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@ Fast computations with n x n rank structured matrices have received
recently a lot of attention and they rely on parameterizing or
representing these matrices in terms of O(n) parameters.
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@ If parameters are the input of an algorithm for computing Y, then
the variation of Y under tiny relative perturbations of the parameters
determines the maximal/ideal accuracy of a computation, and,

@ in addition, this allows us to decide rigourously whether or not one
representation is better than another for computing Y accurately.

@ In this talk, we consider

@ Y =), asimple eigenvalue.

©@ Mainly, {1,1}-quasiseparable matrices.

© Some results on {n;,n; }-quasiseparable matrices.

© Two representations: Quasiseparable (Eidelman-Gohberg) and
Givens-vector (Vandebril-Van Barel-Mastronardi).
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@ Fast computations with n x n rank structured matrices have received
recently a lot of attention and they rely on parameterizing or
representing these matrices in terms of O(n) parameters.

@ If parameters are the input of an algorithm for computing Y, then
the variation of Y under tiny relative perturbations of the parameters
determines the maximal/ideal accuracy of a computation, and,

@ in addition, this allows us to decide rigourously whether or not one
representation is better than another for computing Y accurately.

@ In this talk, we consider

@ Y =), asimple eigenvalue.

©@ Mainly, {1,1}-quasiseparable matrices.

© Some results on {n;,n; }-quasiseparable matrices.

© Two representations: Quasiseparable (Eidelman-Gohberg) and
Givens-vector (Vandebril-Van Barel-Mastronardi).

@ This is work in progress!!!!
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0 Basics on eigenvalue condition numbers

9 Basics on low rank structured matrices

e Condition numbers for {1, 1}-quasiseparable matrices in the
quasiseparable representation

Q Condition numbers for {1, 1}-quasiseparable matrices in the
Givens-vector representation

e Numerical tests

e Condition numbers for {n,ny }-quasiseparable matrices in the
quasiseparable representation

ﬂ Conclusions and future work
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The Wilkinson Eigenvalue Condition Number

Main characters: The matrix, the eigenvalue, and the eigenvectors

Let A € C be a simple eigenvalue of M € R™*™, with left and right
eigenvectors y € C™ and « € C", that is,

Mx=a)\ and y* M= \y*.
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Theorem (The Wilkinson Condition Number (Wilkinson, 1965))

SA .
= %11)% sup {% : (A+0A) is eigenvalue of (M + 0M), ||[6M |2 < n}
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The Wilkinson Eigenvalue Condition Number

Main characters: The matrix, the eigenvalue, and the eigenvectors

Let A € C be a simple eigenvalue of M € R™*™, with left and right
eigenvectors y € C™ and « € C", that is,

Mx=a)\ and y* M= \y*.

Theorem (The Wilkinson Condition Number (Wilkinson, 1965))

P o
Ky = %13}) sup {% : (A4 0)) is eigenvalue of (M + 0M), ||0M||2 < n}

lyllzllzlla _ 1

ly* x| cos Z(y, x)

Wilkinson condition number is an absolute-absolute normwise condition
number, so, it is not convenient in most applications.
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Relative Wilkinson and Componentwise Condition Numbers (A # 0)
Theorem (Relative Wilkinson Condition Number)

P .
r5e = lim sup {W)\‘ : (A +0X) eigenvalue of (M + 6 M), ||[0M]|2 < 77||M||2}
—
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Relative Wilkinson and Componentwise Condition Numbers (A # 0)

Theorem (Relative Wilkinson Condition Number)

rel : |5)‘|
K\ = hl)n Sup § — :

) J] ¢ O\ 0X) eigenvalue of (M +3M), [[oM]]2 < 77||M||2}
Ui
_ Iyllizle A2l _ 0]

ly*z| [N Al

This is a relative-relative normwise condition number.
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Relative Wilkinson vs. Componentwise Condition Numbers

@ It is obvious that

Yllall]l2 [ M]lo
lyre| A

ly*|[M] ||

cond) = BT < VAl

= Vn ki
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Relative Wilkinson vs. Componentwise Condition Numbers

@ It is obvious that
ly*| [M] ||
Al |ly*z|

Yllall]l2 [ M]lo
lyre| A

cond(\) = Vn S | = kL

@ and, in some important situations, <,

@ as, forinstance, if A > 0 entrywise and ) is the Perron-root, then
y>0,z>0,and

cond(\) =1 while x¢ can be arbitrarily large.

(Elsner, Koltracht, Neumann, Xiao, SIMAX, 1993).
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Relative Wilkinson vs. Componentwise Condition Numbers

@ It is obvious that

_ [yl M| ||

cond(\) = = Vn ki

A |y x| ly*z| (A
@ and, in some important situations, <,

@ as, forinstance, if A > 0 entrywise and ) is the Perron-root, then
y>0,z>0,and

cond(A\) =1  while ;! can be arbitrarily large.

(Elsner, Koltracht, Neumann, Xiao, SIMAX, 1993).

@ Wilkinson and relative Wilkinson condition numbers are not
invariant under diagonal similarity (balancing), but componentwise
condition numbers are

cond(\, M) = cond(\, KM K1),
with K = diag(kq, ..., k,) € R?*™,
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Structured cond. nums. for parameterized structured matrices (I)

Theorem (relative-relative componentwise for parameters)

Let M € R™*™ be a matrix whose entries are differentiable functions of a set
of parameters ) = (wy,ws, ...,wy) € RY. This is denoted as M(5)). Let \ be
a simple eigenvalue of M (Q)) with left/right eigenvectors y, « and define

cond(\; Q) := 71]13% sup {% : (A4 0X) e-value of M (2 + 692), 09| < n|Q}.
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Theorem (relative-relative componentwise for parameters)

Let M € R™*"™ be a matrix whose entries are differentiable functions of a set
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Structured cond. nums. for parameterized structured matrices (ll)

@ | am not claiming that this result is original, although | have not seen it
written in this form.
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Structured cond. nums. for parameterized structured matrices (ll)

@ | am not claiming that this result is original, although | have not seen it
written in this form.

@ It was essentially presented in Ferreira, Parlett, D., “Sensitivity of
eigenvalues of an unsymmetric tridiagonal matrix”, Numer. Math., 2012.

@ The use of differential calculus in the Theory of Conditioning has been
known from early days of Numerical Linear Algebra (Rice, SIAM J.
Numer. Anal., 1966).

@ If Q@ = (m,;) are the entries of the matrix, then cond(A; 2) = cond()), i.e.,
the standard componentwise eigenvalue condition number.

@ Sometimes, it will be necessary to specify both the matrix and the
parameters. In these cases,
cond(A, M; ) = cond(A; Q)
cond(A, M) = cond(A)
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e Basics on low rank structured matrices
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Generalities on low rank structured matrices (I)

@ There are many types of low rank structured matrices and even their
definitions may not be easy.
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Generalities on low rank structured matrices (I)

@ There are many types of low rank structured matrices and even their
definitions may not be easy.

@ For instance,

@ quasiseparable matrices,

@ block-quasiseparable matrices,

© semiseparable matrices,

© matrices with small Hankel rank,

© hierarchical matrices,

@ hierarchically semiseparable matrices,
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Generalities on low rank structured matrices (I)

@ There are many types of low rank structured matrices and even their
definitions may not be easy.

@ For instance,

quasiseparable matrices,
block-quasiseparable matrices,
semiseparable matrices,

matrices with small Hankel rank,
hierarchical matrices,

hierarchically semiseparable matrices,
and others...
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Generalities on low rank structured matrices (I)

@ There are many types of low rank structured matrices and even their
definitions may not be easy.

@ For instance,

quasiseparable matrices,
block-quasiseparable matrices,
semiseparable matrices,

matrices with small Hankel rank,
hierarchical matrices,

hierarchically semiseparable matrices,
and others...

0000000

@ They arise in different applications: oscillatory matrices in mechanics,
statistics, control, and the discretization of differential and integral
equations.
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Generalities on low rank structured matrices (ll)

@ All of these different types of matrices always bear the same
characteristic property:
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Generalities on low rank structured matrices (ll)

@ All of these different types of matrices always bear the same
characteristic property:

@ they have many submatrices with ranks much smaller than the
matrix size and with sizes comparable to the size of the matrix.
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Key example: inverses of tridiagonal matrices

12 00 O

-3 1 10 O

A= 0 6 5 4 0
00 -1 2 3

00 01 -1
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Key example: inverses of tridiagonal matrices

12 00 O

-3 1 10 O

A= 0 6 5 4 0
00 -1 2 3

00 01 -1

-1 -58 10 -8 -—24
87 29 =5 4 12
-90 —-30 35 —-28 &4
-18 -6 7T 29 87
-18 -6 7 29 —-86
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Key example: inverses of tridiagonal matrices

1 2 0 0 0

-3 1 10 0

A= 0 6 5 4 0
0 0 -1 2 3

00 01 -1

Every submatrix of A~! entirely located in the lower or upper triangular
part has rank at most one

-1 -58 10 -8 —24
87 29 -5 4 12
-90 —-30 35 —28 &4
-18 -6 7T 29 87
-18 -6 7 29 —-86

T 173
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Key example: inverses of tridiagonal matrices

1 2 0 0 0

-3 1 10 0

A= 0 6 5 4 0
0 0 -1 2 3

00 01 -1

Every submatrix of A~! entirely located in the lower or upper triangular
part has rank at most one

-1 -58 10 -8 -—-24
87 29 -5 4 12
-90 -30 35 -—-28 &4
-8 -6 7 29 87
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Key example: inverses of tridiagonal matrices

12 00 O

-3 1 10 O

A= 0 6 5 4 0
0 0 -1 2 3

00 01 -1

Every submatrix of A~! entirely located in the lower or upper triangular
part has rank at most one

-1 -58 10 -8 —24
87 29 -5 4 12
— | 90 -30 35 -28 -84
-18 —6 T 29 87
—-18 —6 7T 29 —86

@ Same holds for submatrices in the lower triangular part.
@ This holds for every nonsingular tridiagonal matrix.
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The rank structure may cross the diagonal (I)

Let us consider pentadiagonal matrices

X X X
X X X X
X X X X X
A= X X X X X
X X X X X
X X X X X
X X X X
X X X
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The rank structure may cross the diagonal (ll)

and their inverses

AT =

X X X X X X X X
X X X X X X X X
X X X X X X X X
X X X X X X X X
X X X X X X X X
X X X X X X X X
X X X X X X X X
X X X X X X X X
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X X X X X X X X
X X X X X X X X
X X X X X X X X
X X X X X X X X
X X X X X X X X
X X X X X X X X

which are dense and satisfy that every submatrix entirely located on and
above the first subdiagonal has rank at most two and the same holds for
every submatrix entirely located on and below the first superdiagonal.
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X X X X X X X X
X X X X X X X X
X X X X X X X X
X X X X X X X X
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Highlights on numerical research on rank structured matrices (I)

@ Many types of n x n low rank structured matrices can be
parameterized by using O(n) parameters (although dense they are
implicitly sparse!).
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Highlights on numerical research on rank structured matrices (I)

@ Many types of n x n low rank structured matrices can be
parameterized by using O(n) parameters (although dense they are
implicitly sparse!).

@ A main line of research has been the development of structured fast
algorithms by using these low humber of parameters. There are
many algorithms an their costs are roughly:

Problem Cost of traditional || Cost of structured
algorithms low-rank algs.
] systems of equations H O(n?) H O(n) ]
] eigenvalues H O(n?) H O(n?) ]
] singular values H O(n?) H O(n?) ‘
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Highlights on numerical research on rank structured matrices (ll)

@ Many groups all over the world have done research in the last 15 years
on fast algorithms for rank structured matrices.
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Highlights on numerical research on rank structured matrices (ll)

@ Many groups all over the world have done research in the last 15 years
on fast algorithms for rank structured matrices.

@ A very good (but not complete) introduction to this subject, including
many references, are the two recent volumes:

@ R. Vandebril, M. Van Barel, and N. Mastronardi, Matrix
computations and semiseparable matrices. Vol. I: Linear systems,
Johns Hopkins University Press, 2008.

@ R. Vandebril, M. Van Barel, and N. Mastronardi, Matrix
computations and semiseparable matrices. Vol. Il: Eigenvalue and
singular value methods, Johns Hopkins University Press, 2008
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Highlights on numerical research on rank structured matrices (lll)

@ Stability analysis of fast algorithms for low rank structured matrices is an
essentially open (but difficult) area of research. | only know one
reference on this topic.
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Highlights on numerical research on rank structured matrices (lll)

@ Stability analysis of fast algorithms for low rank structured matrices is an
essentially open (but difficult) area of research. | only know one
reference on this topic.

e D., V. Olshevsky, and P. Zhlobich, Stability of QR-based fast system
solvers for a subclass of quasiseparable rank one matrices, to
appear in Mathematics of Computation.
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Highlights on numerical research on rank structured matrices (lll)

@ Stability analysis of fast algorithms for low rank structured matrices is an
essentially open (but difficult) area of research. | only know one
reference on this topic.

e D., V. Olshevsky, and P. Zhlobich, Stability of QR-based fast system
solvers for a subclass of quasiseparable rank one matrices, to
appear in Mathematics of Computation.

@ Structured “parameterized” perturbation theory of low rank structured
matrices is also an open area of research.
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Quasiseparable matrices (I): Definition

Quasiseparable matrices are an important class of low rank structured
matrices.
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Quasiseparable matrices (I): Definition

Quasiseparable matrices are an important class of low rank structured
matrices.

Definition (Eidelman-Gohberg, Int. Eq. Op. Th., 1999)

A square matrix C' € R"*" is a {nr, ny }-quasiseparable matrix if

@ every submatrix of C entirely located in the strictly lower (resp. upper)
triangular part of C has rank at most . (resp. ny), and

@ at least one of these submatrices has rank equal to n;, (resp. ny).

This is equivalent to

max rank C(i+1:m,1:4) =ny and maxrankC(l:4,i+1:n)=ny

v
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Quasiseparable matrices (I): Definition

Quasiseparable matrices are an important class of low rank structured
matrices.

Definition (Eidelman-Gohberg, Int. Eq. Op. Th., 1999)

A square matrix C' € R"*" is a {nr, ny }-quasiseparable matrix if

@ every submatrix of C entirely located in the strictly lower (resp. upper)
triangular part of C has rank at most . (resp. ny), and

@ at least one of these submatrices has rank equal to n;, (resp. ny).

This is equivalent to

max rank C(i+1:m,1:4) =ny and maxrankC(l:4,i+1:n)=ny

v

Therefore the following submatrices have rank at most n;, or rank at most n;:
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Quasiseparable matrices (ll)

Q

I
X X X X X
X X X X X
X X X X X
X X X X X
X X X X X
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Quasiseparable matrices (ll): rank < ny,

X
X
C=1| x
X
X

X X X X |[|X
X X X X |[|X
X X X X |[|X
X X X X|[|X
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Quasiseparable matrices (ll): rank < ny,

X
X
C=1| x
X
X

X X X[ X X
X X X|[X X
X X X[X X
X X X[ X X
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Quasiseparable matrices (ll): rank < ny,

X
X
C=1] x
X
X

X X|X X X
X X|X X X
X X|X X X
X X[ X X X

F. M. Dopico (U. Carlos Ill, Madrid) Conditioning for quasiseparable matrices NLAA 2013 20/51



Quasiseparable matrices (ll): rank < ny,

X
X
C=1] x
X
X

X|X X X X
X|X X X X
X|X X X X
X | X X X X
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Quasiseparable matrices (ll): rank < ny

X
X
C=1] x
X
X

X X X X |[X
X X X X[X
X X X X[X
X X X X[X
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Quasiseparable matrices (ll): rank < ny

X
X
C=1] x
X
X

X X XX X
X X X [X X
X X X[X X
X X XX X
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Quasiseparable matrices (ll): rank < ny

X
X
C=1] x
X
X

X X|X X X
X X|X X X
X XX X X
X XX X X
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Quasiseparable matrices (ll): rank < ny

X
X
C=1] x
X
X

X|X X X X
X|X X X X
X|X X X X
XX X X X
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e Condition numbers for {1, 1}-quasiseparable matrices in the
quasiseparable representation
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Quasiseparable representation of {1, 1}-quasiseparable matrices

Theorem (Eidelman and Gohberg, Int. Eq. Op. Th., 1999)

The set of {1, 1}-quasiseparable matrices of size n x n can be
parameterized in terms of 7n — 8 independent scalar parameters

Qos = ({pitice, {aitin e} in {didin {o s i {hidis,)

=2 9
as follows:

F. M. Dopico (U. Carlos Ill, Madrid)
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Quasiseparable representation of {1, 1}-quasiseparable matrices

Theorem (Eidelman and Gohberg, Int. Eq. Op. Th., 1999)

The set of {1, 1}-quasiseparable matrices of size n x n can be
parameterized in terms of 7n — 8 independent scalar parameters

Qos = ({pitice, {aitin e} in {didin {o s i {hidis,)

as follows: C is {1, 1}-quasiseparable if and only if (5 x 5 example)

dy giha  gibahs  gibabshy  g1b2b3bihs

P21 dy  gohs  g2bshy  gabsbshs

C= P3a2q1 D392 ds g3hy 93bshs
P4a302q1 D4a3q2 Paq3 dy gahs
Psa4G3G2q1 P50403G42 P50443 Ps5q4 ds
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Quasiseparable representation of {1, 1}-quasiseparable matrices

Theorem (Eidelman and Gohberg, Int. Eq. Op. Th., 1999)

The set of {1, 1}-quasiseparable matrices of size n x n can be
parameterized in terms of 7n — 8 independent scalar parameters

Qos = ({pitice, {aitin e} in {didin {o s i {hidis,)

as follows: C is {1, 1}-quasiseparable if and only if (5 x 5 example)

dy giha  gibahs  gibabshy  g1b2b3bihs

P21 dy  gohs  g2bshy  gabsbshs

C= P3a2q1 D392 ds g3hy 93bshs
P4a302q1 D4a3q2 Paq3 dy gahs
Psa4G3G2q1 P50403G42 P50443 Ps5q4 ds

v

This is the most general representation of {1, 1}-quasiseparable matrices and
includes as special cases other representations explained in the books by
Vandebril, Van Barel, and Mastronardi (2008).
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Properties of quasiseparable representation

@ It is not unique: If the matrix C is fixed, then there are infinite sets of
parameters Qs that give C. Example

dy g1ha  gibahs  g1babshy  g1b2bsbsihs

(apa2) %71 dy  gohs  gabshy  gob3bihs

C = p3(aaz) %1 D392 ds g3ha g3bshs
paaz(aaz) %1 P4a3q2  Pags dy gahs
psasaz(aaz) L psasasqr  psasgs D544 ds
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Properties of quasiseparable representation

@ It is not unique: If the matrix C is fixed, then there are infinite sets of
parameters Qs that give C. Example

dy g1ha  gibahs  g1babshy  g1b2bsbsihs

(op2) Lt d2  gohs  gabsha  gabsbshs

C = p3(aaz) Lt P3q2 ds g3ha g3bahs
paaz(aaz) %1 P4a3q2  Pags dy gahs
psasaz(cax) L psasasge  psasgs D544 ds

@ Therefore, the natural perturbations to be considered are relative
componentwise perturbations of (2o¢ and not relative normwise
perturbations of Q¢s.
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Properties of quasiseparable representation

@ It is not unique: If the matrix C is fixed, then there are infinite sets of
parameters Qs that give C. Example

dy giha  gibahs  gi1babshy  g1bab3bihs

(op2) Lt d2  gohs  gabsha  gabsbshs

C = p3(aaz) Lt P3q2 ds g3ha g3bahs
paaz(aaz) %1 P4a3q2  Pags dy gahs
psasaz(aaz) L psasasqr  psasgs D544 ds

@ Therefore, the natural perturbations to be considered are relative
componentwise perturbations of (2o¢ and not relative normwise
perturbations of Q¢s.

@ Although the function
Qgs — “Set of {1, 1}-quasiseparable matrices” ¢ R"*"

is not injective, it is surjective and differentiable and we can deduce
eigenvalue condition numbers.
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Componentwise eig. cond. number in the quasiseparable repr. (I)
Let C € R™*™ be a {1, 1}-quasiseparable matrix and
C=CL+Cp+Cy

with Cy, strictly lower triangular, C'p diagonal, and Cy; strictly upper triangular.
Then

1 * * *
cond(A; Q2gs) ~ TNy | {ly [[Cpllz| + [y*||Cre| + |y* CLl||

+ ly*||Cvz| + |y*Cul|=|

n—1

. 0 0

+; v {C(i—&-l:n,l:i—l) 0 ]“"

— 0 CQ:j—1,j+1:n)
Dy T FR A A

j=2
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Eig. cond. number in the quasiseparable repr. (ll): d;

COHd()\; QQS) =

— welCslle] + |y ||Cra| + [y C 2
Ny*=] {

+ ly*[|Cuz| + |y*Cul|z|
n—1
+2
=2
n—1
+2
j=2

\ 0 07
Yi9ici+1:n1:i—1) 0

«10 Cl:5—1,j4+1:n)
Y [0 0 ¥

dy grha  gibahs  gi1babshy  g1bab3bshs

P2q1 dy  gohs  g2bshy  gabsbshs

C= P3a2q1 D3G2 ds g3hy g3bshs
D4G302q1 D4G3q2 Paq3 dy gahs
Psa4a3G2q1  P5a4a342 P50443 Ps5q4 ds
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Eig. cond. number in the quasiseparable repr. (lI): p;

COHd()\; QQS) =

1
Aly*z|

{|y*||CD|$| + [yillCrz| + [y CLllx|
+y"lICuz| + [y*Cu|z|

n—1

. 0 0

*; y {C(i—i—l:n,l:i—l) 0 ]“’

n—1
+2

=2

«10 Cl:5—1,j4+1:n)
Y [0 0 ¥

dy giha  gibahs  gi1babshy  g1bab3bihs

D241 dy  gohs  gabshy  g2b3bshs

C= P3a2q1 D392 d3 g3hy g3bshs
P4G3a2q1 P4G3G2  Paq3 dy gahs
P5a403a2q1 P504G3G2 P50443 P54a ds
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Eig. cond. number in the quasiseparable repr. (ll): g;

COHd()\; QQS) =

Ally* |

1 . \ .
NI {Iy ICpllz| + [y*||Cre| + |y Crl|z|

+y"ICuz| + [y*Cu|z|
n—1
. 0 0
*; y {C(i—i—l:n,l:i—l) 0 ]“’
n—1
+2
=2

«+10 Cl:5—1,j4+1:n)
Y [0 0 ¥

dy giha  gibahs  gi1babshy  g1bab3bihs

D241 dy  gohs  gabshy  g2b3bshs

C= P3a2q1 D392 d3 g3hy g3bshs
P4G3a2q1 P4G3G2  Paq3 dy gahs
P5a403a2q1 P504G3G2 P50443 P54a ds
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Eig. cond. number in the quasiseparable repr. (ll): g;

1 * * *
cond(X; Qqs) :W {|y [[Collz| + |y*||Crx| + |y*CL||]

+ yillCuz| + ly*Cullz|
n—1
. 0 0
+; Y [C(z‘+1:n,1:i—1) 0]‘”
n—1
+2
=2

10 Cl:5—1,j4+1:n)
Y {0 0 v

dq giha  gibahs  gi1babshy  g1b2b3bshs

P2q1 dy  gohs  g2bshy  gabsbshs

C= P3a2q1 P3q2 ds g3ha g3bshs
P4a30a2q1 DP4a3q2 Paq3 dy gahs
Psa4a3G2q1  P5a4a3G42  P50443 D544 ds
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Eig. cond. number in the quasiseparable repr. (ll): /;

1 * * *
cond(X; Qqs) :W {|y [[Collz| + |y*||Crx| + |y*CL||]

+ ly*l[Cuz| + | ly*Cullz|
n—1
. 0 0
+; Y [C(z‘+1:n,1:i—1) 0]‘”
n—1
+
=2

10 Cl:5—1,j4+1:n)
Y {0 0 ¥

dq giha  gibahs  gi1babshy  g1b2b3bshs

P2q1 dy  gohs  g2bshy  gabsbshs

C= P3a2q1 P3q2 ds g3ha g3bshs
P4a30a2q1 DP4a3q2 Paq3 dy gahs
Psa4a3G2q1  P5a4a3G42  P50443 D544 ds
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Eig. cond. number in the quasiseparable repr. (ll): a;

cond()\; QQS) =

Ally* |

1 * * *
{Iy IColl=| + |y*||Cre| + |y*CL |||

+ ly*[|Cuz| + [y* Cul|x|

| [ cli+1in1:i-1) 0
n—1
10 Cl:j—1,j+1:m)
v [0 0 T
=2

dy giha  gibahs  gi1babshy  g1bab3bihs

D2q1 dy  gohs  gabshy  g2b3bihs

C= P3a2q1 D3G2 ds g3hy g3bshs
P4G3a2q1 D4G3q2 P4aq3 dy gahs
Ps5a4a3G241 P50403G42 P50443 Ps5q4 ds
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Eig. cond. number in the quasiseparable repr. (ll): a;

cond()\; QQS) =

Ally* |

1 * * *
{Iy IColl=| + |y*||Cre| + |y*CL |||

+ ly*[|Cuz| + [y* Cul|x|

| [ cli+1in1:i-1) 0
n—1
10 Cl:j—1,j+1:m)
v [0 0 T
=2

dy giha  gibahs  gi1babshy  g1bab3bihs

DP2q1 dy  gohs  gabshy  g2b3bihs

C= P3a2q1 D3G2 ds g3hy g3bshs
P4G3a2q1 DP4a3q2 P4aq3 dy gahs
P5a403G2q1 P504G3G2 P50443 Ps54a ds
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Eig. cond. number in the quasiseparable repr. (ll): a;

cond()\; QQS) =

Ally* |

1 * * *
{Iy IColl=| + |y*||Cre| + |y*CL |||

+ ly*[|Cuz| + [y* Cul|x|

n—1 0 0
* Zz Y [ Cli+1:n,1:4—1) 0}"’”
n—1
10 Cl:j—-1,74+1:n)
+3 [ 0 . .
Jj=2
dq grha  gibahs  g1babzhs  g1b203bshs
P2q1 do g2hs gabshy gobsbyhs
C= D302q1 D3G2 ds g3hy g3bahs
D403G2G1 D4G3G2 D4q3 dy gshs
Psa4a3a2q1 P5a4G3¢92 P50443 Ps5q4a ds

F. M. Dopico (U. Carlos Ill, Madrid)

Conditioning for quasiseparable matrices

NLAA 2013

25/51



Eig. cond. number in the quasiseparable repr. (II): b;

1
cond(\; Qgs) =7 1 W ICpllz| + [y*||[Cre| + |y* CLl|z|
¥ Nlyal
+ ly*l|Cuz| + |y Cul|z|
n—1
% 0 0
+; 4 {C(i—&-l:n,l:i—l) 0 ]m
= 0 C1:j—1,j+1:n)
A Rt }
=2
dy giha  gibahs  g1babzhs  g1b2b3bshs
P2q1 do g2hs gabshy gobsbyhs
C= D302q1 D3G2 ds g3hy g3bahs
D403G2G1 D4G3G2 Daq3 dy gshs
Psasa3za2q1r  Ps5a4a3q2  P5a4qs D544 ds
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Eig. cond. number in the quasiseparable repr. (II): b;

1
cond(\; Qgs) =7 1 W ICpllz| + [y*||[Cre| + |y* CLl|z|
¥ Nlyal
+ ly*l|Cuz| + |y Cul|z|
n—1
% 0 0
+; 4 {C(i—&-l:n,l:i—l) 0 ]m
= 0 C1:j—1,j+1:n)
A Rt }
=2
dy giha  gibahs  g1babzhs  g1b203bshs
P21 dy  gohs © gabshy  gabsbsihs
C= D302q1 D3G2 ds g3hy g3bahs
D403G2G1 D4G3G2 Daq3 dy gshs
Psasa3za2q1r  Ps5a4a3q2  P5a4qs D544 ds
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Eig. cond. number in the quasiseparable repr. (II): b;

1
cond(\; Qgs) =7 1 W ICpllz| + [y*||[Cre| + |y* CLl|z|
¥ Nlyal
+ ly*l|Cuz| + |y Cul|z|
n—1
% 0 0
+; 4 {C(i—&-l:n,l:i—l) 0 ]m
= 0 C1:j—1,j+1:n)
A Rt }
=2
dy grha  gibahs  g1babzhs = g1b2b3bshs
P21 dy  gohs  g2bshy = gabsbsihs
C= D302q1 D3G2 ds g3hy g3bahs
D403G2G1 D4G3G2 D4aq3 dy gshs
Psasa3za2q1r  Ps5a4a3qz  P5a4qs D544 ds
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Properties of cond(); Qgg). (I)

Myl
+ [y*l[Coz| + ly*Cull=|

n—1
+y 0
i=2

. 0
Y [C(z‘+1:n,1:z’—1) o]m
n—1
>
=2

1 * * *
cond(X; Qgs) = {ly ICpllz|+ |y*||Cra| + [y CL|z|

10 Cl:5—-1,j4+1:n)
Y {0 0 v

Property 1
cond(X; 2gg) does not depend on the parameters. It only depends on the
matrix entries, the eigenvalue, and the left-right eigenvectors.

Therefore, for any two sets (s and (), ; of quasiseparable parameters
of the same matrix C

cond(A; Qgs) = cond(A; )
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Properties of cond(\; Qgg). (I)

1 * * *
cond(A; Qqs) “Plval {ly |Cpllz| + |y ||Cra| + |y* CLl ||
+ ly*||[Cuz| + |y Cul|z|
n—1
" 0 0
+Z; Y [C(z‘+1:n,1;i—1) 0]”
n—1
10 Cl:j—1,74+1:n
R )
=

Property 2 (Comparison with unstructured condition humber)
_yrliC] =

cond(\;Qgs) < ncond(A) =n ,
5 Ny'a

and “potentially” cond(\; Qgs) < cond ().
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Properties of cond(\; Qgg). (I)

1 * * *
cond(\; Qgs) :W {ly |Cpllz| + ly*||Crz| + |y*CL||x|

+ ly*l[Coz| + ly*Cull=|

n—1

\ 0 0
+Z;y [C(z‘+1:n,1;i—1) 0]”
n—1
10 Cl:j—1,j4+1:n)
v {0 0 T
j=2

Property 2 (Comparison with unstructured condition humber)
_yrliC] =

cond(\;Qgs) < ncond(A\) =n ,
o) Ny'a

and “potentially” cond(\; Qgs) < cond(A). The factor n comes from

Cnl = Dnln—1---G2q1 = pn(1+ npn) an—1(14+Na,_, ) az(l + nay)q1 (1 + nql)
=cnu (1+ npn)(l + nan_1) seo (1l <F naz)(l + 7]«11)
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Properties of cond(\; Qgg). (Ill)

1 * * *
cond(X; Qqs) :W {|y |Cpllz| + ly*||Crz| + |y*CL||x|

+ [y*l[Coz| + ly*Cullz|

n—1

. 0 0
+Z;y [C(z‘+1:n,1:z’—1) 0]‘”
n—1
10 Cl:5—1,j4+1:n)
2|y {0 0 r
=2

Property 3

Assume that A, =, y, and Qs are known. Then
COIld()\; QQS)

can be computed in 42n — 57 flops. The main “trick” for this is to compute the
terms in the summations via recurrence relations.
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Properties of cond(\; Qgg). (IV)

conde s (A; Qqs) = {Iy*IICDIwI + 1y ICr| + [y Cr||z|

1
[Mly*a|

+ [y*l|Coz| + |ly*Cull| }

Property 4

Then

condeff()\ QQs) < COIld()\ QQs) (n — 1) condeff()\ QQS)
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Properties of cond(\; Qgg). (IV)

1 * * *
condef (A Qgs) = W {|y ||Cpllz| + |y*||Crx| + |y*CL||z]

+ [y*l|Coz| + |ly*Cull| }

Property 4

Then
condeff()\; QQs) < cond(\; QQs) <(n-1) condeff()\; QQS).
It should be observed that Cy, and Cy; are “never out of | - |”. To be compared
with “unstructured” componentwise condition number:
1y 1C] ||
cond(\) = =————,
Al ly |
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Properties of cond(\; Qggs). (V)

Lemma

Let K = diag(ky,...,k,) and C € R™*"™ be {n,ny }-quasiseparable.
@ Then KCK~! is {nr,ny}-quasiseparable.

° If({pl ?:27{0’1 = 2’{% i= 1 7{d }7, 1’{91 i= 1 7{b i= 2’{h} ) are
quasiseparable parameters of C, then

({kipiYia, {ai} iy ai/ ki is AdiYioy, {kigi s, b }izy s {ha/kities )

are quasiseparable parameters of KO K !
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Properties of cond(\; Qggs). (V)

Lemma
Let K = diag(k1,...,k,) and C € R™*"™ be {ny,,ny }-quasiseparable.

@ Then KCK~! is {nr,ny}-quasiseparable.

° If({pl ?:27{0’1 i= 2’{(]1 i= 1 7{d }7, 1’{91 i= 1 7{b i= 27{h} ) are
quasiseparable parameters of C, then

({kipiYia, {ai} iy ai/ ki is AdiYioy, {kigi s, b }izy s {ha/kities )

are quasiseparable parameters of KO K !

Property 5

Let C € R™*™ be {1, 1}-quasiseparable, K € R™*" be diagonal and
nonsingular, {25 be any set of quasiseparable parameters of C', and Q5 be
any set of quasiseparable parameters of KCK~!. Then

cond(A, C; Qqs) = cond(A, KCK ™' Q).

.
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0 Condition numbers for {1, 1}-quasiseparable matrices in the
Givens-vector representation
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Givens-vector representation of {1, 1}-quasiseparable matrices (l)

Theorem (Vandebril-Van Barel-Mastronardi, Num. Lin. Alg. Appl., 2005)

The set of {1, 1}-quasiseparable matrices of size n x n can be
parameterized in terms of

@ {c;,s;}"~; pairs of cosines-sines,
° {Ul}z 1 ’{d }z 1 {81
o {Tia tl i:_2

as follows:

~! independent scalar parameters,
pairs of cosines-sines,
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Givens-vector representation of {1, 1}-quasiseparable matrices (l)

Theorem (Vandebril-Van Barel-Mastronardi, Num. Lin. Alg. Appl., 2005)

The set of {1, 1}-quasiseparable matrices of size n x n can be
parameterized in terms of

@ {¢;,si pa/rs of cosines-sines,
o {uv,}17; ,{d 31, {e; Y= independent scalar parameters,
@ {r,t i:‘Q pairs of cosines-sines,

as follows: C is {1, 1}-quasiseparable if and only if (5 x 5 example)

dy eiry eitars ertatsry ertatsty

coUy dy  ears  eatzry  eatsty

C = C3S59U1 C3V2 d3 €374 63t4
C48352V1  C453V2 C4U3 dy €4
548382V1 5453V S4U3 Vg ds
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Givens-vector representation of {1, 1}-quasiseparable matrices (l)

Theorem (Vandebril-Van Barel-Mastronardi, Num. Lin. Alg. Appl., 2005)

The set of {1, 1}-quasiseparable matrices of size n x n can be
parameterized in terms of

@ {¢;,si pa/rs of cosines-sines,
o {uv,}17; ,{d 31, {e; Y= independent scalar parameters,
@ {r,t i:‘Q pairs of cosines-sines,

as follows: C is {1, 1}-quasiseparable if and only if (5 x 5 example)

dy eiry eitars ertatsry ertatsty

coUy dy  ears  eatzry  eatsty

C = C3S59U1 C3V2 d3 €374 63t4
C48352V1  C453V2 C4U3 dy €4
548382V1 5453V S4U3 Vg ds

The “vectors” are {v;}/~}' and {e;}I—}".
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Givens-vector representation of {1, 1}-quasiseparable matrices (ll)

@ Givens-vector representation was introduced to improve the numerical
stability in solving eigenproblems with respect other representations.
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Givens-vector representation of {1, 1}-quasiseparable matrices (ll)

@ Givens-vector representation was introduced to improve the numerical
stability in solving eigenproblems with respect other representations.

@ Givens-vector representation is a particular case of quasiseparable
representation seen before, i.e., a particular choice of (g,

Q8% ={ci, s} iy {va i Adad iy {ead i {tra b))
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Givens-vector representation of {1, 1}-quasiseparable matrices (ll)

@ Givens-vector representation was introduced to improve the numerical
stability in solving eigenproblems with respect other representations.

@ Givens-vector representation is a particular case of quasiseparable
representation seen before, i.e., a particular choice of (g,

05% =({ei, sitisy v Aditiey, fea it {ta i} i)
Di, ag y Qi ) dz y Gi ) bi7hi,

withp, = h,, =1,
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Givens-vector representation of {1, 1}-quasiseparable matrices (ll)

@ Givens-vector representation was introduced to improve the numerical
stability in solving eigenproblems with respect other representations.

@ Givens-vector representation is a particular case of quasiseparable
representation seen before, i.e., a particular choice of (g,

05y =({es, silisy  {v it Adiyiy, {ead i {6 ri} i)
Di, g y i ) dz y i ) bi7hi,
withp, = h,, =1,

@ therefore, one might think that it makes no sense to study again
eigenvalue condition numbers since they are independent of the
particular choice of Qgg,
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Givens-vector representation of {1, 1}-quasiseparable matrices (ll)

@ Givens-vector representation was introduced to improve the numerical
stability in solving eigenproblems with respect other representations.

@ Givens-vector representation is a particular case of quasiseparable
representation seen before, i.e., a particular choice of (g,

0% =({ei, si}isy v it {did oy, fea i {t ridiss)
Di, ag y Qi ) dz y Gi ) bi7hi,
withp, = h,, =1,

@ therefore, one might think that it makes no sense to study again
eigenvalue condition numbers since they are independent of the
particular choice of Qgg,

@ but the subtle point here is that independent componentwise
perturbations of Qgg destroy the pairs cosine-sine, and
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Givens-vector representation of {1, 1}-quasiseparable matrices (ll)

Givens-vector representation was introduced to improve the numerical
stability in solving eigenproblems with respect other representations.

Givens-vector representation is a particular case of quasiseparable
representation seen before, i.e., a particular choice of (g,

0% =({ei, si}isy v it {did oy, fea i {t ridiss)
Di, ag y Qi ) dz y Gi ) bi7hi,
withp, = h,, =1,

therefore, one might think that it makes no sense to study again
eigenvalue condition numbers since they are independent of the
particular choice of Qgg,

but the subtle point here is that independent componentwise
perturbations of Qgg destroy the pairs cosine-sine, and

we want to restrict ourselves to perturbations that preserve the
pairs cosine-sine!!!
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Givens-vector representation of {1, 1}-quasiseparable matrices (lll)

@ Givens-vector representation is considered by some authors as the
“most stable” representation of quasiseparable matrices, but | am not
aware of a formal proof of this fact.
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Givens-vector representation of {1, 1}-quasiseparable matrices (lll)

@ Givens-vector representation is considered by some authors as the
“most stable” representation of quasiseparable matrices, but | am not
aware of a formal proof of this fact.

@ | pretend to give a first step in this direction.
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Givens-vector representation of {1, 1}-quasiseparable matrices (lll)

@ Givens-vector representation is considered by some authors as the
“most stable” representation of quasiseparable matrices, but | am not
aware of a formal proof of this fact.

@ | pretend to give a first step in this direction.

@ Givens-vector representation has 4 variants, but if one of these
variants is chosen, then it is unique by fixing ¢; > 0 and r; > 0.
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Givens-vector representation of {1, 1}-quasiseparable matrices (lll)

@ Givens-vector representation is considered by some authors as the
“most stable” representation of quasiseparable matrices, but | am not
aware of a formal proof of this fact.

@ | pretend to give a first step in this direction.

@ Givens-vector representation has 4 variants, but if one of these
variants is chosen, then it is unique by fixing ¢; > 0 and r; > 0.

@ Givens-vector representation is NOT a parametrization, since the
pairs of cosines-sines {c;, s;}7~; are not independent parameters. The
same happens for {r;, t;}7".
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Givens-vector representation of {1, 1}-quasiseparable matrices (lll)

@ Givens-vector representation is considered by some authors as the
“most stable” representation of quasiseparable matrices, but | am not
aware of a formal proof of this fact.

@ | pretend to give a first step in this direction.

@ Givens-vector representation has 4 variants, but if one of these
variants is chosen, then it is unique by fixing ¢; > 0 and r; > 0.

@ Givens-vector representation is NOT a parametrization, since the
pairs of cosines-sines {c;, s;}7~; are not independent parameters. The
same happens for {r;, t;}7".

@ We need an additional parametrization of these pairs. Avoiding the
use of trigonometric functions, we have essentially two options.
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15t (bad) option for additional parametrization of Givens-vector repr.

n—1 n—1

{eiysi}ioy) = {«/1 512,81} and {r,t;}15 = {\/1 t%7ti}

=2 =2
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15t (bad) option for additional parametrization of Givens-vector repr.

n—1 n—1

{Ci,Si}?;Ql = {\/ 1-— S%,Si} and {’f’i,ti ,?;21 = {\/ 1-— t]27tl}

=2 =2

But this is well-known to be a bad idea: if s; ~ 1, then tiny relative
perturbations of s; produce huge relative variation of ¢; = /1 — s2.
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15t (bad) option for additional parametrization of Givens-vector repr.

n—1 n—1

{Civsi}?;Ql = { \/ 1— 83781'}4

=2

and {r;,t;}1 5, _{,/11537151}

But this is well-known to be a bad idea: if s; ~ 1, then tiny relative
perturbations of s; produce huge relative variation of ¢; = /1 — s2.

=2

This is reflected in

0

316)\ 1 .

305 Ay @) () Lii=1) 0@
lnl i—1) 0
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15t (bad) option for additional parametrization of Givens-vector repr.

n—1 n—1

{Civsi}?;Ql = { \/ 1— 83781'}4

=2

and {r;,t;}1 5, _{,/11537151}

But this is well-known to be a bad idea: if s; ~ 1, then tiny relative
perturbations of s; produce huge relative variation of ¢; = /1 — s2.

=2

This is reflected in

0

316)\ 1 .

305 Ay @) () Lii=1) 0@
lnl i—1) 0

2
which may be huge if (%) is hugel!!l
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277 (good) option for additional parametrization of Givens-vector repr.

It is better to use “tangents”

n—1 1 ll "
{ciﬂsi}iZZ = W? 1 12 )
T VTR ),
1 s n—1
VitaE J1+42 1:2’

with [;, u; € R, since tiny relative perturbations of /; produce tiny relative
perturbations of {¢;, s;}, same for w; and {r;,t;}.

n—1
{7"1‘7 t; i=2 —
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277 (good) option for additional parametrization of Givens-vector repr.

It is better to use “tangents”

n—1 1 ll "
{ciﬂsi}iZZ = W? 1 12 )
T VTR ),
1 s n—1
VitaE J1+42 1:2’

with [;, u; € R, since tiny relative perturbations of /; produce tiny relative
perturbations of {¢;, s;}, same for w; and {r;,t;}.

n—1
{7"1‘7 t; i=2 —

Therefore, we use the following parameters:
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277 (good) option for additional parametrization of Givens-vector repr.

It is better to use “tangents”

n—1
1 l;
{ciasi}?;Ql = { 3 - 2} ;
VI+HE 14 o

n—1

1 U;
rotihise =\ e i |
1 1 1:2

with [;, u; € R, since tiny relative perturbations of /; produce tiny relative
perturbations of {¢;, s;}, same for w; and {r;,t;}.

Therefore, we use the following parameters:

Definition (Givens-vector parameters via tangents)

QGV :({l }z 2’{ }z 1’{d}z 17{61}1 17{u1 )
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Componentwise eig. cond. number in the Givens-vector repr.

Let C € R™*™ be a {1, 1}-quasiseparable matrix and
C=Cr+Cp+Cy

with Cy, strictly lower triangular, C'p diagonal, and Cy; strictly upper triangular.
Then

1 * * *
cond(X; Qav) = vz {|y lICpllz| + |y*CLl|x| + |[y*||Cu x|
n—1 0 0
+> —s2C(i,1:i—1) 0 |z
=2 2C(i+1:n,1:i—1) 0
n—1

0 0 0

y*[o —£20(1: - 1,5) r?C(lzj—l,jH:n)}w‘}

F. M. Dopico (U. Carlos Ill, Madrid)
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Properties of cond(\; Qay ). (1)

1 * * *
cond(\; Qav) = Myl {ly [[Collz| + [y*CLl|z| + [y*||Cuz|
n—1 0 0
+ y* —52C(i,1:i—1) 0 |x
2CGi+1:n,1:i—1) 0

1=2
n—1

>
j=2

. [ 0 —20(1 6j_1’j) r2c(1 SRIEARE M}

Property 1

cond(); Qg ) does depend on the parameters {¢;, s;} and {r;,¢;}, but
these parameters are uniquely determined by the entries.
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Properties of cond(\; Qay ). (I)

1 * * *
cond(\; Qgv) = Ny x| {|y ICpllx| + |y*Cr||z| + |y*||Cux|

n—1 0 0
+> |y —s2C(i,1:i—1) 0 |«
i=2 2CGi+1:n,1:i—1) 0
n—1
0 —t2C(1:j—1,5) r2C(1:j—1,j+1:
N y*[o 2C( O] ) r3C(g O,J+ n)}m‘}
j=2

Theorem (Property 2)

Let C € R"*™ be a {1, 1}-quasiseparable matrix, let Qqy be the
tangent-Givens-vector parameters of C, and let Qg be any set of
quasiseparable parameters of C, then

cond(A, C; Qgy) < cond(\, C;Qps)

F. M. Dopico (U. Carlos Ill, Madrid)
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Properties of cond(\; Qay ). (I)

1 * * *
cond(\; Qgv) = Ny x| {|y [[Collx| + [y"Crl|z| + [y*||Cuz|

n—1 0 0

+> |y —s2C(i,1:i—1) 0 |«
i=2 2CGi+1:n,1:i—1) 0
n-1 2001 - N 200 . S

n L0 —t5C(A:j—1,5) rC:j—1,7+1:n) .
— 0 0 0
J:

Theorem (Property 2)

Let C € R"*™ be a {1, 1}-quasiseparable matrix, let Qqy be the
tangent-Givens-vector parameters of C, and let Qg be any set of
quasiseparable parameters of C, then

cond(A, C; Qgy) < cond(\, C;Qps)

This proves rigorously that Givens-vector is the “most stable
representation” among all quasiseparable representations of
{1, 1}-quasiseparable matrices for eigenvalue computations.
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Properties of cond(\; Qv ). (1)

1 * * *
cond(\; Qgv) = Ny {ly [[Cpllx| + [y*CLl|z| + |y*||Cuz|
n—1 0 0
+> |y —s2C(i,1:i—1) 0 |«
i=2 2CGi+1:n,1:i—1) 0
n—1 2 s N2 i ~ .
n L0 —t5C(A:j-1,4) rC(l:j—-1,j+1:n) .
— 0 0 0
=

Property 3

Let C € R™*™ be a {1, 1}-quasiseparable matrix, K € R"*" be diagonal and
nonsingular, ¢y and €, be the tangent-Givens-vector parameters of C'
and KCK ~! respectively, then

cond(\, C; Qgy) # cond(\, KOK 1 Q%)

NLAA 2013 40/ 51
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Properties of cond(\; Qv ). (1)

1 * * *
cond(X; Qv ) = Ny {ly l[Cpllz| + [y*CLl|z| + |y*||Cuz|
n—1 0 0
+> |y —s2C(i,1:i—1) 0 |«
i=2 2CGi+1:n,1:i—1) 0
n—1
0 —t3C(1:j—1,7) r2C(1:j—1,5+1:n)
* 7 ) ¥ Y
T [o 0 0 ®
=

Property 3

Let C € R™*™ be a {1, 1}-quasiseparable matrix, K € R"*" be diagonal and

nonsingular, ¢y and €, be the tangent-Givens-vector parameters of C'
and KCK ~! respectively, then

cond(\, C; Qgy) # cond(\, KOK 1 Q%)

Important difference with cond(X, C; Qgg) related to the fact that Q¢ does
not change trivially under diagonal similarities.
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Properties of cond(\; Qay). (IV)

1 * * *
cond(\; Qav) = My x| {|y ICpllx| + |y*Cr||z| + |y*||Cux|
n—1 0 0
+> |y —s2C(i,1:i—1) 0 | =
i=2 CGE+1:n,1:i—1) 0
n—1
0 —t23C(1:j—1,5) m2C(1:5-1,5+1:n)
* J ) J )
T [ 0 0 0 ®

Property 4
Assume that A\, z, y, and Q gy are known. Then

cond()\; ng)

can be computed in 56 » — constant flops.
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e Numerical tests
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Numerical tests (I)

@ Thousands of random numerical tests have been performed in MATLAB
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Numerical tests (I)

@ Thousands of random numerical tests have been performed in MATLAB

@ generating matrices via different types of random tangent-Givens-vector
parameters, and then
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Numerical tests (l)

@ Thousands of random numerical tests have been performed in MATLAB

@ generating matrices via different types of random tangent-Givens-vector
parameters, and then

@ computing their eigenvalues and eigenvectors with eig command and
finally computing

cond(M), cond(X; Qgs), cond(\; Qav).
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Numerical tests (l)

@ Thousands of random numerical tests have been performed in MATLAB

@ generating matrices via different types of random tangent-Givens-vector
parameters, and then

@ computing their eigenvalues and eigenvectors with eig command and
finally computing

cond(M), cond(X; Qgs), cond(\; Qav).

@ The sizes of the matrices have been n x n with
n = 10, 20, 30, 100, 200, 300, 400.
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Numerical tests (ll)

@ In most cases cond(\) = cond(X; Qgs) =~ cond(A; Qav),
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Numerical tests (ll)

@ In most cases cond(\) = cond(X; Qgs) =~ cond(A; Qav),

@ but there are distributions of the tangent-Givens-vector parameters that
produce {1, 1}-quasiseparable matrices such that
cond(A) > cond(\; Qgs), we have found

cond(A)

— = 5.02-10"
COnd(/\;QQs) N

in a certain 300 x 300 matrix.
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Numerical tests (lll)

@ However in all our tests

cond(X; Qgs)

———= < 15.
COIld()\;ng) <15
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Numerical tests (lll)

@ However in all our tests

cond(X; Qgs)

———= < 15.
COIld()\;ng) <15

@ This raises the question if one can prove

cond(X; Qgs)

— =22 < o(n)?77,
~ cond(\; Qgv) a(m)???,

with a(n) some moderately increasing function of n or a constant.
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Numerical tests (lll)

@ However in all our tests

cond(X; Qgs)

———= < 15.
COnd()\;ng) <15

@ This raises the question if one can prove

cond(X; Qgs)

— 2L < () 7?7,
~ cond(\; Qgv) a(m)???,
with a(n) some moderately increasing function of n or a constant.

@ We will try also to look for non-random proper tests via direct search
optimization methods (Higham) in order to maximize
cond(X; Qgs)
cond(X\; Qav)
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e Condition numbers for {n,ny }-quasiseparable matrices in the
quasiseparable representation
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Quasiseparable representation of {n,n; }-quasiseparable
matrices

Theorem (Eidelman and Gohberg, Int. Eq. Op. Th., 1999)

The set of {nr, ny }-quasiseparable matrices of size n x n can be
parameterized in terms of parameters

i=1>

Qos= ({pi}ice: {a:}isy  {a ol {ditiny {o:is) {0}y, {hatiss)
1><nL,nL><nL,nL><1,lxl,lxnU,nanU,nle

as follows:
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Quasiseparable representation of {n,n; }-quasiseparable
matrices

Theorem (Eidelman and Gohberg, Int. Eq. Op. Th., 1999)

The set of {nr, ny }-quasiseparable matrices of size n x n can be
parameterized in terms of parameters

Qos= ({pitice {ai iy {a:}is' {diticy {o: i (b 1Sy {hadiss)
1><nL,nL><nL,nL><1,lxl,lxnU,nanU,nle

as follows: C is {nr,,ny }-quasiseparable if and only if (5 x 5 example)

dy giha  gibahs  gibabshy  g1babsbshis

D2q1 dy  gohs  gobshy  gobsbshs

C(Qgs) = DP3a2q1 D3G2 ds g3hy g3bahs
P4G302q1  P4a3G2  P4g3 dy gahs

DP5040302G1 P504G3G2  P5G4q3 D544 ds
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Properties cond(\; Qqgs) of {nr, ny }-quasiseparable matrices (I)

@ The explicit expression of cond(A; Q¢gg) is omitted, since it is somewhat
messy although computable in O((n? + n?)n) flops.
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@ The explicit expression of cond(A; Q¢gg) is omitted, since it is somewhat
messy although computable in O((n? + n?)n) flops.

@ Property 1: cond(); Qgs) depends on the particular choice of
parameters 2 s and not only on the matrix entries.

@ Property 2:
[y |C] ||
Ally==| *

and “potentially” cond(\; Qgs) > cond(A) may happen, i.e.,
unstructured smaller than structured!!.

cond(X;Qgs) £ mncond(A) =n
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Properties cond(\; Qqgs) of {nr, ny }-quasiseparable matrices (I)

@ The explicit expression of cond(A; Q¢gg) is omitted, since it is somewhat
messy although computable in O((n? + n?)n) flops.

@ Property 1: cond(); Qgs) depends on the particular choice of
parameters 2 s and not only on the matrix entries.

@ Property 2:
ly*||C] ||
cond(A;Qgs) £ ncond(\)=n ————,
0 fas) W= Nyl
and “potentially” cond(\; Qgs) > cond(A) may happen, i.e.,
unstructured smaller than structured!!.
@ Property 3: It can be proved
ly*| C([20s)) ||
n *
Al ly*|

COIld(/\; QQS) <

where C(|Q2gs]) is the {ny, nU}-quasiseparabIe matrix corresponding to

205! = ({Ipilyite: (a3 {lal} st {ldil iy, (gl i b=y {Ihaldiia )
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Properties cond(\; Qgg) of {nr, ny }-quasiseparable matrices (ll)

@ Property 3 is natural since tiny componentwise perturbations of
parameters |0Qos| < 1]Q2os| may change the matrix as follows

[C(Qgs +00qs) — C(Qqs)| < [(1+n)" =1 C([Q20s]),
(only in the {1, 1}-case we can replace C(|Qqs|) by |C(Qgs)|, and
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@ the unstructured condition nhumber with respect these perturbations
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@ Property 3 is natural since tiny componentwise perturbations of
parameters |0Qos| < 1]Q2os| may change the matrix as follows

[C(Qgs +00qs) — C(Qqs)| < [(1+n)" =1 C([Q20s]),
(only in the {1, 1}-case we can replace C(|Qqs|) by |C(Qgs)|, and

@ the unstructured condition nhumber with respect these perturbations
(Higham-Higham, 1998) is

condy(A) = lim sup { |‘S|;|| (A+ 6)) evalue of (C +6C), [5C| <7 C(|QQS)}

_ [y C(Qgs]) |=|
Ay |

@ Property 5: Invariance under diagonal similarities KC K~ still holds:
cond(A, C;Qqs) = cond(A, KCK ™" Q)
with
Qs = ({kipitiog, {ai}i %) s/ kIS AdiYiny, {haga Yo b5y s {hi ki
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Conclusions and future work

@ We have presented a framework that allows us to obtain structured
eigenvalue condition numbers for different representations of
quasiseparable matrices.

@ For {1, 1}-quasi. matrices the structure plays a key role and leads
to eigenvalue condition numbers that can be much smaller, but in
the {n.,ny }-case the selection of proper parameters is essential.

@ We still need to understand well the relationship between the eigenvalue
condition numbers in the quasiseparable and Givens-vector
representations for {1, 1}-quasi. matrices,

@ and to develop the Givens-vector condition numbers for
{nr,ny }-quasiseparable matrices.

@ Next step: condition numbers for the solution of linear systems.

@ Next step: posteriori “residual” backward errors for different
representations both for eigenvalues and linear systems.

@ Next next step: conditioning of other problems in Numerical Linear
Algebra.
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