Consistency and efficient solution of the

Sylvester equation for x-congruence:
AX+X*B=C

Fernando De Teran and Froilan M. Dopico

ICMAT and Departamento de Matematicas, Universidad Carlos Il de Madrid, Spain

Special thanks to Daniel Kressner

ILAS 2011. Braunschweig, Germany, August 22-26, 2011

F. M. Dopico (U. Carlos Ill, Madrid) Sylvester equation for congruence ILAS 2011 1/24



Given A € C"*", B e C"*™, and C € C™*™, we study the equations
AX + X*B =C, (X*=XTor x%),

where X € C"*™ is the unknown to be determined. More precisely:
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Given A € C"*", B e C"*™, and C € C™*™, we study the equations
AX + X*B =C, (X*=XTor x%),

where X € C"*™ is the unknown to be determined. More precisely:
@ Necessary and sufficient conditions for consistency (Wimmer 1994, De
Terén and D. 2011).

@ Necessary and sufficient conditions for uniqueness of solutions (Byers,
Kressner, Schréder, Watkins, 2006, 2009).

© Efficient and stable numerical algorithm for computing the unique
solution (De Terén and D. 2011).

© Very briefly, general solution and dimension of solution space of
AX + X* B =0 (De Teran, D., Guillery, Montealegre, Reyes, 2011)
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Given A € C"*", B e C"*™, and C € C™*™, we study the equations
AX + X*B =C, (X*=XTor x%),

where X € C"*™ is the unknown to be determined. More precisely:

@ Necessary and sufficient conditions for consistency (Wimmer 1994, De
Terén and D. 2011).

@ Necessary and sufficient conditions for uniqueness of solutions (Byers,
Kressner, Schréder, Watkins, 2006, 2009).

© Efficient and stable numerical algorithm for computing the unique
solution (De Terén and D. 2011).

© Very briefly, general solution and dimension of solution space of
AX + X* B =0 (De Teran, D., Guillery, Montealegre, Reyes, 2011)

We establish parallelism/differences with well-known Sylvester equation
AX - XB = C, AeC™™ BeCY™" CeC™ .
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0 Motivation

e Consistency of the Sylvester equation for x-congruence
e Uniqueness of solutions

° Efficient and stable algorithm to compute unique solutions
e General “nonunique” solution of AX + X*B =(C

e Conclusions
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0 Motivation
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Motivation for studying A X + X*B = C (l)

It is well known that given a block upper triangular matrix (computed by the
QR-algorithm for eigenvalues, when the matrix is real or several eigenvalues
form a cluster), then
I X|[A 1 x]7' | A C-(AX-XB)
0 I[|lo Bllo I|] ~— | B
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Motivation for studying A X + X*B = C (l)

It is well known that given a block upper triangular matrix (computed by the
QR-algorithm for eigenvalues, when the matrix is real or several eigenvalues
form a cluster), then

b 310 516 3T -

Therefore, to find a solution of the Sylvester equation AX — X B = C allows
us to block-diagonalize block-triangular matrices via similarity

b 3l s/l 7=[0%]

A C-(AX —XB)
0 B
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Motivation for studying A X + X*B = C (l)

It is well known that given a block upper triangular matrix (computed by the
QR-algorithm for eigenvalues, when the matrix is real or several eigenvalues
form a cluster), then

b 310 516 3T -

Therefore, to find a solution of the Sylvester equation AX — X B = C allows
us to block-diagonalize block-triangular matrices via similarity

b 3l s/l 7=[0%]

This is indeed done in practice in numerical algorithms (LAPACK, MATLAB)
to compute bases of invariant subspaces (eigenvectors) of matrices, via the
classical Bartels-Stewart algorithm (Comm ACM, 1972) or level-3 BLAS
variants of it Jonsson-Kagstrém (ACM TMS, 2002).

A C-(AX —XB)
0 B
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Motivation for studying A X + X*B = C (ll)

Structured numerical algorithms for linear palindromic eigenproblems
(Z + AZ*) compute an anti-triangular Schur form via unitary x-congruence:
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Motivation for studying A X + X*B = C (ll)

Structured numerical algorithms for linear palindromic eigenproblems
(Z + AZ*) compute an anti-triangular Schur form via unitary x-congruence:

Theorem (Kressner, Schroder, Watkins (Numer. Alg., 2009) and

Mackey?, Mehl, Mehrmann (NLAA, 2009))
Let Z € C™*". Then there exists a unitary matrix U € C"*" such that
M=U"ZU = _ 0
* 0 0
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Motivation for studying A X + X*B = C (ll)

Structured numerical algorithms for linear palindromic eigenproblems
(Z + AZ*) compute an anti-triangular Schur form via unitary x-congruence:

Theorem (Kressner, Schroder, Watkins (Numer. Alg., 2009) and

Mackey?, Mehl, Mehrmann (NLAA, 2009))
Let Z € C™*". Then there exists a unitary matrix U € C"*" such that

* PR e *
M=U"ZU = L
* 0 0

The matrix M can be computed, for instance, through structure-preserving

@ QR-type methods for matrices in anti-Hessenberg form (Kressner,
Schréder, Watkins (Numer. Alg., 2009)),

@ Jacobi-type methods (Mackey?, Mehl, Mehrmann (NLAA, 2009)),
and compute eigenvalues of Z + AZ* with exact pairing A, 1/\*.

F. M. Dopico (U. Carlos Ill, Madrid) Sylvester equation for congruence ILAS 2011 6/24



Motivation for studying A X + X*B = C

(I

Given a block upper ANTI-triangular matrix (computed via structured

algorithms for linear palindromic eigenproblems, when the matrix is real or
several eigenvalues form a cluster), then

e )1 - (e
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Motivation for studying A X + X*B = C (lll)

Given a block upper ANTI-triangular matrix (computed via structured
algorithms for linear palindromic eigenproblems, when the matrix is real or
several eigenvalues form a cluster), then

e )1 - (e

Therefore, to find a solution of the Sylvester equation for x-congruence
allows us to block-ANTI-diagonalize block-ANTI-triangular matrices via

*-congruence
I —x*|[c Al[I o] [0 4
o I ||B o|l|l-x I|]7|B 0]

and to compute deflating subspaces of palindromic pencils.
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Motivation for studying A X + X*B = C (lll)

Given a block upper ANTI-triangular matrix (computed via structured
algorithms for linear palindromic eigenproblems, when the matrix is real or
several eigenvalues form a cluster), then

e )1 - (e

Therefore, to find a solution of the Sylvester equation for x-congruence
allows us to block-ANTI-diagonalize block-ANTI-triangular matrices via

*-congruence
I —x*|[c Al[I o] [0 4
o I ||B o|l|l-x I|]7|B 0]

and to compute deflating subspaces of palindromic pencils.

GOAL: To understand Sylvester equations for x-congruence and develop
efficient and stable numerical algorithms for its solution in order to completely
solve the linear palindromic eigenproblem numerically and to determine the
conditioning of its deflating subspaces under structured perturbations.
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9 Consistency of the Sylvester equation for x-congruence
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Consistencyof AX + X*B = C

Theorem (Wimmer (LAA, 1994), De Teran and D. (ELA, 2011))
LetF be a field of characteristic different from two and let A € F™*",
B e F»xm C e F™*™ be given. There is some X € F"*™ such that

AX+X*B=C
if and only if

oA d o4 are x-congruent
B o | ™ B 0 gruent.

F. M. Dopico (U. Carlos Ill, Madrid) Sylvester equation for congruence ILAS 2011 9/24



Consistencyof AX + X*B = C

Theorem (Wimmer (LAA, 1994), De Teran and D. (ELA, 2011))

LetF be a field of characteristic different from two and let A € F™*",
B e Fv*™ C e F™*™ pe given. There is some X € F"*™ such that

AX+X*B=C

if and only if

oA d o4 are x-congruent
B o | ™ B 0 gruent.

Remarks:
@ The implication = very easy: done in previous slide.
@ The implication < more challenging.

@ Wimmer proved in 1994 the result, for F = C and x = %, without any
reference to palindromic eigenproblems.

@ His motivation was the study of standard Sylvester equations with
Hermitian solutions.
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...to be compared with Roth’s criterion for standard Sylvester equation

Theorem (Roth (Proc. AMS, 1952))

LetTF be any field and let A € F"™*™, B € F"*", C € F™*" be given. There is
some X € F™*" such that

AX - XB=C

if and only if

A C d A0 are similar.
o | ™ 0 B :
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e Uniqueness of solutions
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Uniqueness of solutionsof AX + X*B =C (I)

Remarks:

@ If the matrices A € F™*™ and B € F"*™ are rectangular (m # n), then
the equation does not have a unique solution for every right-hand
side C,
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Uniqueness of solutionsof AX + X*B =C (I)

Remarks:

@ If the matrices A € F™*™ and B € F"*™ are rectangular (m # n), then
the equation does not have a unique solution for every right-hand
side C,

@ that is, the operator

Frxm __y [Fmxm
X — AX + X*B

is never invertible.
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Uniqueness of solutionsof AX + X*B =C (I)

Remarks:

@ If the matrices A € F™*™ and B € F"*™ are rectangular (m # n), then
the equation does not have a unique solution for every right-hand
side C,

@ that is, the operator

Frxm __y [Fmxm
X — AX + X*B

is never invertible.

@ ltis of course possible that m > n and that for particular A, B and C, a
solution exists and is unique,
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Uniqueness of solutionsof AX + X*B =C (I)

Remarks:

@ If the matrices A € F™*™ and B € F"*™ are rectangular (m # n), then
the equation does not have a unique solution for every right-hand
side C,

@ that is, the operator

anm [N mem
X — AX + X*B
is never invertible.

@ ltis of course possible that m > n and that for particular A, B and C, a
solution exists and is unique,

@ but we restrict ourselves here to the square case m = n.
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Uniqueness of solutionsof AX + X*B =C (ll)

Definition: a set {\1,...,\,} C Cis x-reciprocal free if A; # 1/} for any
1 <4,j < n. We admit 0 and/or co as elements of {\y,... . A\, }.
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Uniqueness of solutionsof AX + X*B =C (ll)

Definition: a set {\1,...,\,} C Cis x-reciprocal free if A; # 1/} for any
1 <4,j < n. We admit 0 and/or co as elements of {\y,... . A\, }.

Theorem (Byers, Kressner (SIMAX, 2006), Kressner, Schroder, Watkins,

(Num. Alg., 2009))
Let A, B € C™*" be given. Then:

@ AX + XT B = C has a unique solution X for every right-hand side
C € C™*™ if and only if the following conditions hold:

1) The pencil A — \B™ is regular, and
2) the set of eigenvalues of A — A\BT \{1} is T-reciprocal free and if 1
is an eigenvalue of A — \B”, then it has algebraic multiplicity 1.
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Uniqueness of solutionsof AX + X*B =C (ll)

Definition: a set {\1,...,\,} C Cis x-reciprocal free if A; # 1/} for any
1 <4,j < n. We admit 0 and/or co as elements of {\y,... . A\, }.

Theorem (Byers, Kressner (SIMAX, 2006), Kressner, Schroder, Watkins,

(Num. Alg., 2009))
Let A, B € C*"*™ be given. Then:

@ AX + XT B = C has a unique solution X for every right-hand side
C € C™*™ if and only if the following conditions hold:

1) The pencil A — \B™ is regular, and
2) the set of eigenvalues of A — A\B™ \{1} is T-reciprocal free and if 1
is an eigenvalue of A — \B”, then it has algebraic multiplicity 1.

@ AX + X* B = C has a unique solution X for every right-hand side
C € C™*™ if and only if the following conditions hold:

1) The pencil A — A\B* is regular, and
2) the set of eigenvalues of A — A\B* is x-reciprocal free.

F. M. Dopico (U. Carlos Ill, Madrid) Sylvester equation for congruence ILAS 2011 13/24



...to be compared with uniqueness conditions for standard Sylvester eq

Let A e C™*™ and B € C"*™ be given. Then:

@ AX — X B = C has a unique solution X for every right-hand side
C e C™*™ jfand only if A and B have no eigenvalues in common.
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...to be compared with uniqueness conditions for standard Sylvester eq

Let A e C™*™ and B € C"*™ be given. Then:

@ AX — X B = C has a unique solution X for every right-hand side
C e C™*™ jfand only if A and B have no eigenvalues in common.

Remark: Comparison of both results brings to our attention a key difference
that appears always between solution methods for AX + X*B = C and
AX - XB=C:
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...to be compared with uniqueness conditions for standard Sylvester eq

Let A e C™*™ and B € C"*™ be given. Then:

@ AX — X B = C has a unique solution X for every right-hand side
C e C™*™ jfand only if A and B have no eigenvalues in common.

Remark: Comparison of both results brings to our attention a key difference
that appears always between solution methods for AX + X*B = C and
AX - XB=C:

@ In AX + X*B = C, one starts dealing with the eigenproblem of
A — AB*, that is, one deals from the very beginning simultaneously
with A and B.
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...to be compared with uniqueness conditions for standard Sylvester eq

Let A e C™*™ and B € C"*™ be given. Then:

@ AX — X B = C has a unique solution X for every right-hand side
C e C™*™ jfand only if A and B have no eigenvalues in common.

Remark: Comparison of both results brings to our attention a key difference
that appears always between solution methods for AX + X*B = C and
AX - XB=C:

@ In AX + X*B = C, one starts dealing with the eigenproblem of
A — AB*, that is, one deals from the very beginning simultaneously
with A and B.

@ By contrastin AX — X B = C, one starts dealing independently with
the eigenproblems of A and B.
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° Efficient and stable algorithm to compute unique solutions

F. M. Dopico (U. Carlos Ill, Madrid) Sylvester equation for congruence ILAS 2011 15/24



The fundamental transformation

@ Inthis sectionin AX + X* B = C all matrices are in C"*™ and the
solution is unique for every C.
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The fundamental transformation

@ In this sectionin AX + X* B = C all matrices are in C"*" and the
solution is unique for every C.

@ AX + X* B = C is equivalent to a linear system for the n? entries of X
if x = T and to a linear system for the 2n? entries of (Re X , Zm X)) if
* = x. From now on, we say simply “linear system” for X.
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The fundamental transformation

@ Inthis sectionin AX + X* B = C all matrices are in C"*™ and the
solution is unique for every C.

@ AX + X* B = C is equivalent to a linear system for the n? entries of X
if x = T and to a linear system for the 2n? entries of (Re X , Zm X)) if
* = x. From now on, we say simply “linear system” for X.

@ Then, it is possible to use Gaussian elimination on the equivalent system
(constructed via vec(X), vec(C), ®), but it costs O(n°) flops, which is
prohibitive except for small n.
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The fundamental transformation

@ Inthis sectionin AX + X* B = C all matrices are in C"*™ and the
solution is unique for every C.

@ AX + X* B = C is equivalent to a linear system for the n? entries of X
if x = T and to a linear system for the 2n? entries of (Re X , Zm X)) if
* = x. From now on, we say simply “linear system” for X.

@ Then, it is possible to use Gaussian elimination on the equivalent system
(constructed via vec(X), vec(C), ®), but it costs O(n°) flops, which is
prohibitive except for small n.

@ IDEA: transform A X + X* B = C into an equation of the same type
but with much simpler coefficients instead of A and B and that can
be easily solved to get a total cost of O(n?) flops.
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The fundamental transformation

In this sectionin A X + X* B = C all matrices are in C"*"™ and the
solution is unique for every C.

AX + X* B = C is equivalent to a linear system for the n? entries of X
if x = T and to a linear system for the 2n? entries of (Re X , Zm X)) if
* = x. From now on, we say simply “linear system” for X.

Then, it is possible to use Gaussian elimination on the equivalent system
(constructed via vec(X), vec(C), ®), but it costs O(n°) flops, which is
prohibitive except for small n.

IDEA: transform A X + X* B = C into an equation of the same type
but with much simpler coefficients instead of A and B and that can
be easily solved to get a total cost of O(n?) flops.

To this purpose, use QZ algorithm to compute in O(n?) flops the
generalized Schur decomposition of

R, S are upper triangular

— *: —
A=ABT =U(R=AS)V,  where {U,V are unitary matrices

If A, B real matrices: use real arithmetic to get quasi-triangular R. We do
not consider this for brevity.
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Algorithm to solve A X + X* B = Cin O(n?) flops

INPUT: A,B,C eCr*™
OUTPUT: X € C**™

Step 1. Compute via QZ algorithm R, S, U and V such that

R, S are upper triangular

A=URV, B"=USV, where { U,V are unitary matrices

Step 2. Compute E =U*C (U*)*

Step 3. Solve for W € C™**"™ the transformed equation
RW + W*S* =F

Step 4. Compute X = V*W U*
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Algorithm to solve A X + X* B = Cin O(n?) flops

INPUT: A,B,C eCr*™
OUTPUT: X € C**™

Step 1. Compute via QZ algorithm R, S, U and V such that

R, S are upper triangular

A=URV, B"=USV, where { U,V are unitary matrices

Step 2. Compute E =U*C (U*)*

Step 3. How to solve for W € C"*™ the transformed equation
RW + W*S* = FE ?

Step 4. Compute X = V*W U*
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Algorithm to solve the transformed equation RW + W* S* = ()

We illustrate with 4 x 4 example for simplicity:

Tl Ti2 Ti3 Ti4 w1l W12 Wiz Wig
0 T22 T23 T24 W21 W22 W23 W24
0 0 1733 T34 w31 W32 W33 W34
0 0 0 71 Wil Wi2 Wiz Wag |

B * * * * * T

wn w21 1,U31 w41 511 0 0 0 611 612 613 614
* * * * * *

Wig Wy W3zp Wyo slg S35 0 0 | €21 €22 €23 €24

+ * * * * * * * 0 -

Wiz Wz Wgz Wy3 513 S23 533 €31 €32 €33 €34
* * * * * * * *

| Wia Waq W3zq Wyy 814 S24 5314 Saa | €41 €42 €43 €44
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Algorithm to solve the transformed equation RW + W* S* = ()

We illustrate with 4 x 4 example for simplicity:

Tl Ti2 Ti3 Ti4 w1l W12 Wiz Wig
0 T22 T23 T24 W21 W22 W23 W24
0 0 1733 T34 w31 W32 W33 W34
0 0 0 71 Wil Wi2 Wiz Wag |

B * * * * * T

wn w21 1,U31 w41 511 0 O O 611 612 613 614
* * * * * *

Wig Wy W3zp Wyo slg S35 0 0 | €21 €22 €23 €24

+ * * * * * * * 0 -

Wiz Wz Wgz Wy3 513 S23 533 €31 €32 €33 €34
* * * * * * * *

| Wia Waq W3zq Wyy 814 S24 5314 Saa | €41 €42 €43 €44

If we equate the (4,4)-entry, then we get

* * —
T44 Waqa + Wiy Siy = €44 ,

a scalar equation that allows us to determine w4 .
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Algorithm to solve the transformed equation RWW + W*S* = F ()

We illustrate with 4 x 4 example for simplicity:

i1 Ti2 T13 T4 w1l Wiz Wiz W14
0 7122 723 T4 W21 W2 W23 Waq
0 0 m33 734 w31 W32 W33 W34
L 0 0 0 ru wy1 way  waz [N
wi; wy  whi  wjp s;; 0 0 0 €11 €12 €13 €14
wiy Wi Wi Wi STy 83 O 0 _ | €21 €22 €23 €24
+ Wi Wi Wi, Wi STy 8%y 8% 0 Tl e e e e
13 W23 W33 Wy 13 S23 833 31 €32 €33 €34
| wiy wiy wiy $14 Sha Sis Si4 | €41 €42 €43 €44
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Algorithm to solve the transformed equation RW + W* S* = ()

We illustrate with 4 x 4 example for simplicity:

i1 Ti2 T13 T4 w1l Wiz Wiz W14
0 7122 723 T4 W21 W2 W23 Waq
0 0 m33 734 w31 W32 W33 W34
L 0 0 0 ru wy1 way  waz [N
wi; wy  whi  wjp s;; 0 0 0 €11 €12 €13 €14
wiy Wi Wi Wi STy 83 O 0 _ | €21 €22 €23 €24
+ Wi Wi Wi, Wi STy 8%y 8% 0 Tl e e e e
13 W23 W33 Wy 13 S23 833 31 €32 €33 €34
| wiy wiy wiy $14 Sha Sis Si4 | €41 €42 €43 €44

If we equate the (3,4) and (4,3) entries, then we get

S33 W3a + Wiz Tl = €j3— S34

T33 W34 + Wiz Sy = €34 — T34 ’
a 2 x 2 system of scalar equations that allows us to determine w34 and
wy3 Simultaneously.

F. M. Dopico (U. Carlos Ill, Madrid) Sylvester equation for congruence ILAS 2011 18/24



Algorithm to solve the transformed equation RWW + W*S* = F ()

We illustrate with 4 x 4 example for simplicity:

i1 Ti2 T3 T4 w1l Wiz W13 Wig
0 roa T23 724 wo1 W22 W23 W4
0 0 m33 734 w31 W32 W33
0 0 0 Ta4 w41 W42

S’fl 0 0 0 €11 €12 €13 €14
+ 512 5%2 9 0 | _ | ea1 ex e23 e
s13 S33 S33 0 €31 €32 €33 €34
S14 Shy S5 Sk ] €41 €42 €43 €44
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Algorithm to solve the transformed equation RW + W*S* = F

We illustrate with 4 x 4 example for simplicity:

If we equate the (2,4) and (4,2) entries, then we get

T11
0
0

12

T22
0
0

13
23

733
0

*
W31

*
W32
W33

T14
T'24
T34
T44

*
Wy

*
Wyo

w11
wa1
w31
W41
sT1
STo
73
814

w12
W22
w32
W42

w13
w23

Wi4
W24

€11
€21
€31
€41

€12 €13
€22 €23
€32 €33
€42 €43

()

€14
€24
€34
€44

522
T22

W24
W24

+  wiy
+  wiy

*
T4q
*
S44

*
€42 — 523
€24 — T23

a 2 x 2 system of scalar equations that allows us to determine ws4 and
wyo Simultaneously.

— S24
— T24

. ,
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Algorithm to solve the transformed equation RWW + W*S* = F ()

We illustrate with 4 x 4 example for simplicity:

T11 Ti2 Ti3 Ti4 w11 W12 Wiz Wi4g
0 72 723 T2 Wa1 W22 W23
0 0 1733 T34 w31 W32 W33
L 0 0 0 T44 W41
s;1 0 0 0 €11 €12 €13 €14
n 522 5%2 9 0 | _ | e exn e e
s13 S33 s33 0 €31 €32 €33 €34
STa Sh4 S3s Sk ] €41 €42 €43 Cy4
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Algorithm to solve the transformed equation RWW + W*S* = F ()

We illustrate with 4 x 4 example for simplicity:

T11 Ti2 Ti3 Ti4 w11 W12 Wiz Wi4g
0 72 723 T2 Wa1 W22 W23
0 0 1733 T34 w31 W32 W33
L 0 0 0 T44 W41
s;1 0 0 0 €11 €12 €13 €14
n 522 5%2 9 0 | _ | e exn e e
s13 S33 s33 0 €31 €32 €33 €34
STa Sh4 S3s Sk ] €41 €42 €43 Cy4

If we equate the (1,4) and (4,1) entries, then we get

* * - *
S11 Wia + Wy Ty = €y — 512- - 513- - 314-
b

* * —
11 Wia + wy Sy = 614—7‘12-—7“13-—7“14

a 2 x 2 system of scalar equations that allows us to determine w;4 and
wy Simultaneously.
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We illustrate with 4 x 4 example for simplicity:

Tir Ti2 Ti3 Ti4 w11 Wiz W13
0 7ro2 723 T2 Wo1 W2 W23
0 0 1733 734 w31 W32 W33
0 0 0 Ta4

s;1 0 0 0 €11 €12 €13 €4
sl 833 0 0 | _ | ear ez e23 exy
sis S5y s33 0 | | esr e3 es3 ea
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Algorithm to solve the transformed equation RWW + W*S* = F ()

We illustrate with 4 x 4 example for simplicity:

Tir Ti2 Ti3 Ti4
0 7ro2 723 T2
0 0 33 T34
0 0 0 Ta4

* * * *
11 Ti2 T13 w11 Wi2 W13 W11 W21 W31 S11 0
* * * *
22 T23 w21 W22 w23 [ + | Wiz Wi W32 S12 S22
* * * * *
733 w31 W32 W33 Wiz W23 W33 S13 823

[V

13 T14

0
0 0
€11 €12 €
* * *
= | e en enm |- | ra | [NEANNGEINGE) - [ sis she s3]
€31 €32 e

33 T34

which is a 3 x 3 matrix equation of the same type as the original one.
F. M. Dopico (U. Carlos Ill, Madrid) Sylvester equation for congruence ILAS 2011
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Algorithm to solve the transformed equation RW + W* S* =

INPUT: R,S,FE € C™*", with R and S upper triangular
OUTPUT: W ¢ Cnxn
for j=p:—-1:1
solve TW;5 + w]*-js§j = €j; to get Wjj
for i=j—1:-1:1
solve { Siiwij + wziri*-j =€} — E%:Hl SikWij } to get wyj, w;;
TiWij + WiiS5; = €ij = D gh—iy1 TikWhj
end
E1:j—1,1:j—1)=E(1:j—1,1:j—1)—R(1:j—1,))W(,1:j—1)
—(S(L:j— LHW(,1:j— 1)

end
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Algorithm to solve the transformed equation RW + W* S* = (1)}

INPUT: R,S,FE € C™*", with R and S upper triangular
OUTPUT: W ¢ Cnxn
for j=p:—-1:1
solve TW;5 + w]*-js§j = €j; to get Wjj
for i=j—1:-1:1
solve { Siiwij + wziri*-j =€} — E%:Hl SikWij } to get wyj, w;;
TiWij + WiiS5; = €ij = D gh—iy1 TikWhj
end
E1:j—1,1:j—1)=E(1:j—1,1:j—1)—R(1:j—1,))W(,1:j—1)
—(S(L:j— LHW(,1:j— 1)

end

@ 2n° + O(n?) flops for real input matrices and a total cost 76n* + O(n?)
flops for the whole algorithm for AX + X*B = C.
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Remarks on algorithm to solve A X + X*B=C

@ Roundoff errors: X, computed solution of AX + X*B = C, satisfies
IAX + X* B~ C|lp < aun? (|Alr + |Bllr) |X|r,

with u unit roundoff and « small integer constant.
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@ The algorithm for solving RW + W* S* = E is dominated by level-2
BLAS operations. In modern computers, a blocked-version dominated
by level-3 BLAS operations would be more efficient (future work), but...
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@ for AX + X*B = C, cost is dominated by the QZ-alg on A — AB™*.
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Remarks on algorithm to solve A X + X*B=C

@ Roundoff errors: X, computed solution of AX + X*B = C, satisfies
IAX + X* B~ C|lp < aun? (|Alr + |Bllr) |X|r,

with u unit roundoff and « small integer constant.

@ The algorithm for solving RW + W* S* = E is dominated by level-2
BLAS operations. In modern computers, a blocked-version dominated
by level-3 BLAS operations would be more efficient (future work), but...

@ for AX + X*B = C, cost is dominated by the QZ-alg on A — AB™*.

@ The algorithm should be compared with Bartels-Stewart algorithm for
Sylvester equation AX — XB = (-
@ Compute independently triang. Schur forms 74 and Tz of A and B.
Q Solve 7,V —Y Ty =DforY.
© Recover X from Y.
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Remarks on algorithm to solve A X + X*B=C

@ Roundoff errors: X, computed solution of AX + X*B = C, satisfies
IAX + X* B~ C|lp < aun? (|Alr + |Bllr) |X|r,
with u unit roundoff and « small integer constant.

@ The algorithm for solving RW + W* S* = E is dominated by level-2
BLAS operations. In modern computers, a blocked-version dominated
by level-3 BLAS operations would be more efficient (future work), but...

@ for AX + X*B = C, cost is dominated by the QZ-alg on A — AB™*.

@ The algorithm should be compared with Bartels-Stewart algorithm for
Sylvester equation AX — XB = (-

@ Compute independently triang. Schur forms 74 and Tz of A and B.
Q Solve 7,V —Y Ty =DforY.
© Recover X from Y.

@ Same flavor, but also differences: A —AB*and T, Y — Y Tg = D allows
us to compute each entry of Y in terms on previous ones (from left and
from bottom) without using 2 x 2 linear-systems.
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e General “nonunique” solution of AX + X*B =(C
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Theoretical method to solve A X + X*B =0

@ In case of consistency, but “nonuniqueness”, general solution of
AX + X*B=Cis X = X, + X}, where
@ X, is a particular solution and
Q X, is the general solution of AX + X*B =0

The latter found a few weeks ago by De Teran, D., Guillery, Montealegre,
Reyes (REU program, U. of California at S. Barbara, M.l. Bueno).
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Theoretical method to solve A X + X*B =0

@ In case of consistency, but “nonuniqueness”, general solution of
AX + X*B=Cis X = X, + X}, where
Q X, is a particular solution and
Q X, is the general solution of AX + X*B =0
The latter found a few weeks ago by De Teran, D., Guillery, Montealegre,
Reyes (REU program, U. of California at S. Barbara, M.l. Bueno).
@ KEY IDEA: If E — \F* is the Kronecker Canonical form (KCF) of
A — AB*, then AX + X*B = ( can be transformed into

EY +Y*F =0.
QIfE=E&---&E;, F*=Ff®---&Fj,andY = [Y};] is partitioned
into blocks accordingly, then this equation decouples in

EYy +Y/F; =0

EY, +Y;F, =0 and {EjY”—l—Y?jE:O ;

(1<i<j<d),
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Theoretical method to solve A X + X*B =0

@ In case of consistency, but “nonuniqueness”, general solution of
AX + X*B=Cis X = X, + X}, where
Q X, is a particular solution and
Q X, is the general solution of AX + X*B =0
The latter found a few weeks ago by De Teran, D., Guillery, Montealegre,
Reyes (REU program, U. of California at S. Barbara, M.l. Bueno).

@ KEY IDEA: If E — \F* is the Kronecker Canonical form (KCF) of
A — AB*, then AX + X*B = ( can be transformed into

EY +Y*F =0.

QIfE=E&---&E;, F*=Ff®---&Fj,andY = [Y};] is partitioned
into blocks accordingly, then this equation decouples in
EY;+ Y} F; =0

o
EY; +YiF =0 » (1si<isd)

EY,;+Y;F,=0 and {

@ which produce 14 different types of matrix (systems) equations, whose
explicit solutions have been found. Much more complicated general
solution than standard Sylvester eq: AX — X B = 0.
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0 Conclusions
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Conclusions

@ Several questions related to the Sylvester equation for x-congruence
AX + X* B = C are well-understood:
@ Necessary and sufficient conds for consistency/uniqueness of sols.
@ Efficient and stable nume. algorithm for computing unique solution.
© General solutionof AX + X* B = 0.
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@ Efficient and stable nume. algorithm for computing unique solution.
© General solutionof AX + X* B = 0.

@ Connections with strd. Syl. eq AX — X B = C but also relevant diffs:
@ Use of QZ-algor for pencil A — \B* instead of QR-algor for matrices.
@ Use of KCF for pencil A — A\B* instead of JCF for matrices in
general homogeneous solution: much more complicated solution.
© The Canonical Form for Congruence only useful in the particular
case AX + X*A =0.
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Conclusions

@ Several questions related to the Sylvester equation for x-congruence
AX + X* B = C are well-understood:
@ Necessary and sufficient conds for consistency/uniqueness of sols.
@ Efficient and stable nume. algorithm for computing unique solution.
© General solutionof AX + X* B = 0.

@ Connections with strd. Syl. eq AX — X B = C but also relevant diffs:
@ Use of QZ-algor for pencil A — \B* instead of QR-algor for matrices.
@ Use of KCF for pencil A — A\B* instead of JCF for matrices in
general homogeneous solution: much more complicated solution.
© The Canonical Form for Congruence only useful in the particular
case AX + X*A =0.

@ Several problems still remain open. Among them:

@ Combine the algor for A X + X* B = C with algors for computing
the anti-triangular Schur form for completely solving the linear
palindromic eigenproblem via congruence.

© Numerical method for computing basis of the solution space of
AX + X* B = 0 via staircase-form of A — \B*.

© Eigenvalues of the operator X — AX + X*B.
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