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ABSTRACT. The development of fast algorithms to perform computations with
quasiseparable matrices has received a lot of attention in the last decade. Many
different algorithms have been presented by several research groups all over the
world. Despite this intense activity, to the best of our knowledge, there is no
rounding error analysis published for these fast algorithms. In this paper,
we present error analyses for two fast solvers of quasiseparable linear systems
when they are applied on order one quasiseparable matrices that include the
diagonal in the lower triangular rank structure. Both solvers are based on
computing first the QR factorization of the coefficient matrix, and their error
analyses require novel structured techniques for proving rigorously that only
one of the considered algorithms is backward stable, while the other one is not.
Two fundamental consequences of this work are: (i) users should employ with
caution fast algorithms for quasiseparable matrices since they may be unstable;
and (ii) a lot of work has to be done to identify which fast algorithms for
quasiseparable matrices are backward stable among the large family available
in the literature.

Key words. Quasiseparable, semiseparable, QR-decomposition, backward error
analysis.

1. INTRODUCTION

The study of dense low rank structured matrices and the development of fast
algorithms for performing computations with them have attracted much attention
in the past decade within Numerical Linear Algebra. Although there are many
classical results on low rank structured matrices, the modern interest on these ma-
trices is motivated by their applications in linear system theory and control [5]. It
is worth noting that they also appear in many other applications such as oscillatory
problems in mechanics, covariance matrices in statistics and the discretization of
differential and integral equations [14, Chapter 3]. As an indicator of the intense
activity developed in the last years on low rank structured matrices, we mention
that the two recent monographs [14, 15] include 500 references in this area, many
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of them published in the last years. Despite this activity, to the best of our knowl-
edge, there is no rounding error analysis published for the new generation of fast
algorithms for low rank structured matrices. In this context, the main goal of this
paper is to start the development of such error analyses by analyzing some algo-
rithms of this type. The most important conclusion that can be obtained from our
work is that users should employ these fast algorithms with caution, because their
stability is not granted and some of them are not backward stable. We believe that
we are opening a vast and difficult field of research, and that a lot of work remains
to be done for identifying which fast algorithms for low rank structured matrices are
backward stable and/or relevant subclasses of these matrices for which backward
stability may be guaranteed.

A first difficulty in analyzing fast algorithms for low rank structured matrices is
that these matrices differ in the way they are defined and parameterized, although
they always bear the same characteristic property: the presence of large sized sub-
matrices with ranks much smaller than the matrix size. Matrices of this type include
quasiseparable, block-quasiseparable, semiseparable, matrices with small Hankel
rank, hierarchically semiseparable matrices and others [2, 3, 5, 6, 7, 9, 10, 14, 15].
It would not be inaccurate to say that almost every research group working with low
rank structured matrices has its own definition/parametrization. This makes it dif-
ficult to compare results obtained for roughly the same matrices but parameterized
differently.

In this paper we focus on the rounding error analysis of fast algorithms for solving
systems of linear equations whose coefficient matrix is quasiseparable. In particular,
we consider algorithms based on computing first the structured QR factorization
of this type of matrix. There are several reasons for choosing these algorithms.
First, the solution of linear systems is the most basic task in Numerical Linear
Algebra and, so, it is the first problem that one should solve in an stable way.
For unstructured matrices, Gaussian elimination (GE) with partial pivoting is the
standard backward stable linear solver [11]. However, the use of pivoting strategies
in GE is forbidden for designing fast linear solvers for quasiseparable matrices,
because they destroy the structure and this prevents the design of fast algorithms
[14]. On the other hand, there exist fast structured versions of GE without pivoting
for quasiseparable matrices [6, 14], but they are are not backward stable. This is
not surprising, since it has been known for a long time that fast methods based on
GE without pivoting for solving banded systems (banded matrices are a subclass of
quasiseparable matrices) are not backward stable in general [11]. By contrast, fast
QR-based system solvers for banded matrices are backward stable. Therefore, it is
natural to consider fast quasiseparable QR-based system solvers as first candidates
to perform rounding error analysis.

In the literature, there are at least two different fast algorithms to solve qua-
siseparable linear systems via the QR-factorization. For brevity we will refer to
them as Algorithms A and B throughout this work. Algorithm A was presented
in full generality in [8, Algorithms 6.4 and 7.2], while Algorithm B was essentially
introduced in [12, Section 5.3] and it is also explained in [14, Chapter 5]. In fact
reference [12] includes two algorithms: a QR-solver and a URV-solver, but both
algorithms reduce to a simpler QR-solver for the subclass of matrices that we will
consider in this work.
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We mention another fast algorithm developed in [2] which is somewhat related
to a QR-solver, since it uses orthogonal transformations. However, this algorithm
relies on a very different factorization and its error analysis is postponed to a
future work. In [4], the authors develop a QR-based linear solver for a class of rank
structured matrices wider than the quasiseparable matrices. This method reduces
essentially to Algorithm A for quasiseparable matrices, and, therefore, it is not
considered here.

The computational complexity of Algorithms A and B is essentially the same
and is linear in the size of the matrix. However, they differ in generality: Algorithm
B is applicable to order one semiseparable and quasiseparable matrices and Algorithm
A covers the more general case of block-quasiseparable matrices of arbitrary order.
In addition, each of Algorithms A and B uses a different parametrization of the
input quasiseparable matrix. Rounding error analyses have not been developed
for either of these algorithms, so it is not known if they are backward stable or
not. However, the authors of these algorithms claim that they are stable based on
intuitions and numerical experiments (see [8, p. 449] and [12, p. 747]).

Our analysis of Algorithms A and B begins with a simplification: we concen-
trate on a subclass of order one quasiseparable matrices to which both algorithms
are applicable in simplified ways that are amenable for performing rounding error
analyses. This subclass is characterized by the property of having the diagonal
included in the lower triangular rank structure, i.e., n X n matrices A in this class
satisfy
(1.1) 1Srzn§a£<_1rank(z4(z in,1:4)) = 1Sr1n§a5<_1rank(A(1 ti,i+1:m)) =1,
where we use MATLAB notation for submatrices. Graphically, such matrices can
be represented as follows:

X | x x x
X x| x x
X x x|x |’

X X X X

where every submatrix of a single color has rank at most one. Despite this simplifi-
cation, our analysis remains valid for matrices that are very relevant in applications,
since, in particular, the important class of semiseparable matrices' satisfies (1.1).

We next discuss the main results of the current paper. We have shown that
Algorithm B is not backward stable for matrices satisfying (1.1) by providing a
detailed study of this algorithm that shows the potential sources of instabilities, and
by constructing counterexamples where these sources of instabilities produce large
backward errors. By contrast, Algorithm A turns to be backward stable for matrices
satisfying (1.1). We believe that this is the most relevant result in this work and we
have proved it Tigorously through a rounding error analysis developed specially for
quasiseparable matrices. Two important conclusions can be obtained from these
results: (i) there is hope for developing fast algorithms that are simultaneously
backward stable for quasiseparable matrices; and (#) one must be very careful
when using currently available fast algorithms for quasiseparable matrices because
they may be unstable.

L According to [14] semiseparable matrices are the ones satisfying max; rank(A(i : n, 1 : 7)) =
max; rank(A(1 : ¢,4: n)) = 1. These matrices are called by other authors Green’s matrices.
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We finally mention that Algorithm A has produced always tiny backward rel-
ative errors of order unit roundoff in extensive numerical tests on general order
one quasiseparable matrices, i.e., when the diagonal is not included in the rank
structure. However, a rigorous proof of backward stability in this case still remains
elusive.

The paper is organized as follows. We start with general ideas on structured
QR-decomposition and backward substitution for quasiseparable matrices of type
(1.1) in Section 2. In Section 3 we present a specific version of Algorithm A
for solving linear systems whose coefficient matrix satisfies (1.1) and its backward
stability is proved. We remark that although the error analysis of Algorithm A
relies on the quasiseparable structure, the final backward error is not quasiseparable,
i.e., we cannot state that the computed solution is the exact solution of a nearby
quasiseparable linear system. Section 4 is devoted to Algorithm B: we describe
the algorithm, explain the sources of its instability, and give counterexamples that
show explicitly that it is not backward stable. Conclusions and future work are
discussed in Section 5.

2. GENERAL IDEAS FOR QR-BASED SYSTEM SOLVERS

We assume in this paper that matrices and vectors have real entries and that all
matrices are nonsingular. Given an n x n matrix A with QR factorization A = QR
[11], and an n x 1 vector b, the unique solution of the linear system Az = b is the
unique solution of the upper triangular system Rz = Q7b, that can be computed
by backward substitution [11]. If A satisfies (1.1), then @ and R have particular
structures that allow us to compute in O(n) flops: (i) Q and R; (i) Q7b; and
(iii) the solution of Rz = QTb. This is much faster than traditional unstructured
methods that cost: O(n3) for (i), O(n?) for (i), and O(n?) for (iii). Next, the
structures of the @ and R factors of matrices satisfying (1.1) are discussed, while
specific algorithms will be presented in Sections 3 and 4.

Given a matrix A of type (1.1), every set of subrows in its lower triangular part
is linearly dependent, so, we can use one subrow to completely cancel the sub-
row immediately below until its diagonal entry by using only one Givens rotation.
Therefore, to cancel the whole subdiagonal part of A and get R requires only n — 1
Givens rotations, ) is a product of n — 1 rotations, and @ is an orthogonal lower
Hessenberg matrix. It turns out that the rank structure of R differs from the one
of the strictly upper triangular part of A, because the rank is increased by 1 and
the diagonal is included in the structure. These facts are stated in Theorem 2.1,
whose proof is omitted since it is closely related to [8, Theorem 7.1] and to results
in [14, Chapter 5].

Theorem 2.1. Let A be a quasiseparable matriz of order one as in equation (1.1)
and A = QR be its QR factorization, then @ is the product of n—1 Givens rotations
and R is quasiseparable of order two including the diagonal. More precisely,

Q=W Wy---W,_ 1), rank(R(1:14,i:n)) <2, 1<i<n,
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where the Givens rotation Wy, uses the k-th row to cancel out the k + 1-th row in
the strictly lower triangular part of A and has the following structure

I
(2.1) Wy = ko Sk
[n—k—l

In the rest of this section, we explain how the rank structure of R can be used
to solve in O(n) operations an upper triangular system Rz = z. Note that the
backward substitution algorithms that will be used in Sections 3 and 4 are not
exactly equal. Therefore, we present here a general algorithm that will be later
adapted to the specific representations of R arising in Sections 3 and 4. To this
purpose, let us consider now that the diagonal of R is not included in the rank
structure, and, in addition, that
(2.2) 1§I}1Sa§71rank(R(1 2,0+ 1:n))=m,
with m < n arbitrary, since this fact does not complicate the algorithm at all with
respect the case m = 2 of interest in this work. The idea of fast quasiseparable
backward substitution [14, Section 4.2] is most easily explained via the quasisepara-
ble representation of R. It is well known (see [7, 14, 1]) that every upper triangular
quasiseparable matrix of order m, i.e., satisfying (2.2), admits the following repre-
sentation:

di giha ¢gibahs -+ giba...bp_1hy

0 do  gohs -+ g2bs...by_1hy,
(2.3) R=|0 0 ds - : ’

0 0 0 dn

where the parameters {dy, g, bk, hi }, also called generators, have the following sizes

dy, 9k bi Iy

size 1x1 1xm mxm mxl
Note that, given R, the choice of its generators is not unique.
To develop the fast backward substitution algorithm, consider as an example a
system of equations with a 5 x 5 matrix R given by its generators as in (2.3):

di  giha  gibahz  g1babshy  g1babsbshs x1 21
0 d2  gehs  g2bshy  g2bsbshs T2 k2
0 0 d3 g3hy 93bahs x3 | = | 23
0 0 0 d4 g4h5 Ty 24
0 0 0 0 d5 Iy zZ5

Observe that the backward substitution process can be organized as follows,

x5 = (25)/ds, T4 = hsws,

xy = (24 — gama)/ds, T3 = haxy + byTy,
(2.4) v3 = (23 — g373)/d3, T2 = h3xz + b373,

Ty = (22 — goT2)/d2, T1 = howy + baTo,

1 = (21 - 9171)/d17
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where an m X 1 temporary vector 7 has been introduced. This is the key to save
operations. This idea is generalized directly to nxn matrices to produce Algorithm
1, which has a cost of O(m?n) flops — linear in the size of R — due to the product
matrix-vector in 7. In fact, the leading term of this cost is 2m?n.

Algorithm 1 Fast quasiseparable backward substitution to solve Rx = z.

Input: {z;}}_, and generators {dy}}_,, {gk}Z';ll, {bk}Z;%, {h}}_5 of R in (2.3)
Tn :Zn/dna T:xnhn
for k=n—-1to2do
T = (Zk —ng)/dk, T =xhy + b7

end for
r, = (2’1 7917’)/(11
Output: z1,29,...,2,

3. ALGORITHM A

Given a linear system Az = b, where A is a nonsingular n x n matrix that satisfies
(1.1), we start this section by presenting a version specific for this type of matrix
of the QR-based system solver described first in [8] as an extension of ideas from
[5]. This specific version is what we call Algorithm A. Every step will be described
in detail, with the purpose of performing in Section 3.3 a rounding error analysis
that proves rigorously that Algorithm A is backward stable.

Algorithm A has as inputs the generators of the quasiseparable representation
[7, 14] of a matrix A of type (1.1). This representation is

(3.1)
pP1ga gihe g1bahs giba ... by_1hy]
P2a2q1 DP2q2 g2hs gabs ... bn—1hn
P3a3a2q1 P3a3G2 D343 e e g3ba...bu_1hy,
A= . . . . ,
. . : Pn—1qn—1 gnflhn
LPnQn - .. 04201 PnQn ...a43492 PnQn . ..04493 e Pnlnqn—1 Pndn i

where all the parameters (generators) are scalars.

3.1. Computing the QR factorization. Algorithm 2 below computes the QR
factorization of the matrix A in (3.1) in a fast and concise way. Although Algorithm
2 can be obtained from [8], we will deduce this algorithm, for completeness. To this
purpose, recall that Theorem 2.1 states that the factor R in the QR factorization
of A is quasiseparable of order 2 with the diagonal included in the rank structure.
Therefore, R admits a description via generators of sizes 1 x 2, 2 x 2, and 2 x 1,
that is, vectors and matrices rather than scalars (recall (2.2)—(2.3)). The first idea
to deduce Algorithm 2 is to artificially construct generators with these sizes in
the upper triangular part of A before performing the QR-steps. More precisely, the
matrix A from (3.1) is written via the following generator representation:
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(3.2)

goh1 gob}vh2 goblbzhs e e goél .. ~’13n71ﬁn-

Pp2a2q1 gihe glehg §122.. -,lln—lﬁ"

P3a3a2q1 p3a3q2 Gohs - e g2bs ... bn_1hn
A= . . . . ,

gn—an—l gn—QEnzlzn
LPnQn . ..Q024Q1 PnQn ...a3q2 PnQn . ..Q443 et PnOnQn—1 gnflhn
where

gk = [0 1], k=0,1,...,n—1;

~ 10 0 >  |bx O _ .
N L B O

E1:|:O:|> Ek:[hk]7 ]{7:27...,7’L.
p1q1 Prdk

Theorem 2.1 shows that multiplication by n — 1 Givens rotations is enough to
convert A to the upper triangular form R. These rotations can be computed as
follows:

Pn =Dn, Dk = \/(ﬁk+1ak+1)2+pi, k:n—l,...l,

Gk = [_gz Zj s Sk = Pr+1ak+1/DPks  Ck = Pk/Pks
where the reader may check easily that G corresponds to the Givens transfor-
mation Wy in (2.1) that introduces zeros in the k + 1-th row. Observe that the
nonsingularity of A guarantees that px # 0, for k=n,n—1,...,1.

Apart from introducing zeros in the strictly lower triangular part, the Givens
rotations modify the entries in the upper triangular part of A and these entries are
described by the generators {g, by, hx} according to (3.2). The resulting matrix
R is also described by some generators {gx, bi, hi,} with the same sizes, i.e., 1 x 2,
2 x 2, and 2 x 1 respectively. So, the next idea of Algorithm 2 is to find direct
computational formulas to relate both sets of parameters

{gk}k {bk}k 1v{hk}k 1 — gk} 07{b/€}k 17{hk}k 15

that are mathematically equivalent to Givens rotations. To deduce these formulas,

let us assume for k > 1 that at every step n—1,n—2,...,k+1, introducing zeros in
rows n,n—1,...,k+2, respectively, the algorithm modified in the upper triangular
part only the generators with indices n — 1,n — 2,...,k 4+ 1. Then at the moment

we apply the Givens rotation Wy to (Wyqq---W,_14) =: A®) its two subrows
AR (k: k+ 1,k : n) are equal to

Dk+10k+1Gk Grehig1 §kbk+1hk+2 o Grbgg -

— gk—lﬁk gk 1bk 0 ~ O_ R 0 ]
Pr10k410k Gk 0 Pir1 begrhige -+ brgr.. . bu_1hy

{ Gr-thk Ge—1bihirt  Gro1bibrrihiss o Geotbe...bn 1Bn:|_
P bn_1h
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Hence, the application of W}, only changes the generators with index k as follows:

cr sk| [ Georhi  Geibe] _ [ e s Prak g 0| _
—Sk  Ck| |Pk+10k+1qk Ik —Skg  Cr| |Prs10k1qr 0 1
_ |PrGr Cckgk  Sk| _ Gh—1hr Gr—1bx
0  —skgk cCk 0 g |’

where we introduced the transformed generators

_ = bx. 0 = hy
3.3 = |- by := hy = |_ .
(3-3) 9k [ Sk9k Ck} ) k |:Ckgk SJ ) k [pkqu

Note that the transformation {gk,gk,ﬁk} — {Gk, b, hi} only changes the rows k
and k+1 and does not affect any other rows of A*), despite the fact that by, and hy,
also appear in rows 1, ..., k—1. This follows from the structure of these generators.

Formulas (3.3) are in the heart of Algorithm 2, whose full pseudocode is given
below. The computational cost of Algorithm 2 is 10n — 9 flops.

Algorithm 2 Fast quasiseparable QR factorization, version A.

Input: generators {py}i_y, {ar}f_o: {ax}iors {96721, {0k} iZas {hitiey of A in
equation (3.1)

= h
Pn = ny hn = "
p b |:an71:|
for k=n—-1to2do

Pk =/ (Pr10k41)> + D3, Sk = Ph10k41/Dhs  Ck = Di/Dk

_ = b, 0 . hi
= |-s ckl, bp= , hy=1_
9k [ k9k k] k ChGE SJ k [pqu
end for
p1 =/ (p2a2)2 4+ pi, s1=p202/P1, 1 =pi1/P;
T 0 0 = 0
g1 = |—s c|, b= , hi=1_
g1 [ 191 1] 1 [8191 81} 1 {pﬂh
go=1[0 1]

Output: {(cx,sy)}}Z; cosines and sines of Givens rotations Wy, in (2.1) and gen-
erators of the factor R of A, {gx}} 2, {bx}7=1, {h&}7_,, indexed as in (3.4).

Note that the expressions of the generators by and hy in Algorithm 2 are differ-
ent than those for & > 1 in (3.3) because the parametrization (3.1) of A does not
include the scalar parameters b; and hy, and b; and h; only appear in the first row
of R. We invite the reader to check that the formulas for b; and h; are correct.

Lemma 3.1 states in matrix language that Algorithm 2 produces the right gen-
erators of R. This will be useful in the error analysis of Section 3.3. A formal
proof of Lemma 3.1 follows by induction on the rows from bottom to top and it is
omitted.

Lemma 3.1. Let {(ck, sx)}7_{ be the cosines and sines computed by Algorithm 2
corresponding to the Givens rotations Wy, in (2.1) and let {gr}}Zo, {0k} Z1, {he } 7,
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be the generators computed by Algorithm 2. Assume that all computations are per-
formed in exact arithmetic. Then the matrix

[Goh1  gobiha  gobibshs - Gob ... by_1hy,
0 @hy  @bshs - o Giba..buihy
bn—lhn

0 0 Gohy - o Gobs . ..

. . . gn—Ql_FLn—l gn—Ql_)njli_Ln
0 0 0 - 0 Gn—1hn

is the R-factor of the QR factorization of A in (3.1), that is, A= (Wy---W,_1)TR.

3.2. Backward substitution and complete Algorithm A. Our next goal is to
adapt the general backward substitution Algorithm 1 to upper triangular matrices
as those in (3.4). This adaptation yields Algorithm 3, which is valid for any set of
generators {gk}z;é,{l_)k}z;ll,{i_zk}zzl of sizes 1 X2, 2x 2, and 2 x 1, respectively, and
not only for generators with the zero-pattern of those computed by Algorithm 2.
To deduce Algorithm 3 simply note that a matrix of type (3.4) can be written as in
(2.3) by establishing the correspondences among generators shown in the following
table:

Generators in (2.3) | Generators in (3.4)
{di.da, ... dn} {goh1,g1ha; ... Gn1hn}
{ha,hg,...,hn} {b1ha,bahg, ..., by_1hy}
{ba,b3,...,by_1} {b1,b2,..., by 2}

{915927"'agn—1} {§07§1a"'7§n—2}

The use of these correspondences in Algorithm 1 gives Algorithm 3.

Algorithm 3 Fast quasiseparable backward substitution to solve Rz =z, version A

Input: {z;,}7_, and generators {gy }7 =0, {bx}7= . {hr}7_, of R in (3.4)
for k=1 ton do
dx = gr—1hk
end for
Tn :Zn/dna T =Tn (anlhn)
for k=n—1to 2 do
vy = (2K — Gr—17)/dg, T =0bx_1 (vphy +7)

end for
x1 = (21 — GoT)/da
Output: z1,22,...,2,

We write two for-loops in Algorithm 3 to clarify its rounding error analysis in
Subsection 3.3, but it is obvious to use only one for-loop. The cost of Algorithm 3
is 18n — 16 flops for arbitrary generators of order two. For generators computed by
Algorithm 2 the cost is 16n—21 due to the special zero pattern of these generators.

We have now all the ingredients to state our definitive Algorithm A, whose
computational cost is 32n — 36 flops.
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Algorithm A QR-based fast solver of Az = b with A represented as in (3.1)

Input: vector b and generators {ps }}_;, {ar}i_o, {ar}i_1, {9r}1z 17{bk}k 2,{hk}k 9
of Ain (3.1)

Step 1: Apply Algorithm 2 to compute Givens rotations {Wk}z;ll and gener-
ators of the factor R of A, {gr} =8, {bx}721, {he )iy

Step 2: 2z = (Wl e (Wn—2(Wn—1b)) .. )
Step 3: Apply Algorithm 3 to solve Rz = z and compute x

Output: z1,29,...,2,

3.3. Rounding error analysis of Algorithm A. In this section, we perform
first error analyses of Algorithms 2 and 3. Then, we prove in Theorem 3.5 that
Algorithm A is backward stable. This is the most important result in this work.

We make common assumptions about the model of floating point arithmetic [11,
Ch. 2]|. Given two floating point numbers = and y, then

(3.5)  fl(zopy) = (zopy)(1 +6) = T(fj

AW =VEl+e), el <u
where u is the unit roundoff, which is of order 10~ !¢ in IEEE double precision arith-

metic. We will also use the following result and standard notation for accumulating
rounding errors: if |0;| <uand p; = +1 for i =1,...,k, and ku < 1, then

|5\,|0¢|§u, Op:+377*7/a

k
[[a+6) =146k where [0 <

=1

ku
1—ku

=k

for any positive integer k. These symbols will be used according to the rules pre-
sented in [11, Ch. 3]. We define ©g = 79 = 0. As usual, “hats” are employed to
denote quantities computed in floating point arithmetic.

Next, we introduce additional notation. The FEuclidean norm in R" is denoted
by || - ||2, as well as the matrix spectral norm, i.e., the maximum singular value of a
matrix. The matrix Frobenius norm will be denoted by || - || 7. For matrices B and
C (and vectors) inequalities B < C mean b;; < ¢;; for all (4, 7) entries. Absolute
values are also understood in componentwise sense: |B| is the matrix with entries
[bij1-

Theorem 3.2 below deals with backward errors in Algorithm 2 for computing
the QR factorization of A in (3.1). First of all, we remark that Theorem 3.2 is
not a standard backward error result, so we provide some comments to make easier
its understanding. Recall that the key idea of backward error analysis is to prove
that the outputs computed by a certain algorithm in floating point arithmetic are
exact outputs for slightly perturbed inputs [11]. In this sense, one should naturally
try in our problem to attach backward errors to the generators of A in (3.1). We
have not been able to do this, and we doubt it is possible. Instead, in part (a) of
Theorem 3.2 we attach tiny relative backward errors to each column of the matrix
A. This destroys the structure of A, i.e., A+ FE is close to A but does not have
any particular structure. Moreover, this forces us to state the result in terms of
the upper triangular matrix R; exactly constructed from the generators computed
by Algorithm 2. This is a matrix that is never constructed in Algorithm A and is
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only used for the theoretical purpose of proving that Algorithm 2 is “unstructured”
backward stable. However, we have found that this is not enough to prove backward
stability of the whole Algorithm A. Therefore, in part (b) of Theorem 3.2, it is
proved that small column-wise backward errors in A are preserved if Ry is perturbed
via tiny componentwise variations, that may be different for each column of Rj, of
the computed generators. Part (b) is the key to match the backward errors in
Algorithm 3 with those of Algorithm 2.

Theorem 3.2. Let {g,}7=;, {bx}r=1, and {hi}}_, be the generators computed in
floating point arithmetic by Algorithm 2 for the upper triangular QR factor of A
in (3.1). Then the following two statements hold.

(a) Let Ry be the upper triangular matriz evactly constructed from {g,}7=5,

{bx 3721, {hi}p_, according to (3.4). Then there exists an exact orthogonal
n X n matriz () such that

A+FE = QR§7 where HE(7])||2 < 7C1n||A(:vj)H27 Jj=1...,n,
and Cy is a small integer constant. The matriz Q is giwven explicitly as

Q = WiWs---W,_1)T, where Wy, is an evact Givens rotation with the
structure given in (2.1) and based on the exact sine and cosine

S = 5k+1ak+1/\/(§k+1ak+1)2 +p3, ¢ = pk/\/(5k+1ak+1)2 + 3,

constructed with the computed parameter ﬁk 11
(b) Let Rgys54 be any n x n upper triangular matriz defined as follows

(R§+5Q)ij = gz(],)ll;lj) . BSJ,)]_BEJ) Zf Z < j, )
0 if i> 7,

where, for a certain nonnegative integer p,

99 =G| < vlgil for 1<j<n, 0<i<j—1,
B9 — bl <plbi| for 1<j<mn, 1<i<j—1,

R =Rl < plhy| for 1<j<n,
Then the matriz Q in part (a) satisfies
A+ F = QRgyisq, where [|F ()2 < v0rntcopnz A2, G=1,....m,
and Cy is a small integer constant.

Proof. Part (a) follows from part (b) by taking p = 0, i.e., 79 = 0. Therefore we
only prove part (b).
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First, the errors in sines and cosines are established. At every stepi =n—1,...,1
of Algorithm 2, sines and cosines computed in floating point arithmetic satisfy

5i = fl (5i+1az’+1/ (5i+1ai+1)2 +p?> = 5;(1 4 ©5),

o = = 2
where s; = p;1@i+1/\/ (Diy1@i+1)? + D},

¢ = fl (pi/ (Piy10i+1)? —l—p?) =c;(1+0s3),
where ¢ = p;/\/ (Di410i+1)? + P}

So, s; and ¢} are exact corresponding sines and cosines.

Similarly to the error analysis of classical Householder or Givens algorithms for
the QR decomposition [11, Ch. 19], the rest of the proof is column-wise and focuses
in a fixed column A(:, j) of the matrix A in (3.1). The index j remains constant in
the proof. We split the proof in two steps.

Step 1. Here, we analyze the errors that are produced in A(:, j) by the Givens
rotations that introduce zeros in rows n,n — 1,...,5 + 1. These correspond to
(en—1,5n-1), (cn—2,8n—2),...,(¢j,5;). Fori =n—1,...,j the computed quantities
P, satisfy:

@:ﬂ( @+lai+1>2+p3)=<1+@4> Groraies)? + 17

— [+ 0s) si(1+0)] {é pi }

Pit1Gi+1
Hence,
D. (1 (1 i i
(3.7) {%] - {Cz( +04) i “ﬁ@‘*)] [A P }:(GH—AG,») [A P }
=5 G Pit10i+1 Dip1Qi+1
where
s |04 ;04
(3.8) G; = {_82 CJ , and AG; = [ 0 0 |

In order to simplify the notation, here and thereafter let us agree to denote by
G; a 2 x 2 Givens rotation, as well as any Givens rotation of other appropriate
size based on (¢}, s;) and that when it is applied to subvectors A(k : I,7) of the
j-th column only modifies those entries corresponding to rows ¢ and i + 1 of the
input matrix A. The same agreement is valid for the error matrices AG;, with
the additional property that all entries of AG; are zero except those corresponding
to the submatrix [¢}, s;; —s},c;] in G;. These agreements simplify the typesetting
considerably.

Multiplying (3.7) by a; ...aj+1¢; in exact arithmetic we get:

Fiai...aﬁl(b} — (Gi+ AGY) {A Pili .. aj41G; 7
0 leaiHai T aj+1qj
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which, by induction, leads to

D;qj ) Pidj )
0 o Pj+1aj+13; o

(3.9) | =Tl@i+racy | 7T | =[G+ AGHAG < ).
. i=j : =]
0 Pnlp ... Qj11G;

Note that the matrices GG; are the same for each column j.

Step 2. Here, we analyze the errors that are produced in A(:, j) by the Givens
rotations that introduce zeros in rows j,7 — 1,...,2. Let us look at the computed
generators in Algorithm 2 that contribute to column Rj(:, j):

;= [Figi(1+01) @] =[-sigi(1+07) ;(1+065)], 0<i<j-1,

' = ' <i<i-—
' [agi(1+@’1) gz} [Cigi(1+®6) si(1+6ep)]” l<i<j-1

N Qi

S

-
7 ﬁij(1+®/1/) ’

where, for simplicity, we define gg = 59 = s, = by = hy =0 and ¢y = ¢ = 1 to
take into account the special structure of generators go,b; and h;. Note also that
the ©,, quantities that appear in the equations above depend on the index i of the
generators. We drop this dependence by simplicity. According to the definition
of generators g(J ) b(J and h in the statement of part (b) of Theorem 3.2, they

are obtained from g;, bz, and h by introducing tiny componentwise perturbations
bounded by 7,. Therefore, we can write

37 = [slgi(1+0p7) C(1+6y45)],  0<i<j—1

iy 1+0,) 0 < i

b(]) _ ( 1<:1<7-1
(3.10) : L 19i(1+Op16)  si(1+6].6)] -

R0 _ { i(1+63) ] _
’ %%ﬂ+@wﬂ
Our task now is to relate, in exact arithmetic, the nonzero entries of the j-th column

of Rj4s4 with the entries of the matrix A in (3.1) whose generators are the inputs
of Algorithm 2. Recall that

Py = (Rgasg)g = 900 -8\, it i < j,

and 7j; 1= (Rg1sq)j; = gj(»j_)lﬁg-j). Note that all the entries 7;;, for i = j,...,1, can
be computed by multiplying generators from the end to the beginning as follows:
o
(311) :FZ] :ggi)ﬂ'i’ Ti—1 = 65]7)17—7}’ ] :j7"'25
~ )

T . ..
here 7; = [Ti)l Ti)g] is an auxiliary column vector of length two.
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Let us note that each step of (3.11), for ¢ = j,...,2, can be written in matrix
form (by using (3.10)) as

{71:172] _ [ ¢_1(14+0p16) si_1(1+ 9;%)} [%—17}‘,1]
—5i21(1+Opt7) i1 (1+Op45)| | Tiz |’
Ti—1,1 = bi_lTiJ(l + ®p)

(3.12)

Tij

For i = j, we know that 7; = ﬁgj) and, so,

|:Tj~—1,2:| _ [ i1 (1+Opts)  8j_4(1+ 6p+6):| [Qy 1h;(1+ 6] )]
T —s, (14 0p47) 51 (1+Op45)] |Djg;(1+ Opt1)
Tj—1,1 = bj—1h;(1+ Ogp),

or, attaching errors to the Givens rotation,

[TJ'NM} _ [ i1 (14 O2pt6) 851 (1+ ®2p+7)} {nglhy}
Tjj =851 (1+05,.7) ¢;_1(1+0O5,16)] | D;a; |’
Tj—11 = bj—1h;(1 4 O2p).

So, 71 =h;(1+©}), Tj—11 = bj_1h;(1 4+ O,), and by induction
Ti71 = bibi+1 cee bj_lhj(]. —+ G(j—i+1)p)7 fOI' 7= j — ]., ey ].
Using this to change 7; 1 in equation (3.12) we get

_1(1+6p+6) giflbi...bjflhj
Ti,2 '

Ti—1,2 i 1(14+ O _it2pt6)
313 —h — 1 J p
@ |50 = |5 1+ Ops)

Tij (1 4+ O(—ig2ypt7) ©

SN SUS

Recall the simplified notation introduced in (3. 8) and the paragraph just below it?,
and stick equations (3.13) together for ¢ = 2,.

(3.14)
7;1,2 glbg R bj_lhj
24 o ggbg...b'_lh' —
Jj—1 J J Jj—1 i .
= . i=1 Pjdi
= g]/\—lh] =
Tij Pids

We still need to relate 71 o to 71,;. But this is trivial, since (3.11) and 50 = [O 1]
imply 71; = (14+©p)71,2. Therefore, one can replace 7 2 in (3.14) by 71, at the cost
of attaching the extra error 1+ ©; to the first row of G; + AG;, and so modifying
the first row of AG;.

Equations (3.9) and (3.14) (with 7 2 replaced by 71, as explained above) lead to

n—1

(3.15) Rgysq(:,4) = [T Vi + AM)AC, j),

i=1

2The reader should observe that in step 2 of the proof, that is, fori = 1,...,j—1, the backward
errors in Givens rotations are AG; = [ ¢} Oj_it1)p+6 » 55 Op+6 5 =55 O(j—it1)p+7 5 C Op+5]-
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where Wy, ..., W, _1 are the Givens rotations defined in part (a) of the statement
of Theorem 3.2. Equations (3.8) and (3.13) define AW; and imply that

[AWL]|F < \/§W(j+1)p+6 < \/§W(j+1)p+6 Wiz,

IAWillF < V2 —isnyprr < V2YG—isnptr [Willz, i=2,...,5—1,
[AWillF < va <74 [[Will2, t=7J,...,n—1

Therefore, using Q7 =[]/~ 11 W; and [11, Lemma 3.7], we get

Rgysq(:, (HW + H Wi+ AW;) HW> = Q" (A(J) + F(-,4)),

i=1 =1
with
n—1 n—1
1EC )l < | [TV +am) IIA D2 <veintcapn2llAG, 512,
i=1
which proves the result. [l

Observe that parts (a) and (b) of Theorem 3.2 imply that Rj,s4(:,7) — Rg(:,j) =
QT(F(7]) - E(a])) and, therefore, ||R§+5g(:7j) - R§(7J)||2 < 7201n+02pn2”A(:
,)l2, for 5 =1,...,n. This means that tiny relative componentwise perturbations
of the generators of R;(:, j) produce tiny relative variations in the whole j-th col-
umn, i.e., the generators determine well the columns of Rg, although perhaps not
the entries.

Let us make an interesting remark. In the assertion of part (a) of Theorem 3.2 we
assumed that the matrix Rj is constructed in exact arithmetic from the computed
generators. This is sufficient for our purposes, as we never construct it and only
store its generators. On the other hand, if one wants to compute the entries of Rj
explicitly in floating point arithmetic, we can also assure backward stability as it
is shown in Corollary 3.3 below. This is a consequence of part (b) in Theorem 3.2.

Corollary 3.3. Let {7, }7Z, {bk}};ll, {Zk}zzl be the generators computed in float-
ing point arithmetic by Algorithm 2 for the upper triangular QR factor of A in
(3.1). Let Q and Ry be the matrices in the statement of Theorem 3.2. Consider

the following iteration to compute, for j = 1,...,n, the entries 7j;,7j_1,...,71;
Of Rg.‘
Tj = }_lj,
(3.16) Fij = i 1Tis  Tic1 =biam, i=j,...2,
T = 507'1»

where 7; 18 an auziliary column vector of length two. Let the upper triangular matriz
Rj be the output of (3.16) in floating point arithmetic. Then

Qﬁg = A+ AA, where ||AAG |2 <venzllAG )2, i=1,...,n,
where C' is a small integer constant.

Proof. We only sketch the proof. Standard error analysis of matrix-vector multipli-
cation [11, Sect. 3.5] applied to the iteration (3.16) for computing the j-th column of
R3 introduce componentwise relative backward errors, i.e., perturbations, bounded
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by 79 in generators g, and ik. Although these perturbations will be different for
each column j, part (b) in Theorem 3.2 can be used with p = 2, which gives the
result. (]

In fact, it is possible to prove several addenda to Corollary 3.3. For instance, if
Q is the orthogonal factor of the QR factorization of A computed in floating point
arithmetic by multiplying explicitly the Givens rotations, then QRA = A+ AA,
with AA bounded as in Corollary 3.3 with slightly different constants. Moreover, it
can be proved that HRA(' J) — Rg(:,5)|l2 < o2 ||R5(:, 5) |2, for all j. This means
that Rj is computed explicitly with tiny relative forward errors.

Next, we analyze in Theorem 3.4 backward errors in Algorithm 3. Recall that
Algorithm 3 is valid for any set of input generators of sizes 1 x 2, 2 x 2, and 2 x 1.
The same holds for the error analysis. Observe that the analysis attaches backward
errors to the input generators, and that for the generators g the errors are different
for different columns.

Theorem 3.4. Let R be an n X n upper triangular matriz given as in (3.4) by its
generators {gi} 7=y, {0k 171, {hi}p_, of sizes 1 x 2, 2x 2, and 2 x 1, respectively.
Suppose the system Rx = z is solved in floating point arithmetic using Algorithm

3. Then the computed solution T is the exact solution of
(3.17) Ryi547 = 2,

where the matriz Ryisy s defined as

(ol gOELEQ ﬁogi%jl?, E e §0§1 cbnihn
0 g1ho g1bahs glb?"'é"—lﬁ"

0 0 52713 gzgg...bn_lhn
(3.18)  Rgpsg=| - . , ,

. . . gn—Qﬁn—l 5n—2gn:17ln
0 0 0 e 0 8n—1hn

in terms of certain generators {gi }1_o C RY™2, {g,}1Z; C R1*2, {Ek}z;ll C R2x2,
and {hi}7_, C R?*! that satisfy

l9x — Gk| < Yelgk|, for k=0,...,n—2,

lgr — gk| < vs5lgk|, for k=0,...,n—1,

|3k—5k\ <ylbel, for k=1,...,n—1,

\hie — hi| < ulhgl, for k=1,...,n

(3.19)

Proof. Tt is easy to check that if the first for-loop is removed from Algorithm 3
and {dy,ds,...,d,} are given as (arbitrary) input parameters, then Algorithm 3
would compute the solution of

(3.20) Tz =z,

where t” =r; fori#j,and ty; =d; fori=1,... n.

Let dk = fl(gx_1hy), for k =1,...,n, be the numbers computed in floating point
arithmetic in the first for-loop of Algorithm 3. Then, standard error analysis [11,
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Ch. 3] gives that the computed solution 7 satisfies®

~ Zn
== |5n| < u,
dn(14¢€,)
?nfl = /‘r\n(gnfl + Aanl)Bru |A6n71| S V3 |Bn71|a

fork=n—-—1to2do

R 2k — (Gr—1 + AGr_1)T . -
fp= 2O AR e <, [Ageea] <72 [0l
de(1+er)(1+¢})

Tho1 = (=1 + Abp_1)(Tp(hp + Ahg) +7k),  |Abp_1] <3 |br—1l, |Ahg| < ulhyl,
end for
. z1 — (Go + Ago)T _ _
7 =2 (90 go)/17 le1], [€h] <, [Ago| < 2 g0l

dl(l + 81)(1 + 81)

Comparing this recurrence with Algorithm 3, recalling (3.20), and defining e/, := 0,
we get that 7 is the exact solution of

Rg-‘r(;gx =z,

where the entries of Ry4s5, are given by

di(1+¢e:)(1+¢]) ) I )
(Rg+5g)ij = (@'—1 + Agl 1)(b + Ab ) . . (bj71 + Abjfl)(hj + Ah]) if i< 7
0 if i > 7,
To finish the proof of Theorem 3.4 we first define g; := g; +Ag;, fori =0, .
2b7b + Ab;, for i =1,. 1andhfh + Ah;, fori=1,...,n (Wetake
Ah,, = Ah; = 0). Second, note that, fork=1,...,n,if gx_1 = [g,ﬁ_l gﬁ_l] then
(3.21) di = [gh_, (14 62) g2_, (1+64)] hy,

In addition,

~ 1+01) 0 .
hi = ( h
k 0 (1 +(52) ks
. 0 _ o)
with 01| < u, [d2] < u. From (3.21), we get dj, = [gk 1 ((111?12)) g, ((1116 ))} hi,
and
(Ryvsg)ik = di(1+ex)(1+c5) = [gh, (1+05) g7y (14 O5)] hye = B1h.
This completes the proof. O

Using part (b) of Theorem 3.2 and Theorem 3.4 together we can finally prove
the main result in this paper, that is, column-wise backward stability of Algorithm
A.

Theorem 3.5 (Algorithm A is backward stable). Let A be annxn quasz’sepam—
ble matmz of type (1.1) given by its generators {pr }i_1, {ar}i_s, {ar}r_1, {gk}k 1
{bi}izs, {ha}i_y asin (3.1), and let b € R™. Suppose the system Az = b is solved
in floating point arithmetic using Algorithm A. Then the computed solution T is
the exact solution of

(A+ AA)Z = b+ Ab,

3We introduce indexes in the computed versions of the auxiliary vectors 7 to clarify the analysis.
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where

[AAG D2 < vin2[AG D2, T=1,...5m, [Ab]l2 < Vronl[bl]2,
and K1 and Ko are small integer constants.

Proof. Let Z be the vector computed in step 2 of Algorithm A. Then Theorem 3.4
can be applied to step 3 of Algorithm A, which implies that 7 is the exact solution
of a system of linear equations

(3.22) Rg1a0% =73,

where the matrix Rjs, is defined as in (3.18), with the difference that in (3.19)

appear the generators {Ek}zfl, {Ek}z;ll, {hx}?_, computed in step 1 of Algorithm

A instead of {gx}} s, {l_)k}z:l, {hx}?_,. Observe that part (b) of Theorem 3.2 can

be applied with p =5 to Rgys, in (3.22) and we get
(3.23) QT(A+AA)zT =2, where |[AAG, )2 < Vryn2l|AC )2, G =1,...,m,

where @ is the exact orthogonal matrix defined in Theorem 3.2. It only remains to
analyze the errors in the computation of Z. Recall that, according to (3.6), Givens
rotations we compute in Algorithm 2 satisfy

a_[ @ 8] _[ 40+65 si(1+6p)
Tl oa) T dares) dates)

where s, and ¢ are exact sines and cosines corresponding to the Givens rotation
W; defined in part (a) of Theorem 3.2. Standard error analysis of multiplication
by a sequence of Givens rotations (see Lemmas 19.7 and 19.9 in [11]) yields

Z=(WiWy - W,_1)(b+ Ab) = QT (b + Ab), |AD|l2 < Vrnl|b]|2-

Combining this equation with (3.23) gives QT (A + AA)ZT = QT (b + Ab), and so
(A+ AA)Z = b+ Ab. This proves the result. O

4. ALGORITHM B

This QR-based solver for linear systems was first presented in [12, Section 5.3]
for semiseparable-plus-diagonal matrices and later in [14, pp. 194-199] for general
quasiseparable matrices of order one. In this section, we will apply the later ver-
sion of the algorithm to the subclass of order one quasiseparable matrices defined
by equation (1.1). This allows us to obtain the simple linear solver that we call
Algorithm B. Numerical tests and counterexamples presented in Subsection 4.2
show that even in this simple case the algorithm in [14] fails to compute backward
stable solutions and we identify in Subsection 4.1 which are the intrinsic sources of
instability of Algorithm B.

The algorithm described in [14] used the so-called Givens-vector representation
[13]. For the matrices defined by (1.1), this parametrization is [14, p. 195]:
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(4.1)
I c1v1 0 o --- 0 07
C2S51V1 CoV2 0
A=A, + Ay = C3525101 C3S2V2 C3vU3 - +
: 0 0
Cn—18n-2...5101 e Cn-1Vp—1 O
LSn—18n—2-.-51V1 e Spn—1Un—1 Un|
0 riex rgtlel T‘n_Qtn_g...tlel tn_g...tlel
0 0 Tro€9 te Tnfgtn,;g e t262 tn,Q . t262
0 0
+
Tn—2€n—2 tn72en72
: : 0 €en_1

Here all parameters are scalars and (¢;, s;) and (r;, t;) are pairs of cosines and sines
of some angles. The absolute values of v; are equal to the corresponding norms
of the columns of Ay, i.e., ||AL(:,%)|l2 = |vi|]. Similarly, the absolute values of the
parameters e; are norms of rows of Ay. So, the overall set of parameters describing
matrix A is

G _ |:Cl C2 e Cn1:| , v = [Ul Vo o Un]T7
S1 S2 0 Sp—1
(4.2)
_ ("t T2 o Tn2 _ o T
H= [tl P tnz] , e= [el es en,l] .

Observe that the Givens-vector representation (4.1) assumes, in fact, that we al-
ready know the factor @) in the QR factorization of A. The matrix @ is given by
its Schur representation established in Theorem 2.1: QT = W W5 --- W,,_1, where
W; is the n x n Givens transformation in (2.1) based on the pair (¢, s;).

The only open question to get the QR factorization of A is what is the represen-
tation of the factor R. The authors of [14] answer this question as follows. Applying
the rotations W; to A they show that R can be written as the sum of two upper
triangular semiseparable matrices of order one. We will repeat their construction
using a 4 x 4 example for simplicity. We assume as in [14] that there are no divisions
by zero.

The original 4 x 4 matrix A is

C1V1 0 0 0 0 T1€1 rgtlel t2t161
C2S51U1 (X% 0 0 0 0 T2€2 f,2€2
A=A +Ay = +
C38951V1 C3S2V9 (C3VU3 0 0 0 0 €3
8§38981V1 S382V2 S3V3 U4 0 0 0 0

Now we apply Givens transformations to eliminate rows in the strictly lower trian-
gular part of A one by one starting from the bottom. The first transformation is
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Wg:

(4.3) WsA = WsAy + WsAy =

C1U1 0 0 0 0 ri1€1 r2t161 t2t161
o C251V1 C2U9 0 0 0 0 To€2 t2€2
S$2810V1 S2U2 U3 8354 0 0 0 C3€3
0 0 0 c3v4 0 0 0 €4
where we introduced new parameters: vy, = vg and €4 = —szez, whose absolute

values are the norms of the last column and the last row in W3A; and W3Ay
respectively. Our ultimate goal is to have R as the sum of two upper triangular
semiseparable matrices of order one each at the end of applying all Givens trans-
formations. After the first step, the upper triangular part of matrix W3 Ay, satisfies
this “wish” but matrix W3Ay does not, because the following 2 x 2 block in its
upper triangular part:

roes  taes
0 C3é3

has rank two in general. Fortunately, we can modify the zero entry in this 2 x 2
block to change the rank to one. Let us note that this zero entry in matrix W3 Ay is
located at exactly the same position as the entry vs in matrix W5 Ay, (see equation
(4.3)) and v3 does not appear anywhere else in the later matrix. Hence, we are free
to add an adequate number rox3 to 0 in the entry (3,3) of W3Ay and subtract it
from vg in W3Ay. The choice of x3 that makes the last two columns of the upper
triangular part of W3 Ay semiseparable of order one is z3 = cses/ts.

If we also introduce a new parameter v3 = v —roz3 then equation (4.3) becomes:

(4.4) WzAd =AY 4 4P =

C1U1 0 0 0 0 r1€e1 T2t161 t2t161
_ C2S51V1 CoUg 0 0 0 0 T9€2 t262
o S§281U1 S2U2 53 83”[74 0 0 23 t21'3
0 0 0 0354 0 0 0 g4
Applying the next Givens transformation we get
WoWsA = W AP 4 WAl =
C1U1 0 0 0 0 ri1€1 7"2t161 tgtlel
S1VU1 Vg SoU3 S983U4 0 0 7'2(6262 + 825E3) tQ(CQGQ =+ 82$3)
0 0 0253 025354 0 0 7"2(02.’1?3 — 5262) t2(02$3 — 8262)
0 0 0 6354 0 0 0 54

where we again need to change the highlighted zero entry to some number r1z2 to

. - . 3
produce semiseparability in the upper triangular part of WQA(U):

(4.5) WoWsd = AP 4 AP =

C1VU1 0 0 0 0 ri1€1 rgtlel t2t1€1
S1U1 52 8253 828354 0 T1Z2 T2t1$2 t1t2$2
- 0 0 0253 C2 5354 + 0 0 T’Qgg tggg
0 0 0 C3U4 0 0 0 €4
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with

T h
At this point only one Givens transformation is left, its application leads to (4.6),
this time without the need of adding and subtracting any quantity in the (1,1)-entry.

€3 = CaX3 — S2€2, T3 (coea + s2w3), Uy = V2 — r122.

(4.6) WiWoWsAd = Wi AP + 1w, 4% =

V1 8162 8152’173 818283:174 0 7'151 7’215151 tgtlgl

o 0 6162 618253 018283:(;4 0 Tlgg T2t1€2 tztng
0 0 027173 028354 0 0 7‘253 tggg ’
0 0 0 6354 0 0 0 g4

where €; = c1e1 + s122 and €3 = c1x2 — S1€1.
All together we have the QR decomposition of matrix A expressed as:

A= QR, where Q = WIWJIW[ and R = R, + Ry,

where R; = WlAf), Ry = WlAg) are given in (4.6) and both of them are
triangular order one semiseparable matrices, whose rank structure captures the
diagonal.

The procedure described above trivially generalizes to n X n matrices A repre-
sented in Givens-vector form as in (4.1). This procedure is presented as Algorithm
4. The cost of Algorithm 4 is 9n — 12 flops, and its output is the set of parameters
that allows us to reconstruct the R factor in the QR factorization of A, with R
given, according to (4.6), as a sum of two triangular matrices Ry, and Ry of the
form

V1 S1V2 S1S2VU3 8182 ...8,-2Un—1 8182...8,—-1Up
0 C1V2 (C182U3 C182...8,—2Up—1 C182...8n,—1Un
0 0 CoU3 C283...8n-9Un—1 C€283...8p—1Un
(47 Ry=1|. .
0 0 Cn—2Un—1 Cn—25n—1Un
0 0 0 Cn—1Un
and
0 r1€1 7“2?5161 Tnfgtn,;; N t161 tn,Q . t1€1
0 r1€9 r2t162 Tnfgtnfg, N t1€2 tn,Q ce tleg
0 0 T2€3 Tn_gtn_g, PN t2€3 tn_g ‘e t2€3
(4.8) Ry =
0 0 Tn—2€n—1 tph—2€n—1
0 O 0 en

In order to solve fast the system of equations Ax = b, we still need to find a
fast solver of the upper triangular linear system (Ry + Ry)z = QTb, in terms
of the generators of Ry and Ry appearing in (4.7)—(4.8). To this purpose note
that the matrix R = Ry, + Ry is quasiseparable of order 2 and, hence, admits the
representation (2.3). Therefore, we simply compute in Algorithm 5 the generators
of R in (2.3) and then apply Algorithm 1. The cost of Algorithm 5 is 5n — 7
flops.

We have now all the ingredients to state the definitive Algorithm B, whose
cost is 31n — 39 flops. To deduce this cost, we have taken into account that the
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Algorithm 4 Fast quasiseparable QR factorization, version B.

n—1 n—1

Input: Givens-vector parameters {cp}y_1, {si}rt, {ve iy, {ruis?, {t}r=s,
and {ep}7=1 of Ain (4.1)
T, =0
:[}/n = Un

fork=n—-1to2do

R i K |
€rr1| | 0 1| |-sk ck| |Trir
Vg = Uk — Tk—1Tk
end for
€1l _ | a S1| |€1
B EIH
51 =1
Output: parameters {v;}7_,,{€x}y_, of Ry and Ry in (4.7)—(4.8).

Algorithm 5 Computing generators of R = Ry, + Ry from generators of Ry and
Ry.
n—1

Input: generators {erdizt (i}l {on}p_, of Rp in (4.7) and generators
{ri}nzl {te 3zt {ek}iz, of Ry in (4.8)

diy =01, g1=[s1 e
for k=2ton—1do
dp = Ch1Uk + Th1Ck, gk = [Ck—15k tr—1€k]

Sk 0 :Jk
by = . hy =

end for

Uy,
1
Output: generators {di}7_1, {gr}r=1, {bx}7 s, {hr}7_y of R asin (2.3).

dn = Cp—1Up + €n, hn =

generators by of R are diagonal matrices, which reduces in this case the cost of
Algorithm 1. Observe that the cost of Algorithm B is a little bit less than the
cost of Algorithm A, which is 32n—36 flops. This is in part related to the fact that
the Givens-vector representation has as inputs the pairs cosine-sine corresponding
to the Givens rotations of the factor (), while Algorithm A needs to compute these
quantities.

4.1. Potential sources of instability of Algorithm B. In this section we dis-
cuss in detail an important source of backward instability of Algorithm B. This
instability appears in step 1, i.e., in Algorithm 4 and is an intrinsic effect of repre-
senting the factor R as a summation of two matrices that may have very different
norms. The analysis is informal, but we will illustrate that this source of instability
may have a dramatic effect in the numerical tests presented in Subsection 4.2.
Observe that Algorithm 4 simply computes norms (up to signs) {v1,...,0,} of
columns of Ry, and norms (up to signs) {e€y,...,€,} of rows of Ry, since the rest of
generators of Ry and Ry are some of the input parameters. The QR factorization
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Algorithm B QR-based fast solver of Ax = b with A represented as in (4.1)
Input: vector b and Givens-vector parameters {ci }7_1, {sx }r_1, (v} ooy, {ru Y rzs,
{tx}7=3, and {ex}7Z] of Ain (4.1)

=1

Step 1: Apply Algorithm 4 to compute parameters {v}7_,, {€x}7_; of Ry and
Ry in (4.7)—(4.8)

Step 2: z = (Wy...(W,_2(W,_1b))...), where W; is a Givens rotation based
on the input cosine-sine pair (¢;, $;)

Step 3: Apply Algorithm 5 to compute the generators of R = Ry, + Ry repre-
sented as in (2.3)

Step 4: Apply Algorithm 1 to solve Rx = z and compute x

Output: x1,22,...,2,

of A in exact arithmetic in terms of Ry and Ry is

(4.9) A=Q(RL + Ry).

In floating point arithmetic the factor @ is given exactly by the input parameters, as

long as it is stored in the factorized form Q = WX | .- WI W but some errors are

necessarily committed to obtain the computed norms {v1,...,v,} and {€1,...,€,}.

Therefore, if Ry, and Ry are the matrices obtained in exact arithmetic when one

replaces v; by v; and €; by €, for i = 1,...,n, in (4.7) and (4.8) respectively, then

the parameters computed by Algorithm 4 correspond to the QR factorization of
B= Q(RL + RU).

This is the exact QR factorization of a certain matrix B. Therefore, the backward

error for Algorithm 4 is

(4.10) A—EZQ(RL—EL—FRU—EU).

The unstructured Givens algorithm to compute the QR factorization gives normwise
relative backward errors of order unit roundoff, u, in each column [11, Theorem
19.10], so let us bound the Euclidean norms of the columns of the backward error
in (4.10):

IAG,§) = BC, )2 MR — Ri()llz | RL(:, )2

A = RGOl TAG:
IR, i) = BoCile IRoC Dl
(4.11) T RGOl G T ™

The bound (4.11) shows that, even in the best possible ideal scenario in which
Algorithm 4 would produce errors

[BuCd) = RuCille o MRuGd) = RoGaills
[RL(:4)ll2 B (- 2)ll2
the normwise relative backward error for columns in Algorithm 4 may be huge if

max{|RL(i7i)||2 | Ry (:5)ll2
[AG, D)2 " JAG, i)l

(4.12) } > 1, for some .

An fact, such ideal bounds do not hold for Algorithm 4.
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In addition, if (4.12) holds for some index j such that ||A(:,7)||2 = ||Al|2, then the
whole backward error ||A — Bl|s/|| A2 may be huge. We have seen in the numerical
tests of Subsection 4.2 that this often happens.

We want to stress that if the condition (4.12) is satisfied for a column i, then
equation (4.9) is not a reliable representation of A(:, ) under perturbations, because
A(:,4) is given as a summation of two vectors QRp(:,4) and QRy(:,7) that have
much larger norms than A(:, 7). Therefore tiny relative perturbations of QR (:, %)
and/or QRy(:, 1) may produce enormous relative variations in the norm of A(:, 7).
This is an example of the well-known phenomenon of severe cancellation.

In the rest of this subsection we explain why Algorithm 4 may produce out-
puts that satisfy (4.12). Note that Algorithm 4 has a recursive form. To pro-
ceed with the analysis, we need to obtain the direct mapping of input param-
eters {ci 30Tt {sidiot, {ony Py, {re 023, {ti} 022, {ex}7Z{ to output parameters
{vk}7_1, {€x}}_,. Let us introduce the block-diagonal transformation matrices

. L 0] [ ¢ s
o sl [ )[4 )

where for k = 1, we define ¢ty = 1. Then, by the virtue of Algorithm 4:

€1 €1 ~

€1 €1
€n—2 - @n—l en.—2 and ~ : - @1 o @n—l
€n—1 €n—1
Tn—1 €n—1 z 0
'evn O n
. -~ e 1T T
Hence, if we define vectors € = [61 e en] and e = [el N O] , then
-1
< T _ el
ell2 < H [©kll2 - [lefl2 = W
paiet 1t2...th—2

Recall that the numbers ¢, are sines of certain angles, so |1/tx| > 1 and it may
happen that ||€]|2 > |le||2. To simplify the discussion, let all ¢ be of magnitude ¢,
then in the worst case ||€||2 would grow exponentially with n: ||€]|2 = (%)7%2 llell2-
This is ||€]|2 &~ 2"~ ?||e||2, for the moderate value ¢t = 1/2. In this case, observe that
1Ry (:,0)]|2 > |ri—i]|éi] = @@\ for i = 2,...,n — 1. Therefore for |€;| = max; |&;],
assuming 2 < k < n — 1, we have for the worst case of growth of ||€|| that

V3 15~ Y3 gn-3 e, =
2vn" 7T n 2

V3 e V3 e V3 e
= —=2"|Ayllr ~ —=2" | Al 2 —=2" 7P| AG E) 2,

where we have assumed that |AL||r & ||Ay||r. Observe that this worst case sce-
nario leads to an exponential growth with the size of the matrix of | Ry (¢, k)[|2/]| A(:

7k)||2‘

4.2. Numerical tests showing that Algorithm B is unstable. This section

includes examples where Algorithm B computes solutions Z with large relative

backward errors for Ax = b. As usual, we employ the relative residual %

(4.14) Ry (: k)2 =
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to compute the minimum normwise relative backward error, since it is known [11,
Chapter 7] that
114z — bl
[A]l2]|Z]]2
Traditional unstructured solvers, like Gaussian elimination with partial pivoting or
QR, give % ~ u ~ 10710 in double precision, for any condition number
of A. We have performed our numerical tests in MATLAB, i.e., in IEEE double
precision.

We start by constructing a very small size counterexample by choosing one of
the generators t; tiny as follows:

s(m/6) cos(r/3) cos(10-9) T
::[Zimﬂya) Ziqﬂ/3) 234106)}’ v=[l 11 1],

:{cos(ﬂ/él) cos(lO_G)], =1 1 1]T.

(4.15) = min {e : (A+AA)T=b, |AAs < el|A]s}.

sin(r/4) sin(107%)

According to (4.1), these generators give the matrix:

0.8660 0.7071 0.7071 0.7071-1076
A 0.2500 0.5000 0.9999 1.0000 - 10=6
| 0.4330 0.8660 0.9999 1.0000 ’

0.4330-107% 0.8660 - 10=¢ 1.0000 - 10~¢ 1.0000

with cond(A) = 16.8185. The right-hand side b of the system is chosen to be
b=1[1 11 1]T. Then Algorithm B produces the relative residual

| AZ — b|2 “1
(4.16) nN=-r——""=12644-10""",

[All2 1|2
which is much larger than u. To understand this fact, note that for this example,
| All2 = 2.3011, |RL||l2 = ||Ru|l2 = 1.2788 - 10°, where Ry, and Ry were defined in

(4.7) and (4.8), and M = 5.5575 - 10°, with

— max max IR, i)z |Ru(:,0)|2
M= m; {||A<:,z'>||2’ TAG, )2 }

i.e., the maximum of the magnitudes in (4.12). Observe that n ~ M - u. This is
precisely the source of instability discussed in Subsection 4.1.

The next test illustrates that Algorithm B may produce large relative residuals
for moderate values of the sines t;. We construct, for n = 10,20, ...,90, matrices
nxn with parameters t, = 1/2, fork = 1,...,n—2, sp = v/2/2,fork=1,...,n—1,
vp=1,fork=1,...,n,and e, = 1, for k =1,...,n — 1. The entries of the right
hand sides were random numbers distributed uniformly in [0, 1]. The logarithms of
the relative residuals 1 and the magnitude M are plotted versus n in Figure 1. We
observe again residuals much larger than u such that n =~ M -u. Note that both M
and the relative residual increase exponentially with n, in agreement with (4.14).

The last numerical test we present illustrates that the instability of Algorithm
B is not a rare phenomenon. To show this, we performed 1000 random experiments
with 100 x 100 order one quasiseparable matrices parameterized as in (4.1). The
generators of these tests were chosen as follows: G and H in (4.2) consisted of
sines and cosines of angles distributed uniformly on [0, 2], entries of v and e were
chosen to be uniformly distributed on [—1, 1], as well as the entries of right-hand
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FIGURE 1. Relative residual and M versus size of matrices that
have all parameters t; = 1/2.

side vectors b. The relative residuals of these random tests are summarized by the
histogram in Figure 2. We also show in Table 1 the maximum and minimum of the
magnitude M for the cases in each bar of the histogram. Table 1 shows that when
Algorithm B produces large relative residuals, then large values of M necessarily
occur. However, the opposite is not true, because large values of M may occur and
the corresponding relative residuals be small (see the data for the bar of residual
e-16). This is not in contradiction with our discussion in Subsection 4.1, since we
only showed that M contributes to an upper bound of the backward error.

n e+0 e-1 e-2 e-3 e-4 e-5
Mpin - 7.8e+15 - 1.2e+15 1.0e+13 1.3e+11
Mo - 2.6e+18 - 6.0e+15 3.2e+13 1l.4e+14

e-6 e-7 e-8 e-9 e-10 e-11

n
Myin  2.3e+11  6.3e+9 5.8e+8 5.le+7 3.2e+6 7.le+bH
Mpae 9.2e+13 4.2e+13 4.3e+12 3.6e+12 1.2e+11 2.4e+11

e-12 e-13 e-14 e-15 e-16

My,in 5.le+4  4.1e+3  4.4e+2  1.0e+2 1.3e+1
Mppar 4.7e+9  1.8e+9 1.3e+8 2.8e+9  5.2¢+6

TABLE 1. Maximum and minimum of magnitudes M for each bar
of the histogram in Figure 2.

3
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relative residual

FIGURE 2. Relative residual distribution in 1000 numerical exper-
iments with 100 x 100 randomly generated matrices.

5. CONCLUSIONS AND FUTURE WORK

We have started in this paper the development of rounding error analysis of fast
algorithms for quasiseparable matrices by analyzing the two fast quasiseparable
linear solvers via a structured QR-factorization that are presently available in the
literature. In this work, we have focused on the subclass of order one quasiseparable
matrices defined by equations (1.1), i.e., those matrices whose diagonal is included
in the lower triangular rank structure. This class includes matrices that are very
relevant in applications as, for instance, the semiseparable matrices. Despite this
simplification, the rounding error analysis we have developed is far from trivial
and requires the use of novel approaches that employ carefully the quasiseparable
structure. This error analysis proves rigorously that the fast QR-based linear solver
introduced in [8] is backward stable on the matrices defined by (1.1), which con-
stitutes the most relevant result in this work. We have also studied carefully the
application on matrices (1.1) of the QR-based linear solver presented in [12, 14], and
we have constructed explicit counterexamples that show that this algorithm is not
backward stable. The sources of instability of the algorithm in [12, 14] have been
identified and presented in an understandable way. Besides, we have performed
many random numerical tests that show that the appearance of these instabilities
in practice is not rare. Two fundamental consequences of this work are: (i) users
should employ with caution fast algorithms for quasiseparable matrices since they
may be unstable; and (ii) a lot of work remains to be done to identify which fast
algorithms for quasiseparable matrices are backward stable among the large family
available in the literature. Future work includes the generalization of the error
analysis we have developed from matrices defined by (1.1) to general order one
quasiseparable matrices and the error analysis of the fast linear solver presented in
[2].
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