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Basic definitions: pencil, strict equivalence, orbit

Matrix pencil: A + AB, with A, B € C™*" (or matrix pair (4, B)).
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Basic definitions: pencil, strict equivalence, orbit

Matrix pencil: A + AB, with A, B € C™*" (or matrix pair (4, B)).

Definition (strict equivalence)
Two m x n pencils A+ AB and A’ + AB’ are strictly equivalent if

A" = PAQ, B' = PBQ, for some invertible matrices P, Q,

or A’ + \B' = P(A+ \B)Q.

F. M. Dopico (U. Carlos Ill, Madrid) Bundles of matrix pencils September 6, 2022 4/22



Basic definitions: pencil, strict equivalence, orbit

Matrix pencil: A + AB, with A, B € C™*" (or matrix pair (4, B)).

Definition (strict equivalence)

Two m x n pencils A+ AB and A’ + AB’ are strictly equivalent if
A" = PAQ, B' = PBQ, for some invertible matrices P, Q,

or A’ + \B' = P(A+ \B)Q.

Definition (orbit under strict equivalence)

Given an m x n pencil A + AB, its orbit (under strict equivalence) is the set
O(A+ AB) :={P(A+ AB)Q : P,Q invertible},

i.e., it is the set of m x n pencils which are strictly equivalent to A + AB.
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Orbits and the Kronecker Canonical Form

Theorem (Kronecker Canonical Form = KCF)

Every pencil is strictly equivalent to a unique (up to permutation) direct sum of blocks
of the following types:

@ Blocks associated with finite evals (u):

A—p 1
Tulp) ¢ [ s 1] k> 1).

A=bd kxk

@ Blocks associated with the oo eval: J; (o) :

Al

@ Right singular blocks: R ()\) =: [ L }
A 1 ex(k+1)

@ Left singular blocks: R, (\)" (k> 0).
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Orbits and the Kronecker Canonical Form

Theorem (Kronecker Canonical Form = KCF)

Every pencil is strictly equivalent to a unique (up to permutation) direct sum of blocks
of the following types:

@ Blocks associated with finite evals (u):

A—p 1
Ju(y) i= [ e k> 1).

1
A=bd kxk

1 A
@ Blocks associated with the oo eval: Ji(c0) := { R A] (k> 1).
1dkxk

Al
@ Right singular blocks: Ry (\) =: [ *

1
h )\ 1d kx(k+1)

@ All the pencils in an orbit have the same KCF.

@ Every orbit is uniquely determined by such KCF.
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Orbit closures and related problems

Let L, L1, L, be m x n pencils.
O(L): closure of O(L) (in the standard topology of C™*" x C™*" ~ C?™n),
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Orbit closures and related problems

Let L, L1, L, be m x n pencils.
O(L): closure of O(L) (in the standard topology of C™*" x C™*" ~ C?™n),

Classical problem: Characterize the inclusion L; € O(Lo). J

One practical motivation: When computing KCF(L,), if L1 € O(L,), there are
arbitrarily small perturbations, L, + L., s.t. KCF(L; + L.) = KCF(Ls).

® Q
2\
/@ O KCF(LZ)
KCF(L1)
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Orbit closures and related problems

Let L, L1, L, be m x n pencils.
O(L): closure of O(L) (in the standard topology of C™*" x C™*" ~ C?™n),

Classical problem: Characterize the inclusion L; € O(Lo). J

Proof: If PnL2Qn — L, then (PPn)LQ(QnQ) — PLlQ U
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Orbit closures and related problems

Let L, L1, L, be m x n pencils.
O(L): closure of O(L) (in the standard topology of C™*" x C™*" ~ C?™n),

Classical problem: Characterize the inclusion L; € O(Lo). J

The inclusion relationships between orbit closures allows us to classify the
KCFs according to their “genericity".
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Inclusion of orbit closures: domination rules via majorization

Definition (Weyr characteristic of a sequence of nonnegative integers )

The Weyr characteristic of a sequence of nonnegative integers N = (ny,no,...) is

W(N) = (’LU1(N),’UJ2(N), oo .), where ’LU7,(N) = #{nj Iny > ’L}
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Inclusion of orbit closures: domination rules via majorization

Definition (Weyr characteristic of a sequence of nonnegative integers )

The Weyr characteristic of a sequence of nonnegative integers N = (ny,no,...) is

W(N) = (w1(N),w2(N), 50 .), where ’LU7,(N) = #{nj N > ’L}

Definition (Weyr characteristics of a pencil L)

r(L) : Weyr characteristic of the sizes of the right singular blocks in KCF(L).
£(L) : Weyr characteristic of the sizes of the left singular blocks in KCF(L).
W (i, L) : Weyr characteristic of the sizes of the Jordan blocks of n in KCF(L).

A,
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Inclusion of orbit closures: domination rules via majorization

Definition (Weyr characteristic of a sequence of nonnegative integers )

The Weyr characteristic of a sequence of nonnegative integers N = (n1,na, . .

W(N) := (wi(N),w2(N),...), wherew;(N)=#{n;: n; >i}.

.)is

Definition (Weyr characteristics of a pencil L)

r(L) : Weyr characteristic of the sizes of the right singular blocks in KCF(L).
£(L) : Weyr characteristic of the sizes of the left singular blocks in KCF(L).
W (i, L) : Weyr characteristic of the sizes of the Jordan blocks of n in KCF(L).

Definition (Majorization of two lists of hon-increasing integers)

(ml,mg,. . .)<(n1,n2, .. ) if Zle m; < Zle Ni, for all k > 1.
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Inclusion of orbit closures: domination rules via majorization

Definition (Weyr characteristic of a sequence of nonnegative integers )
The Weyr characteristic of a sequence of nonnegative integers N = (ny,no,...) is

W(N) := (wi(N),w2(N),...), wherew;(N)=#{n;: n; >i}.

Definition (Weyr characteristics of a pencil L)

r(L) : Weyr characteristic of the sizes of the right singular blocks in KCF(L).
£(L) : Weyr characteristic of the sizes of the left singular blocks in KCF(L).
W (i, L) : Weyr characteristic of the sizes of the Jordan blocks of n in KCF(L).

Definition (Majorization of two lists of hon-increasing integers)

(ml,mg,. . .)<(n1,n2, .. ) if Zle m; < Zle Ni, for all k > 1.

Theorem (Pokrzywa, LAA, 1986)

Let L1, Lo be twom x n pencils and h := rankLs — rankL;. Then O(L1) C O(L>) iff

(i) r(L1) < r(L2) + (h,h,...),
(i) €(L1) < £(L2) + (h,h, .. ),
(iii) W (m, L) < W(u, L1) + (h, h,...),Vu € C = CU {co}.

— = = et
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Domination rules: Visualization

Lo & () 8J3(12) Ly & J(p,)

t

N

Ly ©2J,(py)

Ly 2Ly J; ()

Table: *

Stratification of closure orbits of 3 x 2 pencils
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Domination rules: Visualization

!

36411y

LwﬁJ‘(uy)
—~ ——— 7

o0:(1) 5 3:41) Geal

L5 ©Ji(1:) © J1(1) © (1) Lo ©J3(1) Ly ®2J,()

[Eoaiw)ed)] [Gelk@)elw)]

Lol oLl ol

[ 20 o3,1)

L ®2076.4,(1) o J;(12) o2l o3

L, ®2L) & 20,11,
L, &L, &3y
2L,& 3L) & J,(p,

Table: *

Stratification of closure orbits of 4 x 3 pencils

Made with Stratigraph (Dmytryshyn, Elmroth, Johansson, Johansson, Kagstrom, Umea

University) https://www.umu.se/en/research/projects/stratigraph-and-mcs-toolbox/
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Orbits are open in their closures

It is well-known that orbits of varieties under the action of a group are open in
their closures (see, for instance: Humphreys. Linear Algebraic Groups.
Springer, 1975). As a corollary, we have:
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Orbits are open in their closures

It is well-known that orbits of varieties under the action of a group are open in
their closures (see, for instance: Humphreys. Linear Algebraic Groups.
Springer, 1975). As a corollary, we have:

Let L be an m x n matrix pencil. Then O(L) is an open set in its closure.
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Orbits are open in their closures

It is well-known that orbits of varieties under the action of a group are open in
their closures (see, for instance: Humphreys. Linear Algebraic Groups.

Springer, 1975). As a corollary, we have:

Let L be an' m x n matrix pencil. Then O(L) is an open set in its closure.

Remark on genericity

Thus, O(L) is open and dense in O(L) and we can state in the standard
topological sense that KCF(L) is generic among the KCFs of all the pencils in

o(L).
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Orbit closures: summary

@ A characterization for the inclusion is known.
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Orbit closures: summary

@ A characterization for the inclusion is known.

@ This allows us to know whether a given KCF can be obtained after an
arbitrarily small perturbation of another one
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Orbit closures: summary

@ A characterization for the inclusion is known.

@ This allows us to know whether a given KCF can be obtained after an
arbitrarily small perturbation of another one

@ and to classify the KCFs according to their “genericity",

@ since the orbits are open (and dense) in their closures.
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Orbit closures: summary

@ A characterization for the inclusion is known.

@ This allows us to know whether a given KCF can be obtained after an
arbitrarily small perturbation of another one

@ and to classify the KCFs according to their “genericity",

@ since the orbits are open (and dense) in their closures.

However, the eigenvalues of all the pencils in an orbit are the same!, which is
not convenient in many applications concerning perturbations. (For instance,
if L is regular, then all the regular pencils in O(L) have the same
eigenvalues!!)
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9 Bundles of matrix pencils come into play
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Bundles of matrix pencils: definition and example

Definition (bundle)

The bundle of an m x n matrix pencil L, B(L), is the set of matrix pencils with
the same KCF as L, up to the specific values of the distinct eigenvalues.
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Bundles of matrix pencils: definition and example

Definition (bundle)

The bundle of an m x n matrix pencil L, B(L), is the set of matrix pencils with
the same KCF as L, up to the specific values of the distinct eigenvalues.

Example: If

L:Rl(/\)@Jl(5)=[6\ e }

Al 0 . .
{P [8‘4‘—} Q: PQ invertible} .

then

o

B(L) = {
U

| =
—

F. M. Dopico (U. Carlos Ill, Madrid) Bundles of matrix pencils September 6, 2022 12/22



Bundles of matrix pencils: definition and example

Definition (bundle)

The bundle of an m x n matrix pencil L, B(L), is the set of matrix pencils with
the same KCF as L, up to the specific values of the distinct eigenvalues.

Example: If

)

A1 : .
B(L { [ﬁ‘ﬁ} Q : P,Q invertible, a € (C}
{ [ } Q: PQ |nvert|ble}

Al 0
L:Rl(/\)@Jl(5)=|:0 o x :|,
then

| >
| =
k=)

B(L) is a union of infinite orbits if the pencil L has eigenvalues. Otherwise is
just the orbit of L.
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Bundles of matrix pencils: definition and example

Definition (bundle)

The bundle of an m x n matrix pencil L, B(L), is the set of matrix pencils with
the same KCF as L, up to the specific values of the distinct eigenvalues.

Example: If

)

A1 : .
B(L { [ﬁ‘ﬁ} Q : P,Q invertible, a € (C}
{ [ } Q: PQ mverhble}

Al 0
L:Rl(/\)@Jl(5)=|:0 o x :|,
then

| >
| =
k=)

B(L) is a union of infinite orbits if the pencil L has eigenvalues. Otherwise is
just the orbit of L.

(Bundles of matrices under similarity were introduced by Arnold (1971) and of
pencils by Edelman, Elmroth and K&gstrém, 1997)
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Bundle: different eigenvalues stay different

Important point: The number of different eigenvalues must stay invariant for
all the pencils in a bundle!
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Bundle: different eigenvalues stay different

Important point: The number of different eigenvalues must stay invariant for
all the pencils in a bundle!

1 0

A 0 )

0lA-1

B(L) = {P(J2(c) ® J1(8))Q : P,Q invertible and o # 3}
(one of o, 8 can be o).

Example: If

A
L=J(0)aL(1)=| 0
0

then
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Bundle: different eigenvalues stay different

Important point: The number of different eigenvalues must stay invariant for
all the pencils in a bundle!

1 0

A 0 )

0lA-1

B(L) = {P(J2(c) ® J1(8))Q : P,Q invertible and o # 3}

Example: If

A
L=J0)®s1)=]0
0

then

(one of o, 8 can be o).

Therefore:

oo >
O > =
o o

Jo(0) & J,(0) = [ ] ¢ B(L).
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Bundle closures: inclusion relation

Problem: Characterize the inclusion L; € B(L>). J
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Bundle closures: inclusion relation

Problem: Characterize the inclusion L; € B(Ls). J

Question: Same domination rules as for the orbits?

Answer: NO. Different eigenvalues may coalesce.
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Bundle closures: inclusion relation

Problem: Characterize the inclusion L; € B(Ls). J

Question: Same domination rules as for the orbits?

Answer: NO. Different eigenvalues may coalesce.

Al 0 _ A 11]0
Example: L= | 0 X 0 , L=10 X|0 |.Then
0 0|A-1 0 01X
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Bundle closures: inclusion relation

Problem: Characterize the inclusion L; € B(Ls). J

Question: Same domination rules as for the orbits?

Answer: NO. Different eigenvalues may coalesce.

Al 0 _ A 11]0
Example: L= | 0 X 0 , L=10 X|0 |.Then
0 0|A-1 0 01X

@ L¢B(L),
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Bundle closures: inclusion relation

Problem: Characterize the inclusion L; € B(Ls). J

Question: Same domination rules as for the orbits?

Answer: NO. Different eigenvalues may coalesce.

A1l o0 _ A 1|0
Example: L= | 0 X 0 , L=10 X|0 |.Then
0 0| A—-1 0 0| A
® L¢B(L),
@ L¢O(L)
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Bundle closures: inclusion relation

Problem: Characterize the inclusion L; € B(Ls). J

Question: Same domination rules as for the orbits?

Answer: NO. Different eigenvalues may coalesce.

Al 0 _ A 11]0
Example: L= | 0 X 0 , L=10 X|0 |.Then
0 0|A-1 0 01X

@ L&O(L) (continuity of eigenvalues of regular pencils),

F. M. Dopico (U. Carlos Ill, Madrid) Bundles of matrix pencils September 6, 2022 14/22



Bundle closures: inclusion relation

Problem: Characterize the inclusion L; € B(Ls). J

Question: Same domination rules as for the orbits?

Answer: NO. Different eigenvalues may coalesce.

A1]oo0 B A 1|0
Example: L= | 0 X 0 , L=10 X|0 |.Then
0 0| -1 0 0|A
® L¢B(L),
@ L¢ O(L) (continuity of eigenvalues of regular pencils),
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Bundle closures: inclusion relation

Problem: Characterize the inclusion L; € B(Ls). J

Question: Same domination rules as for the orbits?

Answer: NO. Different eigenvalues may coalesce.

Al 0 _ A 11]0
Example: L= | 0 X 0 , L=10 X|0 |.Then
0 0|A-1 0 01X

B(L),

L¢
@ L¢ Oo(L) (continuity of eigenvalues of regular pencils),
A1

0
@ LecB(L). Proof:L.:=|0 XA 0 |eB(L)
0 0|A+e
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Bundle closures: inclusion relation

Problem: Characterize the inclusion L; € B(Ls). J

Question: Same domination rules as for the orbits?

Answer: NO. Different eigenvalues may coalesce.

Al 0 _ A 11]0
Example: L= | 0 X 0 , L=10 X|0 |.Then
0 0|A-1 0 01X

B(L),

L¢
@ L¢ Oo(L) (continuity of eigenvalues of regular pencils),
A1

0
@ LecB(L). Proot:L.:=|0 X 0 |eB(L),andL.— L.
0 0|A+e
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Bundle closures: inclusion relation

Problem: Characterize the inclusion L; € B(Ls). J

Question: Same domination rules as for the orbits?

Answer: NO. Different eigenvalues may coalesce.

Al 0 _ A1 0
Example: L= | 0 X 0 , L=10 X 1 |.Then
0 0|A-1 0 0 A

B(L),

L¢
@ L¢ Oo(L) (continuity of eigenvalues of regular pencils),

Al 0
@ LeB(L). Proof:L.:=|0 X| 1 € B(L),and L. — L.
0 0 +

Ate
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Coalescence of eigenvalues

Definition (Coalescence of eigenvalues)

We say that some eigenvalues A4, ..., A, of a pencil coalesce to only one
eigenvalue p of another pencil if the Weyr characteristic of u is the union of
the Weyr characteristics of Aq,..., A, (i.e.: add up the sizes of the largest
Jordan blocks of each eigenvalue, then of the second largest, ...).
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Coalescence of eigenvalues

Definition (Coalescence of eigenvalues)

We say that some eigenvalues A4, ..., A, of a pencil coalesce to only one
eigenvalue p of another pencil if the Weyr characteristic of u is the union of
the Weyr characteristics of Aq,..., A, (i.e.: add up the sizes of the largest
Jordan blocks of each eigenvalue, then of the second largest, ...).

Example:
KCF(L) = J5(1) @ J2(1) & J2(0) & J1(0) & J4(2)

r x—1 1
A—1 1
A—1

Then, 1,0, 2 coalesce to p in L if

September 6, 2022 15/22
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Coalescence of eigenvalues

Definition (Coalescence of eigenvalues)

We say that some eigenvalues A4, ..., A, of a pencil coalesce to only one
eigenvalue p of another pencil if the Weyr characteristic of u is the union of
the Weyr characteristics of Aq,..., A, (i.e.: add up the sizes of the largest
Jordan blocks of each eigenvalue, then of the second largest, ...).

Example:
KCF(L) = J5(1) @ J2(1) & J2(0) & J1(0) & J4(2)

r x—1 1
A—1 1
A—1

Then, 1,0, 2 coalesce to x in L if KCF(L) = Jo(p) & J3(p).
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Coalescence of eigenvalues

Definition (Coalescence of eigenvalues)

We say that some eigenvalues A4, ..., A, of a pencil coalesce to only one
eigenvalue p of another pencil if the Weyr characteristic of u is the union of
the Weyr characteristics of Aq,..., A, (i.e.: add up the sizes of the largest
Jordan blocks of each eigenvalue, then of the second largest, ...).

Example:
KCF(L) = J5(1) @ J2(1) & J5(0) & J1(0) & J4(2)

r x—1 1
A—1 1
A—1

Then, 1,0, 2 coalesce to x in L if KCF (L) = Jo(1) ® Js(p).
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Coalescence of eigenvalues

Definition (Coalescence of eigenvalues)

We say that some eigenvalues A4, ..., A, of a pencil coalesce to only one
eigenvalue p of another pencil if the Weyr characteristic of u is the union of
the Weyr characteristics of Aq,..., A, (i.e.: add up the sizes of the largest
Jordan blocks of each eigenvalue, then of the second largest, ...).

Example:
KCF(L) = J5(1) @ Jo(1) & J2(0) & J1(0) & J4(2)

r x—1 1
A—1 1
A—1

Then, 1,0,2 coalesce to pin Lif ~ KCF(L) = Jo(u) @ J5(11).
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Rules for the inclusion of bundle closures

Theorem (domination rules for bundle closures)

Let L and L be two m x n pencils. Then B(L) C B(L) if and only if KCF(L) is
obtained from KCF (L) after coalescing eigenvalues and applying the
dominance rules for closure orbit inclusion.
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Rules for the inclusion of bundle closures

Theorem (domination rules for bundle closures)

Let L and L be two m x n pencils. Then B(L) C B(L) if and only if KCF(L) is
obtained from KCF (L) after coalescing eigenvalues and applying the
dominance rules for closure orbit inclusion.

@ Same result for bundles of matrices under similarity stated (not proved)
in

@ A. Edelman, E. Elmroth, B. Kagstrom. SIAM J. Matrix Anal. Appl., 20-3 (1999)
667—699.
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Rules for the inclusion of bundle closures

Theorem (domination rules for bundle closures)

Let L and L be two m x n pencils. Then B(L) C B(L) if and only if KCF(L) is
obtained from KCF (L) after coalescing eigenvalues and applying the
dominance rules for closure orbit inclusion.

@ Same result for bundles of matrices under similarity stated (not proved)
in

@ A. Edelman, E. Elmroth, B. Kagstrom. SIAM J. Matrix Anal. Appl., 20-3 (1999)
667—699.

@ However, no formal definition of coalescence is provided in this
reference.

F. M. Dopico (U. Carlos Ill, Madrid) Bundles of matrix pencils September 6, 2022 16/22



Domination rules for pencils visualized with stratigraph

Let’'s compare bundles and orbits:

L5 & Jy(1,) @i (1a)

Ly &Jy(py) ©J;(1:) L; @ Jx(py)

N

L o2),(u)

L5 ® 2J,(py)

Lo 2L & (4

r
Lo ® 25 & (4
2,030

Figure: *

Orbits (left) and bundles (right) of 3 x 2 pencils
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Domination rules for pencils visualized with stratigraph

Let’'s compare bundles and orbits:

Lo & Ji() & (1)

TeT)

L~

Figure: *

Orbits (left) and bundles (right) of 3 x 2 pencils
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Other interesting results we have obtained

Let L and L be two m x n pencils. Then L € B(L) = B(L) C B(L).
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Let L and L be two m x n pencils. Then L € B(L) = B(L) C B(L).

The previous lemma is essential for proving the main result about the
domination rules for bundle closures, but in contrast to the analogous lemma
for matrices the proof is not trivial.
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Other interesting results we have obtained

Let L and L be two m x n pencils. Then L € B(L) = B(L) C B(L).

The previous lemma is essential for proving the main result about the
domination rules for bundle closures, but in contrast to the analogous lemma
for matrices the proof is not trivial.

The closure of a bundle is a “stratified manifold" (namely, the union of the
bundle itself with a finite number of other bundles of smaller dimension).
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Bundles of pencils are open in their closure

Let L be anm x n matrix pencil. Then B(L) is an open set in its closure.
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@ The well-known property of orbits of pencils is also valid for bundles. Our
proof is complicated.

F. M. Dopico (U. Carlos Ill, Madrid) Bundles of matrix pencils September 6, 2022 19/22



Bundles of pencils are open in their closure

Let L be anm x n matrix pencil. Then B(L) is an open set in its closure.

@ The well-known property of orbits of pencils is also valid for bundles. Our
proof is complicated.

@ The same result holds for bundles of matrices under similarity.

F. M. Dopico (U. Carlos Ill, Madrid) Bundles of matrix pencils September 6, 2022 19/22



Bundles of pencils are open in their closure

Let L be anm x n matrix pencil. Then B(L) is an open set in its closure.

@ The well-known property of orbits of pencils is also valid for bundles. Our
proof is complicated.

@ The same result holds for bundles of matrices under similarity.

@ The same result holds for bundles of matrix polynomials of
arbitrary degree.
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e Conclusions and open questions
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Our contribution

@ We have provided a formal notion of coalescence of eigenvalues of
matrix pencils.
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Our contribution

@ We have provided a formal notion of coalescence of eigenvalues of
matrix pencils.

@ We have provided necessary and sufficient conditions for the inclusion of
bundle closures of matrix pencils.

@ We have proved that bundles of matrix pencils are open in their closures.

@ We have proved that bundles of matrix polynomials are open in their
closures.
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Some open questions

@ For matrix polynomials P, P of arbitrary grade: provide necessary and
sufficient conditions for B(P;) C B(P,).

F. M. Dopico (U. Carlos Ill, Madrid) Bundles of matrix pencils September 6, 2022 22/22



Some open questions

@ For matrix polynomials P, P of arbitrary grade: provide necessary and
sufficient conditions for B(P;) C B(P,).

@ For structured pencils (alternating, symmetric, Hermitian,
palindromic...) Ly, Lo: provide necessary and sufficient conditions for

(] @(Ll) g 6(.[/2),

So far, this is only known for skew-symmetric matrix pencils
(Dmytryshyn, Kastrom, SIMAX, 2014).
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Some open questions

@ For matrix polynomials P, P of arbitrary grade: provide necessary and
sufficient conditions for B(P;) C B(P,).

@ For structured pencils (alternating, symmetric, Hermitian,
palindromic...) Ly, Lo: provide necessary and sufficient conditions for

(] @(Ll) g 6([12),

So far, this is only known for skew-symmetric matrix pencils
(Dmytryshyn, Kastrom, SIMAX, 2014).
@ For structured pencils and structured matrix polynomials: Are bundles

open in their closure?
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