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Main Goals of the Course

• To show recent results on Matrix Perturbation 
Theory.

• Results with applications to error analysis of 
accurate algorithms for spectral problems.

• These results can be easily proved assuming 
standard knowledge on Matrix Theory.

• To present a variety of techniques.
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Outline of the Course

• Multiplicative perturbation theory for eigenvalues of 

Hermitian matrices and singular values.

• Multiplicative perturbation theory for invariant subspaces 

of Hermitian matrices and singular subspaces.

• Perturbations through factors.

• Perturbation Theory for factorizations of LU type.

• Perturbation of the Perron Root of nonnegative matrices.
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One of the most famous motivations (I)
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One of the most famous motivations (II)

The singular values computed by the most frequently used 

algorithms (Golub-Kahan Bidiagonalization+QR, Divide and 

Conquer, etc), are the exact singular values of:
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One of the most famous motivations (III)

Other Algorithms for certain classes of matrices are able to 

compute all the singular values with small relative errors

because they produce other types of backward errors.
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Multiplicative Perturbations
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Small multiplicative perturbations imply small 

additive perturbations but the opposite is not true
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Change of the singular values under Multiplicative 

Perturbations
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Preliminaries for the Proof of Theorem 1 (I)
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Preliminaries for the Proof of Theorem 1 (II)
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Change of the eigenvalues of Hermitian matrices 

under Multiplicative Perturbations
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Proof of Theorem 2 (I)
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Proof of Theorem 2 (II)
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Change of Invariant Subspaces: Preliminaries 
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Change of Invariant Subspaces: Canonical Angles (I)
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Change of Invariant Subspaces: Canonical Angles (II)
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Change of Invariant Subspaces: Canonical Angles (III)
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Change of Invariant Subspaces of Hermitian Matrices (I)
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Change of Invariant Subspaces of Hermitian Matrices (II)
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Drawback of  Sin      Theorems
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Change of Invariant Subspaces of Hermitian Matrices (III) 
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Change of Invariant Subspaces of Hermitian Matrices (IV) 

To be compare with:
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Change of Invariant Subspaces of Hermitian Matrices (V) 
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Change of Invariant Subspaces of Hermitian Matrices (VI) 
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Jordan-Wielandt Matrices: a way to get perturbation results for 

the SVD from perturbation results for Hermitian matrices
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Eigendecomposition of Jordan-Wielandt Matrices
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Singular Subspaces



Setembro 2005 Universidade do Minho 29

Change of singular subspaces (I)
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Change of singular subspaces (II)
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Change of singular subspaces (III)
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Change of Singular Subspaces (IV): Multiplicative Perturbations
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Change of Singular Subspaces (V): Multiplicative Perturbations
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CONCLUSIONS ON MULTIPLICATIVE PERTURBATION 

THEORY

 Small multiplicative perturbations of general 

matrices imply small relative changes of the 

singular values and small changes of the singular 

subspaces with respect relative gaps.

 Small multiplicative perturbations of Hermitian 

matrices imply small relative changes of the 

eigenvalues and small changes of the invariant 

subspaces with respect relative gaps.
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Rank Revealing Decomposition (RRD)
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RRD and Accurate Computation of SVD
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Perturbations of SVD through factors of RRDs (I)
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Perturbations of SVD through factors of RRDs (II)
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Perturbations of  Eigendecompositions of Hermitian matrices 

through factors of RRDs 
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Conclusions on Perturbation through factors of RRDs 

 Computing accurate RRDs allows us to compute accurate SVDs.

Computing accurate RRDs of Hermitian matrices allows us to compute 

accurate eigendecompositions  (FMD, Molera, Moro 2003).

RRDs are computed in practice through LDU factorizations by using 

Gaussian elimination with complete pivoting.

Only possible for special classes of matrices.

Forward errors: backward errors of LDU + Perturbation Theory of LDU
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Perturbation Theory for factorizations of LU type (I)

 Approach based on Series Expansions (FMD, Molera 2005).

 Broad scoped approach that remains valid for all factorizations of LU 

type: LU, LDU, LDLT, Cholesky, Block LU, Block LDLT from diagonal 

pivoting method….. 

 New results for Block LU and Block LDLT from diagonal pivoting 

method. Results previously known but improved for the rest of 

factorizations.

For the sake of brevity, we will focus on the usual LU factorization, but 

parallel developments yield results for other factorizations.
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Perturbation Theory for factorizations of LU type (II)
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Perturbation Theory for factorizations of LU type (III)



Setembro 2005 Universidade do Minho 44

Perturbation Theory for factorizations of LU type (IV)



Setembro 2005 Universidade do Minho 45

Perturbation Theory for factorizations of LU type (V)
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Perturbation Theory for factorizations of LU type (VI)
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Perturbation Theory for factorizations of LU type (VII)
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Perturbation Theory for factorizations of LU type (VIII)
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Perturbation Theory for factorizations of LU type (IX)
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Summary on Nonnegative Matrices 
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Perron’s Theorems for Nonnegative Matrices 
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Perturbation of the Perron Root (I)
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Perturbation of the Perron Root (II)
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Perturbation of the Perron Root (III)
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