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/ Setting the problem'

Given a square matri¥ = LU having LU
factorization and a perturbatioh= A + £ = LU,
we look for two convergent series of matrices:

E:il)k and ﬁ:iUk
k=0 k=0

with Ly, = O(|| E||*), Ux = O(|| E||*), Lo = L,
Uy = U, as well as fodomainsandrates of
convergence

The same approach is valid for thinoleskyfactor of
positive definite Hermitian matrices.

Previous work on perturbations of LU I

e Barrlund: strict normwise perturbation bounds.

e Chang and Paige: optimum first order bounds, i.e.
condition numbers.
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/ Series forl + F ' \

If I+ L-1EU~! = LU then

~

A=LI+ L'EU YU = (LL)(UU) = LU.

Therefore, we can focus on the series of the LU factors
of a perturbation of the identityf + F' = LUA.

We will use absolute, or monotone, consistent norms

Al < [B] = [lA[ < |[B|| and [AB|[ < |l A[/|[B]-

Let us introduce for simplicity a parameter

For . the LU factors ofl + z F

e exist and are unique,

e their entries are rational functions ofwith
nonzero denominators, therefore

with




/ Recurrence relations for £, and U .
I+ zF = L(z)U Z(Z[,L{k j>z.

Settingz = 1, we can state:

Theorem. Let F' be ann x n matrix with || F'|| < 1 then

1. I + F has a unique LU factorizationl + ' = L.

2.
£:Z£k and Z/{:Zuk.
k=0 k=0
wherely =1, Uy = 1, and for
k > 2:

Lr=(—L1Ux—1—LoUp 2= Lr_1U1);,
Uy = (—L1Ur—1 — LoU 2+ — Lr_1U1)y,

3. Lx = O(||F||*) andU, = O(|| F||¥).
Here

e (-)r stands for the strict lower triangular part.

e (-)y stands for the upper triangular part.
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k=0
Consequently

F = U + L4

0 = U+LiUx—1+ -+ Lr_1lh + Ly fork > 2.
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A few terms: '

L1+ U
Lo+ Uz
L3+ Us
L4+ Uy

F

—Fr Fy

Fr(FoFv)v + (FLFu)LFu
—FL(FL(FLFu)u)u — FL((FLFu)oFou)u
—(FrLFu)L(FLFu)u — (FL(FLFu)u)LFu
—((FoFv)LFu)oFu

Rate of convergencj

Theorem: Let F be ann x n matrix with|| F’|| < 1, let
I + F = LU be the uniqud.U factorization. If

then

L’ziﬁk and Z/{:iuk
k=0 k=0

|£k —I—Z/fk| < ‘F‘k for k>1.

Therefore| £,.] < (|F]*), and|Ux| < (|F|"),,.




dea of the proof for £ = 4: I

sing|CDy| < [C|r|Dlu

4+ Uy

IA

FlL(FIL(F|LIFlv)v)u +
+(IF|L|Flo)(|FILFlv)u +
+((F|elFlv)c|Flu)L|Flu
|F|o|F|o|FLFlu +

+ F|L|FlulFlolFlu +
|Flo|F|c|FlL]Flu +
+|F|L|Flu|F|L|Flu + |F|L|Flu|Flul|Flu
(IF|L + |Flu)*

F|*

+ |F||F|u|F|ul-
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Bounds on the remainders

Theorem: Let F' be ann x n matrix with||F'|| < 1, let
I + F = LU be the uniqud.U factorization, then

N
A LR
k=0
N
U-S U < (yFyN“ )U.
k=0
Proof:
N oo o)
L=y ol < > el < Y (1FF),
k=0 k=N+1 k=N+1

Normwise Bounds
N

L—) L

k=0

1—[[F]

‘ |F|N+1
<

Comparison with N = 1 by Stewart.
Three improvements

1. Smaller bounds.

2. Componentwise bounds.

3. Bounds valid for| F'|| < 1 (Stewart’s

il < 1/4).
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Proving strict bounds (Sun 1992, Barrlund 199“

GivenA = LU andE such thal| L' EU || < 1, then

A+ E = LU has a unique LU factorization. Denote
F=L"'EU".

A= L(I+F)U = (LL)UU) = (Li £k> (i le> U.

L U
Then
]ﬁ—U| = ‘(Zuk> Ul < (Z Uk;> U]
k=1 k=1
< k
(Z (171 )U> U]
k=1
< (IFI(=1F)7"), Ul
and
- |L= U ||U]
— <
== e

Similar results forL.




