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What is this theorem? Where can we find it?

INT. J. CONTROL, 1979, voL. 30, vo. 2, 235243

. »

Properties of the system matrix of a generalized
state-space systemf

G. VERGHESEf, P. VAN DOOREN§ and T. KAILATHY

Tis) —Uls)

For sn irreducible polynomial system matrix P(-}=[ , Rosenbroek
Vie) Wias)
(1970, p. 111} hes shown that the polar structure of the assccisted transfer funetion
Rlg)= V(&) T=*[s)T[2} at any finito freguency is isomorphic to the zmoro sbtructure of
T(4) at that frequency, while the zero structure of E{s) ot any finite frequency is
izomorphic to that of P(s) at the same frequency. In this paper we obtain the
appropriate axtensions for the structure at infinite frequencies in the porticular case
of systems for which T(s)=sE—A (with E possibly singular), U{a)=8, V(s}=C,
and W(s)=D, under & strengthened irraducibility condition, We term such systems
peneralized slate-space eystema, ond note that ony rational R(s) may bo realined in
this form. Wa also demonstrate in this case that s minimal basis (in the sense of
Foruey (1975) for the left or right null space of F(s} directly goneratea one with the
same minimnl indices for the corrssponding null apaos of R(s), and vice versa. Thess
rosulte also enable us to identify the pole-zero excess of R{s) ns bsing equul to the
s of the minimal indices of its null spacss. Connections wilh Kronecker's theory
of mairix pencils are made.
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Why do | call this result “Paul’s Index Sum Theorem”?

;I_h;é-fo]lowing theoremt, whose proof we merely outline for lack of space,
demonstrates an important consequence of the preceding two theorems.

Theorem. 3 S
Let 5,(R) and 8,(R) denote the total number of poles and zeros (finite
» 2 A : :
and infinite) respectively of an arbitrary rational matrix _R(s), and let ofR)
denote the sum of the minimal indices of the left and right null spaces of
R(s). Then
8,(R)=8,(R)+alF) (21)

+ Titst obtained, in a slightly different way, by Van Dooren, in earlier unpublished
~~gearch. -

G. Verghese, P. Van Dooren, T. Kailath, Int. J. Control, 1979, Vol 30, page 241.
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Paul’s Index Sum Theorem is also in his PhD Thesis

Exsponitien

The polar amd gers degras of 3 raciossl satedx snd the ninimel ordars

=f fu5 lefe sad right null spa matdefy tha comaliey

Erogf
Frem the above vemacks mod theorsa 3.8 ir follows ciar (AE-A beigg regula
J‘Fn_o = d (AEwA) = .in(lu—l]

g R+ £ & fi{R)} = S ERY # ERE-R) + ay;_:.l.-.i]

Since 5, (AE-A) = reck £ wnd & (\E-R) = rank § (oec theorss 1.8), ve

have thag 4L (E-A) = & (AE-R), which conpletas the preed.
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The proof of “Paul’s Index Sum Theorem” is not simple

@ Step 1 (easy). Paul's proves the result for pencils AB - A.

@ Step 2 (difficult). Paul proves that any rational matrix has a “strongly
irreducible generalized state-space polynomial system pencil” and that
such pencils contain the complete structures of poles and zeros (finite
and infinite) of the rational matrix, as well as its minimal indices.
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Paul’s Index Sum Theorem laid dormant until 1991

@ at least up to my limited knowledge.

@ In fact, | conjecture that it remained dormant (forgotten??) even in Paul’'s
mind.

@ In 1991 the index sum theorem appears again but only for matrix
polynomials and written in such a form that nobody established a
connection between Paul’s general result for arbitrary rational
matrices and the “new theorem” by

@ C. Praagman. Invariants of polynomial matrices. Proceedings of the
First European Control Conference, Grenoble 1991. (l. Landau, Ed.)
INRIA, 1274-1277, 1991.

@ W. H. L. Neven and C. Praagman. Column reduction of polynomial
matrices. Linear Algebra Appl., 188/189:569-589, 1993.
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The result in Praagman’s 1991 Proceedings paper

INVARIANTS OF POLYNOMIAL MATRICES

Theorem 3 Lel P R™"[s] be a polynomial matriz
?f r‘\m.k r and degree d. Then the sum of iis struclure
mdices eguals rd.

Proof. It can be deduced immediately from the Kro-
necker norrnal form displayed above that the theorem
holds for matrix polynomials of degree {. The rank
of I equals m(d — 1) + r, hence its number of left
minimal indices (and that of P) is m — r,
From theorem 2 we conclude that the sum of the struc-
ture indices of P equals the sum of the structure indices
of ¥ minus (m — r)(d — 1), hence equals
md—mtr—md+mtrd—r=rd

1 lntescuction

My s in lha po
v

@ It looks very different than Paul’s
result, since the rank and the degree
do not appear at all in Paul’s original
statement.

i o
e poielia o |

2 Preliminario

@ Connections with Paul’s result are not
mentioned.

BT g o s G, i, Sl 35 1891
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Next clues about Index Sum Theorems: Vera Kublanovskaya 1999 (1)

Jaurnal af Makewaticnl Scieaces, Vol 06, Mo, J, 1999

METHODS AND ALGORITHMS OF SOLVING SPECTRAL PROBLEMS
FOR POLYNOMIAL AND RATIONAL MATRICES

V. N. Kublanovskaya UDcC 519
Dedicated to the memory of my son Alexander

@ Itis an almost forgotten 203-pages long survey paper (almost a book),

@ which includes among many other results
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Next clues about Index Sum Theorems: Vera Kublanovskaya 1999 (2)

The following balance relations connecting scalar speciral characteristics of a A-matrix hold:
(2)

TelB] = 72| R+ £[R] + n[R] (1.1.21)
for a rational m X n matrix R(X) of rank p;
()
Be[D] + Bonl D] +=[D] + n[D] = pa (11.22)

for a polynomial m x n matrix D(}) of raak p and degree 3.

Here, 7p[fi] is the sum of negative structural indices of all singular points of R{A]; 7.[R] is the sum
of positive structural indices of R(A); f:[D] is the sum of all finite elementary divisars of D[A); Jee[D)] ia
the sum of all infinite elementary divisors of D{A); e[R| and £]D] are the sums of all right minimal indices
of the matrices R(A) and D{1), respectively; n[R| and g[D] are the sums of all left minimal indices of the
matrices R[A) and D(A), respectively.

@ Both versions of the Index Sum Theorem are stated one after the other:
Paul's 1979 for arbitrary rational matrices and Praagman’s 1991 for
polynomial matrices,

@ but they are stated as independent results, without establishing any
connection between them!!, and without proofs (surprising).

@ The references provided are: Khazanov’s PhD Thesis (1983) and Paul’s
PhD Thesis (1979).
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| do not have more news to tell about Index Sum Theorems until...

@ Fernando De Teran, Steve Mackey, and myself rediscovered (and
baptized) Praagman’s index sum theorem for polynomial matrices in
Madrid in June 2009,

@ while working on a different problem.

@ At that time, we did not know Praagman’s result and even less Paul’s
result,

@ but, fortunately, we delayed the publication since we were solving other
problems.

@ In the meanwhile, we presented talks on related results in the ILAS
Conferences in Pisa (2010) and Braunschweig (2011), and

@ Stavros Vologiannidis recommended us to read one of his papers, which
led us to Praagman’s papers, but NOT to Paul’s result.

@ Finally, we published, without any connection to Paul’s result...
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The following very long paper in LAA (2014)

Contentx lists available at ScisnceDirsct

b

Linear Algebra and its Applications iy

v elzewier comm/bocate (lsa

Spectral equivalence of matrix polynomials and @
1 = - Coovabrick
the Index Sum Theorem

mando De Terin®', Froilin M. Dopiea®"", D
Steven Mackey =

Theorem 6.5 (Indexr Sum Theorem for Matriz Polynomials). Suppose P(A) is an arbitrary
m x n matrir polynomial over an arbitrary field. Then

il P) + doc [ P) + p(P) = grade( P) - rank(P). (6.4)
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The connection was finally established in 2015 (2014) in...

ANAL, APPL @
303 328

15 Soriety for Indisskrial snd Applhicd Mathematio

MATRIX POLYNOMIALS WITH COMPLETELY
PRESCRIBED EIG ITRUCTURE"

FERNANDO DE TERAN?, FROILAN M, DOPICOT, AND PAUL VAN DOOREN*

I'HecrEM 3.1 (index sum theorem). Let P(A) be an m x n matrir polynomial
of degres d and

r haveng e following
polymomials p;i(N) of degrees &, for j=1,....r,
e v anfinde partial multplicifies vy, ..., Tr

G T R T TR

. T innar

o 7t —r right minimal indices z,,. ..

o i — left munimnl frdices 1. .
where some of the degroes, pariial muliiplictics, or mdices can be sore, and/or enc
or hoth of the lists of penamal mdiees con be empty. Then

and

{3.1) t-:_; _1": i —t— £+ I”Zr.lj_. ir,
i=1 =1 =1 =1

Remark 3.2 A very imteresting remark pointed out by an ancnymonus referes
is that the index snm theorem for matrix polynomials can be obtained as an easy
corallary of & more general result valid for arhitrary rational matrioes. which is much

|. This result is [36, Theorem which can alse be found

older than reference [25]
in {18 Theorem 6.5-11). Using the notion of strectural indices at o introdoced in

[28] is Praagman’s 1991 paper; [36] Verghese, Van Dooren, Kailath’'s 1979
paper; [18] Kailath’s 1980 book.

co (U. Carlos Ill, Madrid) 's Index Sum Theorem Ames, lowa, 27-7-2017 12/37



In the rest of the talk:

@ We will prove that Paul’s Index Sum Theorem for Rational Matrices
(1979) implies “easily” the Index Sum Theorem for Polynomial Matrices
(1991).

© We will emphasize why the connection between both results remained
hidden for such a long time.

© We will prove that the Index Sum Theorem for Polynomial Matrices
(1991) implies “easily” Paul’s Index Sum Theorem for Rational Matrices
(1979).

© We will prove that Paul’s Index Sum Theorem for Rational Matrices is the
unique necessary and sufficient condition for solving the most
general form of inverse rational “eigenstructure” problem.

© Notation: a few times “IST = Index Sum Theorem”.
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0 Basic concepts on rational matrices
e From Paul’s Rational to Polynomial Index Sum Theorem
9 From Polynomial to Paul’s Rational Index Sum Theorem

0 The rational inverse “eigenstructure” problem
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o Basic concepts on rational matrices
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Rational matrices and polynomial matrices

@ A rational matrix R(\) is a matrix whose entries are rational functions
with coefficients in C.

@ A polynomial matrix P()) is a matrix whose entries are polynomials with
coefficients in C.

@ Any rational matrix R(\) can be uniquely expressed as

R(A) = P(X\) + R, (N\), where

e P()) is a polynomial matrix (polynomial part), and
e the rational matrix R,,(\) is strictly proper (strictly proper part),
ie., Alim Rsp(XN) =0.

@ Unimodular matrices are square polynomial matrices with constant
nonzero determinant.

F. M. Dopico (U. Carlos Ill, Madrid) Paul Van Dooren’s Index Sum Theorem Ames, lowa, 27-7-2017 16 /37



The Smith-McMillan Form of a Rational Matrix

The Smith-McMillan form of a rational matrix R(\) € C(A\)™*" is the following
diagonal matrix obtained under unimodular transformations U (\) and V' (\):
C ) :
P1(A)

Orx(n-r)
UMNRNV(A) = er(N)
'(/)7'(>‘)

| O(m—v‘)xr O(m—r)x(n—'r) |
@ = (M), e-(N), 11 (M), -+, ,.(\) are monic polynomials,
gi(A)

@ c,(\) divides ¢;.1 () and ;.1 (A) divides 1;(\), for j=1,...,7 -1,
@ r =rank G(\).

@ the fractions

are irreducible (invariant fractions),
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Finite zeros, finite poles, and structural indices of a Rational Matrix

Definition (finite zeros and finite poles)

Given the Smith-McMillan form of a rational matrix R(\) € C(\)"™*":

e1(N) er(A) 0
ll}l()\) goaag l/}r()\) s Y(m-r)x(n-r)

The finite zeros of R(\) are the roots of the numerators and the finite poles
are the roots of the denominators.

v

Given any c € C, one can write foreachi=1,...,r,

UNROAV(N) = diag(

52()\) _ —e o;i(c) w ith = (¢ = .
iy~ A9 =55 W E()+0, #i(e) £0

.

Definition (Structural indices at c € C)
The structural indices of R(\) at ¢ are

S(R,c) = (01(c) € o2(c) £+ < ap(€)).
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Example: structural indices at finite values

The matrix
A
A-1

R(\) = A-1 eC(N)™°

has the Smith-McMillan form
1

A-1
R(A) ~ A-1 ;

(A-1)2x 0
and the structural indices (rank(R) = 5)
@ S(R,1)=(-1,-1,0,0,2) (pole and zero),
@ S(R,0)=(0,0,0,0,1) (zero).

F. M. Dopico (U. Carlos Ill, Madrid) Paul Van Dooren’s Index Sum Theorem Ames, lowa, 27-7-2017



Poles and zeros at infinity of a Rational Matrix

Definition
The structural indices of R()) at o are the structural indices of R(1/)) at
A = 0, which are also known as the invariant orders at infinity of R(\).

Proposition: The smallest structural index at infinity

(Amparan, Marcaida & Zaballa, ELA, 2015)
Let us express the rational matrix R(\) as

R(X) = P(X\) + Rsp(X), where

P() is its polynomial part and R, ()) is its strictly proper part. Then, the
smallest structural index of R(\) at infinity is
@ -deg(P),if P(\) #0,

©Q positive, otherwise.
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Example (continued): structural indices at infinity (I)

Consider again the matrix

A
A-1

R()) =

and

R(X\) := R(1/A) =

1
(-1
1 A2
1
r 1
1-X
A
1-X
(A-1)
)\2

whose Smith-McMillan form is

F. M. Dopico (U. Carlos Ill, Madrid)
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Example (continued): structural indices at infinity (ll)

R()\) = R(1/A) ~ A2(A-1)

| AA-1)% 0 |
Thus, the structural indices at infinity of R()\) are
S(R, ) = S(R,0) = (-7,-2,-2,0,1).

Note
1 = B
A-1
R(\) = (A-1)2 + 0
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Total numbers of poles and zeros

Theorem (Paul’s Index Sum Theorem for Rational Matrices)

Let$,(R) and é,(R) denote the total number of poles and zeros (finite and
infinite) respectively of an arbitrary rational matrix R()\), and let «(R) denote
the sum of its left and right minimal indices. Then

0p(R) =0,(R) +a(R).

v

Definition (total numbers of poles and zeros)

@ The total number of poles of R(\) is minus the sum of all negative
structural indices of R(\) (including those at o).

@ The total number of zeros of R(\) is the sum of all positive structural
indices of R(\) (including those at o).
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Example (continued): total number of poles and zeros

Consider again the matrix

A-1
R(\) = A-1 eC(N)™*

S(R71) = (71771a070a2)a
S(R,0)=(0,0,0,0,1),
S(R,00) = (-7,-2,-2,0,1).

@ §,(R)=13 (total number of poles).

@ 5. (R)=4 (total number of zeros).
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Minimal bases and minimal indices of a singular Rational Matrix

@ They are defined in the same way as for polynomial matrices.
@ We do not have time to present the definitions.

© They characterize the structure of the rational null spaces:

Ni(R)
N (R) :

{yN)T eC)™™ - y(NM)TR(N) =07},
{z(\) eC(V)™! : R(\)z(\) =0}.
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Example (continued): minimal indices and checking Paul’s IST

Consider again the matrix

A
A-1

R()) = Ty eC(N)™

1 A7

rank(R) =5 = dimMN,(R)=0 and dimN,(R)=1

@ {[0,0,0,)% -\, 1]} right minimal basis of R()\), which has only one
right minimal index equal to 9.

@ Sum of all minimal indices of R(\) is a(R) = 9.
@ §,(R) =13 (total number of poles) and ¢, (R) = 4 (total number of zeros),
°

p(R) = 6-(R) + a(R),

which is Paul’'s Index Sum Theorem in action.
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Polynomial matrices are particular instances of rational matrices

@ The Smith-McMillan form reduces to the Smith form.
@ Therefore, polynomial matrices do not have finite poles, so

@ the structural indices at finite points coincide with the partial multiplicities
at finite points

@ (whose nonzero values are the degrees of the elementary divisors).
@ The finite zeros are called in the polynomial context finite eigenvalues.

@ However, a polynomial matrix P()\) of degree d has always at least
one pole of order d at infinity when seen as a rational matrix, i.e.,

@ if rank(P) = r, then the structural indices at infinity are
S(P,o0) =(-d<sg < <8p),

which are the structural indices at 0 of P(1/)).

@ But, in the “community of polynomial matrices”, the structure at infinity is
usually defined in a different way as follows.
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Infinite eigenvalues of polynomial matrices vs. structural indices at «

Definition (Reversal polynomial)

Let P()\) = PyA% + Py A%t + -+ Py be a polynomial matrix of degree d. The
reversal of P()\) is

1
revP()\) = \X¢P (f) =Pi+ Py A+ + Py 22,

Definition (Eigenvalues at « of a polynomial matrix)

| y
.

P()\) has an eigenvalue at « if 0 is an eigenvalue of revP()\) and the
partial multiplicity sequence of P()\) at oo is the same as that of 0 in revP()\).

Proposition
If P()\) is a polynomial matrix of degree d with structural indices at oo

S(P,o0) =(-d<sy<-<8.).

Then, the partial multiplicity sequence of P(\) at infinity is
S(P,oo)+d=(0<sg+d< <5, +d).
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e From Paul’s Rational to Polynomial Index Sum Theorem
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Particularizing Paul’s Index Sum Theorem to Polynomial Matrices (l)

Theorem (Paul’s Index Sum Theorem for Rational Matrices)

Let$,(R) and é,(R) denote the total number of poles and zeros (finite and
infinite) respectively of an arbitrary rational matrix R()\), and let «(R) denote
the sum of its left and right minimal indices. Then

op(R) = 02(R) + a(R).

If R(\) = P(\) is a polynomial matrix of degree d, r = rank(P), and with
structural indices at oo given by

S(P,00)=(-d<sg< <8 <0< 8py1 << 8p),y
then, since P(\) has poles only at infinity,

6P(P):—(—d+zk:si) and 4.(P)= Z s; +0/™mite(p).

i=k+1

Therefore,
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Particularizing Paul’s Index Sum Theorem to Polynomial Matrices (ll)

0p(P) =0,(P)+a(P)=— - (—d + Zk: si) = ET: s; + 0™ (P) + a(P)

=2 i=k+1
= (0= (—d+ ZSZ) +5£inite(P)+a(P)
=2

= dr= (O + 3 (s + d)) + 3™ (P) + a(P)= dr =
i=2

Sum

We have obtained easily

Theorem (Index Sum Theorem for Polynomial Matrices)

Let §(P) be the sum of the degrees of all the elementary divisors (finite and
infinite) of an arbitrary polynomial matrix P(\), and let «(P) denote the sum
of its left and right minimal indices. Then

0(P) + a(P) = degree(P) - rank(P).
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e From Polynomial to Paul’s Rational Index Sum Theorem
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Main ideas of the proof “Polynomial IST implies Paul’s Rational IST”

@ This implication seems surprising since rational matrices are not a
particular case of polynomial matrices.

@ Given a rational matrix R(\), the key point is to apply the Polynomial IST
to the polynomial matrix

P(A) =11(A) R(A),

where ;1 (\) is the first denominator in the Smith-McMillan form of R(\),
taking into account that:

@ the minimal indices of P(\) and R(\) are equal, the Smith form of P())
is trivially obtained from the Smith-McMillan form of R()), and

@ revP(A) = (reveyy (A)) AdesP)=des(¥) R (1) which implies
@ “partial multiplicities at co of P(\)”

= “structural indices at oo of R(\)” + deg(P) — deg(¢1),

since revi); (0) = 0.
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0 The rational inverse “eigenstructure” problem
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One application of IST for Polynomial Matrices is “the fundamental

realization theorem for polynomial matrices” (Steve Mackey’s name)

Theorem (De Teran, D, Van Dooren, SIMAX, (2015))

Consider that the following data

@ m, n, d, andr <min{m,n} positive integers,

@ r scalar monic polynomials such that pi (A\)|p2(N\)] -+ |p- (M),
@ 0= <. <7, integers,

@ 0<ag < <aprand0<n < <Ny integers

are prescribed. Then, there exists an m x n polynomial matrix, with rank r,
with degree d, with invariant polynomials p, (), ..., p-(\), with partial
multiplicities at infinity v, ---, .-, and with right and left minimal indices equal
toaq, -, an— andn, -, nm—r, respectively, if and only if

T '8 n—-r m-r
> degree(p;) + > v+ Y. o+ Y. my =dr,
= = =

=l

i.e., if and only if the prescribed data satisfy the IST for poly matrices.
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The fundamental realization theorem for rational matrices

Theorem (Anguas, D, Hollister, Mackey, in preparation, (2017))

Consider that the following data

@ m, n, andr < min{m,n} positive integers,

@ r (monic) irreducible fractions fjl((i)) feees 2(&)) such that e;(\) |-+ &-(N\)
and pr(A) |-+ |11 (N),

@ 1 < <, integers (sequence of potential structural indices at infinity),
@ 0<aj; < <ayand0<n < - <y integers

are prescribed. Then, there exists an m x n rational matrix, with rank r, with
finite invariant rational functions 211((1)) e, i’”((i)) with structural indices at
infinity ~1,---, v, and with right and left minimal indices equal to a, -+, &y

andny, -+, Nm-r, respectively,

if and only if

the prescribed data satisfy Paul Van Dooren’s Rational Index Sum
Theorem.
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Proof of nontrivial implication of realization theorem for rational matrices

@ Step 1. Get from the prescribed data satisfying Paul’s IST the
polynomial data:

m, n, and r < min{m, n} positive integers,

("]
o r monic polys =y () |-+ | 285w (),

@ 0<yy—7 < <, — 1 integers (sequence of multiplicities at oo),
]

0<ay £ <appand 0 <ny < <y integers.

@ Step 2. These data guarantee, through the “polynomial realization
theorem”, the existence of an m x n polynomial matrix P(\) of rank r
and degree deg(1)1) — 1 with the structural data in Step 1.

@ Step 3. Prove that the rational matrix
1

BN =5

PN

has the desired structural data.
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