RECENT RESULTS ON MATRIX
PERTURBATION THEORY

Froilan M. Dopico
Departamento de Matematicas
Universidad Carlos Ill de Madrid

Setembro 2005 Universidade do Minho



Main Goals of the Course

* To show recent results on Matrix Perturbation
Theory.

« Results with applications to error analysis of
accurate algorithms for spectral problems.

* These results can be easily proved assuming
standard knowledge on Matrix Theory.

« To present a variety of techniques.
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Outline of the Course

« Multiplicative perturbation theory for eigenvalues of
Hermitian matrices and singular values.

« Multiplicative perturbation theory for invariant subspaces
of Hermitian matrices and singular subspaces.

« Perturbations through factors.
« Perturbation Theory for factorizations of LU type.

« Perturbation of the Perron Root of nonnegative matrices.
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One of the most famous motivations (I)

Definition (Singular Value Decomposition-
SVD): Let A € C™*" with m > n. Then we
can write

A=UXV*

where U € C™X™ and V € C™*™ are unitary
matrices, and X € R™M*" js diagonal. The di-
agonal elements of 2,

012022 ...20n 20,

are called the singular values of A.
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One of the most famous motivations (ll)

The singular values computed by the most frequently used
algorithms (Golub-Kahan Bidiagonalization+QR, Divide and
Conquer, etc), are the exact singular values of:

A+ E, with ||E|>=0(e)|A|>,

where e is the unit roundoff and ||Al|> is the
spectral norm. (Additive BACKWARD error.)

Theorem (Weyl): Let 01 > ... > o be the

>
singular values of A and o1 > ... > on be the
singular values of A+ E, then

joi =il < [[Ell2 1 <i<mn.

Setembro 2005 Universidade do Minho



One of the most famous motivations (lll)

o; — 0;
1 [
<

E
1El2 _ 5% 1<i<n
—

g, g, )

if o, ~01. Bad if 0; < 01.
Disastrous if g;, < eoq.

Other Algorithms for certain classes of matrices are able to
compute all the singular values with small relative errors

o; — O

=0(e), 1<i<n,

Oj

because they produce other types of backward errors.
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Multiplicative Perturbations

Let A € C™*" with m > n. A multiplicative
perturbation of A is

A= D1AD> € (men,

where D1 and D- are nonsingular matrices.
If A= A* € C"*" then A = D*AD.

Interesting case: D1, D> close to the identity,

Ei1=D;—1 and [[E12<1
Ey=Dy—1 and [Ezf2 <1

These are called SMALL MULTIPLICATIVE
PERTURBATIONS
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Small multiplicative perturbations imply small

additive perturbations but the opposite Is not true

Let A= (I + E1)A(I + E>»), and denote
max{||E1[|2, [[E2[2} = n then

o~

A=A E1A AEQ E1AEQEA F,

with |[F[l2 = (2n 4 n?) || All2.

>, then

Let A = /
— AU+ A1 F)=A0+ B),
A~ 1|2 = Bra(A).

with
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Change of the singular values under Multiplicative

Perturbations

Theorem 1 (Eisenstat-Ipsen 1995): Let

A= (4 E1)AU + E3)
with A, A € C™*™ (m > n). Let us assume that

n = max{||E1]|2, || E2|2} < 1.

Let oy > ... >0np and o1 > ... > op De, respec-
tively, the singular values of A and A. Then

G — ol < @n+n2)o;, 1<i<n.
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Preliminaries for the Proof of Theorem 1 (I)

Theorem (Courant-Fisher): Let B = B* ¢
C**™ with eigenvalues A1 > ... > \,. Then

AL = max min
dim(S)=k O;éyES y* y

with S C C" subspace.

Corollary: Let A € C™*™ (m > n), with singu-
lar values o1 > ... > opn. Then

B IIAsz
o = max min
dim(S)=k 0#yesS |ly|lo
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Preliminaries for the Proof of Theorem 1 (II)

Corollary: Let A, B, and AB three matrices,
and let us denote by ¢;(A),c;(B), and oc,(AB)

the corresponding singular values ordered in
non-increasing order. Then

0i(AB) <

NOW TH
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|All20;(B) and 0;(AB) < ||B||20;(A).

= PROOF OF THEOREM 1
FOLLOWS EASILY
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Change of the eigenvalues of Hermitian matrices

under Multiplicative Perturbations

Theorem 2 (Eisenstat-Ipsen 1995):
Let A = A* € C"*™ and

~

A= D*AD = (I + E")A(I + E)

with D, E € C"*™ and D nonsingular. Let \{ >
...>Xp and Ay > ... > A\, be, respectively, the
eigenvalues of A and A. Then

X — Ni| < |D*D =12 |\| < UIE|l2 + |E]I3) [Nl

for 1 << n.
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Proof of Theorem 2 (1)

Svylvester’s Inertia Theorem implies that O is
the ith eigenvalue of

D*(A=X\,I])D = A—\;D*D = (A=\,])+\;(I—D*D).

Weyl's Theorem will be used: Let C = C* &
Crxm and F = F* ¢ C"", Let vy > ... > an

be the eigenvalues of C and a1 > ... > ap be
the eigenvalues of C 4+ F', then

o, —ag| < |[[Fll2, 1<k<n.
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Proof of Theorem 2 (lI)

Svylvester’s Inertia Theorem implies that O is
the ith eigenvalue of

D*(A—=X\I)D = (A—)\I)+ )\;(I — D*D).
Apply Weyl's Theorem to the ith eigenvalue of

(A-XNI) (= ©)
(A=X,1) 4+ )\,(I —D*D) (—» CH+F)

P

(N — X)) — 0l = | X — Ni| < [N][|ID*D — 1))
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Change of Invariant Subspaces: Preliminaries

Definition: The subspace X C C" is an invariant sub-
space of A € Cx" if

AX C X, where AX ={Az : z € X}.

Theorem: Let X be an invariant subspace of A € C**",
and let the columns of X € C™"*P form a basis of X. Then
there is a unique nonsingular matrix L € CP*P, such that

AX = XL,
and the eigenvalues of L are eigenvalues of A.

One dimensional invariant subspaces: X correspond to

an eigenvector v and L correspond to an eigenvalue A\.
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Change of Invariant Subspaces: Canonical Angles (I)

e Since we are concerned with variations of invariant sub-

spaces of matrices when they are perturbed, we need a
way to measure the differences between two subspaces.

Let X and Y be subspaces of the same dimension p. Let
X,Y € C"P be orthonormal bases for X and ). Then

I XTY ]2 < I X2 [[Y]l2 = 1.

* The singular values of X*Y lie in [0, 1].
* They can be considered as cosines of angles.
* They are independent of the choice of orthonormal bases

for X and ).
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Change of Invariant Subspaces: Canonical Angles (ll)

Definition: Let X,Y € C"*P be orthonormal bases of the

subspaces of C*" X and ). Then the canonical angles
between X and Y are

i
0; = cos ', 1<i<p, 0<0; <7

where ~; are the singular values of X*Y. We will denote

O(X,Y) = O(X,Y) = diag(6s,...,6,), with 61 > ... > 0,.

Theorem: X =Y if and only if ©(X,Y) = Opxp.

Theorem: Let X, be an orthonormal basis of the or-
thogonal complement of X. Then the singular values

of X7Y are the sines of the canonical angles between X
and ).
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Change of Invariant Subspaces: Canonical Angles (llI)

Theorem: Let X and )Y be two subspaces of C" of di-
mension p. Let Py and Py be the matrices of the or-
thogonal projections onto X and ), then

| Py — Pyll2 = || sin©(X, V)2 = sin 61,
moreover the singular values of Py — Py are

{sinf1,sin 61,sin02,sin 0>, . ..}.

T herefore,

disto(X,))

| Px — Pyl|2
| Px — Pyl|F,

are distances in the set of p-dimensional subspaces of

C™, with a well defined geometrical meaning.
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Change of Invariant Subspaces of Hermitian Matrices (1)

Let A,Qf e C™™ be two Hermitian matrices with unitary

eigendecompositions

Definition: The residual is R = AU, —UiA1 = (A—A)U;.

Notice that: ||R||r < ||[A — Al ||Uil]l2 = |E||r, i.e., the
residual is small if E is small, and it is zero if £ = 0.
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Change of Invariant Subspaces of Hermitian Matrices (ll)
Theorem (Davis-Kahan 1970) (Additive Perturbations):

- U (A— AU A—A

min |p—A T min |g— )
e No w e No
A€ N A€E N

Proof:

Us AUy — ULUL A,
NoUUy — USUL A,

Us R

Therefore, (Ui R)ij = (A2)ii (UzUL)ij — (UZU1)ij (A1)
Then

(U3 R)y;
(AN2)ii — (A1)
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Drawback of Sin(® Theorems

. Us (A— AU A- A
|siney, Ty < 12AZ DOl A=Al

min  [p—Al T min |up— )
p e No pe No
X € A A€ A

Remark: The algorithms compute the exact eigenvalues of A=

A+ E (the name does not matter), therefore the eigenvalues of A

are not known.

Sol. 1. To use the most complicated sin2© Theorems.

Sol. 2. To use Weyl's Perturbation Theorem for eigenvalues and

min p=A—  min [u—Al—|E|>
€ No pE N
AE N A E N

IF POSSIBLE.
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Change of Invariant Subspaces of Hermitian Matrices (l11)

Let A,ﬁ c C™™ be two Hermitian matrices such that

[ AL 0 U;
A= TN ]

p —D ~ ~

N Y ~ = AN 0 Uz
DAD=A=[01 U | [ 0 Ez] [51}
2

Theorem (R. C. Li 1998) (Multiplicative Perturbations):

~ D* — D1\
|sin@(U1,U1)||lr < ||(I — D*)U1||r + IC N)_ ;\| F
miD ‘UJT
;16/\2 H
A€ N
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Change of Invariant Subspaces of Hermitian Matrices (1V)

Corollary: If D=1+ F and ||F|[2 < 1 then

[ )

. ~ 2 Fl|l> + || F 2 1
Isin© Wy, T)llr < v | 112 + 21212 1 IFG _
T 7] RS
m|[1 —_—
p € No H
\ L SIAN| )

To be compare with:

Theorem (Davis-Kahan 1970) (Additive Perturbations):

|A—Allr
min = [u— A
© e No
A e N
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Change of Invariant Subspaces of Hermitian Matrices (V)

Theorem (R. C. Li 1998): Let A and A = D*AD be two
Hermitian matrices. Then

. ~ D*_D—l U
| sin@ (U1, U1)||r < ||(I — D*)Usl|r + € N)_ ;‘ F
min i
EGAQ M
A€E /N

Proof:

Uz R = UsAU1 — UsUL AL = NoUsU1 — UsUL A
~ L _ |
UsR=U;(A—A)U; = U5[D*AD(I — DY) + (D* — I)A]U;

AoULUL — UsULA, = NUS(I — D™V UL + UL(D* — DU A,

et us define . Then from
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Change of Invariant Subspaces of Hermitian Matrices (VI)

Let us define . Then from
AoUUL — USUL AL = AUL(I — D) UL 4 U(D* — 1)U A1

we get
NoX — XA1 = AUZ(D* — D™HU,
This means
X, = (A2)ii (§S(D* — D™ 1)U1)y;
(A2)ii — (A1)yj

Combining this with
Isin©U, U)||r = |U3UL|IF < | X||F + ||[Us(I — D*)U1]|F,

the result follows.
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Jordan-Wielandt Matrices: a way to get perturbation results for

the SVD from perturbation results for Hermitian matrices

Definition: Let B € C™*™, m > n. The Hermitian matrix

[ o B
=[5 8]

IS the Jordan-Wielandt matrix associated with B.

Let us partition the SVD of B as
2 x
B—[UB UO][O]V’

where > € R*"*", [Ug Up] € C™*™ and V € C"*",
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Eigendecomposition of Jordan-Wielandt Matrices
Let us define the unitary matrix

1
Ur = —
C\@[
then
0 B
B* 0

UB

| = v

2

O
0

—2> 0

\/EOUO ] c C(m—i—n)x(m—l—n)’

Uc,

i.e., the eigenvalues of the Jordan-Wielandt matrix are:

1. The n singular values 2. of B.

2. Minus the n singular values > of B.

3. m — n additional zeroes,

with eigenvectors the corresponding columns of Ug.

Setembro 2005
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Singular Subspaces

Let us partition the SVD of B as
2 x
B=Us Uo][olv.
Definition: A right (left) singular subspace of B is an
invariant subspace of B*B (BB™*).

Definition: A pair of subspaces Y € C™ and YV € C" form
a pair of left and right singular subspaces of B if they

are singular subspaces and
BveUTforallveyY AND BfueVforallueld

The columns of U and the columns of V' span, respec-
tively, pairs of left and right singular subspaces of B.
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Change of singular subspaces ()

Let B, B € C™*" be two matrices with SVDs

P n—p m—n ]
i 21 0 1”1* } P
B=[U U o ] 0 25

0] 0 Vs }n—p
p -D —n ~ ~
= = = TE o0 [ ]
B‘l'EEB:[Ul Uz U[]} 0 3 -
0 0 Vy }n—p

Definition: - N
The right residual is Rg = BV; —U1>1 = (B — B) V4.

The IS
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Change of singular subspaces (ll)
Theorem (Wedin 1972) (Additive Perturbations):

VIIRLIF + | RrIZ
min | — |’

;Z S (§Q)ea:t
A E 21

With (Z2)ew = %o if m = n, and (Z2)exr = %o U {0} if

m > n.

VIisines, T2 + || sine (v, 71)|2 <

Proof: Consider the invariant subspace of C = [ 1(3)* ‘g ] spanned

U1 U1

by the columns of W; = L , associated with the eigen-
v2 | Vi —=Wp

values >; U (—31).

The key idea is to apply Davis-Kahan perturbation Theorem for

invariant subspaces of Hermitian matrices to C, 5 and Wiy, ﬁ}l.
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Change of singular subspaces (llI)

T his means

1(C — CYW1 |5
min g — A

;’j S (22)63315
AE 21

| sin @(Wl,ﬁ/l)HF <

Some direct computations show

| sin© (W1, W1)||r = \/|| sin ©(Us, Un) |7 + || sin ©(V1, V)17,

and

I(C = OIWillr = V/IIRLlZ + | RII2.
T his proves Wedin’'s T heorem.
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Change of Singular Subspaces (1V): Multiplicative Perturbations

Theorem (R. C. Li 1998) (Multiplicative Perturbations): Let B and
B = D1BD> be two m x n (m > n) matrices, then

,¢mmewgmw%+mmeamwm%svmi—mﬂhﬁ+wu—D9w%

+var4xwmﬁAWU%—D;ww%
= |
i e — A

ﬁ c (§2)emt |/JJ|
AE 21

Proof: Consider again the invariant subspace of C = [ ]g* ‘g }

spanned by the columns of Wi = % [ ‘U/i _[{/1 } , associated with

the eigenvalues >; U (—21).
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Change of Singular Subspaces (V). Multiplicative Perturbations

The key idea is to apply R. C. Li perturbation Theorem for invariant
subspaces of Hermitian matrices to C, 5 and Wy, ﬁ’l, taking into

account that

0 B O DiBDy| |D; O 0 B||D; o
B* 0| | D3B*D} O ~| o D5||B* O 0 Do

This means

H|:D1—D1 *O _1]W1
, T I — D1 O 0 D3 — D, F
||SII’1 @(WLWI)HF < 0 I — D* Wil + ~ )
2 F . [ — Al
an =
ﬁe (22)63315 |u|
AE 24

and the result follows after some easy manipulations.
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CONCLUSIONS ON MULTIPLICATIVE PERTURBATION
THEORY

» Small multiplicative perturbations of general
matrices imply small relative changes of the
singular values and small changes of the singular
subspaces with respect relative gaps.

» Small multiplicative perturbations of Hermitian
matrices imply small relative changes of the
eigenvalues and small changes of the invariant

subspaces with respect relative gaps.
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Rank Revealing Decomposition (RRD)

Definition: An RRD of G € C™*", m > n, is a
factorization

G = XDY*

where D € C"*" is diagonal and nonsingular,
and X € C™*" and Y € C™*" are well con-
ditioned matrices of full column rank (notice
that this implies r = rank(G)).
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RRD and Accurate Computation of SVD

Given an RRD computed with the forward errors:
Dyi — Dy| = O(e€)| Dy,
X = X2 = 0())1X|l2,
Y — Y2 = 0()]Y]2:

where ¢ is the unit roundoff, Demmel et al. (1999) de-
veloped algorithms to compute SVDs with high relative
accuracy, i.e.,

65 — 03] < O(Mmax{k(X),x(Y)}e)|oi

O(max{xk(X), k(Y )}e)

O'i—O'j

max{0(vi, v;), 0(ui, 0;) } <

min
JFi
Similar bounds hold for singular subspaces.
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Perturbations of SVD through factors of RRDs ()

Theorem (Demmel et al 1999): Let G = XDY* and G = XDY* be
RRDs of the m xn (m > n) matrices G and G. Let 01 > ... > 0,

(resp. o1 > ... > 0,) be the singular values of G (resp. 5). Let
ui,...,u, (resp. vi,...,vn) and uq,...,u, (resp. v1,...,0,) be the
corresponding left (resp. right) singular vectors. Let us assume
that

X — X]J2 <8 Y =Yl <8

< g for all z,
| X2 1Y ][2 | D]

where 0 < B < 1. Let n =024 () max{ko(X),k2(Y)}, then

loi — 55| < (2n4+n?)|ail, 1 <i<n,
and
2
\/SiHQG(Ui,ﬁz‘)+Sin29(%5@')§\/§L 1+ +T]_ — |, 1 <i1<mn,

Similar bounds hold for singular subspaces.
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Perturbations of SVD through factors of RRDs (ll)

Proof: Write

with

G = (I+ E1)G( + E»),

| E1]]2
| E2||2

< Brao(X)
< (28 + B%) ka(Y).

Apply multiplicative perturbation Theorems for singular

values and singular subspaces.

Setembro 2005
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Perturbations of Eigendecompositions of Hermitian matrices

through factors of RRDs

Theorem (FMD and Koev 2005) Let A = XDX” and A = XDX”

be RRDs of the symmetric nXxn matrices Qand A. Let A1 2> ... > A\
be the eigenvalues of A and A1 > ... > )\, be the eigenvalues of

Z. Let ¢1,...,9, and q1,...,q, be the corresponding orthonormal
eigenvectors. Let us assume that

X — X 5% — Di;
| I2 < B, | | < p for all 2,
| X |2 | Dii

where 0 < < 1. Let n=06(2+4 3) k2(X), then

X =Nl < (2n4+n2) |\l 1<i<n,
and
2
sin0(qi, Gi) < IL 1+ +|;7__)\_| : 1 <i<n.
Ui mlnj;&i i‘)\”"'

Similar bounds hold for invariant subspaces.
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Conclusions on Perturbation through factors of RRDs

» Computing accurate RRDs allows us to compute accurate SVDs.

»Computing accurate RRDs of Hermitian matrices allows us to compute
accurate eigendecompositions (FMD, Molera, Moro 2003).

»RRDs are computed in practice through LDU factorizations by using
Gaussian elimination with complete pivoting.

»Only possible for special classes of matrices.

»Forward errors: backward errors of LDU + Perturbation Theory of LDU
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Perturbation Theory for factorizations of LU type (I)

» Approach based on Series Expansions (FMD, Molera 2005).

» Broad scoped approach that remains valid for all factorizations of LU
type: LU, LDU, LDLT, Cholesky, Block LU, Block LDL' from diagonal
pivoting method.....

» New results for Block LU and Block LDLT from diagonal pivoting
method. Results previously known but improved for the rest of
factorizations.

»For the sake of brevity, we will focus on the usual LU factorization, but
parallel developments yield results for other factorizations.

We assume L UNIT lower triangular and U upper triangular.
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Perturbation Theory for factorizations of LU type (ll)

THE PROBLEM: Given a nonsingular square matrix A = LU having

LU factorization and a perturbation A A+ FE = LU we |look for
two convergent series of matrices:

L= iLk and Eink
k=0 k=0

with L, = O(||E||*), U, = O(||E||¥), Lo = L, Uy = U, as well as for

domains and rates of convergence.

MAIN IDEA: PERTURBATION OF THE IDENTITY.
If I+ L~ 'EU-! = LU then

I~

A=LUI+ L 'EU YU = (LL)(UU) = LU.

Therefore, we can focus on the series of the LU factors of a per-

turbation of the identity: [ + F = LIUA.
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Perturbation Theory for factorizations of LU type (lII)

We will use absolute, or monotone, consistent norms
Al <|B| = Al <|BIl and ||AB|| < ||A]l|IB]|.
et us introduce for simplicity a parameter z
I+ zF = L(2)U(z).
For ||zF|| < 1, the LU factors of I 4 zF

e exist and are unique, because all the leading principal subma-
trices of I 4+ zF' are nonsingular,

e their entries are rational functions of z with nonzero denomi-
nators, therefore

oo oo

L(z) = szﬁk and U(z) = szb{k,

k=0 k=0
with Lo = Uy = 1.
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Perturbation Theory for factorizations of LU type (1V)

How are the matrices £, and U; obtained?

Recurrence relations for £, and U,.

o0 k
I+ 2F = L(2)U(z) = y: (S: Ljukj) 2"

k=0

7=0
Consequently

F = U+ L
0 U+ LiUp—1 + -+ Lty + Ly, fork > 2.

Notice that £, is strict lower triangular, i.e., zeroes on the main

diagonal, and U, is upper triangular, thus £, and U can be ob-

tained from L1,...,L;_1 and U1,... ,U;_1.
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Perturbation Theory for factorizations of LU type (V)

Setting z = 1, we can state:

Theorem (FMD, Molera 2005). Let F be an n x n matrix with
|F|| <1 then:

1. I 4+ F has a unique LU factorization: I + F = LU.

2.

L = iﬁk and U = ib{k,
k=0 k=0

where Lo =1, Uy =1, L1 = F;, U1 = Fy and for k > 2:

Ly, = (—Lily—1—LoUy2 - — Ly 1U1);,
U, = (—L1Up—1—LoUp_2---—Lp_1U1)y -

3. L, = O(|F||*) and Uy, = O(||F||).

Here (-); stands for the strict lower triangular part and (-)y stands

for the upper triangular part.
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Perturbation Theory for factorizations of LU type (VI)

A few terms:

L1+U = F

Lo+U = —FLFy

Lz+Us = F(FrFy)v+ (FLFy)LFu

Lao+Us = —Fr(Fr(FLFy)v)v — FrL((FLFy)nfu)u

—(FrFy)L(FpFy)u — (FL(FpFy)u) nFu
—((FpFy)LFv) o Fu

Theorem (FMD, Molera 2005):
Ln + U < |F|* for k>1.

Therefore Ly < (IF|*), and U] < (IF)*),,
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Perturbation Theory for factorizations of LU type (VII)

Idea of the proof for k = 4.

Using |CLDU| < |C|L|D|U

|1La+ Uy <
<

<

Setembro 2005

\FIo(|F|o(F LI F|lo)v)v + |Flo((F || Flo) o Flo)u
+(F|L|IFlo) (| F|L|Flo)v + (F|L(F LI Flo)u) L Flu
+((F || Flo)c|Flo) | Flu

\F|L|F|L|F|o|Flu + | Flo(F || Flu) L Flo
+|F || Flo|FloFlo + [FIL(F | L Flo)ul Flo + | Flu Flol| Flol Flo

\F|L|F|L|F|o|Flo + |FIL|F|L|Flu|Flu
+|F|L|Flu|F|o|Flo + | F|oFlu| FlulFlu

(|F| + |F|on)*

|17|*
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Perturbation Theory for factorizations of LU type (VIII)

Proving strict componentwise bounds (Sun 1992) Given

A = LU and E such that ||[L-'EU Y| < 1, then A = A+ E = LU
has a unique LU factorization. Denote FF = L~ 1EU L.

A= L+ F)U = (LL)UU) = (L Z Ck) (Z”’“) U
k=0 k=0

~ ~

L U
Then

U—-U| = |(Zuk) Ul < (Z Uk|) U|
k=1 k=1
( (IF%) )|U < (IFIT=1FN7Y), 10

k=1

.

Similarly
T —1
IL— LI <|L| (|FIT - |[F)7Y),
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Perturbation Theory for factorizations of LU type (1X)

Strict Normwise Bounds (Barrlund 1991) From the series expansion,
if |L~'EU~!|| <1 then

_ JIE—n) )T -0l _ _IztEu
’ - -1 —1|°
2 T — [L1BUT]|

These bounds can sistematically overstimate the errors (Chang-Paige 1996).

First order NORMWISE better error bounds (Stewart 1997) Using
again F =L 1EU 1,

L—L =L (L'BUY) 4L O(IF?) = (LS) ((LS)*EU~Y) +||L| O(IF|I?),

where § is the set of diagonal matrices. Then,

1L — L] : [T~ HE] 2 ( : ) IE]] 2
=20 < mink(LS +O(||F||?) < [mink(LS) ) k() =—"40O(||F

A similar argument for U implies that

IE]

O(||F'[|7),
e

U — LY E
= < min s B L oq12) < (min (st ) ey
U] ses 1l €S

with x(B) = ||B||||B~!|| is the condition number in || -||.
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Summary on Nonnegative Matrices

Definition: A matrix A € C**" is reducible if there exists an n x n
permutation matrix P such that

PTAPz[B C],

O D

with B and D square matrices. A matrix A € C"*" is irreducible if
it is not reducible.

Definition: The spectral radius of a matrix A € C**" is the real
number

p(A) = max{|\| : Ais an eigenvalue of A}

Definition: A matrix A is nonnegative (resp. positive) if a;; > 0

(resp. a;; > 0) for all 4,j.
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Perron’s Theorems for Nonnegative Matrices

Theorem: Let A € R "™ be a positive matrix. Then

1. p(A) is an eigenvalue of A.

2. There is x € R™ with x; > 0 for 1 <i <n such that Az = p(A)x.
3. p(A) is an algebraically simple eigenvalue of A.

4. If A # p(A) is an eigenvalue of A then |A| < p(A).

Theorem: Let A € R"*™ be a nonnegative irreducible matrix. Then
1. p(A) is an eigenvalue of A.
2. There is x € R™ with x; > 0 for 1 <1 <n such that Az = p(A)x.

3. p(A) is a algebraically simple eigenvalue of A.

Theorem: Let A € R™"™ be a nonnegative matrix. Then
1. p(A) is an eigenvalue of A.
2. ThereisO#=xeR"withax; >0fori=1:ns. t. Az = p(A)zx.
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Perturbation of the Perron Root (I)
Definition: Let A € R™"™ be a nonnegative matrix. Then p(A) is

called the Perron root of A.

Lemma: Let A4 € R™" be nonnegative and irreducible, and E ¢
R™ ™ be nonnegative. Then

p(A) < p(A+ E).

Proof: Let A(t) = A+ tE with 0 <t < 1. Then

1. A(¢) is nonnegative and irreducible,

2. there are left and right eigenventors, y(t) and x(t), of p(A(t))
with positive components, so

(A1) = p(AW) + (1 = DL DEZD 4 0((1 = 02),
then
WAD) 50 g<icn,

and the result follows.
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Perturbation of the Perron Root

Theorem (Elsner et al. 1993): Let A € R™™™ be a nonnegative
IRREDUCIBLE matrix, and E be a real matrix such that

E| <eA, where € < 1.
Then A+ FE is also nonnegative and IRREDUCIBLE, and

p(A+ E) —p(A)] _
p(A) B

Proof:

aij + e;; > (1 — €)ai;.
Thus, if a;; > 0 then a;; +e;; > (1 —€)a;; > 0, and if a;; = 0 then
a;; +ei; = (1 —€)a;; = 0. As a consequence A+ E and A — €A are

nonnegative and irreducible.
From previous Lemma

(1—e)p(A) =p(A—€A) <p(A+E) <p(A+ed) =(1+¢€)p(A),

and the result follows.
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Perturbation of the Perron Root

Theorem: Let A € R™*" be a nonnegative matrix, and E be a real
matrix such that

E| <eA, where € < 1.
Then A+ FE is also nonnegative, and
p(A+ E) — p(A)] _
<€
p(A)

Proof: Obviously A+ FE is nonnegative. Let us define Ay to be the
matrix obtained by setting the zero entries of A equal to 6 > 0.
Therefore Ay and Ay + E are positive matrices, in particular they
are irreducible, and |E| < e€Ay. By using previous Theorem:

p(Ag + E) — p(Ag)| <
p(Ap) N

the results follows by taking the limit &6 — O, and from the continuity

?

of eigenvalues.
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