1,..., s, and
(b) E; — AF; and Ej; — AF; with ¢ # j have no finite eigenvalues in common for
ij=1,....5,

then Lr(\), viewed as a polynomial system matrix with state matrix (E — AF) ® I,
is minimal in C.

Proof. Assume first that s = 1. Then notice that Lr(\) is minimal in C if and only
if the pencil

S 0 ‘a?@(Cl—)\Dl)
e ‘ (E1 — AFy) @ I,

Y

considered as a polynomial system matrix with state matrix (Ey — AF}) ® I,,, is mini-
mal in C. Since r;(A) is irreducible, we have, by Proposition 5.4, that the submatrix
[ - ® I, ‘ (E1 — A1) ® I, } has full row rank for all A € C. Then we only have to
) alT ® (C1 — ADy)

prove that the submatrix H(\) := (EBr— AF) @ 1, has full column rank for all
A € C. By contradiction, assume that H(\g) has no full column rank for some \g € C.
Notice that, in such a case, Ay must be an eigenvalue of E; — AF} since, otherwise,
H()\p) would have full column rank. In addition, there exists a nonzero vector = such
that H(Ag)z = 0. Now we write

Hix _Cl_)\QDl 0 a1T®In
T = z =0, 35
(Ro) 0 I || (B -xF)®I, (35)
d define th _yl] a1 &1 hich i i #
an efine the vector = T, which 1S nonzero since x
Y2 (Er — M F1)® 1,
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al @I
0 and the matrix (B —l)fF;; o1 has full column rank by Proposition 5.4.
Moreover, by (35), we have that yo = 0 and, thus, (C1 — AoD1)y1 = 0 with y; # 0.
Therefore, \g is an eigenvalue of C; — AD1, which is a contradiction by condition (a).
Finally, if s > 1 we have to take into account condition (b) and the result follows. [

For the set-valued AAA approximation, the minimality conditions we provide on
L% (A) are milder and are necessary and sufficient. We state them in the following
Theorem 5.9. This case allows a more complete simple analysis because the denomi-
nators of the rational functions r;(A), for i = 1,..., s, when they are represented as in
(27), are all equal to the same polynomial g()\). Note also that the roots of g(\) are
the finite eigenvalues of E; — AF} according to Lemma 5.3. In Theorem 5.9, we assume
that ¢(\) is not constant, since otherwise R(\) in (32) is a polynomial matrix.

Theorem 5.9. Assume that, for ¢ = 1,...,s, the rational functions r;(\) in (32)
share the same support points 21, ..., 2y, which are distinct, and the same nonzero
weights wi, ..., wy,, and that are represented as in (27), i.e., 7;(A) = p;(A\)/q()\), where
the denominators are equal for all . Assume, in addition, that ¢(\) is not a constant
polynomial. Let £ () be the matrix pencil in (34). Then, L% (A), viewed as a poly-
nomial system matrix with state matrix (Ey — AF1) ® I,, is minimal in C if and only
if the polynomial matrix P**(\) = Y7 | pi(A) (C; — AD;) is regular and has no finite
eigenvalues in common with the pencil F; — AF}.

Proof. The proof shares several arguments with that of Proposition 5.4. Observe first
that £ (\) is minimal in C if and only if the pencil

0

Z aZT &® (Cz — )\Dz)
=1

~h@L| (Bi-AR)®I,

S(N) 1=

i

considered as a polynomial system matrix with state matrix (E7 — AF}) ® I,,, is min-
imal in C. Thus, we will prove the result for S*(\), which has as transfer function
(1/q(N)) P**(\) as a consequence of (26).

Assume that S®’(\) is minimal in C. Then, the finite poles of (1/g()\)) P*"(\)
are exactly the finite zeros (eigenvalues) of (E; — AF}) ® I, with the same
partial multiplicities. Since det((Ey — AF1) ® I,,) = Bq(A\)"™ with 8 a nonzero
number (this follows from Lemma 5.3 and [19, p. 249]), the product of the
denominators of the nonzero entries of the finite Smith-McMillan form of
(1/g(X\)) P**(\) is a nonzero scalar multiple of ¢(\)". Such Smith-McMillan form
is a scalar multiple of diag(i1(\)/q(N),...,ir(A)/q(A),0,...,0) € F(AN)™*", where
diag(i1(N),...,ir(A),0,...,0) € F[A]™*™ is the Smith form of the polynomial ma-
trix P*Y(\). Thus, r = n, i.e., P*’()) is regular, and 4;(\) and ¢(\) have no roots in
common for j =1,... n.

Next, we prove the converse. Assume that the polynomial matrix P$Y()) is reg-
ular and has no finite eigenvalues in common with the pencil £ — AF;. Note that
[ —-b1 ® I, ‘ (E1 — Mo F1) @ 1, ] has full row rank for all \;j € C, as we saw in the
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proof of Proposition 5.4. Thus, it only remains to prove that

Z (ZzT &® (Cl — )\0D1)
=1

(Er —XoF1)® I,

SU .
HE =

has full column rank for all \g € C. According to [19, Corollary 4.3.10], H§" is permu-
tationally equivalent to

Z(Ci — /\0Di) X aiT
i=1 ’

I, ® (El — /\()Fl)

SV . __
XU =

and we have to prove that XV has full column rank for all A\g € C. This is obviously
true if Ag is not an eigenvalue of E1—AF;. Therefore, we assume that A\ is an eigenvalue
of E1 — AF} in the rest of the proof, which implies by hypothesis that Ay is not
an eigenvalue of P*V()\). Let y € C™ be such that X3y = 0 and partition y =
[yl yd - yI1" with y; € C4 for i =1,...,n. Thus,

(Z(CZ - )\ODZ) & CLZT> y=0 and (El - )\OFl)yj =0, j5=1,...,n. (36)

i=1

An argument similar to that in the proof of Proposition 5.4 establishes that N, (E; —
MoF1) = N (K (X)) = Span{N (A\g)T}, where N()) is the polynomial vector in (29) for
Z1,...,2¢, and K(A) is the pencil in (28) corresponding to Ey — AFy. This implies that
y; = a; N(Ao)T, with o € C, and that y = v ® N(X\)T, with v = [, ..., a,]T € C™
Using this expression for y in the first equation of (36), one gets

S

> ((Ci = XDi)v) @ (al N(A)T) = <Zpi()\0) (C; — )\ODZ-)) v=P*"(\)v=0.
i=1

=1

This implies that v = 0, because Ag is not an eigenvalue of the regular polynomial
matrix P*(X), and y = 0. Therefore, X" has full column rank and Hg" has also full
column rank.

O

Remark 5.10. It is clear that if we consider the set Q@ = {A € C : E —
AF' is invertible}, then Lz(A) is minimal in © and, by Theorem 5.6, Lr(A) is a block
full rank linearization of R(\) in €, with state matrix (£ — AF') ® I,,. However, in such
a case we do not obtain any information about the poles of R()) since they do not
belong to €. For this particular choice of the set €, the fact that Lr(\) is a lineariza-
tion of R(A) in © can also be proved by considering Lr(A) as a block full rank pencil
of the form
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with
M) :=[ A —ABy -+ Ap1—ABr_1 | af ®(Ci—ADy) -+ al'®(Cs—ADy) ],

and by applying Remark 3.3. For that, write R(\) as

kol
—_

R(A) =) (Ai=ABy)(fi(N) ® I,) + i[%’T ® (C; = AD;)|(Ri(N) @ In),
' i—1

I
o

with R;(\) := (E; — AF;)'b;, and consider the dual rational basis of K7 (\)
M) = [fo) o fea) [ R e R @

Then, Lr()) is a linearization of R(A) in © with empty state matrix. On the other
hand, if Lr(\) (considering the partition with state matrix (F—\F)®1I,,) were minimal
at those A9 € C such that F — A\gF' is singular then £r(A\) would be a linearization
of R()\) in C with state matrix (E' — AF) ® I,,. That means that the zeros of Lr(\)
would be the zeros of R(A), and the zeros of (E — AF) ® I,, would be the poles of
R(\), together with their partial multiplicities. This happens, for instance, under the
conditions of Theorem 5.8.

Comments analogous to those in Remark 5.10 hold for £%'(A) in (34). They are
omitted for brevity.

Remark 5.11. In Remark 5.10, we consider L (\) from two different points of view:
as a block full rank pencil, {M ————— ] , and as a polynomial system matrix with state

matrix (E — AF) ® I,. In the former case, Lg()) is not in general a linearization
at infinity of R(\) since revy K(A) does not have full row rank at 0. In particular,
[13, Theorem 5.5] can not be applied and there is not always an integer g such that
revi Lr(A) is equivalent at 0 to diag(revy R(A), Iyn—1)+52_, £,n)- It is not difficult to
construct examples where such a g does not exist. In the latter case, Lr(A) is not a
linearization at infinity since revy Lz(A) is not minimal at 0. Both cases are due to
the fact that the matrix revi(E — AF’) does not have full row rank at zero since F' is
singular. Analogous remarks hold for £37()) in (34).

5.1. Low-rank structure

Low-rank structures are exploited in [21] for constructing smaller linearizations that
allow more efficient computations. We consider this scenario in this subsection, where
for the sake of brevity, we study only the case in which each function g;(\) is ap-
proximated via an independent application of the AAA algorithm. More precisely, a
trimmed linearization is constructed in [21] if the matrix coefficients C; — AD; in (22)
have low rank. For this purpose, write

Ci — A\D; = (C; — AD;) Z?, (37)

with 5’1,5%2@ e Cki and Z*Z = I,. In several applied problems this type of
structure appears with k; < n [18,21]. By using the expression (37) for the matrix
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coefficients, the matrix R(\) in (33) can be written as:
RO\ = (A — ABy) fi(A Z — \D) ZFal (E; — AF,)~"b;

=574 — AB)(Hi(\) @ I,) + Z[a'f ® (C; — AD;)((B; — AFy) ™'b; @ I, ) Z7
i (38)

Then, the trimmed linearization £g(\) for R(\) constructed in [21] is the following.

Definition 5.12. [21](Trimmed CORK linearization for AAA rational approxima-
tion) Let R(\) be a rational matrix as in (38). Consider the matrices

Z=[ -0 ®Ly) - —Z(biely) |,
FE = d1ag(E1 ®Ik1, . .,ES ®Ik3)7 and
F = diag(F1®Ik1,...,Fs®Iks).

Then a trimmed CORK linearization for R(\) is

Ao—ABo - A1 = ABr-1 | af @ (CL—ADy) -+ ag ® (Cs —AD;)
Lr(\) = (X -\Y)® 1, 0
z* 0 ‘ E — \F
Ay — ABy A1 — ABy_1
where |77 ( X—AY)@I ””””””” is any CORK linearization of Q(\).

Notice that the linearization Lg(A) in Definition 5.5 has size (kn + > 7 | in) X
(kn + 3.7, ¢;n) whereas the trimmed pencil Lz(\) in Definition 5.12 has size (kn +
Soiy liks) x (kn+ 307 €;k;) with k; < n in several applications.

Analogous to what we did in Theorem 5.6, we study in Theorem 5.13 the structure
of Lr(\) as linearization of R()A). The proof is omitted since it is analogous to that of
Theorem 5.6.

Theorem 5.13. Let R()) be a rational matrix as in (38), and let Lz(\) be the matrix
pencil in Definition 5.12. Let 2 C C be nonempty. If Lz()\), viewed as a polynomial

system matrix with state matrix £ — AF, is minimal in © then L(\) is a block full
rank linearization of R(\) in Q with state matrix £ — AF.

Remark 5.14. As we discussed in Remark 5.11 for the matrix pencil Lz()), the
trimmed CORK linearization £ () is not in general a linearization at infinity of R(\)
either. The reason is that, in this case, the matrix F' is also singular and rev;(E — AF)
has not full row rank at zero.
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6. Conclusions

Combining the theory in [13] with a nontrivial extension of the structure of the strong
block minimal bases linearizations introduced in [4], we have constructed a new wide
family of local linearizations of rational matrices that generalizes and includes most
of the linearizations for rational matrices appearing in the literature. The lineariza-
tions in this family are called block full rank linearizations. Depending on the satisfied
minimality conditions, a pencil in this family can be a linearization in a set of finite
points and/or at infinity. If the minimality conditions are satisfied in the whole un-
derlying field F and at infinity, simultaneously, then we can recover from block full
rank linearizations the complete pole and zero information, finite and at infinity, of
rational matrices. Linearizations at infinity are defined using the notion of grade and,
to determine the grade of block full rank linearizations at infinity, we use the notion
of degree of rational matrices.

As an application, we use block full rank linearizations to study the structure of the
linearizations developed in [21] for solving rational eigenvalue problems coming from
rational approximations of nonlinear eigenvalue problems. We provide sufficient mild
conditions under which the pencils in [21] are linearizations in C.
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