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A few words on Rational Eigenvalue Problems (REPSs)

@ Given a nonsingular rational matrix G(\) € C(A\)?*? the REP consists in
computing numbers \q € C and non-zero vectors xq € CP such that

G(/\Q) o — 0.
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A few words on Rational Eigenvalue Problems (REPSs)

@ Given a nonsingular rational matrix G(\) € C(A\)?*? the REP consists in
computing numbers Ay € C and non-zero vectors z, € CP such that

G(/\Q) o — 0.
@ REPs have arisen in applications, directly or as approximations of

nonlinear eigenvalue problems (NEP), (surveys Mehrmann-Voss (2004),
Betcke et al., NLEVP, (2013), Gittel-Tisseur, (2017)),
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A few words on Rational Eigenvalue Problems (REPSs)

@ Given a nonsingular rational matrix G(\) € C(A\)?*? the REP consists in
computing numbers Ay € C and non-zero vectors z, € CP such that

G()\Q) o — 0.
@ REPs have arisen in applications, directly or as approximations of
nonlinear eigenvalue problems (NEP), (surveys Mehrmann-Voss (2004),
Betcke et al., NLEVP, (2013), Gittel-Tisseur, (2017)),

@ but REPs have been studied since the 60s and 70s in Linear Systems
and Control and the more general problem of computing all the structural
data of a Rational Matrix was solved using linearizations by Van Dooren
in his PhD Thesis (1979) and papers in early 80s for dense problems.
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computing numbers Ay € C and non-zero vectors z, € CP such that

G()\Q) o — 0.
@ REPs have arisen in applications, directly or as approximations of

nonlinear eigenvalue problems (NEP), (surveys Mehrmann-Voss (2004),
Betcke et al., NLEVP, (2013), Gittel-Tisseur, (2017)),

@ but REPs have been studied since the 60s and 70s in Linear Systems
and Control and the more general problem of computing all the structural
data of a Rational Matrix was solved using linearizations by Van Dooren
in his PhD Thesis (1979) and papers in early 80s for dense problems.

@ A first key difference between REPs and polynomial eigenvalue
problems (PEPs) is that, once a scalar polynomial basis is chosen, a
PEP is completely determined by the coefficients, while REPs are not
determined by the election of a basis and appear in many different forms.
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A few words on Rational Eigenvalue Problems (REPSs)

@ Given a nonsingular rational matrix G(\) € C(A\)?*? the REP consists in
computing numbers Ay € C and non-zero vectors z, € CP such that

G()\O) o — 0.
@ REPs have arisen in applications, directly or as approximations of

nonlinear eigenvalue problems (NEP), (surveys Mehrmann-Voss (2004),
Betcke et al., NLEVP, (2013), Gittel-Tisseur, (2017)),

@ but REPs have been studied since the 60s and 70s in Linear Systems
and Control and the more general problem of computing all the structural
data of a Rational Matrix was solved using linearizations by Van Dooren
in his PhD Thesis (1979) and papers in early 80s for dense problems.

@ A first key difference between REPs and polynomial eigenvalue
problems (PEPs) is that, once a scalar polynomial basis is chosen, a
PEP is completely determined by the coefficients, while REPs are not
determined by the election of a basis and appear in many different forms.

@ This is related to the classic theory and computation of realizations of
rational matrices in linear systems theory (Rosenbrock (1970), Kailath
(1980), Antoulas (2005), etc).
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A few examples of “modern” REPs with different representations (I)

@ Loaded elastic string (Betcke et al., NLEVP-collection, (2013)):

G()\)zA—/\B—i—LE ,
A—oO

which almost shows the polynomial and the strictly proper parts of G(\).
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GAN)=A-B+—FE=(A+FE)- B+ —EFE,
A—o A—o

which almost shows the polynomial and the strictly proper parts of G(\).
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A few examples of “modern” REPs with different representations (I)

@ Loaded elastic string (Betcke et al., NLEVP-collection, (2013)):
A o
GAN)=A-B+—FE=(A+FE)- B+ —EFE,
A—o A—o

which almost shows the polynomial and the strictly proper parts of G(\).

@ Damped vibration of a structure (Mehrmann & Voss, (2004)):

1

k
G =NM+ K-> ——AG,
S 14 b;A

which shows the polynomial and the strictly proper parts of G()\).
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A few examples of “modern” REPs with different representations (ll)

@ NLEIGS-REPs coming from linear rational interpolation of NEPs (Guttel, Van
Beeumen, Meerbergen, Michiels (2014)):

QN (A) =bo(A)Do + b1 (A) D1 + -+ + bn (M) Dn,

— Ok—1
1= M&)
of rational scalar functions, W|th the poles &; all distinct from the nodes o;. Some
poles &; can be infinite.

with D; € C™*™ and b;( Hg =0,1,...,N, asequence
k

F. M. Dopico (U. Carlos Ill, Madrid) Different linearizations of REPs May 4, 2018 4/41



A few examples of “modern” REPs with different representations (ll)

@ NLEIGS-REPs coming from linear rational interpolation of NEPs (Guttel, Van
Beeumen, Meerbergen, Michiels (2014)):

QN (A) =bo(A)Do + b1 (A) D1 + -+ + bn (M) Dn,

with D; € C™*™ and b;( Hg 1_0';\/2 i =0,1,..., N, asequence
(1=

of rational scalar functions, W|th the poles &; all distinct from the nodes o;. Some
poles &; can be infinite.
@ REPs coming from “Automatic Approximation of NEPs” (Lietaert, Pérez,
Vandereycken, Meerbergen, 2018 (see Meerbergen’s Talk this Minisymposium)):
k—1
R(\) = (Ai = AB)) fi(A +Z . — AD;)ai (E; — AF;) ™ 'b,,
=0
where f;(\) are scalar polynomial or rational functions satisfying a linear relation
(fo(A) = 1), ai, b; € CY are vectors, A;, B;, C;, D; matrices, and [; x [; matrices

w1 w2 wi;—1 wi,; 0 0 0 0
—Z1 22 1 -1
E; = -z and F; = 1
21, —1 -1
—z1;,-1 2, 1 -1
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REPs different representations and (apparently) different “linearizations”

@ A second key difference between REPs and PEPs is that there is no
agreement on what is a linearization of a rational matrix.
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REPs different representations and (apparently) different “linearizations”

@ A second key difference between REPs and PEPs is that there is no
agreement on what is a linearization of a rational matrix.

@ For regular matrix polynomials, linearizations are just regular pencils
with exactly the same finite elementary divisors (same finite eigenvalues
with same multiplicities, geometric, algebraic, partial). If a linearization
has the same infinite elementary divisors, then it is a strong linearization.
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agreement on what is a linearization of a rational matrix.

@ For regular matrix polynomials, linearizations are just regular pencils
with exactly the same finite elementary divisors (same finite eigenvalues
with same multiplicities, geometric, algebraic, partial). If a linearization
has the same infinite elementary divisors, then it is a strong linearization.

@ There are well-known and compact characterizations of linearizations of
matrix polys in terms of unimodular transformations.
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REPs different representations and (apparently) different “linearizations”

@ A second key difference between REPs and PEPs is that there is no
agreement on what is a linearization of a rational matrix.

@ For regular matrix polynomials, linearizations are just regular pencils
with exactly the same finite elementary divisors (same finite eigenvalues
with same multiplicities, geometric, algebraic, partial). If a linearization
has the same infinite elementary divisors, then it is a strong linearization.

@ There are well-known and compact characterizations of linearizations of
matrix polys in terms of unimodular transformations.

@ In contrast, many authors have developed “linearizations” of rational
matrices, but they very rarely prove that such pencils satisfy properties
analogous to those of linearizations of matrix polynomials.
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REPs different representations and (apparently) different “linearizations”

@ A second key difference between REPs and PEPs is that there is no
agreement on what is a linearization of a rational matrix.

@ For regular matrix polynomials, linearizations are just regular pencils
with exactly the same finite elementary divisors (same finite eigenvalues
with same multiplicities, geometric, algebraic, partial). If a linearization
has the same infinite elementary divisors, then it is a strong linearization.

@ There are well-known and compact characterizations of linearizations of
matrix polys in terms of unimodular transformations.

@ In contrast, many authors have developed “linearizations” of rational
matrices, but they very rarely prove that such pencils satisfy properties
analogous to those of linearizations of matrix polynomials.

@ REPs are more difficult than PEPs, so, perhaps, we need to be flexible
and to admit “different types of linearizations in REPs” (sometimes
weaker) that in PEPs, and, in my opinion, each type should have a
different name and their properties should be clearly stated.
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REPs different representations and (apparently) different “linearizations”

@ A second key difference between REPs and PEPs is that there is no
agreement on what is a linearization of a rational matrix.

@ For regular matrix polynomials, linearizations are just regular pencils
with exactly the same finite elementary divisors (same finite eigenvalues
with same multiplicities, geometric, algebraic, partial). If a linearization
has the same infinite elementary divisors, then it is a strong linearization.

@ There are well-known and compact characterizations of linearizations of
matrix polys in terms of unimodular transformations.

@ In contrast, many authors have developed “linearizations” of rational
matrices, but they very rarely prove that such pencils satisfy properties
analogous to those of linearizations of matrix polynomials.

@ REPs are more difficult than PEPs, so, perhaps, we need to be flexible
and to admit “different types of linearizations in REPs” (sometimes
weaker) that in PEPs, and, in my opinion, each type should have a
different name and their properties should be clearly stated.

@ This talk is a first step in this direction.
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Some previous works on “linearizations” of rational matrices

@ Pioneering works on linearizations of rational matrices:

@ Works by P. Van Dooren and G. Verghese in late 70s & early 80s,
where they construct pencils that have exactly the same structural
data as any given rational matrix, including minimal indices. The
constructions require some numerical computations.

@ Y. Su and Z. Bai, SIMAX, 2011, construct a Frobenius-like
linearization from a representation of G(\) as polynomial +
state-space realization.
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Some previous works on “linearizations” of rational matrices

@ Pioneering works on linearizations of rational matrices:

@ Works by P. Van Dooren and G. Verghese in late 70s & early 80s,
where they construct pencils that have exactly the same structural
data as any given rational matrix, including minimal indices. The
constructions require some numerical computations.

@ Y. Su and Z. Bai, SIMAX, 2011, construct a Frobenius-like
linearization from a representation of G(\) as polynomial +
state-space realization.

@ The definitions in this talk are based on and extend those in Amparan, D,
Marcaida, and Zaballa, Strong linearizations of rational matrices, MIMS
Eprint (2016).
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@ The definitions in this talk are based on and extend those in Amparan, D,
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Some previous works on “linearizations” of rational matrices

@ Pioneering works on linearizations of rational matrices:

@ Works by P. Van Dooren and G. Verghese in late 70s & early 80s,
where they construct pencils that have exactly the same structural
data as any given rational matrix, including minimal indices. The
constructions require some numerical computations.

@ Y. Su and Z. Bai, SIMAX, 2011, construct a Frobenius-like
linearization from a representation of G(\) as polynomial +
state-space realization.

@ The definitions in this talk are based on and extend those in Amparan, D,
Marcaida, and Zaballa, Strong linearizations of rational matrices, MIMS
Eprint (2016).

@ Another approach for defining (non-strong) linearizations of rational
matrices can be found in Alam & Behera, SIMAX, 2016.

@ NLEIGS linearizations (Guttel, Van Beeumen, Meerbergen, Michiels,
SISC (2014)), Automatic Approximation of NEPs (Lietaert, Pérez,
Vandereycken, Meerbergen, 2018), Padé Linearization (Bai, this mini),...

F. M. Dopico (U. Carlos Ill, Madrid) Different linearizations of REPs May 4, 2018 6/41



0 Basics on rational matrices
9 Linearizations of rational matrices: strong, in a set, at infinity

9 Block minimal bases linearizations of rational matrices: strong, in a
set, at infinity

0 The NLEIGS “linearizations” inside this framework

e The “Automatic linearizations” inside this framework
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o Basics on rational matrices
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Polynomial and strictly proper parts of a rational matrix. Reversal.

@ Any rational matrix G()\) can be uniquely expressed as
GA)=D) + Gep(N),

where

@ D()) is a polynomial matrix (polynomial part of G/())), and
@ the rational matrix G, () is strictly proper (strictly proper part of
G(N), i.e., Alim Gsp(N) = 0.
—00

F. M. Dopico (U. Carlos Ill, Madrid) Different linearizations of REPs May 4, 2018 9/41



Polynomial and strictly proper parts of a rational matrix. Reversal.

@ Any rational matrix G()\) can be uniquely expressed as
GA)=D) + Gep(N),

where

@ D()) is a polynomial matrix (polynomial part of G/())), and
@ the rational matrix G, () is strictly proper (strictly proper part of
G(N), i.e., Alim Gsp(N) = 0.
—00

@ Letd =deg(D) if D(X\) # 0 and d = 0 otherwise. We define the reversal
of G()\) as

revG(\) =\ G (i) :
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Smith-McMillan form, zeros, poles, and eigenvalues of a Rational Matrix

Definition (finite zeros, finite poles, finite eigenvalues)

Given the Smith-McMillan form of a rational matrix G(\) € C(\)P*™:

UGV (A) = diag ( ;}11(&)) L ;):(a)),o(p,r)m,”) ,

where U()), V(\) are unimodular matrices and 1 (M) - - - e, (\),
¥ (A)| - -+ |1 (X) are polynomials:
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Definition (finite zeros, finite poles, finite eigenvalues)

Given the Smith-McMillan form of a rational matrix G(\) € C(\)P*™:

UGV (A) = diag ( ;}11(&)) L ;):(a)),o(p,r)m,”) ,

where U()), V(\) are unimodular matrices and 1 (M) - - - e, (\),
¥ (A)| - -+ |1 (X) are polynomials:

@ The finite zeros of G(\) are the roots of the numerators ¢;(\) and the
finite poles of G(\) are the roots of the denominators 1, (\).

F. M. Dopico (U. Carlos Ill, Madrid) Different linearizations of REPs May 4, 2018 10/ 41



Smith-McMillan form, zeros, poles, and eigenvalues of a Rational Matrix

Definition (finite zeros, finite poles, finite eigenvalues)

Given the Smith-McMillan form of a rational matrix G(\) € C(\)P*™:

UGV (A) = diag ( ;}11(&)) L ;):(a)),o(p,r)m,”) ,

where U()), V(\) are unimodular matrices and 1 (M) - - - e, (\),
¥ (A)| - -+ |1 (X) are polynomials:

@ The finite zeros of G(\) are the roots of the numerators ¢;(\) and the
finite poles of G(\) are the roots of the denominators 1, (\).

@ The finite eigenvalues of G()\) are the finite zeros that are not poles.

v
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Smith-McMillan form, zeros, poles, and eigenvalues of a Rational Matrix

Definition (finite zeros, finite poles, finite eigenvalues)

Given the Smith-McMillan form of a rational matrix G(\) € C(\)P*™:

UGV (A) = diag ( 7/)11((1)) L q‘z:(a)),o(p,r)xw,”) ,

where U()), V(\) are unimodular matrices and 1 (M) - - - e, (\),
r(A)] -+ - |11 (X) are polynomials:

@ The finite zeros of G(\) are the roots of the numerators ¢;(\) and the
finite poles of G(\) are the roots of the denominators 1, (\).

@ The finite eigenvalues of G()\) are the finite zeros that are not poles.

v

Definition (structural indices or partial multiplicities)
Given any ¢ € C, one can write foreachi=1,...,r,

gi(A) oi(e) Ei(A)
Pi(\) Pi(\)

The structural indices of G(\) at care S(G, ¢) = (o1(c) < 02(c) < --- < 0,(c)) . |

. with &(c) # 0, ¥i(c) #0.

=(A-¢
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Structure at infinity of a Rational Matrix

Definition

The structural indices of G()\) at A = oo are the structural indices of G/(1/\) at
A=0.
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Minimal polynomial system matrices of rational matrices

Definition (Rosenbrock, 1970)

Let G(\) € C(\)P*™ be a rational matrix. The polynomial matrix

CRENH P
is a polynomial system matrix of G()\) if

G(\) = D(\) + CVAN)B(N).
A(N)

—C(\)
then P()\) is a minimal polynomial system matrix of G()).

If, in addition, ] and [A(X\) B(\)] do not have finite eigenvalues,
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Minimal polynomial system matrices of rational matrices

Definition (Rosenbrock, 1970)

Let G(\) € C(\)P*™ be a rational matrix. The polynomial matrix

A(\) B\

PO =[50y Doy S

is a polynomial system matrix of G()\) if

G(A) = D(A) + C(NAN) ' B()).

—C(\)
then P()\) is a minimal polynomial system matrix of G()).

Theorem (Rosenbrock, 1970)
Each rational matrix has infinitely many minimal polynomial system matrices.

If, in addition, [ AR ] and [A(X\) B(\)] do not have finite eigenvalues,

F. M. Dopico (U. Carlos Ill, Madrid) Different linearizations of REPs May 4, 2018 12/ 41



Minimal polynomial system matrices of rational matrices

Definition (Rosenbrock, 1970)

Let G(\) € C(\)P*™ be a rational matrix. The polynomial matrix

_ [ AN B(M) (o))
P = {—C(/\) DV e C[A'"TP
is a polynomial system matrix of G()\) if

G(A) = D(A) + C(NAN) ' B()).

c\)

If, in addition, :4()‘) ] and [A(X\) B(\)] do not have finite eigenvalues,
then P()\) is a minimal polynomial system matrix of G()).

Theorem (Rosenbrock, 1970)
Each rational matrix has infinitely many minimal polynomial system matrices.

The position of A()\) is not important: it may be anywhere, the point is to take
the Schur complement with respect to that block.
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Minimal polynomial system matrices contain the whole finite structure

Theorem (Rosenbrock, 1970)
If

A(N) - B(A) n+p) X (ntm
P(\) = [C’(/\) D()\)] € C[\|(mtp)x(ntm)

is a minimal polynomial system matrix of G(\) = D(\) + C(A\)A(N)~1B()),
then:

@ The nontrivial (those different from 1) invariant polynomials of P(\) are
the nontrivial numerators of the Smith-McMillan form of G(\).

© The nontrivial invariant polynomials of A()\) are the nontrivial
denominators of the Smith-McMillan form of G()).

F. M. Dopico (U. Carlos Ill, Madrid)
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Minimal polynomial system matrices contain the whole finite structure

Theorem (Rosenbrock, 1970)

A(N) - B(A) n+p) X (n+m
P(\) = {C’(/\) D()\)] € C[\|(mtp)x(ntm)

is a minimal polynomial system matrix of G(\) = D(\) + C(A\)A(N)~1B()),
then:

@ The nontrivial (those different from 1) invariant polynomials of P()\) are
the nontrivial numerators of the Smith-McMillan form of G(\).

© The nontrivial invariant polynomials of A()\) are the nontrivial
denominators of the Smith-McMillan form of G()).

..in plain words

| A\

@ The finite eigenvalue structure of P(\) (resp. A())) (including all types of
multiplicities, geometric, algebraic, partial...) coincides exactly with the
finite zero (resp. pole) structure of G(\).

@ Nothing can be guaranteed on the structure at infinity.

F. M. Dopico (U. Carlos Ill, Madrid)

Different linearizations of REPs May 4, 2018
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Example: minimality is essential

@ G(\) = € C(\)"*! has one finite pole at —2 and two finite zeros
at+1 and —1.
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Example: minimality is essential

A2 -1 - -
@ G(\) = 7o € C(\)"*! has one finite pole at —2 and two finite zeros
at+1 and —1.

@ Minimal polynomial system matrix of G(\):

Py = [P

since G(A) = (A — 2) + 3555 Note that det P(\) = A* — 1.
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Example: minimality is essential

A2 -1 - -
@ G(\) = 7o € C(\)"*! has one finite pole at —2 and two finite zeros
at+1 and —1.

@ Minimal polynomial system matrix of G(\):

P(A)Pj:a? AiQ]’

since G(A) = (A — 2) + 3555 Note that det P(\) = A* — 1.
@ Non-minimal polynomial system matrix of G()\) for any a € C:

R Ada 0 0
PA=|_0 42| 1 |,
0 -3 [A-2

and since det P(\) = (A4 a)(A\2 — 1), P()\) has an spurious eigenvalue.
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Example: minimality is essential

@ G(\) =
at +1 and —1.

€ C(\)"*! has one finite pole at —2 and two finite zeros

@ Minimal polynomial system matrix of G(\):
[ a+2] 1
P = [ A5

since G(A) = (A — 2) + 3555 Note that det P(\) = A* — 1.
@ Non-minimal polynomial system matrix of G()\) for any a € C:

R Ada 0 0
PA=|_0 42| 1 |,
0 -3 [A-2

and since det P(\) = (A4 a)(A\2 — 1), P()\) has an spurious eigenvalue.

@ Minimality is a generic condition, since rectangular matrix polynomials
do not have generically eigenvalues (see Dmytryshyn’s talk next
Monday).
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inimal polynomial system matrices in a set

Definition (D., Marcaida, Quintana, Van Dooren, 2018)
Let G(\) € C(\)P*™ be a rational matrix and

AD) B0
PO = {—cm D)

] € C[|(ntP)x(ndm)
fAC(Y?K) and [A(\) B())] do not

have finite eigenvalues in ¥ C C, then P()) is a minimal polynomial system
matrix in X of G(\).

be a polynomial system matrix of G()\). If [

v
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Minimal polynomial system matrices in a set

Definition (D., Marcaida, Quintana, Van Dooren, 2018)
Let G(\) € C(\)P*™ be a rational matrix and

o= [ 48, 58] e

fAé?i) and [A(\) B(N)] do not

have finite eigenvalues in ¥ C C, then P()) is a minimal polynomial system
matrix in X of G(\).

be a polynomial system matrix of G()\). If {

v

Theorem (D., Marcaida, Quintana, Van Dooren, 2018)

If P(\) is a minimal polynomial system matrix in ¥ of G()\), then
@ The finite eigenvalue structure in %> of P()\) (including all types of
multiplicities, geometric, algebraic, partial...) coincides exactly with the
finite zero structure in ¥ of G(\).

@ The finite eigenvalue structure in X of A(\) (including all types of
multiplicities, geometric, algebraic, partial...) coincides exactly with the

finite pole structure in X of G(\).
- __________________________________________________________________________________/
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9 Linearizations of rational matrices: strong, in a set, at infinity
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Linearization of a rational matrix

Definition (Amparan, D., Marcaida, Zaballa, 2016)

A linearization of G(\) € C(\)?*™ is a matrix pencil

_ | Adrx+A0  Bid+ By (n+(p+5)) X (n+(m+3))
Loy = [—(C’lA +Cy) DA+ DO] € Cl

such that:

(a) L()) is a minimal polynomial system matrix of
G(A) = (DA + Dy) + (CiA + Co) (A1 + Ag) Y (BiA + By)

(the second term is not present if n = 0), and

(b) there exist unimodular matrices U; (\), Uz(A) such that

Ur(\) diag(G(N), I,) Uz(A) = G(N).
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Linearization of a rational matrix

Definition (Amparan, D., Marcaida, Zaballa, 2016)

A linearization of G(\) € C(\)?*™ is a matrix pencil

_ | AiA+40  Bid+ By (n+(p+s)) X (n+(m+s))
Ly = [—(Cm +Co) DX+ DO] €ClA

such that:

(a) L()) is a minimal polynomial system matrix of

~

G(\) = (D1A 4 Dg) + (CLA + Co) (A + Ag) " (B1A + By)

(the second term is not present if n = 0), and

(b) there exist unimodular matrices U; (\), Uz(A) such that

Uy () diag(G(N), I,) Us(N) = G(N).

Remark: In order to guarantee that a pencil is a linearizarion of a rational
matrix, it may be several ways to choose the block A; A + Ay. Even more,
different selections may have different sizes.
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Linearization at infinity of a rational matrix

Definition (D., Marcaida, Quintana, Van Dooren, 2018)

A linearization at infinity of G(\) € C(\)?*™ is a matrix pencil

L(/\) o AX+ AO BiX+ By c (C[)\](n+(p+s))><(n+(m+s))

o —(Cl)\ ¢ Co) D)X+ Dy

such that:
(a) if n > 0, then A; is invertible, and

(b) if G(A) = (D1 A+ Dp) + (C1A + Co) (A1 A + Ag)~L(B1A + By), then there
exist rational matrices invertible at A = 0, R1()\), Ro()) (thatis, R;(\)
does not have poles at A = 0 and det R;(0) # 0) such that

Ri()\) diag(rev G()\), I,) Ro(\) = rev G(\).
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Strong linearization of a rational matrix

Definition (Amparan, D., Marcaida, Zaballa, 2016)

A strong linearization of G(\) € C(\)?*™ is a matrix pencil L()) such that
@ L()) is alinearization of G()\), and
@ L()) is a linearization at infinity of G()).
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Strong linearization of a rational matrix

Definition (Amparan, D., Marcaida, Zaballa, 2016)

A strong linearization of G(\) € C(\)?*™ is a matrix pencil L()) such that
@ L()) is alinearization of G()\), and
@ L()) is a linearization at infinity of G()).

If G()\) is a polynomial matrix, then linearizations and strong linearizations of
G(X) according to the definitions above are standard linearizations and strong
linearizations of the polynomial matrix G(X).
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Linearization of a rational matrix in a set

Definition (D., Marcaida, Quintana, Van Dooren, 2018)

A linearization of G(\) € C(A\)?*™ in X C C is a matrix pencil

| AiA+Ay  BiA+ By (e o= (ee)
Loy = {—(ClA +Cy) DA+ DO] € ClA

such that:

(a) L(A) is a minimal polynomial system matrix in X of
G(A) = (DA + Do) 4 (C1A + Co) (A1 A + Ag) "N (BiA + By),

(b) and, there exist rational matrices invertible in X, W3 ()\), Wa2(X) such that

Wi () diag(G(N), ) Wa(X) = G()).
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Linearization of a rational matrix in a set

Definition (D., Marcaida, Quintana, Van Dooren, 2018)

A linearization of G(\) € C(A\)?*™ in X C C is a matrix pencil

| AiA+Ay  BiA+ By (e o= (ee)
Ly = {—(ClA +Co) DA+ D) €W

such that:

(a) L(A) is a minimal polynomial system matrix in X of
G(A) = (DA + Do) 4 (C1A + Co) (A1 A + Ag) "N (BiA + By),

(b) and, there exist rational matrices invertible in X, W3 ()\), Wa2(X) such that

Wi () diag(G(N), ) Wa(X) = G()).

Remark: If ¥ = C, then a linearization in C is just a linearization as defined
above.
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Linearizations (in X) contain the whole finite structure (in X)

Theorem (Amparan, D., Marcaida, Zaballa, 2016, D., Marcaida, Quintana,
Van Dooren, 2018)

L(A) _ A1>\ + AO Bl)\ + BO z (C[)\] (n+(p+s)) X (n+(m+s))

o —(Cl)\ ¢ C()) D)X+ Dy
is a linearization of G(\) € C(A\)P*™ (resp. a linearization in ¥ C C), then:

@ The finite eigenvalue structure (resp. in X) of L(\) (including all types of
multiplicities, geometric, algebraic, partial...) coincides exactly with the
finite zero structure (resp. in ) of G(\).

@ The finite eigenvalue structure (resp. in ¥2) of Ay )\ + Ay (including all

types of multiplicities, geometric, algebraic, partial...) coincides exactly
with the finite pole structure (resp. in ) of G(\).
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Linearizations at infinity contain the whole structure at infinity

Theorem (Amparan, D., Marcaida, Zaballa, 2016)
If
L)) = LAQ\ +4y Bi)+ By

(n+(p+5)) X (n+(m-+5))
(C1A+Cy) DA+ DO] €CN

is a linearization at infinity of G(\) € C(\)?*™, then the structural indices at
infinity of G(\) can be obtained from the rank(G) largest partial multiplicities
at infinity of L(\) through a constant shift.
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Linearizations at infinity contain the whole structure at infinity

Theorem (Amparan, D., Marcaida, Zaballa, 2016)
If

L) = A1 A+ Ay BiA+ By
o —(Cl)\—f'Co) D)X+ Dy

is a linearization at infinity of G(\) € C(\)?*™, then the structural indices at
infinity of G(\) can be obtained from the rank(G) largest partial multiplicities
at infinity of L(\) through a constant shift.

] € CIAJ(mHEH) X (et (mt))

More precisely, if ey, . .., e, are these rank(G) partial multiplicities of L(\) and
rev GI(\) = A G(1/)), then the structural indices at infinity of G(\) are

Qe —d...,e.—d ifDy+CLAT B, #0,
Qe —d-1,...,e,—d—1,ifD;+C1AT'B; =0andn >0,
©Q allequalto —d, ifn =0 and D, = 0.
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Linearizations at infinity contain the whole structure at infinity

Theorem (Amparan, D., Marcaida, Zaballa, 2016)

If

Loy [ Adt A B+ By
o —(Cl)\+00) D)X+ Dy

is a linearization at infinity of G(\) € C(\)?*™, then the structural indices at
infinity of G(\) can be obtained from the rank(G) largest partial multiplicities
at infinity of L(\) through a constant shift.

] € CIAJ(mHEH) X (et (mt))

More precisely, if ey, . .., e, are these rank(G) partial multiplicities of L(\) and
rev GI(\) = A G(1/)), then the structural indices at infinity of G(\) are

Qe —d...,e.—d ifDy+CLAT B, #0,
Qe —d-1,...,e,—d—1,ifD; + C1AT'B; =0andn > 0,
©Q allequalto —d, ifn =0 and D, = 0.

|

Corollary

Strong linearizations of a rational matrix G(\) contain the whole finite
and infinite zero and pole structures of G()).
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e Block minimal bases linearizations of rational matrices: strong, in a
set, at infinity
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Block minimal bases linearizations of polynomial matrices

Definition (D., Lawrence, Pérez, Van Dooren, Numer. Math, to appear)
A matrix pencil

M) Ko(M)T
o) = Ki(\) 0

is a block minimal bases pencil (BMBP) if K;(\) and K3(A) are minimal
bases. If, in addition, the row degrees of K;(\) and K»(\) are all one, and

the row degrees of each of their dual minimal bases N;(\) and Ny (\) are all
equal, then L()) is a strong block minimal bases pencil (SBMBP).
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Block minimal bases linearizations of polynomial matrices

Definition (D., Lawrence, Pérez, Van Dooren, Numer. Math, to appear)
A matrix pencil

[ M) KW
LW{KM 0 ]

is a block minimal bases pencil (BMBP) if K;(\) and K3(A) are minimal
bases. If, in addition, the row degrees of K;(\) and K»(\) are all one, and
the row degrees of each of their dual minimal bases N;(\) and Ny (\) are all
equal, then L()) is a strong block minimal bases pencil (SBMBP).

v

Theorem (D., Lawrence, Pérez, Van Dooren, Numer. Math, to appear)

With the notation of the previous definition, if L()\) is a BMBP (resp. SBMBP),
then it is a linearization (resp. strong linearization) of the matrix polynomial

QM) = N2()M AN (N)T.

F. M. Dopico (U. Carlos Ill, Madrid) Different linearizations of REPs May 4, 2018 24 /41



Block minimal bases linearizations of polynomial matrices

Definition (D., Lawrence, Pérez, Van Dooren, Numer. Math, to appear)
A matrix pencil

[ M) KW
LW{KM 0 ]

is a block minimal bases pencil (BMBP) if K;(\) and K3(\) are minimal
bases. If, in addition, the row degrees of K;()\) and K»(\) are all one, and
the row degrees of each of their dual minimal bases N;(\) and Ny (\) are all
equal, then L()) is a strong block minimal bases pencil (SBMBP).

v

Theorem (D., Lawrence, Pérez, Van Dooren, Numer. Math, to appear)

With the notation of the previous definition, if L()\) is a BMBP (resp. SBMBP),
then it is a linearization (resp. strong linearization) of the matrix polynomial

QM) = N2()M AN (N)T.

Remark: Frobenius companion linearizations, colleague linearizations in
Chebyshev bases and others, Fiedler, Generalized Fiedler lins., etc, are all
SBMBP, and their properties can be explained with just one simple theory.
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Strong block minimal bases linearizations of rational matrices (RSBMBL)

Theorem (Amparan, D, Marcaida, Zaballa, 2016; Quintana, V. Dooren, 18)
Let

Ki(\) 0

be a SBMBP and N;()\), No(X\) be minimal bases dual to K1()\), Ka()).
Consider fori = 1,2 unimodular matrices

Ui(\) = [K}((A)} and U;(\)~' = [Ni()\)T N;(\)T

[ M) Ka(N)T }

%

and a linear minimal polynomial system matrix

(M, —4) | BOVK, 0
LN =| —-KfcM) | MQ) K\
0 Ki()\) 0

Then L()\) is a strong linearization of the rational matrix

G(\) = Na(WMMN (N + (AL — A)~1B(Y).

v
F. M. Dopico (U. Carlos Ill, Madrid) May 4, 2018 25/41
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Example 1 of RSBMBL. Strong linearization based on Frobenius

companion linearization for polynomials of Su & Bai (2011)

@ Given rational matrix:

G(A) = DaX’ + -+ DiA+ Dy + C(A, — A)7'B € C(A)P*™.
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Example 1 of RSBMBL. Strong linearization based on Frobenius

companion linearization for polynomials of Su & Bai (2011)

@ Given rational matrix:
G(A\) = DgA + -+ DyA + Do + C(AL, — A)"'B € C(A\)P*™.

@ Strong linearization (originally introduced by Su & Bai (SIMAX, 2011)
without minimal order requirement and without strong nature):

[N, — A 0 0 cee 0 B
—C ADg+Dg1 Dgo -+ D1 Dy
0 I, A,
L) = ‘ .
AL,
0 Iy A |
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Example 2 of RSBMBL. Strong linearization based on Chebyshev

colleague linearization for polynomials (Amparan, D., et al, 2016)

@ Given rational matrix:
GA) =DqUg(N) 4+ -+ D1 UL (N) + Do + C(AI, — A)—lB e C(\)Pxm™,

with polynomial part expressed in Chebyshev basis of the second kind.
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Example 2 of RSBMBL. Strong linearization based on Chebyshev

colleague linearization for polynomials (Amparan, D., et al, 2016)

@ Given rational matrix:
GA) =DqUg(N) 4+ -+ D1 UL (N) + Do + C(AI, — A)—lB e C(\)Pxm™,

with polynomial part expressed in Chebyshev basis of the second kind.

@ Strong linearization:

[ A, — A 0 0 0 cee B
- 2Dy +Dy—1 Dgy_o—Dyg Dgy_3 ... Dy
0 —Ip, 221, —I

. _Im 2/\Im _Im
0 —I,, 2\,
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Example 3 of RSBMBL. Strong linearization based on another block

Kronecker pencil (Amparan, D., Marcaida, Zaballa, 2016)

@ Given rational matrix:

G(N) = N Ds+ADy+23D3+A2Dy+AD1 +Dy+C (A, —A) 1B € F(A\)P*™
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Example 3 of RSBMBL. Strong linearization based on another block

Kronecker pencil (Amparan, D., Marcaida, Zaballa, 2016)

@ Given rational matrix:

G(N) = N Ds+ADy+23D3+A2Dy+AD1 +Dy+C (A, —A) 1B € F(A\)P*™

@ Strong linearization:

M, —A 0 0 B 0 0

0 [ AB+P 0 0 -1, 0
L()\) _ 0 0 AP + Py 0 )\Ip —Ip
—C 0 0 AP, + P 0 )\Ip

0 I, Mo, 0 0 0

0 0 —I, A, 0 0

F. M. Dopico (U. Carlos Ill, Madrid)

Different linearizations of REPs

May 4, 2018



Rational block minimal bases linearizations in a set

Theorem (D., Marcaida, Quintana, Van Dooren, 2018)
Let

13 47

be a BMBP and N1(X), N2(\) be minimal bases dual to K1 (\), Ka(X).
Consider a linear polynomial system matrix

AN | BO) 0
LN=| —-Cc) | M) KW' |. (1)
0 Ki(\) 0

Let Q:={) € C: A()) is invertible}. Then L(}) is a linearization of the
rational matrix

H(A) = Na(\)[M(X) + CA)AN) BN (M)
in Q.
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Rational strong block minimal bases linearizations in a set

Theorem (D., Marcaida, Quintana, Van Dooren, 2018)

Moreover, if

M) KN
Ki(\) 0

@ A(N) = A1\ + Ay with Ay nonsingular,

] is a SBMBP, and

then L()) is also a linearization of

H(A) = N2()[M(A) + C)AN) T BN (AT

at infinity.
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0 The NLEIGS “linearizations” inside this framework
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NLEIGS “linearizations” without low-rank structure (I)

For the rational matrix

QNA) =bo(A\) Do +b1(N)D1 + -+ +by(N) Dy,
with D; € C™*™ and

—op_1 _ n;(A)
Hﬂkl—)\/fk .dj()\), j=0,1,...,N,

a sequence of rational scalar functions, with the poles &; all distinct from the
nodes o, and some poles &; can be infinite,
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NLEIGS “linearizations” without low-rank structure (I)

For the rational matrix

QNA) =bo(A\) Do +b1(N)D1 + -+ +by(N) Dy,
with D; € C™*™ and

—oka (AL
Hﬂkl—)\/fk = 30 j=0,1,...,N,

a sequence of rational scalar functions, with the poles &; all distinct from the
nodes o, and some poles &; can be infinite,

Gattel, Van Beeumen, Meerbergen, Michiels (2014) construct the following
pencil associated to Qn ()

(=& (=&)p o () Pvz (1) Pyt TN DN
(00 = N Im  B1(1 - *)Im

(oN—2 = N)Im BN-1(1— )Im
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NLEIGS “linearizations” without low-rank structure (ll)

Theorem (D., Marcaida, Quintana, Van Dooren, 2018)

Ly ()) is a SBMBP and, so, a strong linearization, of the polynomial matrix

dn(A) @n(A)-
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NLEIGS “linearizations” without low-rank structure (ll)

Theorem (D., Marcaida, Quintana, Van Dooren, 2018)

Ly ()) is a SBMBP and, so, a strong linearization, of the polynomial matrix

dn(A) @n(A)-

Theorem (D., Marcaida, Quintana, Van Dooren, 2018)

@ Ly(N) is a linearization of the rational matrix

(&) e

in the set () := C\ ©, where © is the set of finite poles in {&1,...,&n—1}-
In fact, L () is a RBMBP in Q).

@ Moreover, if all the poles in {&1,...,En—1} are finite, then Ly () is a
linearization of (1 - EAN) Qn()) at infinity. In fact, Ly ()) is a RSBMBP
in €.
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Partition for the second theorem

@ To get the second theorem in the previous slide, the invertible A(\) has
to be placed in the (2, 2) position and partition Ly ()\) as

[C-d)ro | C-g)or o (-d)ove (1-dy)Paort 5=ty |
(00 = NIm | B1(1 = &)Im

LN =

(oN—2 = N)Im Bn-1(1— ﬁﬂm

M) | —C(n)
B | Ay |7
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Is this what we want?

Theorem (D., Marcaida, Quintana, Van Dooren, 2018)

Ly (M) is a strong linearization of the polynomial matrix dy (X) Qn (X) .
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Is this what we want?

Theorem (D., Marcaida, Quintana, Van Dooren, 2018)

Ly (M) is a strong linearization of the polynomial matrix dy (X) Qn (X) .

@ This result (and others that we will see) guarantees that Ly () has the
information that the authors of NLEIGS need, but
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Is this what we want?

Theorem (D., Marcaida, Quintana, Van Dooren, 2018)

Ly (M) is a strong linearization of the polynomial matrix dy (X) Qn (X) .

@ This result (and others that we will see) guarantees that Ly () has the
information that the authors of NLEIGS need, but

@ Ly (X) may contain also non-desired information, because dy (\) Qn(N)

has eigenvalues in (some) of the poles &1, &, ..., &y except in the case
that all the denominators in the Smith-McMillan form of Q5 (\) are equal
to dN()\)

F. M. Dopico (U. Carlos Ill, Madrid) Different linearizations of REPs May 4, 2018 35/41



Is this what we want?

Theorem (D., Marcaida, Quintana, Van Dooren, 2018)

Ly (M) is a strong linearization of the polynomial matrix dy (X) Qn (X) .

@ This result (and others that we will see) guarantees that Ly () has the
information that the authors of NLEIGS need, but

@ Ly (X) may contain also non-desired information, because dy (\) Qn(N)

has eigenvalues in (some) of the poles &1, &, ..., &y except in the case
that all the denominators in the Smith-McMillan form of Q5 (\) are equal
to dN()\)

@ Fortunately, for Qx(A), this happens “almost always”.
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Is this what we want?

Theorem (D., Marcaida, Quintana, Van Dooren, 2018)

Ly (M) is a strong linearization of the polynomial matrix dy (X) Qn (X) .

@ This result (and others that we will see) guarantees that Ly () has the
information that the authors of NLEIGS need, but

@ Ly (X) may contain also non-desired information, because dy (\) Qn(N)

has eigenvalues in (some) of the poles &1, &, ..., &y except in the case
that all the denominators in the Smith-McMillan form of Q5 (\) are equal
to d]\'()\)

@ Fortunately, for Qx (), this happens “almost always”.

Theorem (D., Marcaida, Quintana, Van Dooren, 2018)

QN (N) is regular and the denominators of its Smith-McMillan form are all
equal to dn (\) if and only if the matrices Cy(&x) are nonsingular for every
finite pole & in {1, ..., &N}, where

N
CN(\) =Dy and C(N) = [ (1,i> Dy +

A — o
Crp1(N) fork =N —1,..., i,
j=k+1 €

Br+1

F. M. Dopico (U. Carlos Ill, Madrid) Different linearizations of REPs May 4, 2018 35/41



NLEIGS “linearizations” WITH low-rank structure (l)

For the rational matrix

P N
Qv =D (Bi+ Cbi(N) + > Cibi(N),
i=0 i=pt1

with the same b;(\) as before, and

p n
B, = ZBiij c mem7 Cz = Z’yiijU; S (mem’
=i

=0
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NLEIGS “linearizations” WITH low-rank structure (l)

For the rational matrix

P N
Qv =D (Bi+ Cbi(N) + > Cibi(N),
i=0 i=pt1

with the same b;(\) as before, and

p n
B, = ZBiij c mem7 Cz = Z’yiijU; S (mem’
=i

=0

Gattel, Van Beeumen, Meerbergen, Michiels (2014) define low-rank matrices

Zi:[’)’ilLl YizLa -+ yinLln] and ﬁ:[Ul Up - Uyl
and the pencil
Foon = [ VO
N GRS

where
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NLEIGS “linearizations” WITH low-rank structure (ll)

@ w) =
(1-2)Bo+Co) (1-2)B1+Cn) (1- &) By +Cp)
(00 = N)Im Br(1- &) Im
A
(@p1=NIm By (1= 2 ) I
~ ~ ~ A—onN_q1 ~
@ viv=ao (1= &) (=) Tpa o (1o ) Eao + R |
with e; € CPT1,
_ 0 (0' —)\)ﬁ* (N—p—1)rx(p+1)n
@ v = [ 0 LI ] ec ,
@ 7\ =
A
o (1= 7)o
(opt1 — NI Bpt2 (1 - gp;) I
(on—2 = N)Ir BN-1 (l—ﬁ> I
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NLEIGS “linearizations” WITH low-rank structure (llI)

Theorem (D., Marcaida, Quintana, Van Dooren, 2018)
oL ~(A) is a linearization of the rational matrix

A
1- =2
9

in the set Q,, := C\ ©,, where ©,, is the set of finite poles in
{&p+1,---,€En—1}. Infact, Ln(X) is a RBMBP in Q,,.

4 (1- &) Gw

@ Moreover, if all the poles in {¢,,1, ..., &1} are finite, then Lx()) is a
linearization of d,,(\) (1 — EAN) Qn () atinfinity. In fact, Lnx()\) is a
RSBMBP in (,.
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e The “Automatic linearizations” inside this framework
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“Automatic linearizations” without low-rank structure (1)

For the rational matrix

k—1 s

R(A) = Z(Al —AB;) fi(A) + Z(Cl — AD;)al (E; — MFy) ™ tby,

1=0 i=1

where f;(\) are scalar polynomial or rational functions satisfying a linear
relation (fo(\) = 1)

(M =AN)FA) =0,  fA) = [fo(A\), f1(A), .-, frmr (W] #0,

with M — AN of size (k — 1) x kand rank(M — AN) =k —1forall A € C,
a;,b; € Ch are vectors, A;, B;, C;, D; € C™*™ matrices, and I; x [; matrices

wi wy -ee wp g wy 0 0 - 0 0
—Z1 z2 1 —1
E; = —zo . and F; = 1
2l -1 R |
—z—1 F 1 -1
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“Automatic linearizations” without low-rank structure (ll)

Lietaert, Pérez, Vandereycken, Meerbergen (2018) define the pencil

Ag—ABg -+ Ap_1—ABp_1 af @1 -ap1) -~ dT ®(Cs —ADy)
LrR(N) = (M —AN) ® I, 0
—b® I, O (E=2F)Q I,
where b:=[b] --- bT]7 and E — \F := diag(E; — AF}, ..., Es — \F}).
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“Automatic linearizations” without low-rank structure (ll)

Lietaert, Pérez, Vandereycken, Meerbergen (2018) define the pencil

[ Ag—ABg -+ Ap_1—ABp_1 af @1 -ap1) -~ dT ®(Cs —ADy) }
LrR(N) = (M —AN) ® I, 0

—b® I, O (E=2F)Q I,
where b:=[b] --- bT]7 and E — \F := diag(E; — AF}, ..., Es — \F}).

Theorem (D., Marcaida, Quintana, Van Dooren, 2018)
LetQ :={)\o € C: E — \oF is invertible}.

@ Lr(N) is alinearization of dy(A\)R(X) in Q, where d¢(X) is the least
common denominator of fo(X), fi(A), ..., fu—1(N).

@ If M — AN is a minimal basis, then Lr()\) is a RBMBP in ).
@ Lr(N) is NOT a linearization at infinity of ds(A\)R(\).
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“Automatic linearizations” without low-rank structure (ll)

Lietaert, Pérez, Vandereycken, Meerbergen (2018) define the pencil

[ Ag—ABg -+ Ap_1 —ABp_, af @1 -ap1) -~ dT ®(Cs —ADy) }
Lr(\) = (M —2N) ® I, 0

—b® I, O (E=2F)Q I,
where b:=[b] --- bT]7 and E — \F := diag(E; — AF}, ..., Es — \F}).

Theorem (D., Marcaida, Quintana, Van Dooren, 2018)
LetQ :={)\o € C: E — \oF is invertible}.

@ Lr(N) is alinearization of dy(A\)R(X) in Q, where d¢(X) is the least
common denominator of fo(\), f1(A), ..., fr—1(N).

@ If M — AN is a minimal basis, then Lr()\) is a RBMBP in ).
@ Lr(N) is NOT a linearization at infinity of ds(A\)R(\).

v

Analogous results hold for the “automatic low-rank exploiting linearizations”.
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