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BASIC DEFINITIONS (1)

Definition: Let Ap, A7 € C™*" The matrix
pencil

Apg + AA4

IS singular if

(i) m £ n, or
(ii)) m = n and det(Ag+ AAq1) = O for all \.

Otherwise, the pencil is called regular.

Example:

A O
AO‘l‘)\Al:[O 0
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BASIC DEFINITIONS (II)

Definition: The normal rank (nrank) of the
matrix pencil

Apg + AAq

IS the dimension of its largest minor that is not
identically zero.

Example:

A0—|—)\A1 = [)\ 0] = nrank(AO-l—)\Al) =1

O O
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BASIC DEFINITIONS (Il

Definition: A number p is an eigenvalue of
Ag + MNAq if

rank(Ag + pA1) < nrank(Ag + AA1)

Example: [88} has only one eigenvalue u = 0,

because

O O

. 0
O—rank[ 0 0

<nrank[)\ O] =1

although for every number u

o oll2)=1c]
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BASIC DEFINITIONS (IV

Definition: The pencil Ag+MXA1 has an infinite
eigenvalue if zero is an eigenvalue of the dual
pencil

Ao + A
Example:
A 0 O] 1 0 O
Ag+XA1 = | 0 1 O AMo+A1 =10 X O
| O O O | 0 00

Eigenvalues of Ag + AA1 = {0, oo}.

For brevity, we will only present results for fi-

nite eigenvalues.
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APPLICATIONS OF SINGULAR PENCILS

Singular pencils do not appear as frequently as
regular pencils, but they are used in relevant
applications as for instance

e Differential-Algebraic Equations

e System and control theory
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EIGENVALUES OF SINGULAR PENCILS ARE

DISCONTINUOS FUNCTIONS OF MATRIX ENTRIES

Example: Let us replace Ag + \NA1 = [88} by
the perturbed pencil

do+ain = |5 ol+e(| a0 5 [+2[3 5 )
 A46  e(A—3)
e(A - 10) 0

Then det(Ag+ A7) = —e2 (A —3)(\ — 10)

Eigenvalue of Ag + AA1 = {0}

Eigenvalues of Ag+ AA1 = {3,10} for any € # 0!!
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...or they may dissapear under arbitrarily small perturbations

Example:

A 0O 1 24X 3
Ag+AA1+e(Bo+AB1) = [O 0 0 ]-I—e [ 4 _é_ 6]
Eigenvalue de Ag + \A1 = {0}

The perturbed pencil has not eigenvalues because
rank(Ag + MA1 + e(Bg + ABy)) = 2 for all \.
e((5 —4e)\ — 3e¢)

6e(\ — €)
3e2(2)\ — 1)

MINOR(:,1:2)
To see this:  MINOR(:,1:3)
MINOR(:, 2 : 3)

March 2007 Bedlewo



STRUCTURED PERTURBATIONS ARE NEEDED

e Singular pencils have ill-posed eigenvalues since
arbitrarily small perturbations may produce arbi-
trarily large changes in, or may destroy, the eigen-
values.

e \We cannot expect a reasonable perturbation the-
ory of eigenvalues for general perturbations.

e \We need to restrict the set of allowable pertur-
pations to develop an eigenvalue perturbation
theory.
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PREVIOUS WORK ON SINGULAR PENCILS (|

1- Wilkinson (1978, LAA 1979): Kronecker’s canonical form
and the QZ algorithm.

e NO theory. Only examples.

e Only Square singular pencils.
Wilkinson’s Example:
~ ~ A—2 0 €1 € m 2
A NA1 = A
e R R (P R R
Wilkinson’s Comment: Although quite respectable eigenvalues
may be completely destroyed by arbitrarily small perturbations,

for almost all small perturbations ¢; and n; the perturbed pencil

EO —+ /\Efl has an eigenvalue which is very close to 2.

T his holds for several numerical experiments.
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EXPERIMENT ON WILKINSON EXAMPLE

(Ao + AA1) + (Eo 4+ AE;) = [ A2 8]+ random || - || = 10-5

Case A1 Ao

1.999905 | 1.634357
1.999996 | 2.336862
2.000027 | 1.157266
2.000033 | 3.240760
1.999984 | 2.389794
1.999994 | -0.300021

OO P WNE
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PREVIOUS WORK ON SINGULAR PENCILS (Il

2- Sun (1983, Math. Num. Sin. 85)

e Only Square n x n singular pencils Ag + \A;.

e Ay and A; simultaneously diagonalizable by equivalence
PAoQ, PA1Q. RESTRICTIVE.

e nrank(Ag + M\A1) =n—1. VERY RESTRICTIVE

e Finite bounds of type: Gerschgorin, Hofmann-Wielandt,
Bauer-Fike. IN A PROBABILISTIC SENSE.

e Allowable set of perturbation: Generic (almost all),
uniformly distributed.
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PREVIOUS WORK ON SINGULAR PENCILS (1l
3- Demmel and Kagstrom (LAA 1987)

e Square and Rectangular singular pencils.
e Allowable set of perturbation: Non Generic,
very specific perturbations.

e T hey are useful in Algorithms for computing GUPTRI form.
4- Stewart (LAA 1994)

e Only for Rectangular singular pencils.

e Allowable set of perturbation: Non Generic,
very specific perturbations.

Common strategy in these works: The prob-

lem is reduced to an eigenvalue perturbation

problem for regular pencils.
March 2007
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OUR GOALS

e TO characterize generic perturbations of general
square singular matrix pencils for which the eigen-
values change continuosly.

e For these perturbations to develop first order per-
turbation expansions for the variation of eigenval-
ues (simple or multiple).

e Brief discussion on eigenvectors.

A property is said to be GENERIC if it holds for all pencils
except those in an algebraic manifold of codimension larger
than or equal to one (then except those in a set of zero
Lebesgue measure.)
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WHY ONLY SQUARE PENCILS?

e Given a singular square pencil Ag + AAq1, generic
perturbations will produce a regular pencil, and we
will see that if Ag + AA1 has eigenvalues then the
regular perturbed pencil has some of its eigenval-
ues close to those of Ag 4+ \Aj.

e Given a singular rectangular pencil Ag+AAq, generic
perturbations will produce a pencil that has not
eigenvalues.
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EXAMPLE ON DISCONTINUITY REVISITED (I)

Example: Let us change Ag + \A1 = _)‘O] to

00
A ~ _[xo 6 —3 0 1
Ag + M A1 = _O O]‘l'e([_]_o 022___)\[1 d22])
| x+e6 e(A — 3)
| e(A=10) e(coo+ Ado2) |

det(Ag+IA7) = e(A+€6)(con+Adon)—e? (A=3)(A—10)
det(Ag+AA1) = e((A+e€6) (coo+Adao)—e (A—3)(A—10))

If € = O the eigenvalues of Ag + AA7 are the roots of

Pe(A) = (A4 €6)(coo 4+ Adoo) —e (A —3)(A —10)
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EXAMPLE ON DISCONTINUITY REVISITED (I1)

- ~ [x o 6 —3 0 1
Botahi=| 5 g e[ 6 2]+ L))

has as eigenvalues, if ¢ # 0, the roots of

Pe(N) = (A4 €6)(coo + Adon) —e(A—3)(A —10)

But pc(\) is a polynomial in A whose coefficients are
polynomials in ¢, such that

!i_%pe(A) = AMcoo+Adoo) #0  if  coot+Adoo # 04 A0

Then at least one of the roots of pc(\) satisfy:
e lim ., )\1(6) = 0, and

e \1(e) is a (fractional) power series of e.
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NOTATION
Ag, A € C7

e Unperturbed Pencil: Ag+ 241 (SINGULAR).

e Perturbation Pencil: Eg+ A\E1 = e(Bg+ \Bq).
e Perturbed Pencil:

Ao + AA;

(Ao + MA1) + (Eo + AE7)
(Ag + AA1) + €(Bo + ABy).
A natural choice for the small parameter € is

Eg + AE4
I[Eo E1]||F

e =|[Eo E1lllF Bo+ ABj =

but others are possible.
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REGULARIZING THE GENERAL PROBLEM (I)

Theorem (Smith Normal Form). Given a square
singular pencil Ag+ AAq, there exist matrix polynomi-
als P(A) and Q(\) such that

e det P(\) = number # O,

e det@Q(A\) = number # 0, and
P(M)(Ao + AA1)Q() = [ o0 ] ,
where D(A) = diag(i1(A),...,ir(N)).

The finite eigenvalues of Ag + AA1 are the roots of
the polynomial det D()\).
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REGULARIZING THE GENERAL PROBLEM (lI)

oP(N)((Ap+ AA1) +e(Bog+ AB1) ))Q(\) =

D(A) 0 ‘+€[Gn(/\> Glz()\)]
G21(A) G22(N)

_[ O  Ogxd |

edet((Ag +AA1) +e(Bo+ AB1)) =

_ D(A) +eG11(N) eG12(N)
= ¢ det [ eG21(N) €G22 () ]

edet((Ag+ A\A1) +e(Bg+ A\B1)) =

_~.d D(A) + eG11(A) G12(N)
=G det [ eG21 () G22(A) ]
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REGULARIZING THE GENERAL PROBLEM (lI1)

e If ¢ = O the eigenvalues of (Ag+ A1) +e(Bog+ ABq)
are the roots of the polynomial

Pe(A) eGo1 (M) G22(A)

= det D(A\) detGoo(A) + eqe(N),

det [ D(X) +eG11(N) Gi12(N) ]

whose coefficients are polynomials in e.

And

im pe(X) = det D(X) det Goo())
€E—>

This polynomial is not identically zero if and only if
det Goo () #= O.
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THE GENERAL EXISTENCE THEOREM

Theorem: If (Bg+ ABjp) satisfies that det Go2(A) # 0 then

e [ here exists K > 0 such that
(Ao + MNA1) 4+ €(Bo + AB1) is regular for 0 < |¢| < K.

e The n eigenvalues {A1(e),..., An(e)} of (Ag+ AA1) 4+ e(Bo +
AB1) are (fractional) power series of .

o If detD(A) = (A —p1)...(A— ug), i.e., {u1,...,ur} are the
finite eigenvalues of Ay + AAq1, then
Iirrg) Ni(e) =, fori=1:k,
where

POV + 2 = | 7§V 0 .
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FIRST ORDER TERM FOR SIMPLE EIGENVALUES (1)

e Matrix case: Ax = \ox, y"A = )\gy''. There is a unique
eigenvalue of A 4+ E such that

HE:C
)\0—/\0+ "

+ O(|| E|])

e Regular Pencils: (Ag+XoA1)x =0, vy (Ag+XgA1) = 0. There
is a unique eigenvalue of (Ao + MNA1) + (Eo + AE1) such that

H(Ey 4+ NoFE
o= 20— LR ERBIT L 618 m]|2)
yt Az

>)

e Singular Square Pencils:

—~

Ao = Ao — ? + O(|I[Eo EAl|I?)
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FIRST ORDER TERM FOR SIMPLE EIGENVALUES (II)

Theorem: Let Ag + AA;1 be a square singular pencil and \g a
simple finite eigenvalue. Let

e X and Y be matrices whose columns are, respectively,
bases of the right and the left null spaces of Ag + A\gA1.

Then, under certain generic assumptions, there is a unique
eigenvalue of (Ao + AA1) 4+ (Eo + AE1) such that

X = Xo+ ¢+ O(|[Eo E1]|I?),
where ( is the unique finite eigenvalue of the regular pencil

YH(Eg+ ME1)X +¢YHA X
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FIRST ORDER TERM FOR SIMPLE EIGENVALUES (lll)

Theorem: )\g eigenvalue of Ag+ \A1, X and Y bases of right
and left null spaces of Ag + M\oAj.

There is a unique eigenvalue of (Ag + \A1) + (Eo + A\E1)

A= Xo+ ¢+ O(||[Eo E1]l]?),
where ( is the unique finite eigenvalue of the regular pencil

YH(Eo+ ME1)X +¢YHAIX

If Ao + MA1 is regular then X and Y only have one column

vector, and

B v (Eo + ME1)z

i odlE BiIP)

>)

0= Ao
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EXAMPLE-EIGENVALUES

a0 L 1-x 2-/2
(Ao + AA1) + (Eo + AE1) = [0 0]_"10 [3—|—7)\ 4+9)\]

Exact Eigenvalues = {0.000500375....| —0.44438....}

Perturbation results for \g = 0O:

o X =Y =1>
103 2.10°3 1 0
H H =
o Y (Eo+XoE1)X+(Y Alx—[3-10—3 4-10‘3]+C[0 0]

.1073

N[

o ( =

A=1.10"3+40(107%) = 0.0005 + 0(10~5)
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EIGENVECTORS ARE NOT DEFINED IN SINGULAR PENCILS

Example: Given the diagonal pencil

Ao+ N1 = [ g 8 ] with O as unique eigenvalue,

it is tempting to say that [ (13 ] is the eigenvector of A\ = O,
because P = Q = [}] diagonalize P(Ao + AA1)Q.

However
1/ O A O a O | A0
0O 1 O O 6 1| |0 O
for every numbers «a, 8 such that a #= 0.

The correct concept is reducing subspace (Van Dooren, 1982).
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...but yes in the generically REGULAR perturbed pencils

(Ag + MNA1) + (Eg + AE7) is generically regular and
has well defined eigenvectors.

It makes no sense to study the perturbations of
non existent objects. But, a natural question is:

How are the left and right eigenvectors of
(Apg + MNA1) + (Eg + AEq) corresponding to

X =Xo+ ¢+ O(|[Eg E1]|?)
related to properties of Ag + ANA17
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PERTURBED EIGENVECTORS OF SIMPLE EIGENVALUES

Theorem: )\g eigenvalue of Ag + AA1, X and Y bases of right
and left null spaces of Ag + AoAj.

There is a unique eigenvalue of (Ag + \A1) + (Eo + \E1)

A= Xo+ ¢+ O(|[Eo E1]|I?),
where ( is the unique finite eigenvalue of the regular pencil

YH(Eg 4+ ME1)X +¢YHAIX (1)

In addition, if z (w) are right (left) eigenvectors of
(1) corresponding to ¢, then

T=Xz+O(|[Ey E1]|)) y=Yw+ O(||[Eg E1]]])

are right and left eigenvectors of (Ag+ X A1)+ (Eg+
AE7) corresponding to .
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EXAMPLE-EIGENVECTORS (1)

O O 0
(Ao-|—)\A1)—|—(Eo -+ )\El) = 0O A 0 + random HH = 10°
O 0 AN—-2
1 0
N(Ag+0-A;1) = Span o, |1 , (where N = null space)
0 0

We compute the right eigenvector for the eigenvalue closest to
zero for 1000 perturbations, and plot a point for each of these
eigenvectors.
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EXAMPLE-EIGENVECTORS (ll)

. A O 3 1—X 2—X/2
Exact Eigenvalues = {0.000500375...., —0.44438....}
Exact Eigenvector = 1
g —|| —0.7500312...

Perturbation results for \g = O:

103 2.10°3 1 0

H H =
o Y (Eo+ME)X+(YH AL X = [ 3.107° 4.1073 ]+< [ 0 0 ]
1

e Right Eigenvector corresponding to ¢ = % 1073 is [ 3 ]
4

) 1 _
- [ ~0.75 ] +0(1077)
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REDUCING SUBSPACES AND GENERIC CONDITIONS (I)

Theorem (Kronecker Canonical Form) Let Ag, A; € C™*™, Then

there exist two nonsingular matrices R and S such that

R(Ag+AA1)S = Leg(A\) @ ... @ Le,(M) @
(J+ X)) (T 4+ AN) D
Ly, (N ®...0 L (A,

J is square and is in Jordan canonical form,

N is square and is in Jordan canonical form with all its eigenvalues
equal to zero,

Le(A) = o e Coxletd)

Le. (M) (L%()\)) are called column (row) singular blocks.
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REDUCING SUBSPACES AND GENERIC CONDITIONS (II)

Definition (Van Dooren 1982): Let X € C" be a subspace. X
IS a reducing subspace of the m x n pencil Ag + A\A; if

dim(AoX + A1X) = dim(X) — # (L. blocks in KCF of Ag+ AA1)

e For arbitrary subspaces Z ¢ C",

A~ A = X N Airmal 7N LT WlAar~li~ tia 7T AF A I Y A N
e Given KCF
R(Ao+2XA1)S = LeN)D...&8 LN (J+A)d U+ AN) S

T T
L, (M) &...® L, (M)

Every reducing subspace X is spanned by the columns of S cor-
responding to all L. ()\) blocks, together with columns of S cor-
responding to some blocks of (J+ X)) & (I + AN). These last
columns are not necessarily present.
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REDUCING SUBSPACES AND GENERIC CONDITIONS (lI)

e Reducing subspaces play in singular pencils the role of invariant
subspaces in matrices, and deflating subspaces in regular pencils.

Main ideas on Reducing Subspaces:

o If X is a reducing subspace and )Y = AgX + Ai1X. Let
X = col(X1), Y = col(Y1), X = [X1 X»], and Y = [Y1 Y?]
nonsingular, then

Co+ AC1 Do+ AD;
0 Fo+ A\F7 |’

and E—Va|(A0—|—)\A1) = E—Va|(Oo—|—)\Ol)U E—val(F0+)\F1).

(Ao + AA1) [X1 X2] = [Y1 Y7]

o If E-val(Co+ A\C1) N E-val(Fo + A\F1) = () then

KCF(Ao + AA1) = KCF(Co + \C1) & KCF(Fo + A\F1),

and the reducing subspace X is unique.
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REDUCING SUBSPACES AND GENERIC CONDITIONS (V)

® T hese properties are not obvious in singular pencils, for instance
A1 0

O 1
O/0 O

, but Ois not eigenvalue

e Among all reducing subspaces of Ag+ AA1, we will be interested

in the minimal one, i.e., the one that is contained in any other
reducing subspace.

e Given the KCF

R(Ao+2XA1)S = L(MN)D... 8L, (MBI +A)B{+AN)D

L& ... L (N,

the minimal reducing subspace is spanned by the columns of S
corresponding to all blocks L.
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FIRST ORDER TERM FOR SIMPLE EIGENVALUES (II)

Theorem: Let Ag + AA1 be a square singular pencil and \g a
simple finite eigenvalue. Let

e X and Y be matrices whose columns are, respectively,
bases of the right and the left null spaces of Ag + MoAj.

Then, UNDER CERTAIN GENERIC ASSUMPTIONS, there
iS a unique eigenvalue of (Ao + MA1) + (Eo + AE1) such that

A= Xo+ ¢+ O(||[Eo EA]|?),
where ( is the unique finite eigenvalue of the regular pencil

YH(Eo+ XME1)X +¢YHA X
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REDUCING SUBSPACES AND GENERIC CONDITIONS (V)

Theorem: Let Ag + AA; be a square singular pencil and Mg a
simple finite eigenvalue. Let

e R (Rpy) be the minimal reducing subspace of Ag + \A1
(A + A,

o N(Apo+XoA1) and N (AT +XoAY) beright and left null spaces
associated to Ao.

e X1 be a matrix whose columns are a basis of
RNAN(Ag + MoA1).

e Y7 be a matrix whose columns are a basis of
Ry ﬂN(Ag - )\OA{{).

If YlH(EO—I—)\OEl)Xl IS nonsingular, then there is a unique
eigenvalue of (Ag + M\A1) + (Eo + AE1) such that

A= Xo+ ¢+ O(|[Eo E1]|I?).
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REDUCING SUBSPACES AND GENERIC CONDITIONS (V1)

Generic condition on the perturbation, for the

first order perturbation expansion around Ag to be
valid:

Nonsingularity of the restriction of the linear map-
ping Eg+ AgFE; to the subspaces RNN(Ag+ A\ogAq)
(domain), and Ry NN (AL 4+ XoAl) (codomain).

T his condition

e iS intrinsic, i.e, it does not depend on particular
bases, or special normalizations.

e IS specific for Ag.
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REDUCING SUBSPACES AND GENERIC CONDITIONS (VII)

If Y (Eo+ XoE1) X1 is nonsingular, then there is a unique eigen-
value of (Ag + AA1) + (Eo + AE1) such that

X = Ao+ ¢+ O(||[Eo EAllI?).

In addition,
if the columns of X = [x X4] are a basis of N(Ag + XgA1), and

the columns of ¥ = [y Yi] are a basis of N (AL 4+ Mo AL) (z,y are
vectors), then

det(YH*(Eo + MoE1)X)

C — _(yHAlx) . det(YlH(Eo —|— )\oEl)Xl)

March 2007 Bedlewo 40



MULTIPLE EIGENVALUES. MAIN IDEAS (1)

e Given the KCF

R(Ao+2XA1)S = Le(MN)@..oL, Ne(J+AX)e (I +AN)®
Li (N @...® L), (N).

e Let us assume that the regular part J+ AI corresponding to
the finite eigenvalue \g is

Jn(Ao) & -+ B Jn,(Mo), wWhere ng <np<...<ny,
and
A—X 1

Jn.(Xo) = - IS n; X n;
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MULTIPLE EIGENVALUES. MAIN IDEAS (1)

e |Let us consider a group of r; equal Ag-Jordan blocks

e Let us define for simplicity

N =Njp1 = N2 =+ = Nipp,

Then, UNDER CERTAIN GENERIC ASSUMPTIONS, there
are r; n; eigenvalues of (Ao + AA1) + (Eo + AE1) such that

-~ 1 /7 ~
X =0+ ¢ 4 o(|[[Eo Exll|M ™),
where
e the n; different n;-th roots are considered, and

e (,, r=1:r; are the finite eigenvalues of a regular pencil.
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MULTIPLE EIGENVALUES. MAIN IDEAS (IlI)

X = Xo+ &Y 4 o(||[Eo EAl||M™),

with ¢.,, r=1,...,r;, the finite eigenvalues of a regular pencil.

This pencil is of the type

Y (Bo + AoE1X + ¢ [ o0 ]

e X is a particular basis, properly normalized, of the inter-
section of N(Ag + XgA1) with the right reducing subspace
corresponding to those blocks J, (Ao) with n; > n;.

e Similar for Y with left null and reducing subspaces.

e Generic conditions are more difficult to state, but same fla-
vor as in the simple case.

e Drawbacks on normalizations of bases are related to the
multiple regular case, not to singularity.
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CONCLUSIONS

e Generic sets of perturbations of square singular pencils for
which an eigenvalue perturbation theory is possible have
been presented.

e [ hese sets are characterized in terms of the nonsingularity of
the restriction of Eg+ AogE1 to intrinsic “spectral’ subspaces
of Ag + MA1. They are related to reducing subspaces.

e For perturbations in these sets, first order perturbation ex-
pansions of simple and multiple eigenvalues have been de-
veloped.

e [ he perturbed eigenvectors are close to the corresponding
null space of the singular unperturbed pencil, and the zero
order term for these eigenvectors has been determined.
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